Computational Methods for Differential Equations C
http://cmde.tabrizu.ac.ir

Vol. 7, No. 1, 2019, pp. 105-116 na

LP-existence of mild solutions of fractional differential equations in
Banach space

Adel Jawahdou

Carthage University, Department of Mathematics,
Bizerte Preparatory Engineering Institute, Tunisia.
E-mail: adeljaw2002@yahoo.com

Abstract We study the existence of mild solutions for semilinear fractional differential equa-
tions with nonlocal initial conditions in LP([0, 1], E'), where E is a separable Banach
space. The main ingredients used in the proof of our results are measure of non-
compactness, Darbo and Schauder fixed point theorems. Finally, an application is
proved to illustrate the results of this work.
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1. INTRODUCTION

Our aim in this paper is to discuss the existence and the uniqueness of the mild
solution for fractional semilinear differential equation with local conditions :

dz(t) _ Ax(t) + f(t,z(t)), tel,

dt>

(1.1)
2(0) = g(a).

where 0 < @ < 1, I = [0,1]. A: D(A) C E — F is a infinitesimal generator of a
strongly continuous semigroup of a bounded linear operator (i.e Cp-semigroup)U ()
in a Banach space X and f:[0,1] x X — X and g : LP([0, 1]; X) are given X-valued
functions.
The theory of fractional differential equations has attracted much authors due to
their applications in valuable to various fields of science and engineering, see for
example [3, 6, 7, 8, 9]. In this work, we shall improve some results and extend
them to the LP(]0,1]; X)-case. By using some conditions on the functions g and f
and by employing LP-density results, we prove different existence results for problem
(1.1). Our essential tools are the Darbo and Schauder fixed point theorems in Banach
space. The article is organized as follows. Section 2 contains some preliminaries
about fractional calculus and the Hausdorff’s measure of noncompactness. In section
3 the existence result is given. For illustration, a partial integral differential system
is worked out in section 4.
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2. PRELIMINARIES TOOLS

Let (X, ].|]) be a real Banach space. Denote by C(I; X) the space of X-valued
continuous functions on I equipped with the norm

|z = sup{[lz(®)[| : t eI}
and by LP(I, X) the space of X-valued measurable functions on [0, 1] with fo lz(t)||Pdt <

00, provided with the norm |z(t)||, = (fo [l (t ||pdt) v . Next, we recall the follow-
ing known definitions from the theory of fractional calculus. For more details, see
[1]-
Definition 2.1. The Riemann-Liouville fractional integral of u : I — X of order
a € (0,00) is defined by
Fu(t) = —- t *~lu(s)d
u(t) = m/0 (t — ) Lu(s)ds.

Now let &, be the Mainardi function:

PRET S e
— nll(-an+1—a)

then
1. ®,(t) >0, for all t > 0

+o00
2 [ eama=1

; ~ T(1+n)
/0 P, ()dtfiwuran),ne[o,l].

For the details we refer to [9]. We set

—+oo
Sa(t) :/ D, (s)U(st*)ds (2.1)
0
and
—+oo
P,(t) = / as®q (s)U(st%)ds. (2.2)
0
In what follows, we consider the Cy-semigroup {U(¢)}:+~o generated by A which is
continuous and satisfies
3 M > Osuch that M =sup{U(¢t): ¢ > 0} < +oo.
Before we proceed further, we give the some lemmas relative to operators S, and P,.

Lemma 2.2 ([9]). Let S, and P, be the operators defined respectively by (2.1) and
(2.2). Then

L ||Sa(®)z]] < Mljz|l; |Pa(t)z|| < F(a+1) |||, for all z € E and t > 0.
ii. The operators S, (¢t)(t > 0) and P, (¢)(t > 0) are strongly continuous.
c[v)
EE
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Lemma 2.3. The operator I® is continuous and bounded from L?([0, 1], X) into itself
and for every f € LP([0,1], X)

o 1
117 fll, < I‘(0674_1)”]6”19

Definition 2.4 ([9]). Let S, and P, be the operators defined respectively by (2.1)
and (2.2). Then a continuous function x : Ry — E satisfying for any ¢ > 0 the
equation

t
o(t) = Sa(t)g(e) + [ (¢ = 5)" M Palt = 5)f(s,2(s))ds, (23)
0
is called a mild solution of the equation (1.1)

Definition 2.5. (Nemytskii operator) Let  C R be an open set and f: QxR — R
be a given function. The Nemytskii’'s operator associated with f assigns to each
function x : @ — R, the function Ny : Q@ — R, defined by

Nya(t) = f(t,z(t)) (z€Q).

Theorem 2.6. ([4]) Let G be a measurable subset of R and let f: G xR — R be a
function satisfying the Carathéodory’s conditions i.e.

(i) f(-,x) : G — R is measurable for each = € R,

(ii) f(t,-) : R — R is continuous for a.e. t € G.
Let 1 <p,r < oo, a € L"(G), and assume that

\f(t, @) < c|lz|P/" +a(t), ae te@, xzeR. (2.4)
Then the operator defined by
Nyxz(t) = f(t,z(t)), ae tedG, ze€lLP(G)
is bounded and continuous from L?([a,b]) into L"([a, b]).

We recall the Hausdorff measure of noncompactness p(-) defined on bounded sub-
sets B of Banach space Y by

wu(B) = inf{e > 0; B has a finite e-net in Y}
Some basic properties of p(-) are presented in the following lemma.

Lemma 2.7 ([2]). Let Y be a real Banach space and B,C C Y be bounded, the
following properties are satisfied:

(1) B is precompact if and only if u(B) =0,

(2) u(B) = u(B) = u(conv B), where B and conv B mean the closure and convex
hull of B respectively;

(B) < p(C) when B C C}

(B+C) < pu(B)+ p(C) where B+C ={z+y: 2 € B, ye C};

(BUO) < max{u(B) uC)

W
W
L
1(AB) = [A|u(B) for any A € R;
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(7) If {W,}52, is a decreasing sequence of bounded closed nonempty subsets of
Y and lim, . p(W,,) = 0, then NS, W,, is nonempty and compact in Y.

n=1
Definition 2.8. The map @ : W C Y — Y is said to be a uy-contraction if there

exists a positive constant k < 1 such that u(Q(C)) < ku(C) for any bounded closed
subset C' C W where Y is a Banach space.

Lemma 2.9. (]2]). Let X be a real Banach space and © C X is bounded, closed and
convex subset. Let further F': Q — Q) be a continuous p-contraction. Then, F' has at
least one fixed point in €.

We call B C L'((0,1); X) uniformly integrable if there exists n € L((0,1);R,)
such that ||u(t)|| < n(t) for all w € B and a.e. t € (0,1).

Lemma 2.10. ([5]) If {uy},>1 € L'((0,1); X) be a uniformly integrable sequence,
then t — p({un(t)}n>1) is measurable and

t t
il [ wn(dshuz) < [ {un(9)}z)ds. (2.5)
0 0
Next we will give an equality for the Hausdorff measure of noncompactness in
L?([0,1], X),p > 1, which will be denoted by p,. This measure wil be useful in the
next section.

Theorem 2.11. ([10]) Let B C C([0,1], X) be bounded and equicontinuous on (0, 1].
Then

1 1/p
() = ([ wisnyrar)” 26)
where B(t) = {u(t) : uwe€ B} C X.

3. MAIN RESULTS

In this section we use the measure of noncompactness of LP([0,1], X) to consider
nonlocal problems (1.1) when g is continuous in the norm of LP([0,1], X). Suppose
1

1
That X is a separable Banach space. In addition, we suppose that — < p < 1o
@ -«
1 »
— . We
1+ pla— 1))

—1 o
P )pTl andKa,p:<
ap —1

will require the following assumptions.

In what follows, we denote by Ty, = (

(Ha) The Cy-semigroup U (t) generated by A is equicontinuous,
(Hy) (i) g:LP([0,1],X) — X is continuous,
(ii) there exist ¢, d > 0 such that || g(z)| < a||lz|/,+b for any « € LP([0, 1], X),
(iii) there exists k; > 0 such that for any B C C([0,1]; X)) which is bounded
and equicontinuous on (0;1] :

w(Sa(t)g(B)) < kipp(B) for ae. t € [0,1];

(Hy) (i) the function f : I[0,1] x X — X satisfies the Carathéodory conditions,
i.e., f(.,x) is measurable for all x € X and f(¢,.) is continuous for a.e.
t e [0,1];

(&)
EE
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(i) there exist b > 0 and a € L7-1([0,1],R,) such that
£, @) < az(t) + ba||z||P~1, for every x € X and for a.e. t € [0,1],

(iii) there exists ko : Ry — Ry measurable and essentially bounded function
on compact intervals of Ry such that for any B C C([0,1]; X') which is
bounded and equicontinuous on (0, 1]

WPy f(t,B)) < ko(t)u(B) for a.e. t€]0,1];

MT,
a L sup ko(t) < 1.

H) kb + —=
() ki C(a+1) e0.1)

1

Lemma 3.1. If the semigroup P,(t) is equicontinuous and p > —. Then, for any
o

B C L'([0,T], X) which is uniformly integrable, then the set

V={v:o(t) = /0 mu(s)ds for some u € B} C C([0,1], X)

is equicontinuous.

Proof. We need only to prove that V is equicontinuous at t > 0. Let ¢ > 0 be fixed,
u € B be such that

[u(s)]| < n(s) a.e s € (0,1),
with n € LP(]0,1],R;). Then for any € > 0 there exists § € (0,¢) such that

/ nP(s)ds < €
J
[v(t+h) —v(@®)|| =
t+h t
H/o (45— )0 LS (t+ h — s)u(s)ds —/0 (t = )% LS, (t — s)u(s)ds]
< /O (t+h—9)"" = (t—5)*"")Sa(t + h — s)u(s)ds|
[ = Salt 4= 5) = St = s)us)ds]

t+h
y / (t 4 h— ) Su(t + h — syu(s)ds]
t
<L+ I+ I3,
where

I =] /0 (t4+h—s)*t = (t —5)*"1)S,(t + h — s)u(s)ds||,
t+h
L= /t (t+h— ) Su(t + h — s)u(s)ds],
Is = /o (t —8)* 1 Su(t +h —5) — Su(t — s))u(s)ds|.

(e
BE
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According to the lemma 2.3, we get,

L= /0 (t+h—5)°"1 = (£ — )" 1)Su(t + h — s)u(s)ds|
oM ! a— a—1
SF(a‘f‘U/o [(t+h—2s) 1f(tfs) [n(s)ds

= F(Zij\fl) [/OH (t+h—s)>"" = (t— )" n(s)ds + /t

—0

t (t— s)o‘*ln(s)ds]

According to lemma 2.3 and the assumption on 1 we have

aM t=o
1~ o _ a—1 _ _ a—1 —0.
hs0 MNa+1) /0 It +h—=s) (b= 5)""In(s)ds =0

For I, one has

t

L= (t+h—28)"18,(t+h— s)u(s)ds||
t+h
aM /t .
< — t+h—s)*""n(s)ds.
Fla+1) t+h( ) =)

Thus, one can see that I tends to 0 as h — 0.
As to I3, one gets

Is = /0 (t— s)”‘fl[Sa(t +h—8) = Sa(t — s)]u(s)ds||

t—4
<l /0 (t =) [Salt + h =) = Sa(t — s)]u(s)ds|

t

+ ” t_(;(t — s)o‘—l[sa(t +h— S) — Sa(t _ 5)]U(S)d8||

t—0
< [t Sl b s) = Sult = s)n(e)ds
0

2aM  (* a1
+ 7“& D) [75(t —8)* 7 n(s)ds

t—4
< 1Sa(6+ h) — Sa(®)] / (t— )2 Sult — 5 — 5)[In(s)ds

20 M ¢ o1
et /H“‘S) n(s)ds.

2D
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Then, by application of the Holder inequality we get

: 3M a—1
Jim ot ) o0 < 2 [ (¢ ) (s
Mo e N[ )
< 30[7(/ (t— s)(”‘_l)ﬁds) </ np(s)ds)
Fla+1)\ /s t—o
3aM —1 11
22lca-l 1
_F(a—i—l)(ap—l) e
uniformly for v € V. So V is equicontinuous at ¢ > 0 as € is arbitrary and independent
of v. O

Now we are ready to give the first existence result for problem (1.1) which is formu-
lated in the following theorem.

Theorem 3.2. If the assumptions Hy, H, and H,4 are satisfied and the following
inequality

R

cR+d+ lall_e, + bRP‘1> < (3.1)

( +1) Koo
has at least one solution Ry, then the equation (1.1) has at least one mild solution.
Proof. We define the operator F': LP(0,1; X) — LP(0,1; X) by

(Fsc)(t):Pa(t)g(x)+/0 mf(s,x(s))ds, t 0, 1]. (3.2)

for all z € L?([0,1], X ). To prove the continuity of F' , let x € L?([a,b]) and let (x4,)n
be a sequence in LP([a,b]) converging to x.

[Fzn(t) — Fa@)|
< 1Pa(®)lg(za) = 9@)]ll + | fy === 1F (s, 0n(5)) = f(s.2(5))]l| ds

1 5, Tn (S s5,z(s
< Mllg(zn) — g(x)|| + M [ 1L (()))f( I .

From the hypothesis (H¢)(i), (Hy)(i) and by using the properties of Holder’s inequal-
ity, we conclude that F' is continuous from LP([0, 1], X) to itself.
Next, let Ry the solution of inequality (3.1) and define the set

Q= {zeL?(0,1],X) :|z(t)]| <Ry forae.tel0,1]}.

Then Q C LP([0,1], X) is uniformly integrable, closed and convex in LP([0, 1], X). For
any x € ), we get

[(Fz)(@)] < || Palt II/ S) s, 2(s))ds|

i oy ol
< Mgl + 7 H)/ s
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By the Holder inequality one has,

aM
< - p—1
I(Pa) (O] < 3 [ellel, +d] + s Ko (Il e + bl ™)
(&%
< - b p—1
< M|cRo +d+ o 1)Ka7p(||a||pj +oRE)]

< Ry

Consequently F(€2) C Q.

Since F(Q) C C([0,1],X) is bounded and equicontinuous on (0, 1], so is conv(FSQ).
As X is separable, then from Lemma 2.10 and Theorem 2.11 for any U C conv(F<Q)
we have

H(FO)E) < u(Paa() + [ G s, U9
<) + [ 2w

Jo (t—s)
< k() + oo [ O

for a.e. t € [0,1]. By Theorem 2.11 and the Holder inequality, we get

n(FU) < (s + g T 0, (3.3)

Notice that, the inequality (3.3) may not remain valid in the case of U C 2 as
is not equicontinuous on (01]. Then we must look for another closed convex and
bounded subset of LP([0,1],X) such that F is a u,-contraction on it. For this, let
V = LP — conv(FU), where LP — ¢onv means closure of convex hull in L?([0, 1], X).
Since FQ2 C © and Q is closed and convex in LP([0, 1], X), then F'V C V. Now, we
will show that V satisfy to the inequality (3.3). For this, let B =V N LP — conv(F),
then B C conv(FQ) and V = LP — cl(B) where LP — ¢l means closure in L?([0,1], X).
From (3.3) we get

pp(FV) < iy (LP = cl(B)) = pip(B)

ko
< (b1 + s T ) (V). 3.4
< (b + g oy T 10 V) (3.4)
So F': V — V is a continuous and j,-contraction. This completes the proof.

Let us now formulate another existence result under the following assumptions:

(Hg) g:L*([0,1], X) — X is continuous and compact.
(H%) (i) the function f : [0,1] x X — X satisfies the Caratheodory condition,
i.e., f(.,x) is measurable for all x € X and f(t,.) is continuous for a.e.
t e [0,1];
(ii) there exists m € L'([0,1],Ry) and an increasing function ¢ : R, — Ry
such that ||f(s,z(s)|| < m(s)e(||z(s)||) for a.e. t € [0,1] and z € X,
(&)
EE
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(iii) there exists k : Ry — R4 measurable and essentially bounded function
on compact intervals of Ry such that for any B C C([0,1]; X) which is
bounded and equicontinuous on (0, 1]

w(Pyf(t,B)) < k(t)u(B) for a.e. t€]0,1],

MT,
H) ——*_ sup k(t) < 1.
() Lla+1) e, ®)

Theorem 3.3. If the assumptions (H4)-(H’) are satisfies and the following inequality

(3.5)

¢(R) sup /0 (tm(S)dSS %

«Q
sup lg()| + T — )=

a+1) te[0,1]
hold, then the equation (1.1) has at least one mild solution.

Without the hypothesis (Hy)(ii) operator F' defined above, may not be continuous
from LP([0,1]; X) to itself, since the Nemytskii operator may fail to be continuous
under the growth condition (H})(ii). So we use the fixed point theorem on C([0, 1]; X)
rather than on LP([0, 1], X). Now, we prove that operator F' is continuous in Q. To
do this, let us fix € Q and take arbitrary sequence (x,,) € £ such that zn converge
to z in C([0,1]; X). Next, by Lebesgue dominated convergence theorem and lemma
2.3 we derive that nh_}rgo |Fz, — Fy|| = 0. This fact proves that F is continuous on

C([0,1]; X). Now, we consider the sequence of sets {Q}>>, defined by induction
as follows Qg = Q and for n = 0,1,... Q41 = F(Quy1). The hypothesis (Hy4)
and Lemma 3.1 imply that F(Q,) C C([0,1]; X) is bounded and equicontinuous on
(0;1]. Furthermore, it is easy to see that {Q}>2, is nondecreasing. Since F(£2,) C
C([0,1b]; X) is bounded and equicontinuous on (0,1], so is conv(F§Y), where conv
means convex hull. As X is separable, from Lemma 2.3, Lemma 2.10 and Theorem
2.11 for any B C conv(FQ) we have

Sa(t—9)

p(Qn(t)) = p((F2)(1)) S/O u((tfs)l,af(s,ﬂn(S))ds

/0 (t_k(g)l_a/l(ﬁn(s))ds

E K M(Qn<s))
o /0 o s (3.6)

IN

IN

where k = sup{k(t) : 0 < t < 1}, obviously, k is nondecreasing. for a.e. ¢ € [0,1]. By
Theorem 2.11 and lemma 2.7 we get

k
Np(QnJrl) < (F

mTa,p>MP(Qn)a (3.7)

(e
BE
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Now, we define the set ), = L? — conv(£,) for n = 1,2, .... Since Q41 C O, then
Q41 C Q. Furthermore

@) = 1y(200) < (G T (), (33

for n = 1,2,....The lemma 2.7 show that Q= ﬂzozoﬁn is nonempty, convex and com-
pact in LP([0,T], E) and FQ C Q.

~

Let Q = conv(F1). Since
Q = conv(FQ) C conv(Q) C L — conv(Q) = Q,
then @ C C([0,T], E) and FQ C Q. Next, we will show that @ is compact. First, by

the hypothesis (H,4) and lemma 3.1, FQis equicontinuous on [0, 1], as g is continuous
and Q C LP([0,1], X) is compact. Furthermore,

u(ED) < u(Pala@) + [ S s, Be)ds =0

for any t € [0,1]. Hence FQ C C([0,1], X) is precompact, and hence so is @ C
C([0,1]; X). The proof is complete by Schauder’s fixed point theorem.

4. APPLICATION

In this section, we discuss the existence of random solutions for the following
semilinear fractional random differential equation:

{ Opa(t,w) = Yy au(t,w) + f(t,o(tw),w), (1)
z(0,w) = g(x).

where 0 is a Riemann-Liouville fractional partial derivative of order 0 < o < 1. Let
([0,1],.A, P) be a complete probability measure space. We denote by

(B, 1111 = (L*([0, 7)), A, P), |-l 2 (jo,x1))

the space of square integrable maps @ = z(t, w) = x(¢)(¢), with

Jo@ = (1ot wFap() "

82
Denote by L the Laplace operator — with the domain

a¢?
d*x dx
ds?’ ds
It is well known that A is self-adjoint with compact resolvent and is the infinitesimal
generator of an analytic, strongly continuous, compact and self-adjoint semigroup
U(t),~, satisfying

D(A) = {z(.) € L*([0,7]) : are absolutely continuous on ; z(0) = z(7) = 0}.

U@ <e™t, for t > 0.

(&)
EE
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Example 4.1. Let

p
1000, 00) - xctntat )
fo sz(s)ds, where z € LP(]0,1]), s € [0,1].

The function f : & + x + arctan(z) clearly satisfies the L2-Carathéodorys condition.

t
Moreover, since liI_iI_l M =1 for all ¢ € [0,1] then for all € > 0, there exists
T— 400 €T

1< Cie<1l4e€ Cye >0 such that
|f(t,2)] < Chela|+Cop, for all R, t € [0,1]. Next, it is easy to show that the functions
g and f satisfies to

(1) @)l 20,7 < 7llzll2
(2§ I|f(t > 2(O)) 220,77 < N2 ()l L2(jo,7]) +
)

(3) Nf (@t za(t) — f(t, m2(E)I2((0,7)) < 2l|21(t) — 22(E)[|L2([0,7])
(4) Denote by

X(X) = lim sup sup{||z(t; ¢ + h) — 2(t; O)[l2, [kl < €}
e—0,ecx

It is known [2] that y is a measure of noncompactness on L?([0,77]),T > 0. To check

conditions (Cy)(ii) and (Cy)(iii), it is enough to take k; = %3 and ko(t) = 2.
Applying the result obtained in Theorem 3.2, we deduce that equation (4.1) has a

mild solution.

5. CONCLUSION

Combining the techniques of fractional calculus, measure of noncompactness, and
fixed point theorem with respect to a k-set-contractive operator, we obtain a new
result on the existence of mild solutions with the assumption that the nonlinear term
satisfies some growth condition and noncompactness measure condition.
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