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Abstract In this paper, we consider an implicit block backward differentiation formula (BBDF)
for solving Volterra Integro-Differential Equations (VIDEs). The approach given in
this paper leads to numerical methods for solving VIDEs which avoid the need for
special starting procedures. Convergence order and linear stability properties of the
methods are analyzed. Also, methods with extensive stability region of orders 2, 3
and 4 are constructed which are suitable for solving stiff VIDEs.
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1. INTRODUCTION

Consider Volterra Integro-Differential Equations (VIDEs) of the form

yl(t) = g(tvy(t)) +/O K(ta T, y(T))dTa tel:= [0’ T]7 y(O) = Yo, (1'1)

where g € C(S) and the kernel K € C(Q) with S = {(t,y) : t € I,y € R},
Q={(t,1y): 0<7<t<T, ye€ R} denote given functions which are (at least)
continuous on their respective domain and satisfy a uniform Lipschitz condition with
respect to y. In these hypotheses there exists a unique solution y € C1(I) (see [5]).
It is convenient to rewrite this equation in the form

y'(t) = f(t,y(t)),

where
F(ty(®) = glty(0) + / Kt y(r)dr.

VIDEs arise as mathematical models of many physical and biological phenomena
with memory, such as population dynamics, viscoelasticity in materials with memory,
fluid dynamics (see [8, 15] and references therein contained).

Several numerical methods have been proposed in the literature for the solution of
(1.1), such as linear multistep methods, Runge-Kutta methods, collocation methods
[4,5], and Galerkin type methods for linear VIDEs [10]. In [16] construction of the
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quadrature rules generated by the backward differentiation formulae is discussed in
detail and their linear stability properties are analyzed. In some literature, hybrid
methods are used for numerical solution of VIDEs [11,13].

In this paper we are concerned with the backward differentiation formula (BDF)
for solving VIDEs which is generally written as

k
Zajyn+j = hBk fr+k, (1.2)
§=0
where h is the step size, ar, =1 and o5, j =1,2,--- ,k—1, B; are unknown constants

which are uniquely determined such that the formula is of order k. The implemen-
tation of the BDF methods for solving stiff ODEs was discussed by Gear in [7]. The
block methods were first introduced by Milne [14] and several block methods for
numerical integration of ordinary differential equations have been introduced in [3].
Recently continuous block BDF have been used for solving siff ODEs [1]. The aim of
these methods is to develop of self-starting implicit block BDFs where the starting
values are not computed by other methods. Here, we use this technique for numerical
treatment of VIDEs in order to construct high order methods with extensive stability
regions. In many of numerical approaches, one or more starting values are required
which must be found by other methods. The method which we now describe, gives
starting values directly.

Next sections of this paper are organized as follows. In Section 2, we describe the
construction of CBBDF for VIDEs. In Section 3, we determine convergence orders of
the methods and in Section 4, we analyze the linear stability properties of the method.
Some examples of methods are described in Section 5. In Section 6, efficiency of the
methods are shown by some numerical experiments.

2. CONSTRUCTION OF THE METHOD

In this section, we describe construction of the main block method of the form
(1.2) where the solution of (1.1) is approximated by assuming a continuous solution
of the form

k
Y(t) =Y mjp;(t), (2.1)
=0

where t € [0, 7], the coefficients m; are unknown, the functions ¢;(t) are polynomial
basic functions and the integer £ > 1 denotes the step number of the method. Let
us define a uniform partition of [0,7] in the form 0 = ¢ty < 1 < -+ <ty =T,
such that ¢, = nh, n = 0,---, N, contrained that N = kr for some r € N. By
setting 7 = nk, we construct the k-step method with ¢;(¢) = t/~! where imposing
the interpolation condition for unknown function at the points t74;,4=0,1,--- , k—1
and the interpolation condition for derivative of unknown function at the point ¢tz
lead to k + 1 equations for determination of m; in the form

k
ijt%+i:yﬁ+iﬂ ZZO; 7k71a (22)
j=0

B0
(2]
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k
ijjtﬁ+i = fati, 1=k (2.3)
=0

Let us define
A= (tz’;-li—l)i,j € R(k+1)><(k+1)7 M = [mOa mi,:-- 7mk]T7
C= [yﬁa Y41, Yn+k—1, fﬁ-‘rk]T
The equations (2.2) and (2.3) lead to a system of k+1 equations of the form AM = C
to obtain the coefficients m; in terms of yg, Yn+1, -+, Yatrk—1 and fpir. Then the
k—step block BDF method is obtained by substituting the values of m; in (2.1) which
yields the expression in the form
k—1
Y(t) == a;(t)yas; + hBi(t) farr, (2.4)
j=0
where «;(t) and S(t) are continuous functions. Infact, the approximation given by
(2.4) is the Hermite interpolation polynomial which is obtained by the values of y(¢)
in the points 71, j = 0,1,--- ,k—1 and the value of y(t) in ¢, ;7. By differentiating
from (2.4) and evaluating it at the point ¢, and also evaluating (2.4) at the points

tat1, - »ta+k—1, the block method is obtained in the form
Jrr1 = (Brrhfayr + 10y — 11Ynr1 — - — 0 k—1Yntk-1) /D,
Jrtk—1 = (Br—1,khfatk + Qr—1,0Ym — Qk—1,1Yn+1 — = * — Oh—1,k—1Ym+k—1) /1,
Ytk = Be b farr + QroYn — Qr 1Yl — 0 — Ok k—1Ynh—1-
(2.5)
These methods can be represented in the matrix form as
AWy = AO Yy 4 pBO R (2.6)
where
Yo7 = [Ynt1, Ynyo, Yiirh—1, Ytk € R*,
n = [yﬁkarla Yn—k+2, " s Yn—1, yﬁ]T S Rka
Fog = [fasts far2, o favh—1, farn] | € RF,
0 0 0 a0 a1 o2 o app—1 O
0 0 -+ 0 « o o oo agp—1 O
a0 | 0 ) 2,0 oAb 21 (22 2,k—1 |
oo T : : : 0
00 - 0 aro Rl Qr2 o Qrk—1 1
1 0 o 0 Bk
0 -1 - 0 Py
BW = | : : U : ,
0 0 - =1 Brag
0 0 o 0 Brk
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By solving the nonlinear system (2.5) for unknowns yz41, - - , Y+, the method is
obtained. In practice, we need to compute fr4; which is in the form

Jrvi = f(tavi, Yati) = gnvi

ta+i
+ K(tﬁJri;Tay(T))dTa 1= ]-7 aka
0
n tik
= Gnti T Z/ K(tg4i, 7, y(7))dr
j=1"7tG-nk

tra4i
+/ K (tryi, 7, y(7))dr
tw
n ok
gt hZ/ K (tmyi, 5+ sh, y(ts + sh))ds
=170

+h/ K (trgi, tagsh, Y(tw + sh)ds,
0

where gmti = g(tmti,Ynt+i). The integrals on the subintervals [0, k] and [0,4] are
approximated by the integration formula with the weights b,, w;, v,7 =1,2,--- |k
for integrations in the subintervals [0, k] and [0, 7], respectively and nodes 1,2,--- |k

in the form

TE p(s)ds = z bipll),

foip(s)ds = lé wip(l).

These quadrature formulas are specified by the vector and matrix of weights
wir o Wik by
Wkl Wkk b

Thus the approximation fm-i to fry: takes the following form

~ n k
Fati = gnvith 21 121 OK (tais 5 Y541)
ji=1ll=

k

+h Y wi K (tayi, tati, Yal)-
=1

3. DERIVATION OF THE ORDER CONDITION

In this section we derive order conditions for the method (2.6) with k steps, as-
suming the order p. We assume that the components of the known vector Y5 satisfy

(V)i = y(tn_pas) + O(RPTY,  i=1,2,--- k. (3.1)
80
(o] €]
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We then request that

(Yn_ﬂ)l = y(tﬁ-‘r’i) + O(hp+1)7 1= 1) 27 T ak' (32)
We also assume that the quadrature formula (2.7) are of order p — 1 and the compo-
nents of the f7 satisfy in

(fﬁ)z = f(tﬁ-‘ri) + O(hp+1)7 i=1,2,--- k. (3'3)

Let us define the matrices

(11 4 o]
1 9 22 ... 2
V1(p) _ 2! ! c ka(p-i—l)’
2 P
L1k g o
_ o -
1 (—k+2) (—giﬁ)z R .2 )
! p!
v = | : : : € RF*(0+1),
—1)2 _1\P
1 -1 ( 21!) ( pll)
1 0 0 0 |
- 1 -
01 1 4 —(p_ll)!
V3(p): 012 %5 =DV | mEx(p+1)
k2 Ep—1
L 01 k 20 T =1t

Now we have the following theorem:

Theorem 3.1. Assume that Y satisfy (3.1) and quadrature formulas are such that
(8.3) is satisfied. Then BBDF satisfy (3.2) if and only if

A(l)Vl(p) _ A(O)‘/Q(p) +B(1)‘/3(p)
Proof. Substituting (3.1)-(3.3) in (2.6), we obtain
AWY (te) = AV (1) + hBYF (t7) + O(hP ),

where
Y(tm) = [y(tﬁJrl)a y(tﬁJrQ); e ;y(tﬁJrk—l), y(tﬁJrk)]T S Rk,

Fogr = [f(tag1), f(taga), -+ f(tmsn—1), [ (tasn)]” € R
[c[m]
(o] ¢
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Expanding all entries of Y (t707), Y (t7) and F(t;77) as Taylor series about the point
t,, yields the result. O

Now, we analyze the condition on the quadrature formulas which guarantee the
required accuracy.

Theorem 3.2. Suppose that K (t,7,y) is sufficiently smooth. Then (3.3) is satisfied

if

k .

i k3+1
zg bil? = 10

(3.4)

k L it .
Yowill =%, il=1,2,-k
=1

Proof. The condition (3.3) will be satisfied if

k k
| ptds = S bty + o),

=1

i k
/p(s)dszzwi,lp(l)—i—O(hp), i=1,- .k,
0

=1
for sufficiently smooth function p. Expanding the functions p and p as Taylor series

around sg = 0 and comparing corresponding terms up to order p = k, we obtain the
system (3.4). This completes the proof. [J

4. LINEAR STABILITY ANALYSIS

In this section, we analyze the stability properties of the introduced methods with
respect to the basic test equation [5,6,12]

Y () = g(t) + Ey(t) +1 / y(Pdr, >0, y(0) = o, (4.1)

where £, € C. The solution of (4.1) is stable if Re(r;) < 0 and Re(rz) < 0 where
r1,2 = (£ /&2 4 4n)/2 (see [2]). We observe that, particularly for real £ and 7, these
conditions reduce to ¢ < 0 and 1 < 0. As usual, we look for sufficient conditions for
the stability of the numerical solution of (4.1).

Definition 4.1. We set w = &h and z = nh?. The absolute stability region is the
set R of all the pairs (z;w) € C~ x C~ such that the numerical solution y,, of test
equation (4.1) with a fixed stepsize h, tends to zero as n — oco. The method is Ag-
stable if R D R~ x R~ and is A-stable if it is stable for any value of (z,w) such that
Re(r1) < 0 and Re(re) < 0. An A-stable method is Ag-stable too.

Theorem 4.2. The discretized BBDF, applied to the test equation (4.1), leads to the
following recurrence relation

Yoy Yal =

B0
(2]
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where
R(va) = [Q(zaw)]ilM(sz)a
and (1) (1) (1) |
| AY —2BYWW —wB Ok k:
e - | I, Enl
A | 2BWQ }
M(z,w) =
(2, w) { Ocxr | Ik
and
_ 3 Gt
G = QG w5
with
bT
Q _ . c kak'
b7

Proof. By considering the test problem (4.1) and o w71 as the approximation of
the F -7 and by using the quadrature formulas we have

n—1 k
fn-i—z = Gn+i + &Ynyi + hn Z Zblf‘/—.H + hnzwz 1Yn+i,
=0 1=1 =1

which can be represented in the matrix form
Py = Gygr + €Yo + Q Z Y5+ W Yoy (4.2)
j=1
n
Now, by setting Zz = >_ Y7, {h = w and nh? = z and substituting (4.2) in (2.6) we
j=1
obtain

ADYer = AOY5 4 BO (hGorg + wYarg + 2QZm + 2WYary) |

Z Yot + Zn.

n+1 — In

These relations can be written in the matrix form

A —wBO —BOW | 04, } Yot { A© | BQ ] Y
| I ) I
k | k A kxk | k 7
. [ WGt ]
0% ’

and this completes the proof. [J

R(z,w) is called the stability matrix of the method. Now, the method is stable if
p(R(z,w)) < 1. Hence, the stability region of the method is R = {(z,w) € C x C :
p(R(z,w) < 1}. Here, the term G, does not influence stability. The stability function
of the method with respect to (4.1) is then defined as

p(z,w; A) = det(Mgr — R(z, w)). (4.3)
Bl
B
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To investigate the stability properties of the BBDF, it is more convenient to work
with the polynomial obtained by multiplying the stability function (4.3) by its de-
nominator. The resulting polynomial will be denoted by the same symbol p(z, w; \).
This polynomial takes the form

2k
p(z,w; A) = Zpi(z,w))\l, (4.4)
i=0
where p;(z,w), i =0,1,...,2k are polynomials of degree less than or equal to k. De-

noting the roots of the polynomial p(z,w; A) by A1, A, ..., Aak, the absolute stability
region of the method is then defined by

R={(z,w) eCT xC™ : |Ni(z,w)| <1, i=1,2,...,2k}.

5. EXAMPLES OF METHODS

Now we describe some classes of BBDF methods. We analyze the order conditions
(3.4) and the stability properties with respect to test equation (4.1) with z < 0, w < 0
and find classes of Ag-stable methods.

Example 1. Two-step method with & = 2. The method is defined by

2 —2 1
-1 £ Jon+1

5 0 Yon+1 0 = Yon—1
= +h
1 Yon+2 0o Yon 0o 2 Jon+2
This method is Ag-stable method of order 2 and the weights of the numerical inte-

gration formula of order 2 are in the form
3 -1
2 2 2
W = , b=
2 0 0

Example 2. Three-step method with £ = 3. The method is defined by

& T 0 Y3n+1 00 = Y3n—2 -1 0
B B o Ysnt2 | = | g ¢ 5 Ysn—1 |+h| 0 -1 2
-8 -6 00 24
= 1T |1 Y3n+3 Y3n 0 0

This method is of order 3 with extensive stability region and the stability region of 3-
step methods is plotted in Figure 1. The weights of the numerical integration formula
of order 3 are

23 -4 5 9
12 3 12 4

- | 7 -2 1 -
W= g3 5 3 , b=120
9 3 3
4 0 4 4

f3n+1
f3n+2

f3n+3
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-1

0
FIGURE 1. The stability region for 3-step method.

-0.5

Example 3. four-step method with k£ = 4. The method is defined by

39 —69 17 o1T T To oo =BT

50 50 50 Yn+1 50 Yan—3
18 -3 -38 7
38 % 0 Ymi2 00 0 = Yan—2
—-33 93 —197 _ —17
50 50 TE Yn+3 0 0 0 35 Yan—1
—16 36 —48 _ -3
L 5 25 25 L] yata | L0 0 0 % | [ van |
_ 5 T Z
-10 0 fan+1
-3
o -1 0 = fanso
+h
3
0 0 <1 & || funrs
12
L0 0 0 5 || fanta |
The integration formula are declared by the weights
[ 55 =59 37 =3 7 [ 8 7
24 24 24 3 3
8 =5 4 =1 =4
3 3 3 3 3
W = s b =
21 =9 15 =3 8
3 B 3 3 3
8 —4 8
Ls 3 3 0 ] [ 0]

6. NUMERICAL EXAMPLES

We illustrate the performances of discretized BBDF by means of some test exam-
ples. We verify the theoretical order of convergence established in Section 3.
[c]v]
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-2

0
FIGURE 2. The stability region of 4-step method.

—-0.4

We consider the following test equations:
I. linear test equation

t
Y () =142 — y(t) + / (14207 Dy()dr,  te (0,2,
0

y(0) =1,

with the exact solution y(t) = et .
I1. nonlinear test equation

‘ t
y'(t) = —sin(t) — 2; +2te™Y 4+ / —2tsin(r) e”¥dr, t€][0,1],
0

y(0) =1,
with the exact solution y(t) = cos(t).
III. stiff test equation

V() = Aw(0) =sin(®) +1- [ y(ryir. e,

y(0) =0,
where the exact solution y(¢) = sin(¢) and with A < 0. Differentiating of this problem
leads to the second order ODE which can be written in the form of system of first
order ODE with eigenvalues A1, A2. It is equivalent to a system of ODEs of Prothero-
Robinson type, with |§—;| = O()\?), and it is stiff for large values of |A|. We handle
it with A = —10°. We have implemented the methods with a fixed stepsize h = 2%,
with several integer values of k. In the following tables, the maximal end point error
is written as 107°?, where cd is the number of correct significant digits. Also, a
numerical estimation of the order of convergence of the methods is computed by the
formula p(h) = log2(ee((2hh)) ), where e(h) is the maximal absolute end point error.
The results in Tables 1-3 confirm the proved convergence order.

E
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TABLE 1. The results of problem I.

m 2 3 4 5 6 7
3-step method c¢d |0.21 1.64 2.74 3.75 471 5.63
p(h) 4.76 3.68 3.33 3.17 3.08
4-step method cd | 1.02 2.66 4.11 543 6.71 5.63
p(h) 5.42 4.79 4.41 4.21 4.11
6-step method cd |2.37 4.19 6.00 7.81 9.62 12.36
p(h) 6.06 6.01 6.00 6.00 6.00

TABLE 2. The results of problem II.

m 2 3 4 ) 6 7
3-step method cd |4.44 538 6.31 7.22 8.12 9.03

p(h) 3.12 3.05 3.03 3.02 3.01
4-step method c¢d |[3.91 519 6.41 7.64 8.86 10.08
p(h) 4.25 4.06 4.09 4.07 4.04

TABLE 3. The results of problem III.

m 2 3 4 5 6
4-step method c¢d | 1.21 233 349 496 5.89

p(h) 3.72 3.85 392 3.96
6-step method c¢d | 2.81 4.62 6.43 8.22 10.03
p(h) 6.05 6.01 6.00 6.00
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