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Abstract 
In this paper, the free vibration and divergence instability of single-walled carbon nanotubes conveying fluid with considering the 
effects of non-uniformity of laminar and turbulent flow velocity distribution are investigated based on nonlocal elasticity theory. The 
non-uniform flow velocity distribution occurs due to the viscosity of the fluids. Based on the Euler-Bernoulli beam theory, the 
governing equations of motion and boundary conditions are derived by using the Hamilton's principle. The centrifugal force term in 
the equation of motion of the nonotubes is modified for laminar and turbulent flow profiles. The differential transformation method 
(DTM) is used to solve the governing differential equations of motion. In vibrational analysis the effects of nonlocal parameter and 
non-uniform flow velocity on the vibrational properties of the carbon nanotubes with different boundary conditions are investigated. 
Results show that the effects of nonlocal elasticity may increase the natural frequency and critical divergence flow velocity of 
systems, while the non-uniform flow velocity decreases the critical divergence flow velocity and natural frequency of nanotube, 
compared to the uniform case. The validity of the present analysis is confirmed by comparing the results with those obtained in 
literature. 
Keywords: Carbon nanotube, Nonlocal elasticity, Laminar flow, Turbulent flow, Differential transformation method.  
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��2� cij �2C�� @� �d����  ��J�/ ��
� ���6 � 

�4�� 8�B�	����� L	
�/ �� ��:�C �� �7��� 8��C ����� �
��2� )48 (

���6 �	:�� �:�C ���C 5������� b���n �W3 ��: �� �pC�� ��@ 

 D3�E�� ��::  

)49( ∆�
,µ, b, d, �� = 0 
�C ��/�R� 5������� �
��2� )49 (���?� ���� �L	
�/ �� A��;C 

�2C�� @� 	b	�d	�	μ � τ �/�C �� ��� .C���> �Q� � 1� ��J UQ	Y� 

��/� cYC ���B�� �5� Im��� �5�-� ���B� d����  �2��> 

L	
�/ � cYC �?�?E �5� Re���� Z�C�� �C ������ L	
�/ �/�.  

  

5-  /<�H P6��� 5 Q#�  

d���� 8�B �:�2��� 1� �
�
���� D��E 5���6 F��/ �C 

8�B�	����� �WQ	Y� �	
C�� �/� .�� �7��� �C ���W	/� @� F�� ��� 

��QR���G �C �/��C A��H� �	����� �	�
�	/P� �QR���G )τ (� b��n 

~�R;� M�	���� )µ (�C 8�� A�:�2��� �
�
���� 8�B D��E 5���6 

F��/ �� �	<����=��C .��: ��I�� 1� �
�
����  ��C��1� ����6 �C 

 �
�4t(kg m-3 ) 2300�  ���?���
�  �
�>40L/(2Ro)= m�2: � 

�6��< �����
�
 (nm) 3� ���Yn (nm) 1/0 �C F��� �	�
�	/P� 

(TPa) 4/3 ��Y	�� ����: ]35 .[�� =�� �2
�p� F��/ ��B �C  �
�4t

(kg m-3) 169/1 z�  ����:.  

  

  

5-1- �*,�R� �6+0S�. DTM 5 ���+5 P6��� /<�H  

�� =�� �T
k �k� � ����4TB DTM� 8��C ��/�R� 

8�B�	����� �:�2��� 1� �
�
���� D��E 5���6 F��/ ���� �/��C ���k 

�����. .5�TB�����> �� �T
k 4 ��: ���:� �k� DTM �C ���2� 

A\T6 ��Y	�� ��: 8��C N �	
C�� �/� .�C �6�� �C ��C��� DTM 

�� DE Ds�
� ���?� ����� �� 5��� @� 8��
��� ��@ 8��C =	 �� ���?� 

b/��� N ���W	/� ��� ]36:[  

)50( 
�Im���y� − Im���y*+�� < � 	�Re���y� − Re���y*+�� < � 

�� �� =�� �pC�� ��y � ��y*+ �C b���� ���?� ���� ��/�R� 

��: C� 8�@� z � z − 1 �QT6 �� � �:�C ε ���?� ����4TB �/� 

�� �C �k� DTM �	
C�� �/�. �C ��I�� 5�-� 5��� �k� DTM 

���?� d���� �B � �J�/ ����RC �
�
���� D��E 5���6 F��/ ��/�R� 

��: � �C a��	� 8��J  =�-�� A�2
�p� ���
��?� �� ��:.  

D�: 1 ����4TB �J�/ ����RC L	
�/ �� 8��C U���: 8@�� 

`Q	Y� 5�-� �� �B� .�� �7��� @� ��� 1�/\� )τ = 0 (� F��/ �C 

D� ��� �J�/ �<����� )µ = 1 (8��C F��8@�/ L	
�/ ���W	/� 

�� ��: .�q���t �IE\� �� ��: �C c��9 � ���?� z� �k� DTM 

c��9 � �� ��C�� =�� �� �
�E �/� �� 8��C U���: 8@�� �� �/ 

�����. ���2� A\T6 8�	-�C 8��C z @��� �/�. �� F��6 2 ��8�B� 

F�� � M�� d����  �2��> ��
�
���� �� �	
�E �� F��/ �� 5� 8��6 

�
�� )b = 0(� 8��Cτ = 0 � µ = 1 � U���: 8@�� `Q	Y� 

����� ��: �/� .�q���t @� =�� F��6 ��B�-� �� ���: �C c��9 � z 
���68�B X��Y	/� ��: U/�� DTM �C ���68�B �s��� ��: �� 

v6�� ]37 [1��9� �� ��:. =��qTB =�
�� d����  5��C �2C 1� 

�
�
���� �� �/ =�� D��E F��/ �C ��
�  ���6d = 0.1 �� D�: 

2 ����� ��: �/� � �C a��	� �s��� ��: U/�� r��� ]20 [�
��?� 

�� ��: .a��	� �s��� ��: �� =�� ��T
k �k� DTM �� Ds�
� 

�:�2��� Z�C�� �C �
�
���� 8�B D��E 5���6 F��/ �� 5�-� �� �B�.  

  

5-2- O+0T+ 0��+��� �������7+ ��#�0�>  

�C ��I�� 5�-� 5��� A��H� �	����� �	�
�	/P� �QR���G �C 8�� 

A�:�2��� �
�
���� 8�B D��E 5���6 �F��/ 1� �
�
���� �C Z�: 8@�� 

�� �/ =�� ��	C� ���� �/��C ���k �� ���. .�T
k8�B ���B�� � 

�?�?E =�
�� ����?� ���� 1� �
�
���� �� �/ =�� A��;C �2C�� @� 

�J�/ 5��C �2C F��/ 8��C µ=1.333 � ����?� `Q	Y� �	����� 

�QR���G �� D�: 3-)`
� (� 3-)� (L/� ��:  �/�. �C �6�� �C 

D�: 3 �� ��B�-� �� ��:d����  �2��> L	
�/ �C c��9 � ���?� 

�	����� �QR���G c��9 � �� �C��.  ����. ���:� 9�� \�k �� ��p��TB

�9 �c� / �J�/F�� �
�
���� ���B �7�� �C  L	
�/ �	W/ cB��

�� C F��/ �J�/ �q���t =���C��C .���. �:�C ���@ � �� �@���� �

�� 8������ ��t� �
�
���� �:�2��� d����  5� �> �� �	J�/ .���.

�� �W3 L	
�/�� ���� ���� ���?� �?�?E �T
k � ���. ���.

.�/� ����RC �J�/ �C �}��	� �C �
��?� �J�/ ����RC C� �8�@ 

8�B�	����� �QR���G �� `Q	Y�5��� ��� �: �6�	� A��H� 

�	�
�	/P� �QR���G b6�� c��9 � �J�/ ����RC L	
�/ �� ���: 

�
�E =�� �� �� �J�/ ����RC L	
�/ @� 7202/2 )8��C τ = 0 (�C 

2132/3 )8��C τ = 0.2 (���N� �� ���.    

a��	� �C�-� 8��C �
�
���� �
�� �����. -�
�� =�� � �
�
���� �� 

�/ �����. �C b���� �� D�:8�B 4 � 5 ����� ��: �/� .�q���t 

��B�-� �� ��: 8��C Z�: 8@�� �
�� �����.- �
�� =�� � Z�: 

8@�� �� �/ �����. 9�� �C c��9 � �	����� �	�
�	/P� �QR���G ���?� 

d����  � �J�/ ����RC L	
�/ c��9 � �� ��C�� .�� �7��� �J�/ 

����RC L	
�/ 8��C �
�
���� �
�� �����.- �
�� =��  @�8914/3 

)8��C τ = 0 (�C 9811/4 )8��C τ = 0.2 (� 8��C �
�
���� �� �/ 
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�����.  @�4414/5 )8��C τ = 0 ( �C9587/7 )8��C τ = 0.2 (

���N� �� ���.  

  
)
	 1- �6+0S�. GH0� ��+0#� �5�� �*� =���� /+0� N6+0	 

/U0� 5< 0� 
V�� 5< 0� �+<0�? 5 0�
6 �+<0�?- 0�
6 V�� /+0� 

G,�2 �	 = ��	µµµµ = �  

  

  
)
	 2- W��104 �*�KX �5�� �*� =���� �� �+-�H �*��� U+ GH0� 

�5�� �*� 3��� /+0� �,-,-��� 5< 0� V��  � = 	�. � �	 = �. ��		� = ��  

  

5-3- O+0T+ )�450� GH0� GJ+-�
60�>  

�� =�� �T
k A��H� D� ��� �J�/ �<�������G )�C {�R
 5��� 

b��n ~�R;� M�	���� (�C 8�� 8�B�	����� �:�2��� �
�
���� 8�B 

D��E 5���6 F��/ �/��C �� ��: .�� �7���  ��I�� �C�
��?� 

F�� 8�B 5���6 �C D� ��� �J�/ �<����� � ��<�������G ���?� 

b��n ~�R;� M�	���� 8��C 5���6 M��� 333/1 � 8��C 5���6 

 (�-N�055/1 � 015/1 �� �� �	 �. �I�] ��:32[.  

 

5-3-1 - ��2�� ��60� �67 /+  

�C ���W	/� @� F�� ��� �QR���G )τ = 0.1(� �T
k8�B 

���B�� � �?�?E =�
�� ����?� ���� 1� �
�
���� �� 8@�� U���: �C 

�/ �=�� A��;C �2C�� @� �J�/ 5��C �2C F��/ ��E�� 8��C 5���6 

P�� 8� �C D� ���8�B �J�/ �<����� )µ = 1 (� �<�������G 

)µ = 1.333 (�� D�: 6 -)`
� (� 6-)� (����� ��:  �/�.  

  
(`
�)  

  
(�)  

)
	 3- ,5+V� �+�D� �Y65 �5�� �*� O�-Z� �*��� U+ GH0� �5�� 

�*� 3��� /+0� �6 �,-,-��� 5< 0� V�� /+0� V6��@ 0��+��� ��#�0�> 


[��:� 	� = �. ��� 
� = �. ��	
  

)[,+ (G��; 
��-.-� )^ (G��; �D�D2  

 
~n�� �/� �� D� ��� �J�/ �<�������G b6�� cB�� 

d����  �2��> �
�
���� �� ��: .�C �
��?� ����?� �J�/ ����RC 8��C 

F��8�B 5���6 �C D� ��� �J�/ �<����� )µ=1 (� �<�������G 

)µ = 1.333(� �� ��B�-� ��: �� 5���6 �C D� ��� �J�/ 

�<�������G �J�/ ����RC 8�	T� �� 8��C L	
�/ c�����C 

�� ���� �q���t �� �� ��E�� 5���6 P�� 8�� �J�/ ����RC  @�

2930/3 )D� ��� �J�/ �<����� (�C 8518/2 )D� ��� �J�/ 

�<�������G (���N� �� ��� .~n�� �/� �� =�� ���N� �J�/ 8��C 

5���6 ��E�� P�� 8� DC�k �IE\� �/� )���E 4/13 %cB�� �J�/ 

����RC.( �)
 �� �/��C A�:�2��� �
�
���� 8�B D��E 5���6 F��/ �� 

��E�� P�� 8� �T� 5��� @� A��H� D� ��� �J�/ �� A��/�R� ��< 

l�3�I� ���.   
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35�� 2- �-�.</ KX W��104 _5< 5 35+�*� 0� �5�� �,-, -��� �*� �5����6 �3�� )  = �+0� (/ +0	N6 U0�/ +0� [��:�/ G,�2  

 ττττ = ��	µµµµ = � 
U���: 8@�� N 

15 20 25 30 35 v6�� ]37 [

 DE)�Q�QR�( 

=��-�=� 
Im(Ω1) 8697/9 8696/9 8696/9 8696/9 8696/9 8696/9 
Im(Ω2) 2824/37 4169/39 4785/39 4784/39 4784/39 4784/39 

�����. -�=� 
Im(Ω1) 4188/15 4182/15 4182/15 4182/15 4182/15 4182/15 
Im(Ω2) 4678/45 7385/49 9623/49 9649/49 9649/49 9649/49 

�����.-

.����� 

Im(Ω1) 3776/22 3733/22 3733/22 3733/22 3733/22 3733/22 
Im(Ω2) 7016/53 9658/60 6611/61 6728/61 6728/61 6728/61 

 
�C��> �C�-� 8�B����T� ����?� ���� 8��C �
�
���� �
��  �����.

�
�� =�� � �
�
���� �� �/ �����. �C b���� �� D�:8�B 7 � 8 ����� 

��:  �/� .�� �7��� 9�� D� ��� �J�/ �<�������G b6�� cB�� 

�J�/ ����RC � d����  �2��> L	
�/ �� ���: �� =�� cB�� �� 

��E�� 5���6 P�� 8� DC�k �IE\� �/� .�� �7��� �J�/ ����RC 

L	
�/ 8��C �
�
���� �
�� 8@�� U���: �C �����. - �
�� =��  @�

9256/4 )8��C µ=1 (�C 2662/4 ) 8��Cµ = 1.333( � 8��C 

�
�
���� �� �/ �����.  @�3264/7 )8��C µ = 1 ( �C3449/6 ) 8��C

µ = 1.333( ���N� �� ���.  

  

5-3-2 - ��2�� ��60� L-`a�  

�C ���W	/� @� F�� ��� �QR���G )τ=0.1(� �T
k8�B ���B�� � 

�?�?E =�
�� ����?� ���� 1� �
�
���� �� �/ =�� A��;C �2C�� @� 

�J�/ 5��C F��/ �2C 8��C ��E�� 5���6 (�-N� �C D� ���8�B 

�J�/ �<����� )µ=1 (� �<�������G ) 1.015�µ=1.055  (�� 

D�: 9-)`
� (� 9 -)�( ����� �/� ��:.  

�C �
��?� ����?� �J�/ ����RC 8��C F��8�B 5���6 �C D� ��� 

�J�/ �<����� )µ=1 (� �<�������G ) 1.015 �µ=1.055( 

�� �� ��/� �7�	� =�� �C 5��� 5���6 �C D� ��� �J�/ �<�������G 

�J�/ ����RC 8�	T� �� 8��C L	
�/ c�����C �� ���� �q���t �� 

�� ��E�� 5���6 �(�-N� �J�/ ����RC @� 2930/3 )8��C D� ��� 

�J�/  �<�����µ=1 (�C 2060/3 )8��C D� ��� �J�/ 

�<�������G µ=1.055 (���N� �� ��� .  

~n�� �/� �� =�� ���N� �J�/ 8��C ��E�� 5���6 (�-N� ���@ 

����� )���E 6/2 %cB�� �J�/ ����RC (� �� 5��� @� 5� l�3�I� 

��� .�� ���� �/�C a��	� @� =���C��C 5����� � �. �7�	� �� �/��C 

A�:�2��� �
�
���� 8�B D��E 5���6 F��/ �� ��E�� 5���6 (�-N� 

�� 5��� @� A��H� D� ��� �J�/ �� A��/�R� ��< l�3�I� ���.  

  

(`
�)  

  
(�)  

 )
	4-  �5�� GH0� U+ �*��� O�-Z� �*� �5�� �Y65 �+�D� V�,5+

�+<0�? 0�
6 �,-,-��� �6 /+0� 3��� �*�-  V6��@ /+0� V�� 0�
6

 /+U+ �� [��:� ��#�0�> 0��+���ττττ = �.� 
� = �. ��		
   

��-.-� G��; ([,+)
 �D�D2 G��; (^)  
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(`
�)  

  
(�)  

 )
	5-  �*� �5�� �Y65 �+�D� V�,5+O�-Z�  �*� �5�� GH0� U+ �*���

 ��#�0�> 0��+��� V6��@ /+0� �+<0�? 0� 5< �,-,-��� �6 /+0� 3���

[��:�  /+U+ ��ττττ = �. � 
� = �. ��		
   

��-.-� G��; ([,+)
 �D�D2 G��; (^)  

 
8��C �2C 5��C ���� ���?� �
�
���� F��/ D��E  5��C �J�/ b
E�C

 8�@� �C � F��/ �2C
 = 0.1 � d = 0.01	  8@�� U���: 8��C

�
�� �����. - �
�� =�� � �
�
���� �� �/ �C �����. b���� �� 8�0Q�: 

10 � 11 ����� ��: �/� .D�: =�� �� 8��TJ ��R� �B ���?� ���B��

 F��/ �2C 5��C �J�/ �? � ��R� � �2C 5��C ���� ���?� �?�?E �

�� .�/� �7��� 9�� D� ��� �J�/ �<�������G b6�� cB�� �J�/ 

����RC � d����  �2��> L	
�/ �� ��: �� =�� cB�� �� ��E�� 

5���6 (�-N� ���@ �
��.  

�� �7��� �J�/ ����RC L	
�/ 8��C �
�
���� �
�� 8@�� U���: �C 

�����.- �
�� =��  ���?� @�9256/4 )8��C µ=1 ( 8��J ���?� �C

7955/4 ) 8��Cµ=1.055 (� 8��C �
�
���� �� 8@�� U���: �C �/ 

�����.  @�3264/7 )8��C µ=1 (�C 1330/7 )8��C µ=1.015 (���N� 

�� ���.  

  

  
(`
�)  

  
)�(  

)
	 6- V�,5+ �+�D� �Y65 �5�� �*� O�-Z� �*��� U+ GH0� �5�� �*� 

3��� )��60� 7�6 /+ (/+0� �6 �,-,-��� 5< 0� V�� /+U+ ��  

 ττττ = �.� 
� = �. ��		
   

)[,+ (G��; 
��-.-� )^ (G��; �D�D2 

  

  

  
(`
�)  

  
(�)  

 )
	7-  �*� �5�� GH0� U+ �*��� O�-Z� �*� �5�� �Y65 �+�D� V�,5+

 ��60�) 3���7�6 /+�+<0�? 0�
6 �,-,-��� �6 /+0� (- V�� 0�
6 

 /+U+ �� �+<0�?0�ττττ = �. � 
� = �. ��		
  

 ([,+)��-.-� G��;
 �D�D2 G��; (^)  
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(`
�)  

  
(�)  

 )
	8-  �*� �5�� �Y65 �+�D� V�,5+O�-Z�  �*� �5�� GH0� U+ �*���

 ��60�) 3���7�6 /+�+<0�?0� 5< �,-,-��� �6 /+0� (  /+U+ ��ττττ = �. � 
 � = �. ��		
   

��-.-� G��; ([,+)
 �D�D2 G��; (^)  

  

  

  
(`
�)  

  
(^)  

 )
	9-  �*� �5�� �Y65 �+�D� V�,5+O�-Z�  �*� �5�� GH0� U+ �*���

V�� 0� 5< �,-,-��� �6 /+0� (L-`a� ��60�) 3��� /+U+ �� � = �. �، � = 	�. ��
   

��-.-� G��; ([,+)
 �D�D2 G��; (^) 
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