Computational Methods for Differential Equations C
http://cmde.tabrizu.ac.ir

Vol. 6, No. 3, 2018, pp. 339-352 na

An efficient extension of the Chebyshev cardinal functions for dif-
ferential equations with coordinate derivatives of non-integer order

Khosro Sayevand*
Faculty of Mathematical Sciences, Malayer University,

P. O. Box 16846-13114, Malayer, Iran.
E-mail: ksayehvand@yahoo.com

Hossein Arab
Faculty of Mathematical Sciences, Malayer University,

P. O. Box 16846-13114, Malayer, Iran.
E-mail: h.a144@yahoo.com

Abstract In this study, an effective numerical method for solving fractional differential equa-
tions using Chebyshev cardinal functions is presented. The fractional derivative is
described in the Caputo sense. An operational matrix of fractional order integration
is derived and is utilized to reduce the fractional differential equations to system of
algebraic equations. In addition, illustrative examples are presented to demonstrate
the efficiency and accuracy of the proposed method.
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1. INTRODUCTION

Fractional differential equations (FDEs) have been mentioned by Leibniz in a letter
to L'Hospital in 1695. A history of the development of FDEs can be found in [22, 17].
Fractional calculus and FDEs have found applications in several different disciplines.
There are several (nonequivalent) definitions of the fractional derivative in widespread
use and we choose to focus on one particular form (the so-called Caputo version) in
this paper.

In recent years, both mathematicians and physicists have devoted considerable
effort to find robust and stable numerical and analytical methods for solving fractional
differential equations. Numerical and analytical methods have included the finite
difference method [16], Adomian decomposition method [18, 19], variational iteration
method [20], homotopy perturbation method [21], homotopy analysis method [8] and
other methods.

Recently, the operational matrices of fractional order integration for the Legendre
wavelet [24], Chebyshev wavelet [14], Haar wavelet [15] and the second kind Cheby-
shev wavelet have been developed to solve the FDEs. In this paper, we derive the
operational matrix of fractional order integration for Chebyshev cardinal functions
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and apply it to solve the FDEs. This method reduces the FDEs to a system of
algebraic equations.
In this paper, we focus on the multi-order fractional differential equations as follows:

Dny(t) = S0 aj () DY y(t) + ao(t)y(t) + f(£), m— 1< ap < m,
(1.1)
y®(0)=c, k=0,1,...,m—1, meN,

where a1 < a2 < ... < an—1 < @, are constant. Also, a;(t) € C[0,1] for j =
0,1,...,n—1, and f(¢t) € C|0, 1], are known functions. Now, we use the initial con-
ditions to reduce problem (1.1) to a problem with zero initial conditions. Therefore,
we define

y(t) = y(t) + (1), (1.2)

where g(t) is a known function that satisfied the initial conditions and z(t) is a new
unknown function. Substituting (1.2) in (1.1), we have the following initial-value
problem:
Deva(t) = X071 ay (DT a(t) + ao(®)n(t) + g(t), m—1 < ap < m,
(1.3)
t®(0)=0, k=0,1,...,m—1, m €N,

where ¢(t) is known function. It is to be noted that g(t) is calculated in terms of
f(t)and y®, k=0,1,...,m — 1.

2. BACKGROUND ON FRACTIONAL DERIVATIVES

There are several definitions for fractional differential equations. These defini-
tions include Grunwald-Letnikov, Riemann-Liouville, Caputo, Weyl, Marchaud, Riesz
fractional derivatives, Nishimoto fractional operator, Ji Huan He and Jumarie’s defi-
nitions. This section is devoted to a description of the operational properties in order
to be acquainted with sufficient fractional calculus theory and enable us to follow the
solutions of the problems given in this paper. For more details see [25, 5, 11, 27].

2.1. Preliminaries and notations.

Definition 2.1. A real function y(t), t > 0, is said to be in the space Cy, € R, if
there exists a real number p (> «), such that y(t) = tPyi(t), where y1(t) € C[0,00),
and it is said to be in the space CT',m € N|J{0}, if and only if y(™(t) € C,.

Definition 2.2. For an arbitrary function y(t) € Co, o € R, the Riemann-Liouville
fractional integral of order «, is defined as
1t (7)
Wfo(t;y’rde’ a#O,t>0,
I%y(t) = (2.1)
y(t)a o = 0,

where T'(«) is the well-known Gamma function.
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Definition 2.3. The Riemann-Liouville fractional derivative of y(t) € C,, of order
« is defined as

_ A" e
o dtm
Definition 2.4. The Caputo fractional derivative of y(t) € C', m € N{J{0}, is
defined as

Dy(t) YY), m—1<a<m, meN (2.2)

Im=oym#), m—1<a<m, meN,
byt = § (2.3)
dt—my(t)7 a=m.
2.2. The relation between fractional derivative and fractional integral.

Theorem 2.5. Assume that the function y(t) € Cy, 1 € R, has a fractional derivative
of order u. Then the following relations hold [23]

IP=y(t), a < B,
DIPy(t) = { y(b), a=p, (24)
D=Frey(t), a>f,
m—1 tk
I°Dy(t) = y(t) — Z y(k)(OJF)H7 m—1<a<m, meN, (2.5)
k=0 ’

y(t), m—1<a<m, meN,
DeIoy(t) = (2:6)
I°Dgy(t) +y(0), 0 < a < 1.

3. THE CHEBYSHEV CARDINAL FUNCTIONS AND OPERATIONAL MATRIX OF THE
FRACTIONAL INTEGRATION

In this section, we describe a brief review of the Chebyshev cardinal functions
and give some properties of this functions.

3.1. Chebyshev cardinal functions. Chebyshev cardinal functions of order N in
[—1,1] are defined as [13, 1]

Tni1(w) .
A Fom e M &)

where Ty 11(x) is the first kind Chebyshev function of order N + 1 in [—1, 1] defined
by

Tnii1(x) = cos((N + 1) arccos(z)), (3.2)
and z;, j =1,2,...,N + 1, are the zeros of Ti(z) defined by cos <(223N_+1)27T) , J=
1,2,..., N+ 1. We change the variable t = (z—;l)to use these functions on [0, 1]. Now
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any function f(¢) on [0, 1] can be approximated as

N+1
F&) = Y f(t)C5(t) = FTan(1), (3.3)
j=1
where t;, j =1,2,..., N + 1, are the shifted points of z;, j =1,2,...,N +1, and
F=[f(t1), f(t2),- -, fEns0)], (3.4)
Dy (t) = [C1(t), O2(t), ..., Cnr1 ()] (3.5)
Note that, the functions C;(t) are satisfy in the following relation
1, j=1,
Cj(ti) = b5 = (3.6)
0, jAi.

Lemma 3.1. The functions C;(x),j =1,2...,N + 1 are orthogonal with respect to
1
on [—1,1]

it
1 C; C. 1\/'7T 1) J=1,

(Ci(z),Cj(z)) = /1 \ﬁ?ijx(;)dw = . ! L (3.7)
- , J #i.

Proof. See [10]. O

Lemma 3.2. Assume know that ®n(t), be (3.5) and F = [f1, fa,---, fv+1]T as the
column vectors, then

Oy ()P () F =~ Foy (1), (3.8)
where F is a product operational matriz as follows:

F = diag[fi, f2, .-, fn1]- (3.9)
Proof. See [10]. O
3.2. Operational matrix of the fractional integration. The operational ma-

trix of integration and product of the Chebyshev cardinal functions have been derived
in [25, 5, 13, 10]. The integration of the vector @ (¢) defined in Eq. (3.5) can be ap-
proximated as

/ "By (r)dr ~ POy (), (3.10)
0

where P is called the operational matrix of integration for Chebyshev cardinal func-
tions which is an N + 1 order square matrix. Now, we can derive the operational
matrix of fractional order integration for Chebyshev cardinal functions. For this pur-

pose, first we use the method given in [9] to expand H;.V:llj#i(t —t;) as

N+1 N
[T ¢—t)=> st (3.11)
J=1,j#i k=0

2D
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Let
N+1
sik= Y th k=12..N i=12...,N+1
j=1,j#i

Then, the coefficients ¢; j, is given as follows:
1
cio=1, ¢cip= —Ezsi,sci,k,s, k=1,2,....,N,i=1,2,....N+1. (3.12)

Lemma 3.3. The Riemann-Liouville fractional integration of the vector ® n(t) de-
fined in Eq. (3.5) can be expressed by

Ia‘l)N(t) ~ PQ(PN(IJ}), (313)

where matrix P® is called the operational matrix of fractional order integration for
Chebyshev cardinal functions.

Proof. Let
19BN (t) = [I°Cy(t), I*Co(t), ..., ICnya ()] (3.14)
Using (3.11), we have

N+1
s

1°Cit) = =1 C [T =) = 57— zc, W)
TN+1(ti) G=1,ji TN+1
N N
B N—k _ I(N-k+1) no&
= —"— plot th—hte (3.15)
T]’\,H(ti);o TJ’\,Jrl kz I'N—-k+a+1)
where 3 = 22N¥+1. As we know, and using (3.3) any function I“C;(t) can be approx-
imated as
N+1
)~ > 0;C5(t), (3.16)
j=1
where
N
Jé] I'(N—-k+1) n_&
01":_[&611' ti) = ——F— C; t. +o¢‘ 3.17
’ (45) Tml(ti),; PN —Ftat D) (3.17)
Comparing (3.16) and (3.13), we obtain
PO =1055] (v s1yx(v1) - (3.18)
O

Lemma 3.4. Suppose CT = [cy,ca,...,cn11] and the vector @ (t) defined in Eq. (3.5),
assume z(t) = CT®N(t), then

22(1) ~ [, .., B |On (D). (3.19)

(e
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Proof. According to Lemma 3.2, we have
22(t) = CTon()ON()C =~ CTdiagler, ca, ... ens1]On(2)
= [C%a Cga ceey C?\H—l}q)N (t) (320)
O

4. APPLICATIONS TO MULTI-ORDER FRACTIONAL DIFFERENTIAL EQUATIONS

According to (3.3), we can approximate D{"xz(t),g(t) and a;(t), in (1.3) as
follows:

Dog(t) =~ CTd (1), (4.1)

a’j(t) ~ AJT(I)N(t% g(t) ~ GT(I)N(t)a .7 = 07 13 s, = ]-7 (42)

where coefficients of G, A; are known column vectors and C' is an unknown column
vector. From (4.1) and (3.13), we have

DY x(t) T =% Do (t) 2 1% (CT D (1) = CT T~ By (t)
CTPo=2id N (t). (4.3)
Now, by substituting (4.1)-(4.2) and (4.3) into (1.3), we obtain

n—1
CTon(t) = > ATONH)N ()P =) C + AJON (1)K (H)(P)TC
j=1
+ GToN(t). (4.4)
If we define
Fo,—a, = (P*~)TC, F,, =@P*)"C, (4.5)
then, according to (4.4) one will set
n—1
CToN(t) = ATON)PN () Fa,—a, + AT ON (DN () Fa, + GTON(E).  (4.6)
=1

From (3.8), we obtain

n—1

> Al Fu, o, ®n(t) + Af Fo, ®n(H) + GTON(t) = CTON(D), (4.7)
j=1
n—1
Y ATFopa, + ATFa, +GT —CT)on(1) = 0. (4.8)
j=1

Finally, we have the following system:
n—1
N AT Fo, o, + AV F, +GT - CT =0 (4.9)
j=1

B
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By solving the obtained system included N + 1 unknowns and N + 1 equations, we
can obtain the vector C'. So

x(t) = I D x(t) ~ CTI BN (t) = CT POy (t). (4.10)
Therefore, from (1.2) we have

y(t) = g(t) + CT P d (1), (4.11)

5. ERROR ANALYSIS

In this section, we investigate the error analysis for the method presented in
this paper. It is easily verified that, problem (1.3) changes to the following problem

n—1
Deva(t) = 3 ay (4)1°7 9 DEva(t) + a(£)1°" D2a(t) + g(¢), (5.1)
j=1

where a;(t) € C[0,1] for j =0,1,...,n—1, and g(t) € C[0, 1]. If we consider oy =0,
then we have

|
—

n

Dira(t) = ) a;(0) I~ DIra(t) + g(t). (5:2)
By taking u(t) = D x(t), we obtain the following fractional integral equation
u(t) = a; () I~ % u(t) + g(t). (5.3)

According to (3.3), we can approximate u(t) and g(t) as

N+1 N+1
un(t) = 3 u(t)Ci(t) = CT (1), gx ()= 3 9()C5(1) = GT BN (). (5.4)

Then, the problem (5.3) reduces to the following problem:

n—1

un(t) = ) a; (1" un(t) + gn (). (5.5)

<.
Il
<

Let p stands for the closed interval [0, 1], L?(p) is the space of all functions u : p — R
with [lul|z2(,) < o0, and define [|ul[z2(,) as

fullzo = ( | (e dt); . (5.6)

Assume know that H™(p) denotes the Sobolev space [3] of all functions u(t) on p
such that u(t) and all its weak derivatives up to order m are in L?(p). The norm of
H™(p) is defined by

2

[ullzrm ) = (Z IIU(k)(t)Ilia(p)> : (5.7)
k=0

(e
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Also, we define the semi-norm
N

|l Frm. () = Z ||U(i)(t)||%2(p)' (5.8)

i=min(m,N)
Now, we consider the following lemmas:
Lemma 5.1. For all measurable functions f > 0, the following generalized Hardys

inequality

b b ;
( [ 1@nar w1<t>dt> <c( [ isor w2<t>dt> ,

holds if and only if

1 1

b a t o
sup / wi (t)dt (/ wy P (t)dt) <oo, p =L,
a<t<b \Jt a p—1

for 1 < p < gq < oo. Here, T is an operator of the form (Tf)(t) = fat k(t,s)f(s)ds,
with k(t,s) a given kernel, wy,wy weight functions, and —oo < a < b < co.

Proof. See [7, 4]. O
Lemma 5.2. Assume that u(t) € H™(p) and {t; ;V:‘El represents the (N + 1) shifted

Chebyshev-Gauss points. Suppose that the approzimated solution uy is given by
N+1

un(t) =Y ult;)C5(t),

j=1
then there exists a constant C independent of N, such that
[u—unllr2p) < ON""[ul grm. () (5.9)
Proof. See [2]. O
Now, we state the main result of this section:

Theorem 5.3. Assume that the exact solution u(t) of (5.3) is smooth enough and
g(t) € C(p). Suppose that the approximate solution up(t)is given by (5.4), then we
have

| en(t) lz2(y< MCN " ulgm.n () + CoN " glmin ), (5.10)
where M, C,Cy are constants and en(t) = un(t) — u(t), eq(t) = gn(t) — g(t).
Proof. Subtraction of the Egs. (5.3) and (5.5) yields

n—1
en(t) =Y a;(t) 1% “en(t) + e4(t). (5.11)
j=0
By taking absolute value, we get
n—1
len (D] < D lag (O] 1o~ en(t)] + leg(t)]. (5.12)
j=0
(&)
EE



CMDE Vol. 6, No. 3, 2018, pp. 339-352 347

Since a;(t) € C(p) for j = 0,1,...,n — 1, we have supy<,<; |a;(t)| < [; and conse-
quently
n—1
len ()] < D4 10~ en ()] + leg(1)]. (5.13)
3=0

By taking norm L?(p), we obtain

n—1

Fen(®) 2 D4 I 1" en(®) [z + Il eg(t) llz2gp) - (5.14)
§=0

Using generalized Hardys inequality with k;(¢,8) = (t — s)*» =%~ we can write

Qn ]

[ en(t) [[z2(p)< Z || en(t) llz2(o) + [ €g(t) [[z2(p) - (5.15)
=0

Let M =" =0 F((iic_va) Therefore, we can obtain the following expression

len(®) l2p< M en(®) lz2o) + 1l €g() [lz2p) - (5.16)
Hence (5.9) implies that:
Ieg(®) lz2(0)< CoN " glmrv ). (5.17)

Finally, following error bound between the exact solution and approximate solution
of (5.4) can be established

Il en(t) ||L2(p)§ MCN_m|U|Hm‘N(p) + CgN_1|g|H1,N(p). (5.18)
O

6. ILLUSTRATIVE EXAMPLES

In this section, we will use the operational matrix of fractional order integration
to solve the fractional differential equations. To demonstrate the performance and
efficiency of the present method, we consider three test problems.

Example 6.1. As the first example, we consider the following fractional differential
equation [15, 28]:

1
DZy(t) +sin(t) DEy(t) + ty(t) = f(2), t € [0,1], (6.1)
where
32768 15 2048 13
t) =t — 5 +56t° — 42t° +-sin(t) | —t? — ———t2 0) = y'(0) = 0.
f@) + + sin(t) o35 "o t? » y(0) =y'(0)
The exact solution of this equation is y(t) = t® — t". Let
Dy(t) = CTon(1), (6.2)
together with the initial conditions. Consequently, we have
1
Diy(t) = I3 D2y(t) = CTPgn (1), y(t) = CTP?on(1). (6.3)

(e
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TABLE 1. The absolute errors of Example 6.1 with comparison to
[15, 28].

t Present method(N=8) [28](m=8) [15](m=8)
0.0625 1.05447e — 007 6.8166e — 008 9.2040e — 008
0.1875 1.02909e — 007 6.2025e — 006 1.2422e — 005
0.3125 4.93077e — 007 5.7883e — 005 4.6183e — 007
0.4375 5.46689¢ — 006 1.9796e — 004 8.8140e — 004
0.5625 5.42688e — 005 4.1838e — 004 5.7552e — 003
0.6875 2.79393e — 004 5.2079¢ — 004 2.0001e — 002
0.8125 9.77621e — 004 1.1363e — 004 4.5151e — 002
0.9375 2.35726e — 003 3.1379¢ — 003 5.9717e — 002

Since sin(t),t and f(¢) are given functions, according to (3.3) we can approximate it,
as follows:

sin(t) = Y01 sin(t;)Cj(t) = GT o (1),
t=" 051 = GTon(t), (6.4)

) = 00 F(t)C5(t) = FTon (1)
6.4) into Eq. (6.1), we have
T

(
o ()(PH)TC + GT o () (t)(P?)TC = FTon(t).  (6.5)
(3.

8) we have

f(t

Substituting Eqgs. (6.2)-
CTon(t) + G on(
According to (4.5) and
CTon(t) + Gl F3on (t) + G5 Fadn(t) = Fon (1) (6.6)

Therefore, Eq. (6.1) has been transformed into a system of algebraic equations. Solv-
ing the system of algebraic equations, we can obtain the vector CT. Then using
Eq. (6.3), we get approximation solution of y(¢). In Table 1 and Table 2, we compare
the absolute error of our results with the absolute error of the results in [15, 28].
By the comparison of the results obtained using the presented method in Table 1
and Table 2 with the methods of [15] and [28], it is easily found that the present
approximations are more efficient.

Example 6.2. Consider the following initial value equation [8, 12, 26]

Dy(t) +y(t) =0, 0 < a <2, y(0) =1, y (0) = 0. (6.7)

The second initial condition is only for o« > 1. The exact solution of this equation is
as follows [12]

o0

P F ak —|— 1)
[c[v]
(0] €]
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TABLE 2. The absolute errors of Example 6.1 with comparison to

[15, 28].

t Present method(N=12) [28](m=16) [15](m=16)

0.0625 3.78481e — 011 5.5745e — 010 7.4471e — 010
0.1875 2.64794e — 009 6.4280e — 007 8.3627e — 007
0.3125 2.95275e — 007 8.1457e — 006 3.9354e — 007
0.4375 6.07485e — 006 3.8396e — 005 8.1461e — 004
0.5625 5.37413e — 005 1.1637e — 004 5.1642e — 003
0.6875 2.79598e — 004 2.9048e — 004 1.7360e — 002
0.8125 9.77823e — 004 6.4027e — 004 3.8760e — 002
0.9375 2.35738e — 003 1.0678e — 003 5.0103e — 002

TABLE 3. The absolute errors for o = 0.85 with comparison to [26],

for Example 6.2.

349

t Method[26] Present method
m=5 m=38 N=5 N=8
0.1 2.0e — 003 8.0e — 004 1.14130e — 003 4.17130e — 004
0.2 3.0e — 003 1.2e — 003 9.50155e — 004 1.31914e — 004
0.3 6.2e — 004 6.6e — 004 6.41152e — 004 8.17993e — 005
0.4 2.9¢ — 003 8.0e — 004 2.89768¢ — 004 1.55508e — 004
0.5 2.0e — 003 7.5e — 004 5.66197e — 004 4.93883e — 006
0.6 7.2e — 004 5.9e — 004 1.04990e — 004 9.76672e — 005
0.7 2.5e — 003 7.6e — 004 4.20454e — 004 6.11117e — 005
0.8 1.3e — 003 1.8e — 004 3.13052e — 004 3.87633e — 005
0.9 1.5e — 003 6.2e — 004 3.05479e — 004 6.32684e — 005
1 5.5e — 004 1.5e — 004 3.97224e — 004 6.98429¢ — 005
Let
DYy(t) = CTon(t), (6.8)
then
D.y(t) = I°7'D2y(t) = CTP'on(t), (6.9)
y(t) = CTPn(t) +y(0) = CTPn(t) + 1 = CTPYn(t) +eTon(t), (6.10)

where e’ = [1,1,...,1]. Submitting Egs. (6.8)-(6.10) into Eq. (6.7), we have following
system of algebraic equations:

CTon(t)+CTPYn(t) + el on(t) = 0.

(6.11)

By solving Eq. (6.11) we can find the vector CT. The absolute error for v = 0.85 with
comparison to [26] is given in Table 3 on the interval [0,1]. The difference between
our results and the results in [26] is obvious. For @ = 1, the exact solution is given
as y(t) = et

(e
BE
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Example 6.3. Consider the nonlinear fractional differential equation [15, 6]

aD??y(t) + bD%2y(t) + cDX y(t) + ey (t) = f(1), 0 < a1l, 1 < a2, (6.12)
and

9
2a (08 4 2b f3oz 2c fBen | et—

1) = T(1.8) T(4— ) T(4—a) 27’
subject to y(0) = ¢'(0) = y”(0) = 0.

43
The exact solution of this equation is y(t) = 3 Let

D22y(t) = CT o (t). (6.13)

Consequently, we have
D2y(t) = CTP*?72¢ (1), DIy(t) = CTP*? ¢ N (1), (6.14)
y(t) = CTP*?¢n(1), (6.15)
Dy(t) = CT P22 %o (1), (6.16)
y(t) = CTP*2pN (). (6.17)

Assume know that

CTP2'2 = [al,ag,...,aN+1], (618)

then, according to Lemma 3.4 we have

Y2 (t) = [af, ad, ... ak ]on (t). (6.19)
Similarly f(¢) can be expanded in terms of the Chebyshev cardinal functions as fol-
lows:

N+1

F) =" f(t;)C;(t) = FTén(t). (6.20)

j=1
Substituting Eqgs. (6.13)-(6.16) and Eqgs. (6.19)-(6.20) into Eq. (6.12), we have

CTon(t) + CTPR2y () + CTP** g (t) +[af.a, ...k, Jon (0
— FTon(). (6:21)

This is a nonlinear system of algebraic equations. In this example, we chose a =
1,b=1,c=1,e=1,a; = 0.75, a5 = 1.25. In Table 4, we compare the absolute error
obtained for different values of ¢ by using the present method with N = 8 N = 16,
and the Haar wavelet operational matrix of the fractional order integration [15] for
m = 32, m = 64.

(&)
EE
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TABLE 4. The absolute errors with comparison to [15], for Example 6.3.

t Method[15] Present method

m=32 m=64 N=8 N=16
0.1 6.960e — 005 1.530e — 005 1.77358e — 006 1.62213e — 007
0.2 1.174e — 004 3.690e — 005 3.78743e — 006 3.62324¢e — 007
0.3 1.748e — 004 5.420e — 005 5.23244e — 006 5.69659¢e — 007
0.4 2.736e — 004 5.910e — 005 7.22167e — 006 7.32969e — 007
0.5 3.519¢ — 004 9.100e — 005 9.17622e — 006 9.09578e — 007
0.6 3.872e — 004 8.280e — 005 1.03997e — 005 1.04116e — 006
0.7 3.575e — 004 1.140e — 004 1.13764e — 005 1.17049e — 006
0.8 3.960e — 004 1.263e — 004 1.27935e — 005 1.36152e — 006
0.9 5.356e — 004 1.119e — 004 1.38150e — 005 1.27239e — 006

7. CONCLUSION

In this paper, we derived operational matrix of the fractional integration for

Chebyshev cardinal functions, and used this methodology to solve the multi-order
fractional differential equations. We transformed the multi-order fractional differential
equations into a system of algebraic equations that can be solved easily. Numerical
examples were given to show that the proposed method is applicable, efficient and
accurate.
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