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Abstract  
In this paper, the response of simply supported flexible core sandwich beam with piezoelectric patch, under uniform harmonic 
loading with and without the control is analyzed. Sandwich beam is modeled using three-layer sandwich beam theory. Governing 
equations of motion are obtained using Hamilton’s principle, based on Euler–Bernoulli beam theory for face-sheets and linear 
displacement field theory for soft core. By defining suitable state variables in time domain and using Galerkin’s method, the state 
space equations of system are derived from governing equations of motion. Controller is designed using LQR technique. Dynamic 
response and frequency response of beam in open and closed loop configuration are obtained and the effect of flexible core on the 
control of dynamic response is investigated. The obtained results show that the controller can play an important role toward damping 
out the vibration of the sandwich beam. Also, it is shown that the %18 difference between vibration amplitudes of top and bottom 
face sheets, because of the flexibility of the core, affects the position of piezo actuator and sensor. 

 Keywords: Sandwich Beam, Flexible Core, Piezoelectric patches, Linear Quadratic Regulator Control Method, Three Layered 
Theory. 
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 {�  	���5� ��M ��� ���5� ���+ 	� �> �J� �� ?�6L  ��� E�f

 �m  .�,� ��� ���C+sin(αmx), cos(αmx) ��� �7 ��� E���� ?�6

 ]���+	��6�>� �T F� �57 .�,� ���,� ?��*2]7��� )9 OK��5� �� (

L�� N��@ �S1T G�����	���� �7 �� G�����L�� OK��5� �;� [�  �

 ��F O��< 	7 0��F �F�@7 	 �,� �6��P���:   
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 {�  	���5� ��M  �[�T X�����K  ���L, X�����Ff  ����7

 ��T��P ?���� V���gFv  ������� x���� V���g ����7V(t)  x����

 � ������F(t) �� �T��P �+�/�q� ?���� E���� ?��7 .�+�7

) 	���5� ���� O�+�5���10 ( �� ���@ ?�t 7 	 O��<�� 0��7 ��F��+:  
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)12(  
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AE���� 3�6 	��� 	7 	T�� �7 �� ��� O�+�5��� 	49� )�5��� ��+�7

(xc=L /4) A�T��P 0���D 	7 N���, ?��7  V���g N�J��LQR  ��

�� 	� �> �J�:��+ 

  

3 -  E+�'�  

3 -1- 
	����F'8&  

�� �� �8�����, ��� �5�
f X����  	���9� �7 �^R7 :F� G<�@ 

 �7 �g�@ ����� ��T�� k���� ] zT��11 [�T X����� �=�,��
�D� 	7 [

�� 	�P���� ���+ 	S��� E�� �� ��L, � E��T u7�4� .��+17 k���� � 	

7 k���� �7 �g�@ ��� F� ���� �,� 	] zT�� F� ���� �,�11 u7�4� �� [

�� �7�P � �+�7 F� ��C� �4P OK�@ 	C6 ��2.�,� %  

  

3 -2- -G�1 H�0�. E+�'�  

|7 ����C� � ������  !,�� �������� !,�� ��C�H :�� ���1  ���

A��7 �B� �8�����,  �,���, �����>	7 ���CD� K�7 	����  F� �57 � G
H

�� �,��7 E����-��,K� E��� ��\�� :��8C6 .��+ )E(  E��� �

                                                 
1 Bodeh Diagram 

�+�7 )G( �� �,��7 	��7 	9;@ � F�7 	9;@ N���, !,�� �7 	��6-

.��+ ��J�� :�� ?��7 � E��T �� ��+ 	S��� O�iR/� F�2  ��� ?��7

 }�� F� 	� -������1�� 	;<� � �8�����,PZT-5H �� ���L�,� ��+�7

.�,� ��+  

 ��� ?��.�b=100 mm  � �2;CD 	;<� ?���7� ?��>���H GB� �

 �2�@ �� -������1��x1=L /5  G+ u7�4�1 �� ?����  .�+�7

4000sin(100t)  �L�� �.T �� 0�����z  ?K�7 	��� ~4, G� 	7

�� ���� ��� 	49� �� k���� .��+xc=L/4  F�?���7�  ��+ N�,�� ���

 E�� ��� ��.c F� k���� N�,�� ?��7 .�,� �� ���L�,� :�����> )��

X����� .�,� ��+ ��F O��< 	7 E���� ��F� ?�6.�,� ��+ Z�R���  
Q=C'×C, R=10-13 

  
I,�� 1- 
*+,���� -�. (5.-)) 
%�FL M��@-N 

2O� �����  -G�1 ��@  ] Q�'�,-N11[  

I,& M��@-N  220.5  220 

S,2 M��@-N  571.1 587.3  

SO� M��@-N  916.8 942.2  

  
 I,��2- ] 
*+,���� -�. B�TUV�12] �+-'7&,5�� , [13[ 

  H (mm) L (mm) ρ (kgm-3) E,G (GPa) e31 (Cm-2) 

K�7 	���  6  1200  2000  18  -  

	��6  60  1200  60  0.056,0.022 -  

:���� 	���  6  1200  2000  18  -  

�2;CD  0.5  240 7500  60  -16.604  

�2�@  0.0028 240  7500  60  -16.604  

  

 G+ ��2 � (��/� E����) F�7 	9;@ N���, ������� !,�� �

� 	7 (��+ E����) 	��7 	9;@ ��+ N�,�� �,���, �+�/�q� ?���

�� 	J@b� 	� ��4��C6 .�,� :���� � K�7 	��� ?��B� ���=7�T ���+

N6 :���� � K�7 	��� 1�P � N6 XD �.T ���� 0�,�� �.T .����

.���� )�5��� 	���� ^6�� �� �7�P ��\�� ������ 	��27 _D�7 	� ?�

 ^6��40  ��+ �
��T 1�P )�5��� 	���� ?�<�� 	� ��+ 	T�� .�,�

 G+ ��2	��27 (-��,K� � �+�7 E���) 	��6 O�iR/� � �,� ?�

.�,� V;< �
��9� �
��T �.T �� 	��6 ��� � 	�  	7 �G+ u7�4�

 K�7 	��� �
��T 1�P �F�7 	9;@ N���, �� 	��6 �
��T 0��7 V;< �;D

 �2;CD Vi� �;D 	7 	��7 	9;@ N���, �� .�,� 0��� �
��9� :���� �

 	���� ^6�� �K�7 	��� ��Ut  :���� 	��� 	���� F� ��/�7Ub  �,�

)42 )�5��� 	���� ^6�� ��� .(��/�7 %Wt  �Wb  .�,� 0���  
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 G+ u7�4�2 ����  �7 ��bD �F�7 	9;@ N���, ���-��B� X 

?����  ?�2�� X����  ��,���, �T��P�� )�5���  ������� ��T�  	�

�� :�7 F� 0� �\� ������ E�CD� �7.��� A[�� X����   !,�� �7 ���,

������� ��� 	��� �5�
f X����  0�C6 ���� ��.�+�7  ?��7 ���,��+

X���� ��� ������� !,�� �� ��T�� ?�6 � G+ ��3  G��
� F� ��� 	

z��,  X����  �G+ u7�4� .�,� ��+ ���L�,�15.87 Hz  	7 ��7��

 	9;@ � F�7 	9;@ N���, �� �6 �� 	� �,� -��B� ?���� X���� 

 X����  .�,� ��+ �6�� 	��768.38 Hz  �5�
f X����  	7 ��7��

 	9;@ N���, �� ��� ���+ �6�� F�7 	9;@ N���, �� 	� �,� ��� E��

 � :�7 F� 0� �\� 	��7.�,� ��+ ��;�  � 	�  G+4 |7 ����C��  N���,

�� 0�/� �� 	��7 � F�7 	9;@ 	��7 	9;@ N���, �� �G+ u7�4� .�6�

X����  �\�.�,� 	� � :�7 F� �;� ��f 	7 �� 	� �� ^6�� �5�
f ?�6  

3�45�� � K�7 	��� ���=7�T 0�1�� �� 3b�P� _D�7 	��6 ?��*�

�� :����3�45�� :�� .��+��*� -��,K� E��� ^6�� �7 ?(E)  �

 	��6 �+�7 E���(G) �� ^��1 ��7��.  -��,K� E��� ^6��)E( 

 �+�7 E��� ^6�� � :���� � K�7 	��� �
��T 1�P �� 3b�P� _D�7

)G( �� :���� � K�7 	��� ?��B� ���=7�T �� 3b�P� _D�7.��+  ��

 G+5	��6 -��,K� E��� ^6�� �7 � <�� -� 0�1�� 	7 ���9� �

��P �;
H )E=56×104 Pa(�  K�7 	��� �
��T 1�P(Wt)  :���� �

(Wb)  	��7 	9;@ �� 	c � F�7 	9;@ �� 	c�,� ��+ O��L�� ) ���@

18 %3b�P�(.  K�7 	��� �
��T 1�P �G+ u7�4�)Wt(  1�P F� ��/�7

 :���� 	���(Wb) .�,�  E�CD� zg�� :�� �;D N�9��� 	��� 	7 ��7

 ��� ��K�7.�,�  

 3b�P� )�5��� 	���� �� :���� � K�7 	��� ?��B� ���=7�T

 ���@ �� � 1�c�� F�7 	9;@ N���,6 N���, �� 3b�P� :�� ��� .�,� %

 ���@ �� � 	T�� G7�H 	��7 	9;@58 .�,� % �2;CD 	�� 	7 	T�� �7

 �� ��P ��\�� ����� ���H K�7 	��� ?�� -������1���C�9��� �7  ���=7�T

�B� K�7 	��� ?����� E�CD�  � �*� 	��� ?��B� ���=7�T 	���� ^6��

 K�7(Ut)  :���� 	��� F� ��/�7(Ub) .�,�  	� ��+ 	T�� 	�� :�� 	7

) 	47�� u7�4�4) ������ 0���� E�CD� �(Ez�1�� �2;CD 	7 (-����� 

�� �2;CD 	�K ?��B� �.T �� ^��� ��=�� _D�7 ��\�� ��*� .��+

CD N�9��� �2; -������1��?��B� ���=7�T �7 ��K�7 	���  	� � �,�

�
��T 1�P 0�.  

  

  
D� 3- 
�O��� :�&4W��� �� XO�-� -�. Y+-� �+�ON D+�F.  

  

  

  

  

  
 D�2-  �2 
�O��� �2-'(W ��� �� 
*+,���� -�. 
����+2 3���

�'(� , /�� �0�1 A'(��  
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 D�4- Z� �&2O��� /�� �0�1 , �'(� �0�1 A'(��  

  

 G+ ��6	��6 �+�7 E��� ^6�� �7 �  �<�� ��=�� 0�1�� 	7

��P �;
H ���9� )G=11×106 Pa،(  K�7 	��� ?��B� ���=7�T(Ut) 

 :���� �(Ub)  	��7 	9;@ �� 	c � F�7 	9;@ �� 	c��7 �6��P O��L�� 

) ���@183b�P� %(. F�7 	9;@ N���, ���  K�7 	��� ?��B� ���=7�T

)Ut(  :���� 	��� ?��B� ���=7�T F� ��/�7)Ub( .�,�  ��� :�� �;D

��K�7 	��� 	7 ?��*>��7 E�CD� ��, ����8��� .�,�  

K�7 	��� ?�� -������1�� �2;CD 	�� 	7 	T�� �7 �G+ u7�4��� 

 :���� 	��� F� ��/�7 K�7 	��� ?��B� )�5��� �� 	���� ^6�� ����� ���H

�,� )45(��/�7 %.  ^6�� 	� �,� 0� G+ �� ��T�� �2�� 	��

	��6 �+�7 E��� )G( \��� �� ?� )�5��� 	���� 3b�P� �
��T 1�P

�� 	9;@ N���, �� 	c � F�7 	9;@ N���, �� 	c ������� � ��K�7 	�

 �	��7����� .  

 G+ 	���9� F�5  �6 ���� 	=� )�5��� 	���� 3b�P� 	� ��+

 	��6 �+�7 E��� ��\�� �B� ��/�7 :���� � K�7 	��� ?��B� ���=7�T

)G :���� � K�7 	��� 1�P )�5��� 	���� 3b�P� �	���@ �� .�,� (

�) 	��6 -��,K� E��� ��\�� �BE.���� ���H (   

  

  

  

  

  
 D�5-  �'() 
�'�C& I,�� \)�@ -�]�.)E=56×104 Pa, 

G=22×106 Pa(  
  

4 - �	�'�:-�W  

u�9B�  	7 �g�@ �,��7O�+�5��� E���� ?��
T�  �8�����, ���

F� 	� 3�45�� 	��6 ��,� ��+ G�/� �
��T �.T �� ��*� 	�P����

�,�� . F� �8�����, ��� ������� !,�� �,��7 ?��7 �u�9B� :�� �

�J��	  ���L�,� 	�K 	,�+ :�� �� .�,� ��J��	 	��� ?��7�6  F��J��	 

��� �;���-� �����7  ��+ 	� �> ��.7 �4P ���=7�T 0���� F� 	��6 ?��7

.�,�  
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 D�6- '() 
�-� I,�� \)�@ -�]�. �)E=56×106 Pa, 

G=11×106
 Pa(  

  

F�� ��  � 	��6	����6  F� ��+�+ ���L�,� ���=7�T �2�,���. 

7 ?��7 	 �.�� 	� -������1�� �/��� � �/
�T ?x��� 0���� �,�

����+�� �� ��� E�f G� F� �/R7 ��,� 	;� z7�� F� ���L�,� ������6 ?

7 ?��7 .�+ 	 ?��7 � 0��;���6 G<� F� N��@ OK��5� 0���� �,�

�5� G��
� OK��5� 	7 N��@ OK�0��F �F�@ �� ���C5� G�����L��  F�

 .�+ ���L�,� :�����> )������.� ��  E���� )�� F� ���L�,� ?��7

 ���@ ?�t  O��< 	7 0��F z7�� OK��5� �[�� 	
��� �4P 	��.7

	�+�����.  

 u7�4��,��7	� �> O��< ?�6 ��+ G<�@ ��F k������:  

 )�5��� 	���� 3b�P� (W�� :���� � K�7 	��� ?��B� ���=7�T

	��6 �+�7 E��� ��\�� �B� )G( 	��27 .�,� ��=�� ^6�� �7 	��

 :���� � K�7 	��� )�5��� 	���� 3b�P� �	��6 �+�7 E��� ?�<��

18�� ^��1 � %.�7��   

 ��\�� �B� :���� � K�7 	��� �
��T 1�P )�5��� 	���� 3b�P� (Z

	��6 -��,K� E��� )E( �	��27 .�,^6�� �7 	�� -��,K� E���  	7

�<�� -� 0�1�� ��P �;
H ���9� � K�7 	��� )�5��� 	���� 3b�P� �

 :����18�� ^��1 � %.�7��  

 �+�7 E��� O����U� 	7 :���� � K�7 	��� )�5��� 	���� 3b�P� (Q

	��6 )G( 	��6 -��,K� E��� O����U� F� ^�7 )E( .�,� ���@  

N���, �� (� 	��7 	9;@�  �2;CD N�9��� ��\�� G��� 	7

?��B� ���=7�T )�5��� 	���� ^6�� ���K�7 	��� �7 -������1�� 

	��� ��K�7 58 F� ��/�7 %3�45�� G��� 	7 ��� :�� .�,� :���� 	���-

��*�? �� 	��6.�+�7  

 (� E�CD� G��� 	7 N�9��� 0�1�� ���K�7 	��� 	7 ��7�
��T 1�P 

K�7 	����� 7�� :���� 	��� F� ��/�.�+�7  	7 �h���@ 3b�P� :��18 %

G��� 	7 ��� :�� .��,� �6��P 3�45����*�? �� 	��6.�+�7  

(� 3�45�� ��8�����, G�� )�5��� E���� �� 	��6 ?��*� ^9�

 ?�\��������1�� �2;CD ��2��T :��5� �� K�7 	��� ?�� -�� �  :����

�� �L����� �� 	7 	T�� �7 . 0��
� )�5��� 	���� � ?��B� ���=7�T

3�45�� 	��6 �7 �8�����, G�� �� :���� � K�7 	��� �� �
��T ���*�

	��� ?�� -������1�� �2;CD �,� ��.7 	� ���> ���H ?� ?��*>��7

 �C�9����� E�CD� 0� 	7��+.  

  

6 - _�O��  
 � ���/q )�5��� �7 N��@ ������� OK��5� �^R7 :�� ��

 �/CP u
f �8�����, ����J��	 :�,� ��+ 	S��� 	�K 	,  
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