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Analytical Solution of Buckling and Vibration of Functionally Graded Nanoplate 
Embedded in Elastic Medium Considering Nonlocal Effects 

 
M. Bastami           Department of Mechanical Engineering, Sahand University of Technology, Tabriz,Iran    
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Abstract 
In this paper buckling and free vibration behavior of functionally graded nanoplate resting on elastic foundation is investigated. 
Small scale effects are taken into consideration with employing elasticity nonlocal theory. The governing equations of functionally 
graded nanoplate are derived based on the Hamilton's principle and solved by using Navier method for boundary conditions simply 
support. Mechanical properties of the functionally graded nanoplate are assumed to vary continuously along its thickness according 
to a power law function. The elastic foundation is modeled as two parameter Winkler-Pasternak foundation. To show the accuracy of 
the present analytical solution, present results are verified with the results available in the literature. The effects of nonlocal 
parameter, power index, thickness, Winkler and shear module parameters on the critical buckling load and natural frequency of 
nanoplate are investigated. The results is shown that the natural frequency and critical buckling load decreases with increase in the 
aspect ratio, nonlocal parameter and index power. Also Winkler and Pasternak foundations lead to increase structure stiffness.  
Keywords: Buckling and Vibration, Nonlocal effects, Functionally graded nanoplate, Navier method. 
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�*+�

�� . ��/∇� 	X@*U �$f�( 
$� �� �" .��B ∇�= �9� 9#�⁄ +

9� 9:�⁄ � ���/�". 3��	"��" ����0� �08��	�9 �
���
$(� �" .��B 

) ����0�5( P��*� ���� ����/.  

)5(  �1 − 67����� = '��()*() 
 �" �K�� �" �n"��3� 	�9 	
����� �� ����- �08�� ��/ 	mB

 �08��	�9 �
���
$(�)�08�� �
���
$(� �" )��:� ('�$f� �
$���

�� A�@2� �"��?���� ����0� �� '�$f� ,�� )��:� �� ���M"�K )�+

)6
$� ��/ ����� ( ]11[.  

)6(  

; = ;/ − � 9<9#  

, = ,/ − �9<9:  

< = </ 
?� �� �� ;/  �,/  )�
$�� �� Z��	� �" ����� �JmB �� ���M"�K #  �: ��.�/�"  

,�� )�	" ��*%�+ P�� ;"���-  P�	�) ����0� .��B �"7 (

�� �/�" ]6[.  

)7(  =3��3��3��> = ����1 − �� ?
1 � 0� 1 00 0 1 − �2 B =*��*��C��> 

3�� ���K� �� �
���
$(� I��� .�/�"I�	X
�� �" I�H �� )	� 

) ����0� -� 
��>85) ����0� �" �K�� �" Q�� � (6) � (7 3�" �n"�� �(

�M
���m�y� � P�� )�+ �
���
$(� �08��	�9 )��:� �� ���M"�K )�+

.��B �" ) ;"���8( ) �9.�/ �+��D (  

)8(  

�1 − 67�� DE��E��E��F

=												
GHH
HHH
I�/ 9;/9# − �J 9�<9#� + K/ 9,/9: − KJ 9�<9:�K/ 	9;/9# − KJ 9�<9#� + �/ 9,/9: − �J 9�<9:�+/ 9;/9: + +/ 9,/9# − 2+J 9�<9#9: LMM

MMM
N
 

)9(  

�1 − 6∇�� DO��O��O��F

=													
GHH
HHH
I�J 	9;/9# − �� 9�<9#� + KJ 9,/9: − K� 9�<9:�KJ 9;/9# − K� 9�<9#� + �J 9,/9: − �� 9�<9:�+J 	9;/9: + +J 9,/9# − 2+� 9�<9#9: LMM

MMM
N
 

�� ��?� E  �O �JmB ?��� )�+���
1  � �+�	�� )�:� ��
�+  

? �
@�*+ AB�1  �� )-�M� ��� AB� �������� �>�� E&�� ��

�� �� ��� �" 
�	7 .(��0� ?���� 
$� �" )�	" � �/�" .��B �" ���

) ����0�10 q�	0� (��.��/  

                                                           
1 Hamilton's Principle 

=�/�J��> =  = 1���> ����1 − �� +�	
PQ
RPQ

, =K/KJK�> =  = 1���> �����1 − �� 	+�
PQ
RPQ

 

 

	=+/+J+�> =  = 1���> ����2�1 + �� +�	
PQ
RPQ
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)10(   S�−T − � + U�+�VQ
VW = 0 

 �� ��?� T �� � U  )s	�� ��1�	� )s	�� V�*M� 	X���" Z��	� �"

�� �1��K )s	�� � ���*U� )�+��" A��� �" A����
�.�/�"  ���	��G� S	%

 �1�	� )s	��ST ) �n"�� ��11
$� ��/ ����� (]22[.  

)11(  

ST =   -3��S*�� + 3��S*�� + 3��SC��2� �⁄
X� �⁄Y +Z+� 

=  [E�� 9S;/9# −O�� 9�S<9#� +E�� 9S,/9# −O�� 9�S<9:�Y + E�� 9S;/9: + E�� 9S,/9#− 2O�� 9�S<9#9:\+Z 

?� -����K )�� ,�� ��6+	" ��� ���� ��	& '�
$(� 	
�" 3�" P��

 .��B �" '�
$(� 	
�" � ,��	
�" '�	
$��]7[ ���/�� )-�$  ���/

 )�� 	" �� �&�� )�	" �K��D )�+�	�� ��� ���	��G� S	% ���	
�" 

�� )��J� )�+��" 
J� � ���� ��	& '�	
$�� �/�" ����0� .��B �"

)12�� (�/�"]27[.  

)12(  

S� = − ]Ê�� 9<9# 9S<9# + Ê�� 9<9: 9S<9:Y + Ê�� _9<9# 9S<9: + 9<9: 9S<9# `+ ab<S<− ac _9<9# 9S<9# + 9<9: 9S<9: `d+Z 

?� �� �� ab  �ac  �Ê�� 	@���� I��� 
"�5 Z��	� �"1 � �/	" �

�K��D )��J� )�	��  �1��*� ��" ?�*+ ���� )s	�� ���	��G� S	% .�/�"

 .��B �" �1��K) �n"��13�� ��$�J� (.��/  

)13(  

SU =   ��;e S;e + ,eS,e + <e S<e �+�+#+:� �⁄
X� �⁄Y =  ]f/ [9;/9� 9S;/9� + 9,/9� 9S,/9�Y+ 9<9� 9S<9� \− fJ [9;/9� 9�S<9�9# + 9S;/9� 9�<9�9# + 9,/9� 9�S<9�9:+ 9S,/9� 9�<9�9:\

+ f� [9�<9#9� 9�S<9#9� + 9�<9:9� 9�S<9:9� \d+#+: 
?� �� ��:  

=f/fJf�> =  �� �⁄
X� �⁄ = 1���> +� 

 �1�	� )s	�� ��1��K )s	�� ���	��G� S	% ;"��� )���X��K �" I�7

 �� �K��D )�+�	�� ��� � -� ���m
$� �" OW$ � ?�
@�*+ AB� ����0�

I�	X
���QK )	� �"��	& 	mB � �QK  Z��	8 ?���S;/ �S,/  �S</ 

 )�� 	" �� '�$f� ,�� )�	" p��	 ( 	@��� ����0�	
�"  ��	& '�	
$��

 .��B �" ����) ;"���14(- )16( �� 
$� �".���  

)14(  S;/ :	9E��9# + 9E��9: = f/ 9�;/9�� − fJ 9h<9#9�� 
)15(  S,/ :	9E��9: + 9E��9# = f/ 9�,/9�� − fJ 9h<9:9�� 

                                                           
1
 Winkler 

)16(  

S<:	 9�O��9#� + 9�O��9#� + 29�O��9#9: + ac [9�<9#� + 9�<9:�\ − ab<− 99# _Ê�� 9<9#` − 99: _Ê�� 9<9:`− 99# _Ê�� 9<9:` − 99: _Ê�� 9<9#`= f/ 9�<9�� − f� [ 9i<9#�9�� + 9i<9:�9��\+ fJ [ 9h;/9#9�� + 9h,/9:9��\ 

 	X@*U �	8 �"4 ) .(��0� ��14(-)16 ;"��� �" �K�� �" Q�� � (

)8) � (9 .��B �" ��*%�+ ,�� ���� )�	" 
�	7 .(��0� �( ;"���

)17(- )19.��" �+��D(  

)17(  

�/ 	9�;/9#� − �J 9h<9#h + K/ 9�,/9#9: − KJ 9h<9#9:� + +/ 	9�;/9:�+ +/ 9�,/9#9: − 2+J 9h<9#9:�= �1 − 67�� [f/ 9�;/9�� − fJ 9h<9#9��\ 

)18(  

K/ 	 9�;/9#9: − KJ 9h<9#�9: + �/ 9�,/9:� − �J 9h<9:h + +/ 	 9�;/9#9:+ +/ 9�,/9#� − 2+J 9h<9#�9:= �1 − 67�� [f/ 9�,/9�� − fJ 9h<9:9��\ 

)19(  

�J 	9h;/9#h − �� 9i<9#i + KJ 9h,/9#�9: − K� 9i<9#�9:� + KJ 	 9h;/9#9:�− K� 9i<9#�9:� + �J 9h,/9:h − �� 9i<9:i+ 2+J 	 9h;/9#9:� + 2+J 	 9h,/9#�9:− 4+� 9i<9#�9:�+ �1 − 67�� [−Ê�� 9�<9#� −Ê�� 9�<9:�+ ac [∂�w∂x� + ∂�w∂y�\ − aow\
= �1 − 67��]f/ 9�<9��
− f� [ 9i<9#�9�� + 9i<9:�9��\
+ fJ [ 9h;/9#9�� + 9h,/9:9��\d 

�� F	% ���J� �� P��*� 
��7 )�	" �0��n� 3�� �� ��/ Ê�� = 0  �Ê�� = aÊ�� .) .(��0� -� �� ��n��*+17(- )19 (

�� ��+�1� 	" ��/� a�	��Q�� ,�� ���� {fD 
mK  ���*%�+ ,�� ���� �

�m��� � �/�� ��K� �" 6��7 .(��0� �� ���M"�K )�+ E�� �" � ���

���R�� ����" .(��0� 3�� A7 ?� �� .��" �+��D a�	��Q�� ,�� ���� -� 	�

 �" ��!�� �" .(��0� 3�� A7 �" �	���� <�� -� ���m
$� �" S�$ P>"

��" ?���� 
$�  �
D��	� ,�� ���� �0��H O���	% � �1��*� ���	J"

����/  

3 - &�3�� :; 53�  

 ,�� ���� ��-� .�/�0��� � �1��*� ��
%� A�@J� )�	" P>" 3�� ��

) .(��0� ���*%�+17(-)19 )-	� ;��	/ )�	" 	���� <�� -� ���m
$� �" (

���� {	H ��Y4�m�y� 	���� <�� �� .
$� ��/ A7 ���$ ��  )�+
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�M"�K�" ����� �� ��- ��7 )����� )-	� ;��	/ �����
" �� ���/ �� 

.���� �8�� �� ���$  

���� ?� {	H ��Y4 �� �&�� )�	" )-	� ;��	/�� ���$ ��  �/�"

) �n"�� .��B �"20( �� ?��".��/  

)20(  

# = 0, ��	; ,/ = 0, </ = 0	, O�� = 0 

: = 0, ��	; ;/ = 0, </ = 0	, O�� = 0 

 �"�m�y� ��!�� 3�*+) �n"�� A�/ �" ���M"�K )�+21(  ��- ��7

��/���  �" ������� )-	� ;��	/ �� )�.���� �8�� �� ���$ ��   

)21(  

;/ = qqT�r cos�!#� sin�x:�y
rzJ

y
�zJ .�{V 

,/ = qq��r sin�!#� cos�x:�y
rzJ

y
�zJ .�{V 

< = qq|�r sin�!#� sin�x:�.�{Vy
rzJ

y
�zJ  

 �� ��?� }  � �0��H O���	%! = r~)�  �x = �~)�  �p�� 	���2�

��.�/�"  

;"��� )���X��K �" )21) 
�	7 .(��0� �� (17(-)19( .(��0� �

 ,�� ���� �0��H O���	% � �1��*� ��" ?���� 
$� �" )�	" �@�

���	��� S	% �" ��*%�+ )22( .
$� ��/ �
/��  

)22(  ��JJ �J� �Jh��J ��� ��h�hJ �h� �hh� =
T�r��r|�r> = 0 

�m�y�O�	��� )�+��� .
$� ��/ ����� 6��*8 ��  

3�� �" �K�� �") �n"�� �Y��" 	�9 A7 )�	" ��22 �
���" �(

�	8 O�	��� ?����	�� .��/ 	mB �Z� �
���" �,�� ���� P��*� A�@J� ��

 	
�����ω  ������0� )22( 	mB 	"�	"  	
����� ���-� .�/�0��� A�@J� �� � Ê�� ����0� �� .��/ �� ���� ��	& 	mB 	"�	" ������  �>1� -� O�

�1�� 3�	
�4�� �.��8	% I�*U� � A�@J� V�� ?�	� ����0� A7 -� �� )�

)22�� 
$� �" (.��" �+��D �� ��@n� ���K ���  

4 - N , 3 O��-�  

�" �" 	8�7 ���2� ���	���� <�� )	� ���  ,�� ���� P��*� � <�0���

'� ��/ �$�	" ��
%	  ��	& '�
$(� 	
�" )�� 	" �� ��*%�+ ��(

) �(�% Z��	� -� P��*� �@:�� )�	" ��*%�+ ,�� .
$�SUS	 304 � (

) '���	$SihNi I��K �� ?� ���Q�% C��D �� ��/ �
D�$ (1  �����

.
$� ��/  
  

 P3��1-  �)Q�3 (�1 2�3 �A���9 ��-0� :
� 7 �+ ��� �+�!-�% +%4�

	�0�1]�21[  ν ρ�kg mh⁄ � E(Gpa)  ����  

32/0  2370  46/348  SihNi 
32/0  8166  04/201  SUS 304  

  

6+ <�0��� A�@J� )�	" �� )��*%�+ ,�� ���� ���� O�K 3��4

)S�������� Z��	� -� ��
%	  ��	& �$�	" ����Al)������� � (Al�Oh (

�� ��/ �
D�$  I��K �� ?� ���Q�% C��D2 .
$� ��/ �����  

  

 P3��2- �)Q�3 2�3 ���67�% ��-0� :
� 7 �+ ��� �+�!-�% +%4� (�1

�	�0�1]8[ ν ρ�kg mh⁄ � E(Gpa)  ����  

3/0  2707  70  Al 
3/0  3800  380  Al�Oh 

  

 ����� 
$� �" L��
� �M�$���
U� )�	"��"  ���	J" �1��*�

 -� ���� 
$� �" �08��	�9 	8�7 ���2� )�	" ���� ,�� �0"	� a�	��Q��

'�
$(� 	
�" ?��" )U = ab = ac = 0(  ��  ���J��� ��" 
J�

)a = 1 ���� ��	& ( L��
� �"<�� -� AB�7 ������� '������ ]28[  

����2�  I��K �� �3 ��/ ���� ?�1� .
$�  �$�	" 3�� ��ℎ = 0.34�� �� = 1��� �� = 0.16  �6 = 1.85��� ��.�/�"  

  

 P3��3-   ��, O��-� ��%& , &<�; 53� �A���9 3 53� �
��	�+

�U4�U4�]28[   

  

 P3��4-   &<�; 53� �A���9 ��, O��-� 3+3� � D��U% 53� ]29 [ (%&,

lx=0.25m, ly=1m  
lx=0.25m,	ly=1m  �P��*� ���	J"��))10�N/m(  

K	h(m)		8�7 L��
�  EK	� L��
�]29[  

1  

01/0  13/4  34/4  

02/0  07/33  52/34  

03/0  63/111  52/116  

2  

01/0  95/3  047/4  

02/0  58/31  37/32  

03/0  59/106  27/109  

  

�� ��+�1���/ �� L��
�  �1��*���" 	8�7 <�� -� AB�7 
&� -�

 �����D	" ��(�" ����"
$�. )�	" ���
U�E��K �M�$	��  	8�7 ���2� L��
�

�
��+�� � ���� �"1 ]29 [  �1��*� ��" )�	" ����J� ?�*�� <�� �" ��

����� 
$� �" ��*%�+ ,����� )�-� �" ����2� 3�� .
$� ��/ ����2� �


"�5 )�	" � ,�� 
��>8 �F	U � I�H q@
>� 	���2� ����� )�+ U = 0,1,2,5 � �� ��/ S�M�� I��K �� ?� L��
4   ��0"� )�	"

lx=0.25m, ly=1m  .
$� ��/ ����� ?�*+ I��K -� �� ��H4  ��+�1�

�� ?�*�� <�� L��
� �" �"�D 
2"�n� �	8�7 <�� -� AB�7 L��
� ��/

                                                           
1
 Ramu and Mohanty 

U = ab = ac = 0	 ��"�1��*� ���	J")N/m(  6����� lx(nm)		8�7 L��
�  EK	� L��
�]28[  

85/1  

99/4  0803/1  0837/1  

08/8  6517/0  6536/0  

77/10  4351/0  4331/0  

65/14  2642/0  2609/0  
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 <��) �@�@J� <�� .��m� -� �/�� Q�� L��
� Q�4�� {f
D� .���� ���J�

�� (���J� ?�*��))��U <�� �" (	8�7.�/�"  

 .�/�0��� A�@J� -� AB�7 L��
� �M�$���
U� )�	"��-�L��
� -� � 


��� �0��H O���	%  �0��H O���	% �" �08��	�9

)�08��}�������� })���)⁄(  ���@�U�*$���� ?����*+ �]16[ m
$� �" ���

 -� |�&� A7,�� ���� )�	" �0"	� '�
$(�	
�" ?��" a�	��Q��     

)U = ab = ac = 0 (���� 
$� �"�� .
$� ��/ ���m
$� �� 3��

,����� )�	" ����2� . ��B�oD �"� = 1.06����� = 0.25  � ℎ = 0.34��  �
%	  .��B  I��K �� ?� L��
� �5  ��/ ���� P��*�

 .
$������ ?��� �" �0��H O���	% L��
� �� 	8�7 <�� -� AB�7 �0"

 L��
� �" �?����*+ � �@�U�*$����
$� ?����.  

  

 P3��5- O��-� V3&73��% 2�3 4��� �6
CW X��9&0 EC?�   Y% :"�;

 &<�; 53�3 ]Z
[+ 53� O��-�16[  

U = ab = ac = 0 }r�r)���) })���)⁄  6����� 	8�7 L��
�  ]EK	� L��
�16[  

0  1  1  

1  91386/0  91386/0  

2  84673/0  84673/0  

3  79251/0  79251/0  

  

 P3��6- �, �6
CW X��9&0 O��-��6, Y% :"�; �	�0�1 2�3  53�

 &<�;3 Z
[+ 53� O��-�]30[  

lx=1m	,h/lx=0.01  �" �0��H O���	%�0"  

K  ly/lx		8�7 L��
�  EK	� L��
�]30[  

1  
1  4567/88  3092/88  

2  2857/55  1205/55  

2  
1  4220/80  3517/80  

2  2641/50  0743/50  

  

�	X�� �M�$���
U� �� �" �0��H O���	% �0"��*%�+ ,��  
$� �"

L��
� �" �	8�7 ���2� -� ���� ?����*+ � ���	%�" ]30[  <�� -� ��|�&� 

 ���m
$���	�
$� ��/ ����2� ��� q@
>� 	���2� )�-� �" ����2� 3�� .


"�5 )�	" � ��0"� 
��� ����� )�+U = 0, 0.5, 1, 2  L��
� � ��/ S�M��

 I��K �� ?�6 �� ��+�1� .
$� ��/ ���� P��*� L��
� �� ��/

�" �0��H O���	% L��
� �" �"�D |"�n� �	8�7 <�� -� AB�7 �0"

���� ?����*+ � ���	%�".  

 A�/2  A�/ �3  �� )��*%�+ ,�� ���� )�	" �1��*� ���	J" ��"

 �� Z��	� �"'� ��" 
J� ���J��a = 0�   ���J� �� ��a = 1�  ��	&

�� ?�1� ���� .�+��9 	
����� .�	��G� )�-� �" ����*� )�	" � �08��	

 
"�5 q@
>� 	���2��� A�/ �0"	� ,�� .
$� ��/ 6�$	�  ����� �/�"

 ?� I�H �10?�*+ .
$� 	
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