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Abstract The nonlinear variable coefficient Zakharov-Kuznetsov (Vc-ZK) equation is derived
using reductive perturbation technique for ion-acoustic solitary waves in magnetized
three-component dusty plasma having negatively charged dust particles, isothermal
ions, and electrons. The equation is investigated for generalized symmetries us-
ing a recently proposed compatibility method. Some more general symmetries are
obtained and group invariant solutions are also constructed for these symmetries.
Besides this, the equation is also investigated for nontrivial local conservation laws.
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1. INTRODUCTION

In plasma physics, research in nonlinear wave propagation through dusty plas-
mas is rapidly growing. The standard equations in physics like KdV, modified KdV
and Schrodinger wave equation best suited to describe wave phenomenon in plasma
physics. The KdV equation was first used by Washmi and Taniuti [25] to describe
ion-acoustic wave propagation through dusty plasmas and with aid of reductive per-
turbation technique [12, 24] several nonlinear wave equations including Zakharov—
Kuznetsov equation describing ion-acoustic wave propagation through dusty plasmas
have been recently derived and investigated analytically by various mathematical
tools [7, 8, 16, 20, 22, 28]. In present work, we have derived (3+1)-dimensional
Zakharov-Kuznetsov equation and is further constrained by putting variable coeffi-
cients to incorporate more realistic means. Although Zakharov-Kuznetsov equation
and its various generalisations have been investigated for Lie symmetries [17, 26, 30],
soliton solutions using Hirota’s method [20, 21], exact solutions [6, 14, 29, 31], but
to the best of our knowledge the Ve-ZK equation in (3+1)-dimension has never been
investigated for generalized symmetries. So in this article, we tried to find new sym-
metries for the Vc-ZK equation using the compatibility method given by Yan and Liu
[26].
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Governing equations

Consider Poisson’s equations governing two-component plasma consisting of cold
ions and non-extensive electrons in an external static magnetic field directed along
z-axes

ne+V-(nV)=0, (1.1a)

Vit (V- V)V = -V + 3 (V x 2), (1.1b)
Dt

vQ(b =n,—n, (11C)

with normalized electron density ne = [1 + (¢ — 1) ¢]"™/2@™ Y where n and n. are
normalized unperturbed number densities of ions and electrons respectively. V (u, v, w)
and ¢ are ion velocity (z,y, z directions) and electrostatic potential which are normal-
ized by ion acoustic speed Cs = /T /m; and T, /e respectively. €; is the ion-cyclotron
frequency. The space and time variables are in units of Ap = /T, /4me%n.q, the elec-
trons Debye length and reciprocal of ion-plasma frequency wy,; = /4me?n;o/m;, and
q being strength of nonextensivity such that for ¢ < —1, the nonextensive electron
distribution can not be normalized.

To obtain (3+1)-dimensional Zakharov-Kuznetsov equation using standard reductive
perturbation theory [12, 24], we chose new independent variables

£ = Vex, n= ey, (=Ve(z—ot), T=eVet, (1.2)

where € being small and dimensionless perturbation parameter, which also character-
izes the strength non-linearity of the system and X is the phase velocity of the wave
along z-axes. Let us consider generalized expressions for state variables as follow:

X = i " X, Y = i Ty, (1.3)

m=0 m=1

where X (= n,w,¢) and Y (= wu,v) describe state of system and equilibrium state is
corresponding to m = 0, such that ¢9 = 0,wy = 0 and ng = 1. Substituting (1.3)
along with stretching variables (1.2) into Poisson’s equations (1.1) and from lowest
powers of €, we obtain

wy Wi Wpi P n
= = = = _ = = = =, 1.4
m=as 0, by V1 Q, Pe, wy o 1 o (1.4)
Subsequently, from next higher orders of ¢ we obtain following
WpiA Wpi A
Ug = ?2 01)1,4, Vo = — ?2 OULC. (15)

Finally, by reductive perturbation method, the following (341)-dimensional Zakharov-
Kuznetsov equation is obtained

¢17 + Po1¢1.¢c + Qd1ccc + R(P1,cpn + d1.ce¢) =0, (1.6)

(el
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where the coefficients are given by the following formulae

Ao [3er Ao Ao Cl>‘(2)w12)i
p=20 |29 o -0 p= 20y
261 |: )\% 02:| ’ Q 201’ 201 + Q% ’
1 1)(3 —
for c; = L; , €= 7((1_'_ )8( q)'

In following, the various versions of equation (1.6) have been listed.

=

(1)

The constant coefficient version:
Ut + auty + DUpgy + Upyy + Upzz = 0. (1.7)

is investigated by Lie group analysis [30] wherein multi-parameter optimal sys-
tem along with several exact solutions are also reported. The fractional vari-
ant of equation (1.7) has also been studied using the first integral method and
the functional variable method to establish exact traveling wave solutions[9].
The equation (1.7) has physical importance in plasma laboratories as it helps
in describing the evolution of solitary waves in plasma and other properties
of solitary waves and double layers [5, 7].

The Zakharov-Kuznetsov equation with power law non-linearity:

u + au" uy + b(Upg + Uyy)z = 0, (1.8)
and dual power law non-linearity
up + (au™ + bu™uy + c(Ugy + Uyy)w = 0, (1.9)

both equations (1.8) and (1.9) describe the passage of the ion-acoustic wave
through cold plasma where electrons behave in a non-isothermic way [1, 2].
The fractional variant of equation (1.9) has been studied for soliton solutions
using Riccati sub equation method and new exact solutions involving param-
eters, expressed by generalized hyperbolic functions are also obtained [13].
The non-linearity is included in order to incorporate the change in electron
number density in reductive perturbation method. Besides this, the (3+1)-
dimensional Zakharov-Kuznetsov equation with power law non-linearity:

u + au" uy + b(Upg + Uyy + Uzz)e =0, (1.10)

is investigated via Lie group analysis [15] and its fractional variant has been
exploited in [19].

The generalized variable coefficient Zakharov-Kuznetsov equation:

up + a(t)uug + b(#)uuy + Uger + () Ugyy = 0, (1.11)
and slightly more general form

up + a(t)uu, + BE)urug + p(t)tgr + M) Uppr + V() tzyy = 0. (1.12)

The equations (1.11) and (1.12) have been investigated via similarity analysis
[17, 26] and several exact solutions have also been obtained using Riccati
equation mapping method [14].
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In present work, we would like to analyze the variable coefficient version of (1.6)
derived using reductive perturbation technique, it reads as follow:

U + a(t)uty + Uggy + b(t)Usgyy + () Upz, = 0. (1.13)

This is (3+1)-dimensional variable coefficient Zakharov-Kuznetsov (Ve-ZK) equation.
Although, the Lie symmetry analysis of equations similar to (1.13) in lower dimensions
can be seen in the literature, but to best of our knowledge the equation is not explored
for generalized symmetries.

2. CLASSICAL LIE POINT SYMMETRIES OF VC-ZK EQUATION

The Lie point symmetries for (1.13) can be obtained by a standard procedure given
in [3, 18] and for recent applications the Refs. [10, 11, 23] can be seen. Consider one-
parameter local Lie group of point transformations in the following manner:

a* =z +eX(z,y,2,tu) + O(P), y* =y+eV(2,y,2t,u) + O(),
=ttt eZ(x,y,ztu) + O(€), t* =t+el(2,y,2,t,u)+O(),
u* = u+ed(2,y,z,t,u) + O(?), (2.1)

where € is a group parameter. The invariance of (1.13) under infinitesimal transforma-
tions (2.1) provides an overdetermined system of linear partial differential equations
in X,Y,Z,T and ®. Such an overdetermined system can be derived by considering
the following associated vector field:

0 0 0 0 0

V—Xa$+Yay+ZaZ+Tat+<I>au. (2.2)
This forms Lie algebra on the space of independent and dependent variables and group
transformations can be recovered from (2.2) by Lie’s first theorem. Since V' acts on
the solution space of (1.13), so this can be prolonged to act on space of all partial
derivatives in (1.13). However, the prolonged formula for (2.2) is rather complicated
yet algorithmic and is successfully implemented in several symbolic manipulation pro-
grams including Maple and Mathematica. For symmetry determination, the equation
(1.13) have to be written in the following symbolic form

A = uy + a(t)utly + Uggy + 0(E)Usyy + c(t) Uz, = 0. (2.3)

The determining system of PDEs for X,Y,Z, T and ® is given by the invariance
criterion

VE(A)| 4y =0, (2.4)
where the third order prolongation V) of vector field (2.2) is given by
VO —y ol 9 glaa_ 0 gl O e 9 (25)
Ouy Ugza Uy Oy

The extended components ®[*!, ®l##2] @levyl and dl*#2] explicitly depend on X, Y, Z, T
and ® and their derivatives, for details see Ref. [3]. The simplification of equation
(2.4) with the aid of Maple gives a system of 130 PDEs for X,Y, Z, T and ®, which
further reduce to system of 70 PDEs when the direct procedure of determining system
[c]v)
EE
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is adopted. However, if the option of integrability condition is imposed, the invariance
criteria (2.4) reduce to just 20 PDEs which are listed below

X:X(x7t)’ Y:Y(yaz)’ Z:Z(y,z), T:T(t), Xpow =0,
Dyou=0, ®yo=0, Y, +0Z, =0, —T¢; +2cZ, —2cX, =0,
27,bc = 2Y,bec — bT'c; +Tchy =0, —bYy,, + 209,y — cY,, =0,

2y, — bZyy — 7oy = 0, (2:6)
a®pu +bPryy + cPpy + P + P =0, —Tep — Ty +2¢Z, +cX, =0,
be® oy + APyss — Xy + 2acZu — u(acy — car)T + ac® = 0.
Solving the determining equations (2.6), following solution may be obtained:
X=cox+ cr, Y =c1y+ c3z, Z=rcqy+coz
T =3cgt + 5, = csu, (2.7)
along with additional constraints given as follow:
— T (t) + 2cac(t) — 2¢(t)cg = 0,
2b(t)c(t)(ca — c1) + T(c(t)b'(t) — b(t)c' (¢)) = 0, (2.8)

cse(t) + cab(t) = 0,
2coa(t)c(t) — T(a(t)c (t) — c(t)a'(t)) + a(t)c(t)cs = 0.

In the next section, we shall investigate equation (1.13) for generalized symmetries
using compatibility method.

3. GENERALIZED SYMMETRIES OF VC-ZK EQUATION

In following, main aim is to obtain generalized symmetries of the Vc-ZK equation
(1.13) using the compatibility method [26, 27]. The generalized symmetries may be
assumed to be in the following form:

oty + Puy +yu, —ur +du+e =0. (3.1)
The unknown functions «, 3,7,d and e of (x,y, z,t) can be determined from set of
determining equations when compatibility between (1.13) and (3.1) is established.

To obtain compatibility condition, the time derivative u; in the equations (1.13) and
(3.1) must be equated, and result reads as follows:

a(t)uty + Ugze + b(E)Upyy + c(O)Uspz + quy + Buy +yu, +ou+e=0. (3.2)
Further, on equating u;, in equations (1.13) and (3.1), following relation may be
obtained

[ + AULU g + QUUty + Utzzx + btuzyy + buta:yy + CtUgzz + Cltrzz

+ apug + auyy + By + By + Yt + Yy, + 0w+ duy + e, = 0. (3.3)
With the aid of Maple, on substituting u, Uiz, Uty, Utz, Utgrz, Utzyy AN Uty from
equation (3.1) in equation (3.3) a very large equation is obtained which for sake of

brevity we have omitted writing here. In this equation, using equation (3.2) we can
further eliminate Uzez, Uzsrss Yzezy a0d Uzzz-. On equating to zero the coefficients of

(<)
EE
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various partial derivatives of u, the following set of determining equations have been
obtained:

ay =, =0,0; =7 =06, =0, —2ca + 2cy; + ¢ = 0,2c8; + 2by, =0,

by — 2ba, + 208y = 0,2¢6, + Y2z + byyy =0, =3a,y + v =0,

2b0y + cB.. + bByy = 0, =3a,B+ B = 0,04, = 0,a0 — 2a0, + a; = 0, (3.4)
o + boyy + 6, » — 3oy +ae = 0,0, — 3a,0 + ae, =0,

— 3aze + begyy + Ceypry + €4 + eppy = 0.
Solving the determining equations (3.4), we get:

a=f(t)z+g(t), 8 = (cay + ca2)® IOy = (cyy + ¢2)e® T IO,

3.5
0= ( —c5 /a(t)dt + C7>e3ff(t)dt,e = (c5w + cg)e® S fDat, 3.5)

along with the additional constraint conditions on coefficient functions which are given
as follow:

710) = 372(0) + esa(t)e? 1 7O% = 0,/4) — 3(1)g (1) + cpa(t)e? I 7O =,
a(t) ( —c5 / a(t)dt + C7> AT IWA _20(1) (1) + a'(t) = 0,

ese(t) + cab(t) = 0, —2¢(t) f(t) + 2ere(t)e ) F Wt 4 /(1) = 0,
b () — 2b(t) f(t) + 2c0¢* S D9 =,

(3.6)

with /:= 4 and f(t), g(t) are functions constrained by relations (3.6).

Remark 3.1. From the structure of generalized symmetries (3.5) and on comparing
with symmetries (2.7) obtained using Lie classical method, it is evident that we able
to obtain more general symmetries for (1.13). Moreover, as a particular case for
¢s = ¢g = 0, from generalized symmetries (3.5) classical symmetries (2.7) can be
recovered.

4. REDUCTION OF V(C-ZK EQUATION AND SOME EXPLICIT SOLUTIONS

In this section, the similarity reduction of Ve-ZK (1.13) by generalized symmetries
(3.4) is given. The similarity transformations for reduction can be obtained by solving
the following characteristics equations:

d d d dt d
o w_r_a_ 9 (4.1)
« 15} ¥ -1 —du-—ce
As an alternative measure it is quite obvious to solve generalized determining equa-
tions (3.4) for e, = 0 with the aid of Maple and the results read as follow:

B x kX (q—t) ! K _ry—6v

T —3¢+3t s +q—t’5_—6q+6t’ (4.2)
o pz—6pu . 3s+1 A

1T T6qr 60" T3¢+3t ¢ g+t

(el
BE
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along with the additional constraint conditions for coefficient functions

at)= —F =y (4.3)

(@—t)°" (q—t)5*s’ (@—t)5+

where p,q,7, 8, \, i, v and k are integral constants, k1, ko and k3 are arbitrary con-
stants.
Thus, the corresponding generalized symmetry (3.1) can be written as follows:

W™
wlo

B x kX (g—t)°" K ry—6v
¢_< —3q+3¢ s oot Segrec™
pz—6p 3s+1 A
— U, — . 4.4
Gqr6i T 33t Tt (44)

Next, is to proceed for reduction of Vc-ZK equation (1.13) under action of general-
ized symmetry (4.4). Solving characteristics equations (4.1), the following invariant
transformations are obtained:

1
x 3k (¢g—t)°73 3k 1 6v
P VST U S S
(g—1)3 s(3s+1) (g—1)3 (g—1t)° (4.5)
1 6u
G=—"—\2-—),
(g—1t)"° p
and reduction field
3)\ s+1
= —t)""3F . 4.6
U 3s+1 +(q ) (51752363) ( )
The unknown function F'(1, &2, &3) satisfies following relation:
1 1 1 1
- <S + 3)F+ §§1F51 - 67’§2F§2 - 6P€3F§3
+ ki FFe, + Feeey + k2 Feieoe, + ks Feiepe, = 0. (4'7)
It is obvious to see that the reduced (4.7) admits following solutions:
F :ki(fl +& 4+ &) forr=p=-2, (4.8a)
1
1
F==fors=—1,k =—12, (4.8b)
&1
1
F=—forr=3s+1 (4.8¢)
3
1
F :6—2 forp=3s+1 (4.8d)
3

(<)
EE
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with the aid of (4.5) back substituting (4.8) into (4.6), we get exact solution for (1.13)
as follow:

__3A _ e+t ¢ Bk (g8
TR [(q—t)é s(3s+1)
N 3k ; (y + 31/)£ (z+ 3£Lg ’ (19a)
(q—=t)s  (¢g—t)"° (¢g—1t)°5
N L S | Ut LA L I
u=-5 =) l(qt)i + 5 (qt)é] , (4.9b)
—2
— 3\ o s+% # . Gl or T — 3s .
Lty il Uil [(q_t)—g <y r)] , fi 3s+1  (4.9¢)

-2
- 3\ s+1 1 61 B
U= +(g—1) l(q—t)_g (z )1 , forp=3s+1, (4.9d)

along with coefficient constraints (4.3) solutions (4.9) actually satisfies the Vc-ZK
(1.13).

5. NONTRIVIAL LOCAL CONSERVATION LAWS

In general, for a given PDE or a system of PDEs, nontrivial local conservation
laws arise from the product of PDE with suitable function(also known as multiplier,
factor or characteristics). Such a combination of the product always yields nontrivial
divergence expression [4]. In actual practice, the PDE is multiplied by a multiplier
and then expressed in some sort of exact expression(or divergence expression) by the
use of certain operator called Euler’s operator. In such construction, the divergence
expression always vanishes on the solution space of PDE. Below, a step-wise procedure
is described for the construction of nontrivial local conservation laws.

The procedure starts with considering the following Euler operator concerning variable
w

0 0 0
E,,=——-Di— +---+(=1)°D;, ... D; ——, 5.1
for each 7 = 1,...,m, and D, is the total derivative operator with respect to ith

independent variable and is defined as D; = % +ul! 82“ +uly, 3% +uky i, 5o
i1 i

+...
i1t

for i = 1,...,n. The interesting property of Euler operator (5.1) is that, it can
annihilate any divergence expression of the type D;®*(u). In particular, following is
always true:

E,; (D;®(z,u,0u,...,0"u)) =0, j=1,...,m. (5.2)

The converse of (5.2) is also true, that is, if E,; F(z,u,u...,0"u) = 0, then following
also holds true:

F(z,u,0u...,0"u) = D,V (x,u,0u,...,0" tu), i=1,...,n, (5.3)

(el
BE
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holds for functions W'(x,u, du,...,0" 1u). The relation (5.3) leads to the construc-
tion of conservation laws.

Example 5.1. As an illustrative example, consider KdV equation
AI(UlV = U + Uy + Uggy = 0. (54)

The Euler’s operator (5.1) takes the following form
0 0 0 0 0
Ey=—— (D5 + D, D - D}
ou < Y ouy + Ouy, > % gy T gy

which truncates after 3rd order z-derivative of u. The total derivatives D, and Dy
are defined as follow:

, (5.5)

D —ﬁ—l—ug—&-u i—i—u i-ﬁ-
T oz T Ou T Ouy ou,
0 0 0 0
Dt — FU— F Uy — F U —— + . ...

ot u Ouy iy

It may be proved that F, (Akqy) # 0. However, on multiplying A g4y with suit-
able a factor A(z,t,u) (also called as zero order multiplier) and under the following
assumption

E, (A(z,t,u)Axav) = By (Alx, t,u)(ur + vty + Uges)) = 0. (5.6)

The unknown multipliers A(x,t,u) can be obtained. The action of Euler’s operator
in (5.6) yields the following

Due to independence of u, and u,,, the equation (5.7) splits into following three
equations

Ay +uly +Apyr =0,A,, =0,A,, =0. (5.8)
The solution of (5.8) yields following set of multipliers
A1 = 1,A2 :’LL,A3 =tu—x. (59)

Then from properties (5.2) and (5.3), following divergence expression for KdV (5.4)
may be written

Az, t,u) (up + utty + Upes) = Dptpt + D), (5.10)
which further gives local conservation in the following form
D' + Dyp? = 0. (5.11)

The fluxes 9,2 can be obtained by direct matching of derivatives in (5.10). The
divergence expression (5.11) vanishes over the solution space of KdV (5.4) implying
the non-triviality of conservation laws.

c[v)

EBE
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Based on procedure described above, the determining equations for zero oder multi-
pliers A(z,y, z,t,u) are given as follows:

E (A(z,y, 2, t, u)(ur + a(t)uty + Uggy + b(t)Ugyy + c(t)Ugz2)) = 0. (5.12)

Under the action of Euler’s operator (5.12) splits into following overdetermined system
of equations in A(z,y, z,t,u)

Auu = 07 Aux = 07 Auy = 0, Auz = 0,

5.13
a(t)uly + b(t)Apyy + c(t)Agss + Mgz + Ay = 0. ( )
The immediate solution for (5.13) may be obtained as follows:
AN =zx- /a(t)u dt, Ao = u, Ag = F(y,2). (5.14)
The determination of multipliers immediately followed by following identity:
Az, y, 2, t,u)(ur + a(t)uty + Ugze + b(E)Usyy + () Ugzz) (5.15)

= Dyt + Dyp? + D,p® + Dyt

Substituting A’s from (5.14) and direct matching in (5.15), yields the following set of
conservation laws:

o Ay =z — [a(t)udt.

Pl = f%a(t)ug/a(t) dt+%a(t)xu27%b(t)uuy,y/a(t) d¢
+%b(t)uy2/a(t) dt—%c(t)uuzvz/a(t) dt
1 2 Lo
—|—ac(t)uz a(t) dt —uug . [ a(t) dt+ 5 Us a(t) dt
1 1
+§b(t)xuy7y+§c(t)xu”+xuzm— -
1
W2 = _gb(t) (Quuxy/ dt—uxuy/a dt—2xuxy—|—uy>
1
P = _gc(t) <2uuw,z/ dt—umuz/a dt—2wuwz—|—uz>,

Yt = —;u(u/a(t) dt—2x>.

The divergence expression
D! + Dy® + Dotp® + Dyt =
(ut + a (t) vtz + Uz 2 + 0 () Usyy + ¢ (1) Uz 2) @
+ (—uxa (t)u® — Ug 5, 2UC (E) — Uy y yub (E) — uny — uumm) /a (t) dt,

(5.16)

(el
BE
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vanishes over the solution space of (1.13) implying the non-triviality of con-
servation laws.

[ ] A1 = U.
1 1 1 L
wl = g a(t) u? + g C(t) Uz, — 6 C(t) u22 + g b(t) Ully,y
1 1
— g b +ug s — 5w,
1
wZ = g b (t) (2 Ulg y — Uxuy) )
3 _ 1 9 _
P = 3 c (t) ( Uy, ~ Uxuz) s
¢4 :%uQ.

The divergence expression
Doyt + Dydp® + Dotp® + Dy = (5.17)
u(up+at)uuy +Upgr +0E) Upyy +c(t)Uszz). )

vanishes over the solution space of (1.13) implying the non-triviality of con-
servation laws.

o Ay = F(y,z2).
L1 , 1 1 1
v =-a(t)Fu” — s c(t) Fou, — 5 b(t) Fyuy + 5 ¢(t) Fu, .
2 3 3 3 '
1 1 1
+gb(t)Fuy,y+gc(t)uFZZ—i—gb(t)quy—i—Fugm,
1
zp?:—gb(t)(Fyux—zFuw),
1
Y3 = — gc(t) (Fouy —2Fuy ),
P =Fu

The divergence expression
Dx'wl + Dy"/)z + Dz¢3 + Dt¢4 =

5.18
F(y,z)(us +a(t)uuy +tgpz+0(t) Uz yy+c(t)uz ). ( )

vanishes over the solution space of (1.13) implying the non-triviality of con-
servation laws.

6. CONCLUSION

In this work, the Zakharov-Kuznetsov equation in magnetized dusty plasma is
derived by the reductive perturbation technique. This equation has been further
constrained by plugging variable coefficients to incorporate more realistic means of the
physical phenomenon in plasma physics. In this investigation, the classical symmetries
using the Lie method and new generalized symmetries using the compatibility method

(<)
EE
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are obtained and compared. In the comparison, it has been proved that the new
generalized symmetries (3.5) reduce to classical symmetries (2.7) for ¢5 = ¢g = 0.
Some simple traveling wave solutions for Vc-ZK are also presented. In addition to
this, the multiplier method is used to construct nontrivial local conservation laws.
To prove the non-triviality of conservation laws, it has been proved at (5.16), (5.17)
and (5.18) that the divergence expression for fluxes vanishes over the solution space
of equation (1.13).
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