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Abstract In recent years, numerous approaches have been applied for finding the solutions of

functional equations. One of them is the optimal homotopy asymptotic method. In
current paper, this method has been applied for obtaining the approximate solution

of Fisher equation. The reliability of the method will be shown by solving some

examples of various kinds and comparing the obtained outcomes with the results of
homotopy Perturbation method.
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1. Introduction

In the past two decades, partial differential equations have been the subject of
many studies, owing to their importance in the modeling of many phenomena in the
areas sciences [13-17]. Fisher’s equation occurs in chemical kinetics and population
dynamics which include problems such as neutron population in a nuclear reaction,
nonlinear evolution of a population in a one-dimensional habitat, logistic population
growth models, flame propagation, neurophysiology, autocatalytic chemical reactions,
and branching Brownian motion processes [1-2].

Wazwaz et al. used Adomian Decomposition method (ADM) for the exact solu-
tions of Fisher’s equation and a nonlinear diffusion equation of the Fisher’s type [3].
Matinfar et al. used Homotopy perturbation method (HPM), variational iterative
method (VIM) and modified VIM for Fisher’s equation, Generalized Fisher’s equa-
tion and nonlinear diffusion equation of the Fisher’s type [4-7].
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The objective of this paper is to show the effectiveness of optimal homotopy asymp-
totic method (OHAM) for the solution of Fisher’s equation. In present work, we are
dealing with the approximate solution of the Fisher equation as follows

ut = uxx + αu(1− αu), (1.1)

where α is known constant.

2. Basic idea of OHAM

To illustrate the basic concept of optimal homotopy asymptotic method [8,9], con-
sider the following nonlinear differential equation

A(u(x)) + g(x) = 0, x ∈ Ω , (2.1)

with boundary conditions

B(u, ∂u/∂n) = 0, x ∈ Γ,

where A is a general differential operator, B is a boundary operator, g(x) is a known
analytic function, and Γ is the boundary of the domain Ω. Generally speaking the
operator A can be divided into two parts L and N , where L is a linear, while N is a
nonlinear operator. Therefore, Eq.(2.1) can be rewritten as follows

L(u) +N(u) + g(x) = 0. (2.2)

For applying optimal homotopy asymptotic method we construct a homotopy
h(v(x, p), p) : R× [0, 1]→ R which satisfies

(1− p) [L(v(x, p)) + g(x)] = H(p) [L(v(x, p)) + g(x) +N(v(x, p))] , (2.3)

where x ∈ Rand p ∈ [0, 1] is an embedding parameter, H(p) is a nonzero auxiliary
function for p 6= 0, H(0) = 0 and v(x, p) is an unknown function. Obviously, when
p = 0 and p = 1 it holds that v(x, 0) = u0(x) and v(x, 1) = u(x) respectively.
Thus, as p varies from 0 to1, the solution v(x, p) approaches from u0(x) to u(x) where
u0(x) is obtained from Eq.4.
For p = 0, we have

L(u0(x)) + g(x) = 0, B

(
u0,

du0
dx

)
= 0. (2.4)

Next, we choose auxiliary function H(p) in the form

H(p) = pc1 + p2c2 + ...,

where c1, c2, ... constants to be determined. H(p) can be expressed in many forms
as reported by V. Marinca et al. [8-11].

To get an approximate solution, we expand v(x, p, ci) in Taylor’s series about p in
the following manner,

v(x, p, ci) = u0(x) +

∞∑
k=1

uk(x, c1, c2, ..., ck)pk. (2.5)
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Substituting Eq. (2.5) into Eq. (2.3) and equating the coefficient of like powers of p,
the following linear equations will be obtained.

Zeroth order problem is given by Eq. (2.4) and the first order problem is given by
following equation

L(u1(x)) + g(x) = c1N0(u0(x)), B

(
u1,

du1
dx

)
= 0.

The general governing equations for uk(x) are given by:

L (uk(x))− L (uk−1(x)) = ckN0(u0(x))

+

k−1∑
i=1

ci [L (uk−i(x)) +Nk−i(u0(x), u1(x), ..., uk−1(x))] ,

k = 2, 3, ... B

(
uk
duk
dx

)
= 0.

WhereNm(u0(x), u1(x), ..., um(x)) is the coefficient of pm in the expansion ofN(v(x, p))
about the embedding parameter p.

N(v(x, p, ci)) = N0(u0(x)) +

∞∑
m=1

Nm(u0, u1, u2, ..., um)pm.

It has been observed that the convergence of the series (2.5) depends upon the aux-
iliary constants c1, c2, ..., if it is convergent at p = 1, one has

v(x, ci) = u0(x) +

∞∑
k=1

um(x, c1, c2, ..., ck).

The result of the m′th order approximations are given

∼
u(x, c1, c2, ..., cm) = u0(x) +

m∑
i=1

ui(x, c1, c2, ..., ci). (2.6)

Substituting Eq. (2.6) into Eq. (2.2), leads to the following equation

R(x, c1, c2, ..., cm) = L(
∼
u(x, c1, c2, ..., cm)) + g(x) +N(

∼
u(x, c1, c2, ..., cm)).

(2.7)

If R = 0 then
∼
u will be the exact solution. Generally, it does not happen, especially in

nonlinear problems. There are several methods to find the optimal ci such as Galerkin
method, Ritz method, collocation method and least square method. In present paper,
least square method has been applied to achieve the goal. Therefore, the following
functional equation will be constructed

J(c1, c2, ..., cm) =

∫ b

a

R2(x, c1, c2, ..., cm)dx. (2.8)

And for minimizing it, we have

∂J

∂c1
=
∂J

∂c2
= ... =

∂J

∂cm
= 0. (2.9)
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After determining these constants, the approximate solution (of order m) will be ob-
tained.

3. Solution of the Fisher equation by HPM and OHPM

3.1. Solving by HPM
Homotopy perturbation method has been well-addressed in [12]. So we skip to

introduce the method and apply it directly.
Consider Eq. (1.1) with the following initial condition

u(x, 0) = f(x).

According to the homotopy perturbation method, we construct the following homo-
topy

H(v, p) = (1− p)(vt − (u0)t) + p(vt − vxx − αv + α2v2) = 0,

or

vt − (u0)t + p((u0)t − vxx − αv + α2v2) = 0. (3.1)

To solve Eq. (3.1) by homotopy perturbation method, let’s consider the solution v as
the summation of a series,

v =

∞∑
i=0

vip
i. (3.2)

Substituting (3.2) into (3.1) leads to

∞∑
i=0

∂vi
∂t
pi − ∂u0

∂t
= p

−∂u0
∂t

+

∞∑
i=0

∂2vi
∂x2

pi + α

∞∑
i=0

vip
i − α2

( ∞∑
i=0

vip
i

)2
 .

By equating the terms with the identical powers in p, we derive

p0 : (v0)t − (u0)t = 0,
p1 : (v1)t + (u0)t − (v0)xx − αv0 + α2(v0)2 = 0,
p2 : (v2)t − (v1)xx − αv1 + 2 α2v0v1 = 0,
p3 : (v3)t − (v2)xx − αv2 + α2

(
2v0v2 + (v1)2

)
= 0,

...

(3.3)

For the sake of simplicity, let’s take v0 = u0 = f(x), so we have

v1 =
∫ t

0
(−(u0)t + (v0)xx + αv0 − α2(v0)2)dt,

v2 =
∫ t

0
((v1)xx + αv1 − 2 α2v0v1)dt,

...

(3.4)
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Setting p=1, results in an approximation to the solution of Eq.(1.1). So

u = lim
p→1

v = v0 + v1 + v2 + · · ·

3.2. Solving by OHAM:
According to Eq. (2.3), we construct the following homotopy

(1− p)(vt) = (c1p+ c2p
2 + c3p

3...)(vt − vxx − αv + α2v2),

or

vt = pvt + (c1p+ c2p
2 + c3p

3...)(vt − vxx − αv + α2v2). (3.5)

Let’s consider the solution v as the summation of a series (2.5), and by equating the
terms with the identical powers in p, the following equations will be obtained

p0 : (v0)t = 0,
p1 : (v1)t = (v0)t + c1(v0)t − c1(v0)xx − c1α v0 + c1α

2(v0)2,
p2 : (v2)t = (v1)t + c1(v1)t − c1(v1)xx − c1αv1 + 2c1α

2v0v1 + c2(v0)t
−c2(v0)xx − c2αv0 + c2α

2(v0)2,
p3 : (v3)t = (v2)t + c1(v2)t − c1(v2)xx − c1αv2 + c1α

2
(
(v1)2 + 2v0v2

)
+ c2(v1)t

−c2(v1)xx − c2αv1 + 2c2α
2v0v1 + c3(v0)t − c3(v0)xx − c3αv0 + c3α

2(v0)2,
...

let’s take v0 = u0 = f(x), so we have

v1 =
∫ t

0
((v0)t + c1(v0)t − c1(v0)xx − c1αv0 + c1α

2(v0)2)dt,

v2 =
∫ t

0
((v1)t + c1(v1)t − c1(v1)xx − c1αv1 + 2c1α

2v0v1 + c2(v0)t − c2(v0)xx
−c2αv0 + c2α

2(v0)2)dt,
...

So, by considering an approximation with (m+ 1) terms as
∼
u(x, c1, c2, ..., cm) = u0(x) +

∑m
i=1 ui(x, c1, c2, ..., ci),

and by using eq’s (2.7)-(2.9) we compute ci’s.

4. Example

To illustrate the method some examples are provided. In each example, we defined
values of α in prior to applying the method.
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Example 1
If we take α = 1 and u(x, 0) = f(x) = λ, Eq. (1.1) turns into

ut = uxx + u− u2,

where λis constant. The exact solution is given by

u(x, t) =
λet

1− λ+ λet
.

Solution via HPM
According to HPM the following homotopy can be constructed

H(v, p) = (1− p)(vt − (u0)t) + p(vt − vxx − v + v2) = 0,

or
vt − (u0)t + p((u0)t − vxx − v + v2) = 0. vt − (u0)t + p((u0)t − vxx − v + v2) = 0.

Substitute v =
∑∞

i=0 vip
i in above Eqation and equating the coefficients of the terms

with the identical powers of p, leads to

p0 : (v0)t − (u0)t = 0,
p1 : (v1)t + (u0)t − (v0)xx − v0 + (v0)2 = 0,
p2 : (v2)t − (v1)xx − v1 + 2v0v1 = 0,
p3 : (v3)t − (v2)xx − v2 + 2v0v2 + (v1)2 = 0,
...

Assume v0 = λ, then

v1 = −λ(λ− 1)t,

v2 = − 3
2λ

2t2 + 1
2λt

2 + λ3t2,

v3 = − 7
6λ

2t3 + 1
6λt

3 + 2λ3t3 − λ4t3,
...

Consider approximation for four terms v ≈ v0 + v1 + v2 + v3 solution of equation will
be obtained as the following form

v(x, t) = λ− λ2t+ λt− 3

2
λ2t2 +

1

2
λt2 + λ3t2 − 7

6
λ2t3 +

1

6
λt3 + 2λ3t3 − λ4t3.

Solution via OHAM
According to the OHAM, by applying Eq. (2.3), we derive

(1− p)(vt) = (c1p+ c2p
2 + c3p

3...)(vt − vxx − v + v2).
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By substituting Eq. (2.5) into above equation, and equating the coefficients of the
terms with the identical powers of p, leads to

(v0)t = 0,
(v1)t = (v0)t + c1(v0)t − c1(v0)xx − c1v0 + c1(v0)2,
(v2)t = (v1)t + c1(v1)t − c1(v1)xx − c1v1 + 2c1v0v1 + c2(v0)t − c2(v0)xx
−c2v0 + c2(v0)2,

(v3)t = (v2)t + c1(v2)t − c1(v2)xx − c1v2 + c1
(
(v1)2 + 2v0v2

)
+ c2(v1)t

−c2(v1)xx − c2v1 + 2c2v0v1 + c3(v0)t − c3(v0)xx − c3v0 + c3(v0)2,
...

Assume v0 = λ, then

v1 = c1λ(λ− 1)t,

v2 = c1λ
2t− c1λt+ c21λ

2t− c21λt− 3
2c

2
1λ

2t2 + 1
2c

2
1λt

2 + c21λ
3t2 − c2λt+ c2λ

2t,

v3 = −c1λt− 2c21λt+ c21λt
2 − 2c1c2λt+ 2c1c2λ

2t+ c1c2λt
2 − 3c1c2λ

2t2

+2c1c2λ
3t2 − c2λt+ c2λ

2t+ c1λ
2t+ 2c21λ

2t− 3c21λ
2t2 + 2c21λ

3t2 + c31λ
4t3

−c3λt+ c3λ
2t+ c31λ

2t− c31λt− 3c31λ
2t2 + c31λt

2 + 2c31λ
3t2 + 7

6c
3
1λ

2t3

− 1
6c

3
1λt

3 − 2c31λ
3t3,

...

Therefore, the four terms approximation using OHAM for solution will be obtained
as follows

v = −3c1λt− 3c21λt+ 3
2c

2
1λt

2 − 2c1c2λt+ 2c1c2λ
2t+ c1c2λt

2 − 3c1c2λ
2t2

+2c1c2λ
3t2 − 2c2λt+ 2c2λ

2t+ 3c1λ
2t+ 3c21λ

2t− 9
2c

2
1λ

2t2 + 3c21λ
3t2 + λ

+c31λ
4t3 − c3λt+ c3λ

2t+ c31λ
2t− c31λt− 3c31λ

2t2 + c31λt
2 + 2c31λ

3t2 + 7
6c

3
1λ

2t3

− 1
6c

3
1λt

3 − 2c31λ
3t3.

The values of c− i’s are obtained by least square method

c1 = −0/5654150115, c2 = 0/005621158248, c3 = 0/007399517569.

Table 1. Comparison of OHAM and HPM for λ = 1/5.
t Exact HPM OHAM Error(HPM) Error(OHAM)
0/0 2 2 2 0 0
0/1 1/82621286 1/82566666 1/83582544 0/00054620 0/00961257
0/2 1/69309410 1/68533333 1/70242349 0/00776077 0/00932939
0/3 1/58833302 0/55300000 1/59594406 0/03533302 0/00676138
0/4 1/50412134 0/40266666 1/50913840 0/10145467 0/00501706
0/5 1/43526659 0/20833333 1/43985575 0/22693326 0/00458915

It should be noted that by increasing the amount oft, the errors of OHAM have been
less than the error of HPM.
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Example 2
In Eq. (1.1), set α = 6 and u(x, 0) = f(x) = 1

(1+ex)2
. The exact solution is given by

u(x, t) =
1

(1 + ex−5t)
2 ,

ut = uxx + 6u− 36u2.

Solution via HPM
According to the HPM the following homotopy can be constructed

vt − (u0)t + p
(
(u0)t − vxx − 6v + 36v2

)
= 0.

Substitute v = v0 + pv1 + p2v2 + ... in above equation and equating the coefficients of
the terms with the identical powers of p, leads to

(v0)t − (u0)t = 0,
(v1)t + (u0)t − (v0)xx − 6v0 + 36v20 = 0,
(v2)t − (v1)xx − 6v1 + 72v0v1 = 0,
(v3)t − (v2)xx − 6v2 + 72v0v2 + 36v21 = 0,
...

Assume v0 = 1
(1+ex)2

, then

v1 =
10
(
e2x + ex − 3

)
t

(1 + ex)
4 ,

v2 =
5t2(10e4x+15e3x−126e2x+89ex+198)

(1+ex)6
,

v3 = 5
3

(100e6x+125e5x−4172e4x−3794e3x+20084e2x+11293ex−19548)
(1+ex)8

,

...

Consider approximation for four terms v ≈ v0 + v1 + v2 + v3 solution of equation will
be obtained as the following form

v = 1
3

1
(1+ex)8

(3− 90t+ 18ex + 150e6xt2 + 625e5xt3 + 30e6xt+ 525e5xt2

−20860e4xt3 + 150e5xt− 1290e4xt2 − 18970e3xt3 + 210e4xt
−4890e3xt2 + 100420e2xt3 − 60e3xt− 1590e2xt2 − 390e2xt
+500e6xt3 + 56465ext3 + 4605ext2 − 330ext+ 18e5x

+3e6x − 97740t3 + 60e3x + 45e4x + 2970t2 + 45e3x).

Solution via OHAM
According to the OHAM, we derive

(1− p)(vt) = (c1p+ c2p
2 + c3p

3...)(vt − vxx − 6v + 36v2).
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By substituting Eq.(2.5) into above equation, and equating the coefficients of the
terms with the identical powers of p, leads to

(v0)t = 0,
(v1)t = (v0)t + c1 (v0)t − c1 (v0)xx − 6c1v0 + 36c1(v0)2,
(v2)t = (v1)t + c1 (v1)t − c1 (v1)xx − 6c1v1 + 72c1v0v1
+c2 (v0)t − c2 (v0)xx − 6c2v0 + 36c2(v0)2,
(v3)t = (v2)t + c1 (v2)t − c1 (v2)xx − 6c1v2 + 72c1v0v2
+36c1(v1)2 + c2 (v1)t − c2 (v1)xx − 6c2v1
+72c2v0v1 − c3 (v0)t − c3 (v0)xx − 6c3v0 + 36c3(v0)2,
...

By considering v0 = 1
(1+ex)2

, the following results will be obtained

v1 =
10c1(e2x+ex−3)t

(1+ex)4
,

v2 = 1
(1+ex)6

(5t(10e4xc21t− 2e4xc21 + 15e3xtc21 − 2e4xc1 − 2e4xc2 − 6e3xc21 − 126e2xtc21
−6e3xc1 − 6e3xc2 − 89extc21 + 10exc21 + 198tc21 + 10exc1 + 10exc2 + 6c21 + 6c1 + 6c2)),

v3 = − 5
3

1
(1+ex)8

(t(−1188tc21 + 30e5xc1 + 30e5xc2 + 30e5xc3 − 12e3xc31 + 42e4xc3
−78e2xc1 − 78e2xc2 − 78e2xc3 + 6e6xc31 + 12e6xc21 + 30e5xc31 + 6e6xc1 + 6e6xc2
+6e6xc3 + 60e5xc21 + 42e4xc31 − 24e3xc1c2 − 156e2xc1c2 + 60e5xc1c2 + 1956e3xtc31
+20084e2xt2c31 + 84e4xt2c1c2 + 636e2xtc31 − 4172e4xt2c31 + 12e6xc1c2 − 210e5xtc21
+516e4xtc31 − 3794e3xt2c31 − 60e6xtc31 + 125e5xt2c31 − 60e6xtc21 − 210e5xtc31
+100e6xt2c31 − 1188tc31 − 66exc31 − 66exc3 − 36c1c2 + 11293ext2c31
−1842extc31 − 132exc1c2 − 19548t2c31 + 516e4xtc1c2 + 1956e3xtc1c2
+636e2xtc1c2 − 60e6xtc1c2 − 210e5xtc1c2 − 1842extc1c2 − 18c31 − 1188tc1c− 18c3
+516e4xtc21 + 1956e3xtc21 − 36c21 − 18c2 + 42e4xc1 + 42e4xc2 − 24e3xc21
−12e3xc1 − 12e3xc2 + 84e4xc21 − 132exc21 − 66exc1 − 66exc2 − 156e2xc21 + 636e2xtc21
−1842exc21t− 18c1)),
...

Therefore, the four terms, approximation using OHAM for solution will be obtained
as follows
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v = 1
3

1
(1+ex)8

(−3− 270c21t− 18ex − 390e2xtc3 + 210e4xtc3 − 60e3xtc3

−1170e2xtc1 − 780e2xtc2 + 30e6xtc3 + 100420e2xt3c31 + 450e5xtc1 + 300e5xtc2
+150e5xtc3 − 20860e4xt3c31 − 1575e5xt2c21 − 18970e3xt3c31 + 90e6xtc1 + 60e6xtc2
+500e6xt3c31 + 625e5xt3c31 − 450e6xt2c21 − 330extc3 − 5940t2c1c2 + 56465ext3c31
−300e6xt2c1c2 − 1050e5xt2c1c2 + 2580e4xt2c1c2 + 9780e3xt2c1c2 + 3180e2xt2c1c2
−9210ext2c1c2 − 97740t3c31 − 60e3xtc31 + 3180e2xt2c31 − 390e2xtc31 + 2580e4xt2c31
+450e5xtc21 + 210e4xtc31 + 9780e3xt2c31 + 30e6xtc31 − 1050e5xt2c31 + 90e6xtc21
+150e5xtc31 − 300e6xt2c31 − 18e5x − 3e6x − 90tc31 − 9210ext2c31
−330extc31 − 5940t2c31 + 420e4xtc1c2 − 120extc1c2 − 780extc1c2 + 60extc1c2
+300extc1c2 − 660extc1c2 − 180tc1c2 − 90tc3 − 8910t2c21 − 270tc1
+3870e4xt2c21 + 14670e3xt2c21 + 630e4xtc1 + 420e4xtc2 + 4770e2xt2c21 − 180e3xtc1
−120e3xtc1 − 13815ext2c21 − 990extc1 − 660extc2 − 1170e2xtc21 + 630e4xtc21
−180e3xtc21 − 60e3x − 45e4x − 180tc2 − 990extc21 − 45e2x).

We use least squares method to obtain the unknown convergent constants c1, c2 and
c3. So

c1 = 0/1904265795, c2 = 0/2972665626, c3 = −2/962386224.

Table 2. Comparison of OHAM and HPM for x = 1
t Exact HPM OHAM Error(HPM) Error(OHAM)
0/00 0/07232948 0/07232948 0.07232948 0/00000000 0/00000000
0/02 0/08355019 0/07744470 0/08396484 0/00610548 0/00041465
0/04 0/09611582 0/08217936 0/09555592 0/01393645 0/00055989
0/06 0/11009935 0/00863461 0/10710401 0/02375318 0/00299534
0/08 0/12555945 0/08975782 0/81861041 0/03580162 0/00694904
0/10 0/14253695 0/09222702 0/13007641 0/05030992 0/01246054

As it clear table like the previous example, by increasing the amount of t, the error
of OHAM is less than the error of HPM.

5. Conclusion

In this paper, the Fisher equation has been solved by HPM and OHAM. The results
obtained by OHAM are very consistent in comparison to HPM. It is found that
OHAM compared with HPM is a reliable efficient and powerful method for solving
nonlinear partial differential equations, especially for the Fisher equation. Therefore,
we believe that the OHAM is an expectable technique for solving linear and nonlinear
Fisher equation.
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