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Analysis of the Completely Closed Subsurface Crack Using the Matrix of Two 
Dimensional Weight Function 
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Abstract 
Elliptical subsurface cracks, under rolling contact fatigue, are special due to the coupling of the fracture 

modes and the crack closure. In this paper, the ability of the matrix of two dimensional weight function, to 
analyze the completely closed subsurface crack is investigated. Weight function method has a super position 
base and so, the ability is evaluated for the frictionless contact between crack surfaces. To do this, mixed mode 
stress intensity factors of a subsurface crack front under semi-ellipsoid of contact pressure are calculated using 
the matrix of two dimensional weight function and subsurface stress field. The results are compared to finite 
element stress intensity factors with high accuracy. It is concluded that the matrix of weight function is able to 
quick analyze the completely closed subsurface crack with high accuracy if the compression normal stress is 
vanished. Also, the effects of the aspect ratio and depth of the crack on the stress intensity factors are 
investigated. 

 
Keywords: Completely closed crack, Subsurface crack, Matrix of weight function, frictionless contact. 
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 �� �!
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� U6  	�( �� ��)2 ���!�2 <�� 7�� (�	2 .�/� a F��;����?  ��(

&	� ��H; .
 � �56 	�( 0�/ %� bH, 	2 �7��	2  �� �� �c
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�,  ����2 0��!" 0�/

 ��� (�	2 %���� �Y�2I ] ����� ��?�1 8�6  %�. �
�2 .[ � &	�

!!� ��� ��?� O�;� &	� �.� O�; O�#C� �2 �
��.  0�/

 �� .
��� �!
)* ��+� �$
�, �� �56 	�(RCF&	� � �/ 0

�56 	�(  ���+� �.� �.	2 ��� 	J� �� ��� 
��. ������  0�/

 F�.) ���. 	`�� �� ����	6, � \�+;1.(  

F�)5� 	h�� ��  �� �5� O�G 7���� ��$
�, � 
��. 0�/

Q��	R \�D� ���L�� 7�� 0�	2 .
 � &	� <�� P�. K�� �9?� 

 ���� ��	
�G ��i �2 ���+���D ��92� T� %���; �2 ���5�

�� ��	D ���C
 � ����( ��� .�	�G  0���( ���A� �� �5� �2 (��� ��

 P�A��6� �����) �.�2 j�, � ��/ T� 0�	2 <�� P�. Q��	R

 %(� >2�� K�� �(�$
�, &	� �.� �2 M�2	� 	������� ���+� �� .

&	� �(�  (� j�, � ��/ T� %(� >2�� 7
.�� �2 >D��  ����

�� 0��XG��2 0�	2 �� <�� P�. Q��	R %���  k)
l� 0�/

 .��+� �� �5� � ��. ��? 0��XG��2 (� � ��/ �%(� >2�� K�� ��

 %��2 %(� >2�� - �� <�� P�. Q��	R 7��A� �� � ��/ S# 

�� %(� >2�� .��.� 
����� (� �A2�� ��) �(�  � &	� � ��/ 0�/	

�2 P��I �2 EY�+A� �� %��2 �A2  U6  �� -, P�m
l� � (���.

 �7��	2��2 .
 � &	�&	� %(� >2�� &	� �����) 0�A2�� 0�/  0�/

 (0�4�2 � �5CI P�m
l� >2��.
 � 0�A2��  

</�_� 0�/ P��I �
"	G ����(�� �@��� � �� ���C
 � (� K�� 

>2�� %(� 0�A2�� �� F�)5� &	� �/ ���5�����2 �� �.�2 .0�� � 

�/�  ]3=� �� [2000� >2�� %(� �)�)5� &	� 0�4�2 ��m5� 

��. 0�4"�� �2 T�
 Y� 
��#� �� 
5� 0��XG��2 0��+; 

q�	l
 � ����+� .7�� 7�NN5� �� ����� ��� ] ��,4�[ �� =�  

2001� >2�� %(� �)�)5� &	� 0�4�2 ��m5� ��. �� 0�4" 

�2 
��#� 
5� ��2 0��XG �.	2 �� 9�� �@��� ����� .1��� ����)G � 

]5�� [ =�  2009� �� �	2 j��, >2�� %(� �  F�.>2��� %(� 

��?�� 0�	2 &	� 0�/ �0�A2�� T� F�. ���+; ���	N� 0�	2 

>2�� %(� ��2 �6N� 0� &	� 0�/ 0�4�2 ��m5� ��. �@��� �����.  

                                                           
1 Rolling Contact Fatigue 
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] ���[.�	��6 =�  �� [2010 ��� �)�)5� %(� >2�� �I  &	�
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 � �2 �� 
��#� ��?�D � 

0��A  ]7  �8�� [ =�  2013�  ���+; F�. (� ���C
 � �2

] ����)G � 1���5 [>2��� %(� 0�A2�� &	� 0�/ S�� 0�4�2 

�56  �� w�� 0�/ S�lR � ����
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q�	l
 � ����+� .�� ������ ��?�D � ] ���9�);9-12[  �A��6� �2

�9?�  �� 
��. 0�/��� 1��)��� ���5�&	� �56 	�( 0�/ 

U6  �2 0(��� 0�4�2B�	��� � >2�� %(� �� 0�A2 &	� 

�56 	�( 0�4�2 �� 
5� >�(�� <�� 0�/ �� 0�A2 ���[�� 

�!!� � �.	2 �@��� �����.  

�� ���C
 � ��J� >+? O�#C� (� �%(� >2�� q�	l
 � ��  .��.

����( �7��	2��2  �2 K�� 7�� (� ���C
 � ��.�2 �6,	�* �)y�� ��

 �	2�� <��c
 � ��!" 
5� �56 	�( &	� 8�6  ��+� .

<��c 7�� �)+? (� ��+� ] �(�� .
 �/13 =�  �� [2013 �

. �
�2 8�6  %� �5CI S�� T� �� >D�� �56 	�( &	� T�

 �A��6� �� 0� .��� ��	D �A��6� ���� � �+� ��!" ��2 
5� ��

 %(� >2�� (� �&	� 8�6  &��6I� %��2 ��+� z	" �2 ���,

T�  >2�� K�� �\�N5� 7�� W��
� �� �	2 .��+� ���C
 � 0�A2

.
 � ���C
 � F2�D ���LVH� �2 �
��V 7�� �� %(�  &	� 0�	2

 ��!� � �	2 �)y�� 7�� =�V �2 �� 0�A2�� %(� >2�� � 0�A2��

.
 �  

</�_� 7�� b�/�  %(� >2�� K�� (� ���C
 � %���� � �	2

 0�	2 F�)5� 7�� �2 .
 � �
�2 EH��� 0�4�2 �56 	�( &	�

 �� �4" S�� U6  �2 0(��� 0�4�2 �56 	�( &	� T� ���L��

4" S�� U6  	2 ����� 0��!" ��2 z	" �
 � �
�2 EH��� �� %� �

��  .��.%�+/  F�. �� ����i2  �
 � ��. ���� %�!� ��2

�4�2 P��I �2 0��!"  &	� 0�� E�N�D� � %�G���� ��	D 
5� .

 �2 &	� �#�? 	2 >D�� M�N� ��)� <�� P�. Q��	R �-��	. 7��

�� �� �5� %(� >2�� B�	��� (� ���C
 �  (� %���+i� 0�	2 .��.

��
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5I <�� P�. Q��	R �2 W��
� 7�� �%(� >2�� B�	��� W

�9?� FV (� ���� 
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 �� �+� ��!"| (0�4�2 &	�.  
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 � 0�

) %(� >2��WFM1] 	���@�2 - �� ��. �@��� (14 B��� � [

]15 �2 <�� P�. Q��	R 7��A� 
#? ���� �.�� %���; �2 �[
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 � � ��/ %��N� O�; (� �.�� �� 
��. 0�/���

                                                           
2 Weight Function Method 
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] ����)G � 1��� - �� ��. �@��� ���+; F�.5�C�~� �[  �� 0�/

&	� 0�	2 �� %(� >2�� B�	��� ���G  �2 0�4�2 �56 	�( 0�/
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 � ��. {  ��A2� �2 
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 �

] ����� &	� 
��. 0�/	
����� �� 0	�JZ�9 �?�� �2 �7��[+/ .[

 &��6I� �2 ����N� �� �!
)* &��6I� %��2 9�c�� ����2 �2
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�4�2 P��I ��!" %�G F�.) 
"	G 	L��� 9�	/ 02.(k��  

 �� �5� 0�	2 >2�� K�� (� ���C
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 � <��
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����I��  0��+; 9�	+
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