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Abstract 

In this research, a new continuous model for vibration analysis of a simply support cracked Euler-Bernouli beam is 
proposed. The effect of the crack on the stress, strain and displacement field is modeled as a continuous disturbance function. 
The equation of motion and the corresponding boundary conditions for bending vibration of a cracked beam with an open 
edge crack, are derived by using Hu-Washizu variational principle. By employing the Galerkin method, the natural 
frequencies and mode shapes are obtained, and the influence of the crack parameters (crack depth and location) on the 
vibration behavior of the cracked beam is studied. The results have been validated by the experimental and theoretical dada 
reported in the literature. There is a good agreement between the results obtained through the proposed method and those 
obtained from the reported experimental data. 
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��{�µÁ|m���Ã|��Ã{�ÁM�¹Á{�Ê Ì^���¿Z¯�§�¾Ì]�Ä�ËZ¬»�Ä¯

Ì�]�ª]Z�e� �Ì¿� ,d�YÊ»� Ã|Ë{�lËZf¿�¾Ì]�Ê]Ây� �Z�{Â�� ���j¯Y|u
�¹Á{�Ê Ì^���¿Z¯�§�¾ÌÌ e��{�µ|»�ÉZ�y3.02%�Ê»��Ä¯�|�Z]

�Ê^�¿�ª¼��Z]��e�Ä]��Â]�»0.5�Ê»�|�Z]�� �

µÁ|m������¿Z¯�§��e��Ìe�µÁY�Ê Ì^��ÉZÅ��Z]��Y{� �
ÄÌ°e�ZÆf¿Y�Á{��{�Ã{Z��ÃZ³ 

Z�y�|��{��
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�¿Z¯�§��µÁY�Ê Ì^��ÉZÅ�Hz���Ê^�¿�ª¼���
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d
 ��

�dÌ «Â»
Ê^�¿��

c
c

x

L
 

��
E�Ê]�ne]��[��T��É��¿��

0.6��151.5 150.59���e�½Á|]��Ìe��
0.23��151.2��150.85��0.1����
0.91��151.0��149.61��0.3��0.2��
0.45��147.8��148.47��0.5����
0.05��150.5��150.42��0.1����
0.06��149.8��149.71��0.3��0.3��
2.91��143.8��147.20��0.5����
0.51��149.2��149.97��0.1����
0.68��146.8��147.80��0.3��0.5��
2.05��139.2��140.84��0.5����
�

µ|»� �Y� Ê°Ë��µ|»� ,ZÅ�Ìe� �{� �e� µ|»� lËY�� ÉZÅ
¥Z� ¿Y�Ê»� Ê �Â»� É�Ë~a��Ä]� [ÂÌ »� ��¬»� ½M� �{� Ä¯� |�Z]

¥Z� ¿Y�L�m�®Ë�c�Â���³���¿��{��Ë~aÊ»�Äf§��Ä]�Y���Ìe�Ä¯�{Â�
Ê»�ºÌ�¬e�d¼�«�Á{�|À¯� �Yoon���m�»��{�½Y�Z°¼Å�Á]��[��Z]

�¸ËÁY� �Ìe�Ê�Z e�Y� �Zf§��Ê���]� Ä]�µ|»�¾ËY� �Y� Ã{Z¨f�Y����Ê·Â¿�]
�e�ÄÌ°e�Z]��Y{�ÃZ³�ÄfyY{�a�ZÆf¿Y�Á{��{�Ã{Z��ÉZÅ�|¿Y� �Y���e�ZÆ¿M

�Ä¯�Ê�rÌa��À§�®Ë��Y�Ã{Z¨f�Y�Z]»Ã{Â¼¿�µ|�|¿Y��
�
�
�
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Á|m�µ����¿Z¯�§��e��Ìe��¹Á{�Ê Ì^��ÉZÅ�Z]��Y{�

ÄÌ°e�ZÆf¿Y�Á{��{�Ã{Z��ÃZ³�

Z�y�|��{��
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�¿Z¯�§��¹Á{�Ê Ì^��ÉZÅ�Hz���Ê^�¿�ª¼���

2

a

d
 ��

�dÌ «Â»
Ê^�¿��

c
c

x

L
 

��
E��Ê]�ne]��[��T��É��¿��

0.02��602.5 602.37 Á|]��Ìe�e�½��

0.05��599.8��600.10��0.1����
0.97��588.2��593.94��0.3��0.2��
2.41��568.5��582.37��0.5����
0.67��604.2��600.12��0.1����
0.03��594.2��594.00��0.3��0.3��
3.02��564.5��582.63��0.5����
0.20��599.8��601.01��0.1����
0.42��597.8��600.32��0.3��0.5��
0.87��593.0��598.24��0.5����

�¶°���{��¿�cY�ÌÌ¤e�ÊÀvÀ»�¿Z¯�§�d^���]�µÁY�Ê Ì^���
Ê^�¿�ª¼��Z]��e�ÉY�]��e�Ê^�¿�dÌ «Â»�\�u0 3. �

Ã|»M�d�{� Ä]�� �Y� Ã{Z¨f�Y� Z]ÄË��¿�� Á� Ã|�� ÄWY�YÄË��¿��¥Z� ¿Y
Ê �Â»�É�Ë~a�d�e� �Y�¶�Zu�lËZf¿� ÃY�¼Å�Ä]���ÄWY�Y�Ê]�ne�ÉZÅ

»��{� Ã|���m�]��[�d�Y�Ã|��ÄWY�Y� �Ä�uÔ»�Ä¯�É�Â��½Z¼Å�
Ê»�� {Â�ÄË��¿��Y� �e� Äf�ÂÌa� µ|»YÄW Ã|�,��Ê^�ZÀ»� d«{� Z]

�e��Ìe�Ê�Z e�Y��Zf§���Ìa�Y���Y{�Ê»�ÊÀÌ]�|ËZ¼¿���

 
 

�¶°�����]�µÁY�Ê Ì^���¿Z¯�§��ÅZ¯�d^�¿���ª¼��\�u
ÄÌ°e�Z]��Ìe�ÉY�]��e�Ê^�¿�ÃZ³��,ZÆf¿Y�Á{��{�Ã{Z��ÉZÅ�� ����lËZf¿

�Ê]�ne]��[�,������� ����|��ÄWY�Y�µ|»�,Ã�������������µ|»
¥Z� ¿Y��Ê �Â»�É�Ë~a]��[ 

�¶°����Ê^�¿�ª¼��ÉY�Y�Ä]�Ê�¿Z¯�§�d^�¿�cY�ÌÌ¤e�ÊÀvÀ»
�¸ËÁY��Ìe�ÉY�]�Y���e����e�Ê·Â¿�]�ÄÌ°e�Z]��Y{�ÃZ³��Á{��{�Ã{Z��ÉZÅ

Ê»�½Z�¿�Ê�Z e�Y�¹�ZÆq�Ze�µÁY�ÉZÅ{Â»�¶°���{�Á�ZÆf¿Y�|Å{����{
¶°��¾ËY�ZÅ�
�¿Z¯�§�d^�¿�¥� »�É{Â¼���Âv»Ê»�Ê���{�Ä¯�|�Z]

½M�Ác�]�Ä�¿Z¯�§�Ã|ÀÅ{�½Z�¿�\Ìe�e��º·Z���Ìe�Ê Ì^��ÉZÅ
�e� �Ìe� Á�Ê»� �Y{�|À�Z]� ��Ê^�¿� ª¼�� Ã|ÀÅ{� ½Z�¿� Ê¬§Y� �Âv»
Ê»� �e�|�Z]� �¾ËY�ÊÀvÀ»�ZÅ�Ä]��Ê^�¿� dÌ «Â»� ÉY�Y

�e0 1c . ,�0 3c . �Á0 5c . �Ã|��º���|¿Y� 

�¶°����Ê»�½Z�¿�¦·Y��d]Zi�Ê^�¿�dÌ «Â»�ÉY�Y�Ä]�Ä¯�|Å{
�¿Z¯�§�,�e��e��Ìe�Ê Ì^��ÉZÅ��Ä�]Y���e�Ê^�¿�ª¼��Z]��Y{

�¿Z¯�§��e� ª¼���ËY�§Y� Z]� ÊÀ Ë� ,{�Y{��Â° »��Ê Ì^��ÉZÅ
Ê»��ÅZ¯��Ìe�|À]ZË�¾ÌÀr¼Å,�Â»�¶°���{�ÄmÂe�Z]�Ê�Z e�Y�µÁY�{

ÄÌ>°e� Z]� �Ìe� ��Á� �{� Ê�¼y� �ÁZf�³� �Y|¬»� Ä¯� ¾ËY� Ä]�ÃZ³��ÉZÅ
�ZÆf¿Y�Á{��{�Ã{Z���«YÁ��e�¾ËY�]ZÀ]�,d�Y��Y|¬»�¾Ë�f�Ì]�ÉY�Y{

�Ê�¿Z¯�§� �ÅZ¯� d^�¿� ÉÁ�� �]� Y�� �iY� ¾Ë�f�Ì]� �Ìe� �¯�»� �{
d�Y{�|ÅYÂy���

�¶°��Ä]�ÄmÂe�Z]��Ê»�Ã|ÅZ�»�[�/���e�ÉY�Y�Ä]�Ä¯�{Â�
�«YÁ��e�Ê^�¿�dÌ «Â»��{0 5c . �Ê Ì^���¿Z¯�§�d^�¿� ,

Ê»�®Ë��]Y�]� 0Z^Ë�¬e�¹Á{��Ê Ì^���¿Z¯�§��]��e��iY�ÊÀ Ë�,|�Z]
Ê»� �ÌqZ¿�|�Z]� �� Y�� �»Y� ¾ËY� d¸��Â�� Ä]�Ê»� �Z�fyY��¾Ë|]� ½YÂe

ÄÌ°e� Z]� �Ìe� Ê�Z e�Y� ¹Á{� {Â»� �{� Ä¯� {�¯� ½ZÌ]� c�Â��ÃZ³��ÉZÅ
dÌ «Â»� ,Ã{Z�0 5c . ���]Ze� ¹Á{� ªf�»� Á� Ã{Â]� ÊÅ�³� Ä�¬¿

��´Ë{�c�Z^��Ä]�,d�Y��¨���]Y�]�Ä�¬¿�¾ËY��{�Ê�Z e�Y�{Â»�¶°�
�¾ËY��{�¹Á{�{Â»��{��Ìe��Z e�Y��iY��{�Ã|��{ZnËY�Ê�¼y��ÁZf�³

d�Y��¨���]Y�]�Ä�¬¿��Ã|¼��Ä¯�¾ËY�Ä]�ÄmÂe�Z]���ÅZ¯�¶»Z��¾Ë�e
�¿Z¯�§��{� ,�e� �Y� Ê�Z¿� Ê Ì^�� ÉZÅ��Ê�¼y� �ÁZf�³� �iY

Ê»���Ìe���Á��{��«YÁ��e��iY�¹Á{�Ê�Z e�Y�{Â»��{�¾ËY�]ZÀ]�,|�Z]
�ÊÅ�³�Ä�¬¿��{Â]�|ÅYÂy��f¼¯�Ê�¿Z¯�§��ÅZ¯�d^�¿��]���

�¶°�� Ä]� ÄmÂe� Z]�ÊÆ]Z�»� ÄnÌf¿���d^�¿�cY�ÌÌ¤e� ÊÀvÀ»� Ä¯
]� Y�� ¹Â�� Ze� µÁY� Ê�¿Z¯�§� ��½Z�¿� �e� Ê^�¿� dÌ «Â»� \�u

Ê»�Ê»�,|Å{�{Â¼¿�Ã|ÅZ�»�½YÂe���,¹Â��{Â»�ÉY�]�Ä¯�cÁZ¨e�¾ËY�Z]
��«YÁ� �e� Ä]� �Â]�»� Ê Ì^�� �¿Z¯�§� �ÅZ¯� ¾Ë�f¼¯

�{0 333c . �Á0 666c . �Ê»�dÌ «Â»� ¾ËY� ½Âq� ,|�Z]��ZÅ
Ê»� ¹Â��Ê�Z e�Y� {Â»� ¶°��ÉY�]� ÊÅ�³��Z¬¿�|À�Z]���¾ÌÀr¼Å

Ê»� Ã|ÅZ�»��e� �Ìe� Ê�¿Z¯�§� �ÅZ¯� ÊÀvÀ»� Ä¯� {Â��{�Z]� �Y
ÄÌ°e�ÃZ³��½�Z¬f»� �Ìe� ��Á� Ä]� d^�¿� ZÆf¿Y� Á{� �{� Ã{Z�� ÉZÅ
Ê»�|�Z]���

�µ|»��Y�¶�Zu�lËZf¿� ,Ã|��ÄWY�Y�µ|»�d«{�|ÌËPe��Â�À»�Ä]
�µ|»�lËZf¿� Á�Ã|��ÄWY�YPierre�� ÁShen�]��[���Ä·{Z »�� ��Z]� Y�

��m�»��{�{ÂmÂ»�Ê]�ne�lËZf¿]��[�Ê»��Y�«�Ä�ËZ¬»�{�Â»�ºÌÅ{���
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�¶°�k��¹Â��Ê�Z e�Y�{Â»��

��
�¶°�{��¹�ZÆq�Ê�Z e�Y�{Â» � �

¶°������¿Z¯�§��ÅZ¯�d^�¿�]�Ê Ì^��ÉZÅ���ª¼��\�u
ÄÌ°e�Z]��Ìe�ÉY�]��e�Ê^�¿�ÃZ³��,ZÆf¿Y�Á{��{�Ã{Z��ÉZÅ�� ����lËZf¿

�Ê]�ne]��[���e�Ê^�¿�dÌ «Â»�ÉY�Y�Ä]0 3
c

. � �

��

 

�¶°�¦·Y��Ê�Z e�Y�µÁY�{Â»��

��
�¶°�[���Ê�Z e�Y�¹Á{�{Â»��

 
�¶°�k��Ê�Z e�Y�¹Â��{Â»��

¶°������]�Ê Ì^���¿Z¯�§��ÅZ¯�d^�¿���dÌ «Â»�\�u 

�,�e�Ê^�¿���������������Ê^�¿�ª¼�0.1�,�           ���Ê^�¿�ª¼�
0.3�ÄÌ°e�Z]��Ìe�ÉY�]�ÃZ³�ZÆf¿Y�Á{��{�Ã{Z��ÉZÅ��

���{�¶°��]�µÁY�Ê�¿Z¯�§�d^�¿�cY�ÌÌ¤e�ÊÀvÀ»���\�u
Ê^�¿�ª¼��Z]��e�ÉY�]��e�Ê^�¿�dÌ «Â»0 3. ��Ä^�Zv»

Ã|����Y�Ã{Z¨f�Y�Z]ÄË��¿��Ã|��ÄWY�Y�µ|»�ÁPierre��ÁShen�]��[�
d�e��Y�¶�Zu�lËZf¿�ÃY�¼Å�Ä]���m�»��{�{ÂmÂ»�Ê]�ne�ÉZÅ]��[�

d�Y� Ã|�� ÄWY�Y��Ê»� ½Z�¿� lËZf¿��µÁY� {Â»� ¶°�� �{� Ä¯� |Å{
ÄÌ°e�Ä]��e�dÌ «Â»�Äq��Å�Ê�Z e�Y�ÃZ³��lËZf¿�,|�Z]��f°Ë{�¿�ZÅ

Ë� 0Z^Ë�¬e�Á{��Å��Y�Ê¿Z�°ÄË��¿�Ê»�¶�Zu�{Â����Y�½|���Á{�Z]�Z»Y
ÄÌ°e�ÃZ³��¿Z¯�§��]��f�Ì]��ÌiPe�d¸��Ä]� ZÅ��Á{�lËZf¿�Ê Ì^��ÉZÅ

Ê»� �Á{� ºÅ� �Y� É�ÂXe�� lËZf¿� Á� |¿Â�ÄË��¿�� Ã|�� ÄWY�Y� |Ë|m�Ä]
Ê»� �f°Ë{�¿�Ê]�ne�lËZf¿�{Â����¾Ìu� �{��e� ½|�� Äf�]� Á� �Z]

�e��Ìe�µ{Z »�Êf¨���ÌÌ¤e�h�Z]�,�Ìe��Z e�Y��µ|»�Ä]�d^�¿��Y{
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Ê»��Z]��e�{Â�����

 
�¶°�����]�µÁY�Ê Ì^���¿Z¯�§��ÅZ¯�d^�¿���Ê^�¿�ª¼��\�u

ÄÌ°e�Z]��Ìe�ÉY�]��e�ÃZ³��,ZÆf¿Y�Á{��{�Ã{Z��ÉZÅ�� ����Ê]�ne�lËZf¿
]��[��,���   �����������,Ã|��ÄWY�Y�µ|»�             ���µ|»Pierre��Á

Shen�]��[ 

� �{� ¶°���� µÁY� Ê�Z e�Y� {Â»� ¶°�� Ä�·Z»�¿ÌÃ����Ìe� Ã|�
�e� �Ìe� Á� º·Z��dÌ «Â»� �{� �«YÁ� �e� ÉY�Y� Ä]� �Y{�

Ê^�¿0 3c . �Ê^�¿�ª¼��Á0 7. ��¿�Ä�ËZ¬»��Â�À»�Ä]�½Z
d�Y� Ã|�� Ã{Y{� ��¶°��Ä]� ÄmÂe� Z]���Ê»� Ã|ÅZ�»�¦·Y��Ä¯� {Â�

� \Ì�� �e� dÌ «Â»� �{� {Â»� ¶°�� �]Ze�0 3c . � ��Â�� Ä]�
�Ê¿ZÆ³Z¿Ê»��ÌÌ¤e�|À¯¾ËY�]ZÀ]�,��d�{�Ä]�[YÂm�½|��Y�´¼Å�ÉY�]

� ¾Ì¯�·Z³��Á�� �Y� Ã|»M� �YÉ�f�Ì]� cÔ¼m��80N ���Ã{Z¨f�Y
�d�Y�Ã|���

����ÄnÌf¿�É�Ì³ 

�e��Ìe�Ê�����Z e�Y��Zf§��,��Zu�ªÌ¬ve��{��µ|»�Z]��Y{
d§�³��Y�«�Ê���]�{�Â»��e�Äf�ÂÌa� ���e��iY� ,�Â�À»�¾Ë|]

�cZÌ��§� Á� |�� µ|»� Äf�ÂÌa��Z�f£Y�®Ë�c�Â�� Ä]� �Z]� Ä^·
�½Y|Ì»�ÉY�]�É|Ë|m�Ê°ÌeZ¼ÀÌ�Ä]Zm�Zm�{ZÆÀ�Ìa��¿�¯�Á�ÊË

|�� �� Á� d¯�u� ¶Ì�¿Y�¨Ë{� Ä·{Z »�Z]� ��ZÀf»� É��»� �ËY��
�¶�Y� �Y� Ã{Z¨f�YHu-Washizu�|�� �kY�zf�Y� ��Ä·{Z »��b�

�½{�ÁM� d�{� Ä]� ÉY�]� ¾Ì¯�·Z³� �Á�� �Y� Ã{Z¨f�Y� Z]� d¯�u
�¿Z¯�§��e� �Ìe�Ê�Z e�Y�ÉZÅ{Â»�¶°�� Á�Ê Ì^��ÉZÅ��Z]� �Y{
ÄÌ°e�ÃZ³�Æf¿Y�Á{��{�Ã{Z��ÉZÅ�Zd�Y�Ã|��¶u���

�lËZf¿�¾Ì]�Äf§�Ë~a�c�Â��Ä�ËZ¬»ÄË��¿�Zf¿�Á��Y�¶�Zu�lË
d�e�� �m�»� �{� Ã|�� ÄWY�Y� {ÂmÂ»� Ê]�ne� ÉZÅ]��[,��½Z�¿
Ê»��¿Z¯�§�Ã|��{ZÆÀ�Ìa�|Ë|m�µ|»�Ä¯�|Å{���Ìe�Ê Ì^��ÉZÅ
�e��Ìa� Ê]Â¸�»� d«{� Z]� Y�� �Y{�Ê»� ÊÀÌ]�|À¯� ��lËZf¿� Ä�ËZ¬»

d�e� �Y� ¶�Zu� lËZf¿� Z]� µ|»�Ê»� ½Z�¿� ,Ê]�ne� ÉZÅ��Ä¯� |Å{
�Ê Ì^���¿Z¯�§�¾ÌÌ e��{�µ|»�ÉZ�y��j¯Y|u�µÁY2.91%��Á

��]Y�]�¹Á{�Ê Ì^���¿Z¯�§3.02%�Ê»�|�Z]����
�lËZf¿� ,Ã|�� ÄWY�Y� µ|»� d«{� |ÌËPe� �Â�À»� Ä]� ,¾ÌÀr¼Å

�µ|»�ÊÀ Ë�Ä]Z�»�µ|»�lËZf¿�Á�Ã|��ÄWY�Y�µ|»��Y�¶�ZuPierre�

�ÁShen�]��[���m�»��{�{ÂmÂ»�Ê]�ne�lËZf¿� Z]� Y�]��[��{�Â»
ºË{Y{� �Y�«� Ä�ËZ¬»� �Ê»� ½Z�¿� Ä�ËZ¬»� ¾ËY��Å� Ä¯� |Å{��Äq

�½M��{�Ä¯�Ê�Z e�Y�ÉZÅ{Â»�¶°��ÊÅ�³��Z¬¿��Y��e�dÌ «Â»
Ê»�Ê�Z e�Y��Zf§���]� Y���ÌiPe�¾Ë�f�Ì]��e��{Â���e�Á{� ,{�Y~³

�Á{�lËZf¿ÄË��¿�Ê»� Y�´¼Å�ºÅ�®Ë{�¿�É�Ë{Z¬»�Ä]��Z]�Ê·Á�|¿Â�
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