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Abstract In this paper, we present a nonlinear parametric method to stabilize descriptor frac-
tional discrete-time linear system practically. Parametric methods with the free
parameters can be adjusted to obtain better performance responses like minimum
norm in state feedback. The aim is assigning desirable eigenvalues to obtain sat-
isfactory responses by forward state feedback and forward and propositional state
feedback in new systems with large matrices. However, finding the solution to non-
linear parametric equations makes some errors. In partial eigenvalue assignment,
just a part of the open-loop spectrum of the standard linear systems is reassigned,
while leaving the rest of the spectrum invariant. The size of matrices, state, and
input vectors are decreased and the stability is kept. At the end, summary and con-
clusions are proposed and the convergence of state vectors in the descriptor fractional
discrete-time system to zero is also shown by figures in a numerical example. Our
method is also compared with another method with one of orthogonality relations
in our article and example.
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1. INTRODUCTION

As numerous studies show, fractional-order models can depict the physical plant
better than the classical integer-order ones. Fractional derivatives provide an excellent
instrument for the description of memory and hereditary properties of various mate-
rials and processes like viscoelastic systems, chaotic synchronization, electromagnetic
systems, electrical circuits theory, fractances, mechatronics systems, signal process-
ing, and chemical mixing [1, 2, 8, 13, 16, 17]. Descriptor fractional systems describe
a large class of systems, which are not only theoretically interesting, but they also
have a great importance in practice. It is fair to say that descriptor fractional models
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give a more complete class of dynamical models than the conventional state-space
systems.

In this article, the descriptor fractional discrete-time linear system is converted to
the standard descriptor model with unlimited delay in state by the fractional deriv-
ative definition whose control is impossible. Decreasing the sequence of coefficients
of delays and defining a new state vector may help us obtain a standard descriptor
discrete-time linear system, but with large matrices. We may find several methods for
stability of just positive standard and descriptor systems. Some of them were derived
by the use of Drazin inverse [5] and Shuffle algorithm [9] in which some initial con-
ditions like having full row rank matrices in every performed algorithm and finding
index of Shuffle and Drazin in pointed papers are necessary.

The free parameters which do not affect the time-optimality can be adjusted to ob-
tain better performance responses. We compare some methods via parametric forward
state matrix, parametric forward and propositional state matrix, partial eigenvalue
assignment by parametric forward and propositional state feedback, and partial eigen-
value assignment using orthogonality relations to stabilize the standard descriptor
discrete-time linear systems. To gain forward and propositional state feedback matri-
ces, two standard linear systems need to exist. Assigned nonzero arbitrary eigenvalue
to the first standard system and assigning inverted the desired eigenvalue for the
standard descriptor system to the second one, desired eigenvalues are assigned to the
standard descriptor linear system. Using forward and propositional state feedback
matrices may not need a full rank open-loop matrix in the standard descriptor sys-
tems when forward state feedback matrix is used. Reassigning undesired eigenvalues
of open-loop spectrums in new systems with smaller sizes of matrices such that other
eigenvalues unchanged is well-done by the use of partial eigenvalue assignment. Like-
wise, we do not deal with some sufficient conditions like no having eigenvalues near
zero and being distinct eigenvalues using orthogonality relations [15].

2. STATEMENT OF THE PROBLEM
Consider the descriptor fractional discrete-time linear system described by
EAail’kJrl = Axp + Buy, k €7t = {0,1,27”‘}, (21)

where « is fractional-order difference of state vector and 0 < oo < 1, zp, € R™ and uy, €
R™ are state and input vectors, the matrices £ € R"*" A € R"*" and B € R"*™
are known constant matrices with rank(E) < n,rank(B) = m which 1 < m < n ,
and g is a nonzero definite vector.

Definition 2.1. The descriptor fractional system (2.1) is called asymptotically stable
if and only if limg_,~ xx = 0 for any xy € R™.

Definition 2.2. The Grunwald-Letnikov fractional derivative with fractional-order
« is defined by,

cr Dy x(t) = lim A~ Z (—1)¢ <01

h—0 ‘
=0

Z):c(t —ih), (2.2)
[ [w]
(0] ]
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where [.] means the integer part, « € RT, and

a 1 for i=0
(Z) N { alozb)lomidl) g §— 1,2, (2:3)

2!

Definition 2.3. The fractional difference of the order o € R with zero initial point
in discrete-time systems is defined by [4]

A2 (ty) = A%y = zk:(_ni (f) Th_i. (2.4)

i=0
Theorem 2.4. Forn € N,0 < a < 1 we have [12]
D"y (t) = D"D*z(t). (2.5)
We can easily assume 0 < o < 1 by this theorem.

Using the definition 2.3, we may write the equations (2.1) in the form

k
Expy1 = Agxg + Z ¢;Exi_; + Buy, (2.6)
i=1
which
(a) = (1) i =1,2, k (2.7)
¢ =Gl la) = (— . ) t=1,2,-+, .
1+1
and A, = A+ aFE. Also (lil) is defined by (2.3).
Note that the equation (2.6) describes a linear discrete-time descriptor system with
unlimited delay in state. To make the control of this system possible, we should
change it to standard descriptor linear system. Although the converted standard
descriptor linear systems may have large matrices, but stability of them is proved [3].

3. STABILITY OF DESCRIPTOR FRACTIONAL DISCRETE-TIME LINEAR SYSTEMS

The coefficients ¢; in (2.7) strongly decrease for increasing ¢ when 0 < a < 1.
Assuming ¢; = 0 for i > L the system (2.6) is changed to a descriptor linear system
with L delays [4]

L
Expy1 = Agxg + Z c¢;Ex,_; + Buy. (3.1)
i=1

Now by defining the new state vector X, € R"
T
Tk—1
Xi Th-2 || (3.2)
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which 7 = n(L + 1), we may convert the time delay descriptor system (3.1) to a
standard descriptor system

EXk+1 = AXk + BUk, (33)
where
Aa ClE CQE CLE B
I 0 o - 0 0
A=1 0 I o - 0 , B=| 01,
0 0 I 0 0
E 0 0 0
0 I 0 0
E=|0 0 I 0 (3.4)
0 0 0 I

where Uy, = up € R™ is the input vector, £, A € R"*" B € R"*™ and rank(E) < f.

Definition 3.1. The descriptor fractional system (2.1) is called practically stable if
and only if the time delay system (3.1) or equivalently the system (3.3) is asymptot-
ically stable [4].

3.1. Eigenvalue assignment with forward state feedback law. Consider system
(3.3) by forward state feedback law
Uk‘ :F}‘Xk—‘rl' (35)

The aim is to design the forward state feedback (3.5) which produces a closed-loop
system of (3.3) with the satisfactory response by assigning desirable eigenvalues Q =

{A1, A2, -+, An}, where \; € C,\; # 0, and are self-conjugate complex numbers for
i=1,2,-- 7.
To establish the proposed results, consider the following assumptions

Drank[E|Bl =n, II)rank[A] =n, III)rank[B]=m. (3.6)
If assumption () holds, then there exists I, such that [3]

rank[E — BF}] = 7. (3.7)

Substituting feedback (3.5) into the equation (3.3), one can write
EXpy1 = AXp 4+ BFj X1 =  (E— BF)Xpp1 = AXy
. therefore
X1 = (E— BF;) ' AX,, (3.8)
is a standard linear system which is well-defined by (3.7).

Theorem 3.2. The standard descriptor discrete-time linear system (3.8) is asymp-
totically stable if and only if eigenvalues of (E — BF})_lA lie in the unit disk [7].

(<)
EE
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Lemma 3.3. Consider a matriz M € R"*™ with rank(M) = n and the eigenvalues
equal to M\, Aa, -+, An. Then, the eigenvalues of M~" are A7, A5 %, -, At [10, 11].
Theorem 3.4. Define the matrices N, M as

N=A'E M=-Ai"lB, (3.9)
such that the pair of (M, N) be controllable. Also let Fjﬁ be state feedback matriz, such
that {75 AL, - AS 1) s the set of eigenvalues of the closed-loop system

{ZkJrl:NZk"‘MU/k» (3.10)

wy = F}zk,

where \; € Cand \; #0,i=1,2,--- ,n, are arbitrarily assigned. Then for this gained
FJ’c, the desired spectrum Q = {1, A, -+, An} is the eigenvalues of the controlled
system (3.3) with forward feedback (3.5) and also, the condition (3.7) holds.

Proof. Considering that (M, N) is controlled, then one can find a state feedback
matrix F} such that the controlled system (3.10) given by

Zk+1 = (N + MFJ/c)Zk (311)
has eigenvalues equal to A7, Ay, -+, A2t Now by (3.9) note that:

N+ MF; = A~ (E — BF}) (3.12)
SO

(N+ MF;)~" = (E - BF})"'A. (3.13)

The closed-loop matrices of systems (3.10) and (3.3) via feedback law (3.5) are inverse
of each other by (3.8), (3.11), (3.12), and (3.13). Therefore (3.7) holds and the set
of eigenvalue of closed-loop system (3.3) with feedback law (3.5) is equal to Q =
{A\1, A2, , A\n} by lemma 3.3. O

Remark 3.5. By the definitions (3.4), the matrices £ and A in system (3.3) are
singular because rank(E) < n is the necessary condition in the descriptor fractional
discrete-time linear system (2.1) and the matrix including last n columns and first n
rows of A, i.e. [cE], is not full rank. So the method in subsection 3.1 can not help
us stabilize the system (2.1).

The method based on using forward state feedback when A is singular, i.e. the
condition (IT) in (3.6) is not satisfied is not applicable. This problem is removed in
next subsection.

3.2. Eigenvalue assignment with forward and propositional state feedback
law. When we use the forward and propositional state feedback instead of the forward
state feedback, we do not need the condition of being full rank of matrix A in system
(3.3). It is excellent for using forward and propositional state feedback.

Consider system (3.3) by forward and propositional state feedback law

Up = Fy Xpqp1 + Fp X5 (3.14)

(el
BE
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The aim is to design the forward and propositional state feedback (3.14) which pro-
duces a closed-loop system of (3.3) with the satisfactory response by assigning desir-
able eigenvalues Q = {1, Ay, - , Az}, where \; € C,\; # 0, and are self-conjugate
complex numbers for i =1,2, - | n.
To establish the proposed results, consider the following assumptions
Drank[E|B] =#n, II)rank[B] = m.

If assumption (I) holds, then there exists F; such that [3]

rank|E — BFy] = fi. (3.15)
Substituting feedback (3.14) into the equation (3.3), one can write

EXk+1 :AXk+BFka+1+BFpXk = (E—BFf)Xk+1 = (A'FBFP)X]C

, therefore

Xpi1 = (E — BFy)"' (A + BF,) Xy, (3.16)
is a standard linear system which is well-defined by (3.15).

Theorem 3.6. The standard descriptor discrete-time linear system (5.16) is asymp-
totically stable if and only if eigenvalues of (E — BFf)~'(A+ BFE,) lie in the unit disk
[7].

Obtaining propositional and forward state feedbacks F}, and FY, first, the proposi-
tional feedback matrix F}, is obtained by assigning non-zero arbitrary eigenvalues to
the closed-loop of system

{ Qre+1 = Agy, + By,

3.17
Vg = Fka- ( )

Then, we obtain the forward state feedback matrix FY, by assigning {/\1_17 )\2_1, cee
A-11 to the system (3.19), where \; € C, \; # 0 are self-conjugate complex numbers
fori =1,2,--- 7, and Q = {1, Ay, -+ , Az} is the set of desired eigenvalues for the
standard descriptor system (3.3) via state feedback (3.14).

Theorem 3.7. Define the matrices N, M as
N=(A+BF,)"'E, M=-(A+BF,) 'B, (3.18)

such that the pair of (M, N) be controllable. Also let Fy be state feedback matriz, such
that {)\fl, )\gl, e ,)\7—:1} 1s the set of eigenvalues of the closed-loop system

21 = Nz + Mwy,
{ wi = Fyap, (3.19)
where \; € C and \; # 0, i = 1,2,--- |0, are arbitrarily assigned. Then for this
gained Fy, the desired spectrum Q = {\1, Ag, -+, Ag} includes the eigenvalues of the
controlled system (3.3) with forward and propositional feedback (3.14) and also, the
condition (3.15) holds.

(<)
EE
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Proof. Considering that (M, N) is controlled, then one can find a state feedback
matrix Fy such that the controlled system (3.19) given by

Zee1 = (N + MFy)z, (3.20)
has eigenvalues equal to {\;*, A5 %, -+, A, }. Now by (3.18) note that:

N+ MF; = (A+ BF,)"Y(E — BFy), (3.21)
S0

(N+MF;)~' = (E - BFy)"'(A+ BF,). (3.22)
The closed-loop matrices of systems (3.20) and (3.3) via feedback law (3.14) are

inverse of each other by (3.8), (3.20), (3.21), and (3.22). Therefore (3.15) holds and
the set of eigenvalues of closed-loop system (3.3) with feedback law (3.14) is equal to
Q={A1, A2, , Az} by lemma 3.3. a

3.3. Eigenvalue assignment by nonlinear parametric similarity transforma-
tion. In this subsection, we use the method of parametric similarity transformation
to compute the forward state feedback matrices F }'c and Fy in subsections 3.1 and
3.2. Our assignment procedure is composed of two stages. First, we obtain a primary
state feedback matrix ® which assigns all the eigenvalues of closed-loop system to
zero. Then, we produce a state feedback matrix F' which assigns all the closed-loop
system eigenvalues in desired region. Consider controllable standard system

Tp+1 = A1z + Brug,
{Uk ~ Py (3.23)
and the state transformation
T = chk, (324)

where T can be obtained by elementary similarity operations as described in [10, 11].
Substituting (3.24) into (3.23) yields

Fpp1 =T A Ti + T Bruy.

It is noted that the transformation matrix 7" is invertible. In this way,

Ay =T7'A, T, B, =T"'By, (3.25)
are in a compact canonical form known as vector companion form:

s Go - Sy

Al - Infm ) Onfm,m :l ’ Bl N |: Onfm,m :| ' (326)

Here Gy is a m x n matrix and Sy is a m X m upper triangular matrix.
The state feedback matrix which assigns all the eigenvalues to zero, for the trans-
formed pair (By, A;), is then chosen as

d = —S;1G, (3.27)
which results in the primary state feedback matrix for the pair (B, A1) defined as
d =7 (3.28)

(el
BE
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The transformed closed-loop matrix

o= A, + B9, (3.29)
assumes a compact Jordan form with zero eigenvalues

T Om,n

Iy = { I . ) On ] . (3.30)
If A, is any matrix in vector companion form, i.e.

- G

AA B |: In—m b) On—m7m :| ’ (3'31)
with the eigenvalue spectrum {A1, Aa, -+, A, } containing a set of self conjugate eigen-
values, then as shown in [10, 11]

F =S85 (~Go+Gy), (3.32)

is the feedback matrix which assigns the eigenvalue spectrum to the closed-loop matrix

I = A, + B, F, and F may then be obtained by
F=FT7"

Note that GG is an m X n parametric matrix in the form:

g11 giz2 - 9in
Gy=| 2 o= o
9m1  Gm2 Imn

(3.33)

(3.34)

To obtain the nonlinear system of equations relating the parameters of G, the

characteristic polynomial of A, must be obtained. Thus, let

det(Ay — X)) = P,(\) =0,
where

Po(A) = (=1)"(A\"+ a1 A" o ap A+ an),

(3.35)

(3.36)

is the characteristic polynomial of the closed-loop system. Since it is required that

the zeros of this polynomial lie in the set {A1, Ao, -+, A, }, it is clear that

Pa(d) = (1) (A = A)(A = Aa) -+ (A — A).

(3.37)

Remark 3.8. Obtaining the roots of the characteristic polynomial we may consider

following equations

n
a; = — Zi:l )\iv
n
az = Zi,j:l,i<j ik

— (_1\k n D VI W
ag _( 1) Zil,ig,...ikzl,i1<i2<...<ik >‘11)‘l2 /\wcv

an = (<" II/ Av.

=

(3.38)
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Now by equating the coefficients of the characteristic polynomial as (3.38), the
following nonlinear system of equations is obtained:

f1(9117"' 7gmn> = aq,

f2(glla T 7gmn) = a2,
, (3.39)

fn(gllv T vgmn) = Qn,

where ¢;;,79=1,--- ,m,j =1,--- ,n, are the elements of G. In this way, a nonlinear
system of n equations with n x m unknowns is obtained. By choosing n x (m — 1)
unknowns arbitrarily it is then possible to solve the system. It is clear that for one
case the result may be linear parameters. So one may say gained linear parameters
controller is the subset of nonlinear parameters controllers.

In general, solving nonlinear parametric equations (3.39) is difficult and makes
some problems, especially for large n and m. In next section, two methods to reduce
the dimension of large scale matrices to small scale ones are displayed.

4. PARTIAL EIGENVALUE ASSIGNMENT

In this section, we present the existence and uniqueness theorem and a nonlinear
parametric algorithm to find the state feedback matrices in standard systems. The
aim of partial eigenvalue assignment is reassigning undesired eigenvalues of open-loop
spectrums in new system with smaller sizes of matrices such that other eigenvalues
unchanged. Therefore the stability in partial eigenvalue assignment for the standard
descriptor system is kept by reassigning eigenvalues in the unit disk and unchanging
the remain of eigenvalues in the standard system (3.19). Also we present some suf-
ficient conditions to be exist in another algorithm are not necessary for parametric
algorithm of eigenvalue assignment.

4.1. Existence and uniqueness.

Theorem 4.1. (Eigenvector criterion of controllability). The standard system (3.23)
or, equivalently, the matriz pair (By, A1) is controllable with respect to the eigenvalue

X of Ay if y" By # 0 for all y # 0 such that y? A; = \yH [6].

Definition 4.2. The standard system (3.23) or the matrix pair (Bj, 4;) is partially
controllable with respect to the subset {1, --,A,} of the spectrum of A, if it is
controllable with respect to each of the eigenvalues A;,7 =1, - ,p.

Definition 4.3. The standard system (3.23) or the matrix pair (By, A1) is completely
controllable if it is controllable with respect to every eigenvalue of A;.

Theorem 4.4. (Ezistence and uniqueness for eigenvalue assignment problem). The
eig-envalue assignment problem for the pair (B, A1) is solvable for any arbitrary set
S = {p1, -, pp} if and only if (B1, A1) ts completely controllable. The solution is
unique if and only if the system is a single-input system (that is, if By is a vector). In
the multi-input case, there are infinitely many solutions, whenever a solution ezists
[6].

(el
BE
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Theorem 4.5. (Ezxistence and uniqueness for partial eigenvalue assignment problem,).
Let A = diag(A1, A2, -+ Ap; Apt1, -+, An} be the diagonal matriz containing the eige-
nvalues A1, -+, A of Ap € C"*™. Assume that the sets {\1, A2, -+, Ap} and {Ap11,
Apt2, -+, An} are disjoint. Let the eigenvalues {A1, Aa, -+, Ap} to be changed to {p1,
W2, pt and the remaining eigenvalues stay invariant. Then the partial eigenvalue
assignment problem for the pair (B, A1) is solvable for any choice of the closed-loop
etgenvalues {1, o, -+, p} if and only if the pair (Bi, A1) is partially controllable
with respect to the set {1, Ao, -+, Ap}. The solution is unique if and only if the system
18 a completely controllable single-input system. In the multi-input case, and in the
single-input case when the system is not completely controllable, there are infinitely
many solutions, whenever a solution exists [6].

4.2. Eigenvalue assignment algorithm using orthogonality relations. There
exists an algorithm for partial eigenvalue assignment using orthogonality relations in
[15] as follows

Inputs:

(I) {My, My_1,---,Mp} are n X n real non-symmetric constant matrices.

(II) bis an n-vector and D = diag(p1,- - , pp) closed under complex conjugation.
Output:

The feedback vectors {f;}¥_, such that the spectrum of modified matrix polynomial
P(A) = MgA® + (M1 = bf{ )N" + (Mo — bfi)

Jis {peas e tps Ap1s s Akn ), where {App1, -+, Ak } are the last kn —p eigenvalues
of matrix polynomial P(\) = A* My, + \F=1 My, + - + AM; + M.
Assumptions:
(I) My, is nonsingular matrix.
(II) The sets {p1,- -+, pp}, {M1, -, Ap} are distinct and closed under complex con-
jugation, where {A1,---,Agn} are the eigenvalues of matrix polynomial P(\) =
AP M+ N M 1 + -+ + AMy + M.
(III) Ay = diag(A1, -+, N\p)
Step 1. Obtain the first p eigenvalues {A1,---,\,} of matrix polynomial P()\) =
MNe My + N0 1 + -+ AM; + M, that need to be reassigned and the correspond-
ing left eigenvectors Y1 = (y1,y2, - ,¥p)-
Step 2. Compute the explicit expression for 3

L= N 1 k=N

6': — ) .7:177p
7 bTyj >‘j i:gi[;ﬁj >\z — )‘j

Step 3. Form
i
fi=> ML MY fr =MV i=1,-- k-1, BT ecCr.
j=1
By Step 2, it is clear that sufficient conditions for the existence of 3, and conse-
quently for a solution to the partial pole assignment problem to be exist are:
(1) No Aj,j =1,---,p vanishes,
(2) The {\;}Y_, are distinct,
c[v)
EBE
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(3) The vector b must be not orthogonal to g;,5 =1,--- ,p.

The above sufficient conditions are necessary to have an efficient algorithm. In
next subsection, we propose a useful algorithm without any need for these conditions.

4.3. Parametric algorithm of partial eigenvalue assignment. Following algo-
rithm presents a parametric method of partial eigenvalue assignment on the standard
system (3.23).
Inputs:
(a) The n X n matrix Aj.
(b) The n x m control matrix Bj.
(¢) The set {u1, 12, -+, itp}, closed under complex conjugation.
(d) The self-conjugate subset {A1, -+, A, } of the spectrum {Aq, -+ , A, } of the matrix
Ay and the associated right eigenvector set {y1,- -, yp}-
Output:
The real feedback matrix F' such that the spectrum of the closed-loop matrix A, + B F
is {pin,e s fpi Apts 5 A
Assumptions:
(a) The matrix pair (Bj, A1) is partially controllable with respect to the eigenvalues
{)‘17 U ’)‘p}'
(b) The sets {1, -, Ap}, {A\pt1,- -+, A}, and {p1,- -+, pp } are disjoint.
Step 1. Form
Ay =diag(M, -5 0), Yi=(y1, ,yp)-
Step 2. Find feedback K such that eig(A1 + Y B1K) = {p1, -+, pp}-
Step 2.1. Calculate Sy, Go, ® by transformation matrix 7" and elementary similarity
operations on the pair of (By, A1).
Step 2.2. Define the m x p parametric matrix GG in the form

gir  g12 g1p
Gy = 921 g22 92p
gm1 Gm2 - 9Imp

Step 2.3. Solve the following nonlinear system of equations

J1(911, -+, Gmp) = a1,
f2(911, s 7gmp) = az,

fp(gllv"' 7gmp) = Qyp,
which aj, = (—1)F 3P Aip - Aig, k=1,---,p.

iyt =111 <o <dp 71

Step 2.4. Form K = So_l(—Go +G))T~ L

Step 3. Form F = KY/I. Now we have eig(A1 + B1F) = {1, , fp; Apt1, -
At

)

(el
BE
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In the next section of the paper an example is presented in order to compare the
numerical results obtained by our methods.

5. ILLUSTRATIVE EXAMPLE

The following example is given to investigate all methods presented by this article.
In case (a) until case (d), eigenvalue assignment by parametric forward state feedback,
eigenvalue assignment by parametric forward and propositional state feedback, partial
eigenvalue assignment using orthogonality relations, and partial eigenvalue assignment
by parametric forward and propositional state feedback are focused.

Example 5.1. The stabilization of the descriptor fractional discrete-time linear sys-
tem

EAO‘6xk+1 = Az + Buy,

where
1 0 3 2 3 -1 1 -1
E=|1 2 3|, A=|-1 —2 —4|, B=|2 2],
0 -2 6 3 1 -5 1 3
is examined. The matrices of system (3.3) is obtained by
2.6 3 0.8 0.12 0 0.36 —0.06 0 —0.17 ]
-04 -0.8 -5.8 012 024 -036 -0.06 -0.11 0.17
3 -02 -14 0 —-024 0.72 0 0.11 —-0.34
1 0 0 0 0 0 0 0 0
A= 0 1 0 0 0 0 0 0 0 ,
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0 |
R
2 2
1 3
0 0
B=|0 0 [,
0 0
0 O
0 O
L O 0 .

=
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1 0 3 0 0 0 0 0 0

1 2 -3 0 0 0 0 0 0

0 -2 6 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0
E= 0 0 0 0 1 0 0 0 0

0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 1]

Case (a). Consider the subsections 3.1 and 3.3. The eigenvalue assignment via para-
metric forward state feedback is not applicable. The pair (% N) may not be defined
because of singularity of the matrix A. Here we have rank(A) = 8 < 9.

Now consider the standard systems (3.17) and (3.19) by propositional and for-
ward state feedbacks respectively. Only obtaining the forward feedback matrix F is
displayed by the propositional state feedback matrix F), as

P —-0.48 10.33 -31.08 1.01 -3.82 14.13 0.01 0.6 —1.76
P —1.27 —157 442 -0.12 0.69 —-242 0 —0.15 042
by assigning all eigenvalues to 0.1.
The pair of (M, N) is obtained by
N =10%x
[0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 ,
0 0 0 0 0 0 0 0 0
0.09 079 -—-2.09 0.01 -0.03 0.12 0 0 —0.01
—-0.11 -0.89 235 —0.01 0.03 -0.14 0 0 0.01
| —0.03 -0.29 0.78 0 0.01 —0.04 0 0 0 |
0 0
0 0
0 0
0 0
M =107 x 0 0
0 0
0.99 6.92
—-1.12 —7.79
| —0.37 —2.59 |

Case (b). Consider the subsections 3.2 and 3.3. The eigenvalue assignment via para-
metric forward and propositional state feedback is solved by given pair (M, N) and F,.

We assign {+2.5, +2.5, 2.5, +2.5, 2.5} in the system (3.19), to be assigned {£0.4, £0.4,

(el
BE
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+0.4,40.4,0.4} in system (3.3) and obtain feedback F.

Consider the matrix G as

Gy = 911 912 G913 9g14 9gi5 YGie 9gGir 9gis gi9
g21 g22 g23 g24 g25 G26 G2t 9g28 9G29

Nonlinear parametric equations are as follow:

911+ g22 = 2.5

913 — 924 + 921912 — g11922 = 12.5

915 + 926 + 923912 + 921914 — 913922 — g24911 = —31.25

917 + gos + g23914 + 921916 — 922915 — 924913 — 926911 + 925912 = 0

919 + 927912 + g23916 + 921918 — G22917 — G24915 — J26913 — 928011
+925914 =0

929912 + 927914 — 922919 — 924917 — 926915 — 928913 + g25916 + G23918
= —488.28

920914 + G27916 + 925918 — G24919 — G26917 — Gasgis = 1.22 x 10°

920916 + 927918 — 926919 — gasgrr = 1.52 x 103

920918 — gasg19 = —3.81 x 10°

The forward state feedback matrix

o fir fie fis fia fis fie fir fis fio
! for foo faz foa fos  fos for  fes fao |

where

f11 = 231.58¢11 + 122193.04g12 + 0.47g13 — 0.17g14 + 1788.7g15 — 1621.07g21
— 855351.79g22 — 3.3ga3 + 1.24g24 — 12520.93gas — 0.37 x 107,

fi2 = 209.36g11 + 121396.82g12 + 0.49g13 — 0.17g14 — 1192.46g16
+1073.34g18 — 1465.56g21 — 849778.26g22 — 3.44g23 + 1.2g24
+ 8347.28¢26 — 7513.41g2s — 0.39 x 10,

f1s = —10.54g11 — 38341.99g12 — 0.21g15 + 0.04g14 + 3577.4g16
+ 1549.84g1s + 73.81go1 + 268394.12¢22 + 1.51g2s — 0.3¢24,
— 25041.86g2¢ — 10848.91g2s + 0.18 x 10,

f1a = —3.26g12 + 0.02g24 + 223554.29,

=
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f1s = —18.31g11 — 9777.49g12 — 0.03g13 — 1192.45¢14 + 3577.4g16
+1549.84g18 + 128.22g9; + 68442.51g20 + 0.26g23 + 8347.2g24
— 0.85g26 + 1001.67gas + 0.3 x 105,

fi6 = 54.95g11 + 29323.68g12 + 0.11g13 + 3577.36g14 — 0.36g16 + 429.28g15
— 384.67g21 — 205265.88g22 — 0.79g23 — 25041.54g24 + 2.55g26
—3005.02g28 — 0.91 x 10%,

f17 = 0.02g22 — 23.98,

fis = 8.64g11 + 3369.67g12 + 0.01g15 + 0.11g14 + 66.77g15 — 60.51g21
— 23587.7¢22 — 0.12g23 — 0.8¢24 — 467.44g2s — 0.14 x 108,

f10 = —25.93g11 — 10109.05¢12 — 0.05g13 — 0.34g14 — 200.33¢g1s + 181.55¢21
+ 70763.45g22 + 0.37g23 + 2.42g24 + 1402.34g2s + 0.42 x 10°,

fa1 = 231.58¢21 + 122193.04g22 + 0.47g23 — 0.17g24 + 1788.7g2s + 0.53 x 10'°,

faz = 209.36g21 + 121396.82g2 + 0.49g23 — 0.17g24 — 1192.46g26 + 1073.34g2s
+0.56 x 10'°,

fo3 = —10.54g21 — 38341.99g20 — 0.21g23 + 0.04g24 + 3577.4g06 + 1549.84¢g0s
—0.25 x 105,

faa = —3.26g22 — 31936.34,

fas = —18.31g91 — 9777.49g22 — 0.03ga3 — 1192.45g24 + 0.12g26 — 143.09g2s
—0.43 x 107,

fo6 = 54.95g21 + 29323.68g22 + 0.1go3 + 3577.36g24 — 0.36g26 + 429.28¢2s
+0.13 x 105,

fa7 = —0.004922 + 3.42,

fas = 8.64ga1 + 3369.67g22 + 0.01g23 + 0.11g24 + 66.77g2s + 0.2 x 107,

f20 = —25.93¢2110109.05g22 — 0.05g23 — 0.34g24 — 200.33g2s — 0.6 x 107,

is obtained by

-3.84 —-402 181 0 031 -093 0 -—-0.14 042
0.54 0.57 —-0.25 0 —-0.04 013 0 0.02 —-0.06 |’

and elements of matrix G are as

g1 = —4.31, 912 = —9.18, 913 = —1.7, 914 = —4.03, g15 = 13.21, g1 = —14.9,
g17 = 44.13, g18 = —111.46, g19 = 65.42, go1 = 1.69, goo = 6.81, go3 = 4.13,
goa = —0.32, gos = —9.04, g2 = —9.9, go7 = —27.69, gog = 48, g2g = 6.04.

Fy =10° x

As it is shown in Fig 1 the variables x;(t),i = 1,2,3 converge to zero and the
eigenvalues of the closed-loop matrix of the standard descriptor system (3.3) are in
the unit disk.

Case (c). Consider the method in subsection 4.2. Because eig(N) = {64.37+85.18i,

(el
BE



390 S. B. MIRASSADI AND H. A. TEHRANI

— 81.93,15.68 + 11.72¢,13.72,—2.53,0.61,0}, we reassign p = 2 eigenvalues {10, 10}
instead of {0,0.61} while leaving the other eigenvalues unchanged. The first sufficient
conditions for the solution of the partial eigenvalue assignment using orthogonality
relations is not existed. {A1, A2} should not vanish while {\1, Ao} = {0,0.61}. There-
fore this method can not be used in this example, too.

Case (d). Consider the method in subsection 4.3. Similar to case (c), because
eig(N) = {64.37 +85.18i, —81.93,15.68 + 11.72¢,13.72, —2.53,0.61, 0}, we need to re-
assign {10, 10} instead of {0,0.61} while leaving the other eigenvalues unchanged (Fig
2). So by using partial eigenvalue assignment on new pair (Y;# M, A;)

Hay [0 0.2 _[o61 0
YlM_{—O.Oél —0.12]’ Al_[ 0 0]

and considering

G/\:{Qn gi2 ]’
g21 922

nonlinear parametric equations are as follow:
g11 + g22 = 20
—g12921 + 911922 = 100.

The matrix feedback
fir fi2
K =
! [ for fo2 |’

where
fi1 = —13.95¢11 + 4.65¢912 + 8.64,
J12 = —22.05g11 — 0.52g12,
fa1 = —13.95¢21 + 4.65g22 — 2.88,
J22 = —22.05g21 — 0.52g22,

is obtained by

—130.94 —220.54
43.65 —5.21

and the elements of matrix G are as

Ky =

g11 = 10,912 = 0, g21 = 0, g2 = 10.

Also Fy is obtained as

Py — 28.84 —79.99 308.52 —10.62 31.77 —12342 0.28 —4.16 13.24
F=1 a3 14.64 —30.15 1.45 —4.79 18.26 —0.03 088 —-276 |-

The eigenvalues of the closed-loop matrix of the standard system (3.19) and the
standard descriptor system (3.3) are {64.37 + 85.18i, —81.93,15.68 + 11.724,13.7
2,-2.53, 10,10}, {—0.395,0.04 £ 0.03i, —0.012, 0.005 = 0.0074,0.072,0.1,0.1} respec-
tively. The figures show that the input variables x;(t),7 = 1,2, 3 in case (d) (Fig 2)
better converged to zero from case (b) (Fig 1).

(<)
EE
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FIGURE 2. z;(t) in case (c)

6. CONCLUSIONS

Some methods for stabilization and control of descriptor fractional discrete-time
linear systems are compared. Assigning desired eigenvalues in unit disk to the con-
verted standard descriptor discrete-time linear system is done by eigenvalue assign-
ment with parametric forward state feedback. This method needs an impossible suffi-
cient condition for some examples where it is possible by eigenvalue assignment with
parametric forward and propositional state feedback. Solving nonlinear equations
may make error for large matrices. Decreasing dimensions of matrices and the num-
ber of nonlinear parametric equations partial eigenvalue assignment may be used. The
partial eigenvalue assignment algorithm using orthogonality relations is not doable for
reassigning indistinct and vanished eigenvalues. But in partial eigenvalue assignment,
we can reassign undesired indistinct and even zero eigenvalues while leaving the rest
of the spectrum invariant. Also the eigenvalues of closed-loop matrix in last method
lie in desired region and convergence to zero is better for vectors z;(t),i = 1,--- ,n.
The results presented in this article are also applicable in stabilization of delayed,
two-dimensional, and positive fractional systems. The subject of minimum norm of
nonlinear parametric feedback matrices is remarkable, too. An extension of these
considerations for continuous-time descriptor fractional linear systems is still an open

problem.
[c]v)
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