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Abstract ~ N

In the research paper, we try to illustrate the structure of new exact traveling wave solutions of nematicons in liquid
crystals with four law nonlinearities including: Kerr, power, parabolic and dual-power by utilizing the extended
sinh—Gordon equation expansion method. The aim of this research is not just to find the dark, bright, combined
dark-bright, singular types, traveling and solitary solutions of nematicons in liquid crystals but also inquiry in
this one method, showing the differences between the obtained solutions and other solutions that obtained by
using different methods. Moreover, the constraints guarantee their existence. Finally, we believe that the executed
method is powerful and efficient than other methods and the obtained solutions in this paper can help us to
understand soliton molecules in liquid crystals.
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1. INTRODUCTION

In recent years, nonlinear science has received more and more attention [5, 32, 33, 38]. Particularly, the nonlinear
wave phenomena are a hot topic from natural science fields [26, 34, 39, 42, 44]. These often appear in nonlinear
soliton types system which are the integrable system, especially in nonlinear optical fibers, crystals, metamaterials,
metasurfaces and liquid crystals, etc [13, 25, 40, 46]. Nonlinear partial differential equations can describe wave
phenomena such as solitons, chaotic waves, periodic waves, rogue waves and breathers. More specifically, soliton and
other coherent wave solutions allow one to analyze localized pulses, oscillatory patterns, wave amplitudes, and wave
interactions [1, 4, 11, 19-21]. As such, the analysis of coherent waves in nonlinear dispersive systems can yield valuable
insights into both traditional physical wave propagation problems as well as potential biomedical ones [30, 31, 37, 50].
These days, NLPDEs are essential in domains including fluid mechanics, biology, and physics [14, 15, 24, 29, 51].
They are essential in contemporary applied mathematics because of their capacity to characterize realistic dynamical
behavior, which includes modeling complex systems and predicting phenomena in various fields [35, 36]. This special
phenomenon in area of liquid crystals has caused widespread interest among experts has a well-known name which is
nematicons that was first introduced by Assanto [3, 7, 9, 10]. Many workers have done a lot of research in this direction
including nematic liquid crystals in microcapillaries [18], twisted nematic liquid crystal [27], molecular deformations
in a nematic liquid crystal system [28], molecular director configuration in a liquid crystal cell [41], soliton switching
in inhomogeneous nonlocal media [43], nematicons in liquid crystals [45], beam propagation in nematic liquid crystals
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[47], Hyper-solitons in nematic liquid crystals [48], and Vector vortex solitons in nematic liquid crystals [49].
In this paper, we focus on the nematicons in liquid crystals, which can be used to describe dynamics of solitons in
liquid crystals, in dimensionless form, is governed by the following coupled system of equations [49], which reads

iNt + al gy +DOA =0, (1.1)
Oz + A0 + aF(JA])? = 0. (1.2)

The above system (1.1)-(1.2) has been studied by many scholars [43]-[49].

We mentioned the nematicons in liquid crystals with four law nonlinearity forms such as Kerr, power, parabolic
and dual-power nonlinearity and study all considered cases by help of the extended sinh—Gordon equation expansion
method (EShGEE) for more details refer to Refs. [12, 16, 17, 23]. All of these studying show the power of this model
and the world’s serious insight into more and more deeply in the properties of this model shows their full confidence
that many of the properties have not yet been revealed.

In this paper, we perform an analytical technique of the nematicons in liquid crystals with four law nonlinearity forms
using the extended sinh—Gordon equation expansion method. Numerous researchers-have utilized the EShGEE to
solve NLPDEs. The EShGEE has numerous benefits compared to other techniques, including its simple application
and capacity to produce various precise wave solutions, like soliton, periodic, and rational forms.

In this research, we investigate the exact and solitary traveling wave for the nematicons in liquid crystals with four
law nonlinearity forms via the aforementioned method. The remaining of this paper is arranged as follows: In Section
2, we give the basic structure of extended sinh—Gordon equation expansion method. In Section 3, we derive governing
equation with decomposing the system to real and imaginary parts. In Section 4, we implement this method to obtain
the exact traveling and solitary wave solutions of the nonlinear evolution equations pointed out above with four cases
of law nonlinearities. In Section 5, we discuss the results that obtained by using this method and show the power of
this method. In Section 6, the conclusions are given.

2. THE EXTENDED SINH-GORDON EQUATION EXPANSION METHOD
Consider the sinh—Gordon equation as:
Uyt = « sinh (u) , (2.1)
where u=u(x,t) and « is a constant. By utilizing the following relations
u(z,t) =U(§), € = ke — wt,

then Eq. (2.1) reduces to the following nonlinear ordinary differential equation as:

U = o sinh (U) . (2.2)

By applying of the integrating process of Eq. (2.2) gets

el

where p is an integration constant.

Putting % =w(§), and —% = ¢ in Eq. (2.3), we gain

w' = \/p + gsinh? (w), (2.4)

by choosing the parameters p and ¢ in Eq. (2.4) can be found the further results of solutions [12, 16, 23, 29]:
Case-I: Suppose p =0 and ¢ = 1, then Eq. (2.4) reads

a

=~ sinh? (g) +p, (2.3)

w’ = sinh (w). (2.5)
Simplifying Eq. (2.5), the following results are gained [12]:
sinh (w) = +isech (§) , cosh (w) = —tanh (¢§), (2.6)

(=)=
E)NE
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and
sinh (w) = +esch (§) , cosh (w) = —coth (&) . (2.7)

where, i = v/—1 represent an imaginary number.
Case-II: Suppose p =1 and ¢ = 1, then Eq. (2.4) reads

w’ = cosh (w) . (2.8)
Once again, simplifying Eq. (2.8), the following results are achieved [12]:

sinh (w) = tan (§) , cosh (w) = +sec (§), (2.9)
and

sinh (w) = —cot (§) , cosh (w) = £csc (€) . (2.10)
We assume that the given nonlinear PDE

F(uy Uty Uy, Utt, Ugzy Ugt, ... ) = 0, t > 0. (2.11)

In Eq. (2.11) u = u(z,t) is an unknown function, F' is a polynomial in u(z,t) and its various partial derivatives are
involved. Consider the following transformation:

u(z,t) =U(§) & =kx —wt. (2.12)
Implementing the transformation of (2.12) into Eq. (2.11), then Eq. (2.11) converted to the following NODE
GU, —wU , kU, W2U", K*U",...) =0, (2.13)

where G is a polynomial of U = U (&) and its derivatives with respect to . Suppose the exact solution be as
Z cosh? ™! (w) [B; sinh (w) + A; cosh (w)] + Ao. (2.14)
Base on the relations (2.5)-(2.7), then (2.14) can be written in the following forms
N .
U(&) = (—tanh (€)' [iB; sech (&) — A; tanh (€)] + Ao, (2.15)
j=1

and

U €)= (—coth (£)))" [£Bjcsch (€) — Aj coth (€)] + Ag. (2.16)

M-

1

J

Similarly, base on the relations (2.8)-(2.10), then (2.14) can be written in the following forms

N
U (€)= (£sec(€)) ™" [Bjtan (€) + Ajsec (§)] + Ao, (2.17)
j=1
and
N
Z (£csc (€))7 [=Bjcot (€) + A; esc (€)] + Ao, (2.18)

the value of N can be determined by using the homogeneous balance principle.
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3. THE GOVERNING EQUATION WITH DECOMPOSING TO REAL AND IMAGINARY PARTS

The dynamics of nematicons in liquid crystals, in dimensionless form, is governed by the following coupled system
of equations

iAt + alyy + VOA =0, (3.1)
Oue + 2O + aF(|A])? = 0. (3.2)
In the above relations (3.1) and (3.2), the variable A(z,t) represents the wave profile, while the second dependent
variable ©(z,t) is the tilt angle of the liquid crystal molecule. The first term in (3.1) represents temporal evolution
of nematicons, while the second term is the group velocity dispersion. Moreover, « is the coefficient of nonlinear
term. The functional F is the type of nonlinearity that will be studied. Moreover, a,b,c, A and « are all real-valued

constants.
In order to solve Egs. (3.1) and (3.2), the starting hypothesis is [35, 36]

A(z,t) = P(¢(x,t)) exp(i®(z, 1)), (3.3)
®($,t) = Q(g(l‘,t)),

where

&(z,t) = k(x — vt), (3.5)
and the phase component ® is given by

O(x,t) = —Kkx + Wt + 6. (3.6)

In (3.5) and (3.6), u(x,t) represents the amplitude portion of the soliton, and k and v are inverse width and velocity
of soliton. From (3.3), k is the frequency of the soliton, w is the wave number of the soliton and finally 6 is the phase
constant. Inserting (3.3) into (3.1), (3.2) and then decomposing into real and imaginary parts yield a pair of relations
as follow

ak?P"” — (ak® +w)P +bPQ = 0,
ck*Q" + \Q + aF(P?) =0,

and

—kvP' — 2akkP’ =0, (3.9)
from the imaginary part that leads to the speed of the soliton being

v = —2ak. (3.10)

Nematicon solutions will now be derived for four forms of nonlinearity for the functional F'.

4. TYPES OF NONLINEARITIES
These are sequentially discussed in the continue with offering in the following subsections.

4.1. Kerr law nonlinearity. The Kerr nonlinearity arises when F(r) = r. Therefore, (3.7) and (3.8) transform to

ak®*P" — (ak® +w)P + bPQ = 0, (4.1)

ck?Q" + A\Q + aP? = 0. (4.2)
By balancing P” with PQ and Q" with P2, and considering the below relations

N+2=N+ M, (4.3)

M+2=2N,

we get the following findings
M=N=2. (4.5)

(=)=
E)NE
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4.1.1. For First Case. Base on the Eqs. (2.14)-(2.16), the solutions of Egs. (4.1) and (4.2) can be presented as

P (&)= (~tanh(€))’"" [£iB; sech () — 4; tanh (€)] + Ao,

P(€) =" (~coth (§)) " [£Bjesch (&) — 4; coth (€)] + Ao,

and so

P (w) = By sinh (w) 4+ Aj cosh (w) + cosh(w)[Bs sinh (w) + As cosh (w)] 4+ Ao,

and
Q(§) = D_ (~tanh (€)' [iD; sech (§) — C; tanh (¢)] + Co,
2
Q)= Z (= coth (€)' ™" [£Djcsch (§) — C; coth (€)] + Co,
and so

Q (w) = Dy sinh (w) 4+ Cy cosh (w) 4 cosh(w)[Dg sinh (w) 4+ C4 cosh (w)] + Co,
where Ay # 0 or By # 0 and Cs # 0 or Dy # 0.

(4.6)

(4.7)

(4.11)

Plugging (4.8), (4.11) and those derivatives into Egs. (4.1) and (4.2); we can obtain the following results by solving

the nonlinear algebra system with the help of symbolic computation package as:
Set I-1:

Ay=A1=A,=B1=Ci=D1=Dy=0, Cy=Cy, 3223/\\/£7

3a\ A 2bcCy — bal — 2cw
Co=———k=4\/—, K= , W= w.
be 2c 2ac

Thus, we infer the following dark and singular soliton solutions for the Egs. (3.1) and (3.2) respectively:

i<7 /2bc00;iik—2cww+wt+0>

A171($, t) =

X e

1 A 2bcCo—5al—2cw
. a sinh (\/; [x + 2(1\/Tt]>
3iAy [ —
bea cosh? <\/; {x + ZQWt} )

X e

_cosh (, /2 [:c + 2a\/WtD (T 0
A4 2($,t) = 3,\\/7 Zac
' bea

and also

O1(,1) = { Co — 22 tann? \F o 2a\/%cco —sar—2a |\
’ be 2¢ 2ac

O12(z,1) = CO*%COthQ \/T x+2a\/QbCCo5a>\2cwt |
7 be 2¢c 2ac

these solutions are valid when Ac > 0.

)

(4.12)

(4.13)

(4.14)
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4.1.2. For Second Case. Base on the Eqgs. (2.17)-(2.18), the solutions of Egs. (4.1) and (4.2) can be presented as

P(&) = 22: (£sec (€)' [Bjtan (€) £ A; sec (€)] + Ao, (4.15)
and "~

P(&) = zi:(j:csc(g))j—l [~ Bjcot (€) + Aj csc (€)] + Ao, (4.16)
and so .

P (w) = By sinh (w) + A cosh (w) + cosh(w)[Bs sinh (w) 4+ A cosh (w)] + Ao, (4.17)
and

Q) = i (£sec (€)™ [Djtan (€) £ Cjsec (€)] + Co, (4.18)
and "~

Q)= 22: (= cse (€)' [=Djeot (§) + Cj ese (&)] + Co, (4.19)
and so "~

Q (w) = Dy sinh (w) + A; cosh (w) + cosh(w)[Dy sinh (w) 4 Cy cosh (w)] + Co, (4.20)

where Ay # 0 or By # 0 and Cs # 0 or Dy # 0.

Plugging (4.17), (4.20) and those derivatives into Eqgs. (4.1) and (4.2), we can obtain the following results by solving
the nonlinear algebra system with the help of symbolic computation package as:

Set I-1:

Ay=A1=Ay =B, =01 =D, =Dy =0, Cy=Cy, 3223)\\/%;
COY

3al A 2bcCy + aX — 2cw
Co=—k=1\———, K= , W=w.
be 2¢ 2ac

Hence, we conclude the following periodic and singular periodic solutions for the Eqgs. (3.1) and (3.2) respectively:

. A 2bcCo—5aA—2c
sin —5 |2+ 2a COT‘Z“‘JT, ) 2bcCp —5ar—2cw
p i\ -y g wtwito
A i(z,t) = =3\ — > ™ (<€
bea

(4.21)

cos? ( -2 $+2a\/@t )
- ] (4.22)
A 2bcCo—5al—2cw
) - cos< —50 x+2a\/$t ) i(_\/@ﬁwt_ﬁg)
Ao o(a,t 3\ — L J ‘e oa |
it (=3 [+ 20y B
and also
3aA A 2bcCo + ah — 2
©2,1(z,1) = C'0-5-Lse02 - x+2a\/ e S’ )
7 be 2¢ 2ac
(4.23)
3aA A 26cCo + aX — 2
922<$at): Co-&-icch \/_> x+2a\/ cCo +a cwt ’
’ be 2¢ 2ac

these solutions are valid when Ac < 0.

(=)=
E)NE
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4.2. Power law nonlinearity. The power law nonlinearity arises when F(r) = r™. Therefore, (3.7) and (3.8)
transform to

ak®*P" — (ak® +w)P +bPQ = 0, (4.24)

ck?Q" +2Q + aP?™ = 0. (4.25)
Suppose

P=Rw =0, (4.26)
so that (4.24) and (4.25) transform to

ak*(nRR" + (1 —n)(R)?) — n?(ar® + w)R* + n*bR*Q = 0, (4.27)

ck*Q" +\Q + aR* = 0. (4.28)
By balancing RR” with R?Q and Q" with R?, and considering the below relations

N+2=N+M, (4.29)

M +2=2N, (4.30)

we get the following
M=N=2. (4.31)

4.2.1. For First Case. By regarding on the Eqgs. (2.14)-(2.16), the solutions of Egs. (4.27) and (4.28) can be presented
as

P (&) = Z (—tanh (€))’ ™" [£iB; sech (&) — A; tanh (€)] + Ao, (4.32)
2

P (&) = Z (— coth (€))” " [£Bjcsch (€) — A, coth (€)] + Ao, (4.33)
and so

P (w) = By sinh (w) 4+ Aj; cosh (w) + cosh(w)[Bs sinh (w) + As cosh (w)] 4+ Ao, (4.34)
and

Q&) = Z (— tanh (€))’ " [£iDj sech (£) — C; tanh (¢)] + Co, (4.35)

Q(§) =D (~coth(§))’ " [#Djesch (€) = C; coth (§)] + Co, (4.36)
and so

Q@ (w) = Dy sinh (w) 4+ C4 cosh (w) 4 cosh(w)[ D4 sinh (w) 4+ Cy cosh (w)] + Co, (4.37)

where Ay # 0 or By # 0 and Cs # 0 or Dy # 0.
Plugging (4.34), (4.37) and those derivatives into Eqgs. (4.27) and (4.28), we can obtain the following results by solving
the nonlinear algebra system with the help of symbolic computation package as:

Set I-1:
2 A 2
M, Alzo,AQZfMM’ Bi=By=Cy=D;=Ds=0,
4abe n 4abe (4.38)
Aa(n + 2) A 6ack>n? — 6bcn?Co + adn + 8a)
Co=—"——2 k=\\/—, K=K, wWw=— )
2bcn? 6cn?
[c[v]
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Whereas, we infer the following dark and singular soliton solutions for the Eqgs. (3.1) and (3.2) respectively:

B A 3a(n+2) /3 n+2 9 / "
Ay 5(z,t) { ™ tobe ~tobe anh a:+2a/<;t]

2n2 2
z( o Sacrn?n? —6ben? Cotarntsar, 9>
X

6cn?

. (4.39)
A [3a(n+2) A [3a(n+2) / "
A = ——/—t 4+ = 2
1a@?) { 3n 4abe + n 4 " dabe [# + 2axt]
i —m— 6ack?n?—6ben2Co+ain+8ar
X ez( Gen? HG),
and also
Aa(n +2) 9 A
O23(x,t) = {CO T b tanh (\/ P [z + 2am§}> } )
(4.40)
B Aa(n +2) of A
Og 4(x,t) = {C’O T e coth ( P [ + 2akt] | ¢,
these solutions are valid when Ac > 0.
Set I-2:
3a( 2 3 2
:_ﬂ/‘”“r A =0, Ay =22 E2D g =D, =D, =0,
4abe 4abe (4.41)

c Aa(n + 2) k- | o w__2acm2n—2bcn00—a/\
27 T oben2 4c ST 2nc '

Therefore, we conclude the following dark and singular soliton solutions for the Eqgs. (3.1) and (3.2) respectively:

A [3a(n+2) A \/Sa(n +2) 2 \/T B z‘(—m——“’““‘z"‘j’fj"co‘“*t+0>
Ay s(z,t) = \/ - tanh? | /=== [z + 2axt
1o(®?) { n 4dabe * n dabe. " 4c [+ 2an] e ’

3=

L (4.42)
X [Ba(n+2) A \/3a(n +2) o [ " i(_m #t@
A gz, t) = {_n\/ tobe + . o coth 1 [z + 2akt] X e )
and also
Aa(n + 2) of A
@275(I,t) = {C’O+2bc,n2tanh < 40[1'4’2(”4,15})},
(4.43)
Aa(n + 2) 9 A
= —————~ coth —— 2
O2,6(z,t) {C’o+ Sben? cot 1/ " [z + 2akt] | ¢,
these solutions are valid when Ac < 0.
Set I-3:
2\ 2 A 2
Ay = -2 M, A1 =0, Ap=By =12 M’ By =Cy=D; =0,
3n abe n abe (4.44)
Aa(n + 2) A 3ar’n%c — 3bn%Coc + 2a\n + 7a)\
02:D2:_77 k: - K=K, W=—
ben? c 3n2c
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Thus, we deduce the following combined dark-bright and singular soliton solutions for the Egs. (3.1) and (3.2)
respectively:

Ar(z,t) = { 1/ ”+2 %\/ n+2 ([m—i—?amt])

sinh = [J,‘ + 2&/‘61‘,} ’ 2.2 4.2

A 2 (\/Z ) i — g Bar?nPe—3bn?Coct2aanttar, 4

+iZ 3a(nb+ ) e ( 3n2c ), (445)
" W cosh? ( 2z + 2cmt])

and
A g(z,t) = {—;:\L % + % % coth? (\/f[x + 2(mt}>
1
B 3a(n +2) cosh <\/§ [x + 2af<:t]> ' ;(ﬂm* 3%2"2“31,7;2;1%2&2“#7“t+9) (wi6)
" abe sinh? <\/§ [z + 2a1€t]> , .
and also

sinh (\[ x + 2akt] >
("':)277(1‘,‘0 = OO — MtanhQ (\/5[1‘ + 2&/{;2‘:}) _ Z)\a(n + 2)
C ( t

2 2 J
ben ben osh? \/‘ + 2ar >
(4.47)
cosh x + 2akt]
A 2 A A 2 < >
Os5(x,t) = ¢ Co — Aaln+2) coth? \/>[m + 2akt] | + a(n +2) ,
’ ben? c ben? . 4
sinh x + 2akt]
these solutions are valid when Ac > 0.
Set I-4:
A 2 A 2
g =222 g ay= = 222 g o, =,
n abe n abe (4.48)
Aa(n + 2) A ak?n?c — bn?Coc — aln — 7a)\
Co=Dy=——">  k=\—~, K=K, w=—
ben? c n2c

Hence, we deduce the following combined dark-bright and singular soliton solutions for the Egs. (3.1) and (3.2)
respectively:

A1 g(z,t) {—\/ a(n +2) é\/wtamh2 < A [:E—l—?amﬁ])
n abe c

1
n

sinh [z + 2amf]) 2020 2O o arn

A 3 2 ( il —ke— ar“n“c—bn“Cpoc—ain 7a>\t+0

“;‘/ (n + : e ( nZe ) (4.49)
cosh (

[ + 2a/<;t]>

Avroet :{ A /3an—|—2 % [3a n+2 (\/_»[w”%t])

and
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/A
A 3a(n +2) cosh ( c [z + QGHt]) i(_nx_(LKQ7L2cfb'n.2ncz(lcfa)\n77a)\t+9>
- (&
b
" W gink? (\/—i‘ [z + 2alit])

)

and also

O29(z,t) = ¢ Co + % tanh? (R[aﬁ%anq) i sinh (( -2z + 2cmt]) ] |
(
(

cosh
©2.10(z,t) =< Co + Aa(n+2) coth® ( 4/ A [x + 2akt] | —
' ben? c .

these solutions are valid when Ac < 0.

(4.50)

(4.51)

4.2.2. For Second Case. By regarding on the Egs. (2.17)-(2.18), the solutions of Eqs. (4.27) and (4.28) can be

presented as

2
P(&) = (Esec (&))" [Bjtan (€) £ A; sec (€)] + Ao,

and

P& = Z (£ csc (€))7 [=Bjcot (€) + A; csc (€)] + Ao,
and so

P (w) = By sinh (w) + A; cosh (w) + cosh(w)[Bz sinh (w) + As cosh (w)] + Ao,
and

2

Q&) = Z (£sec (€)' [D;tan (&) £ C; sec (€)] + Co,
and

Q)= Z (£ csc (€)' [~ Djcot (€) + Cj esc (€)] + Co,
and so

Q@ (w) = Dy sinh (w) + A; cosh (w) + cosh(w)[Ds sinh (w) + C4 cosh (w)] + Cy,
where Ay # 0 or B # 0 and Cy # 0 or Dy # 0.

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

Plugging (4.54), (4.57) and those derivatives into Eqs. (4.27) and (4.28), we can obtain the following results by solving

the nonlinear algebra system with the help of symbolic computation package as:
Set I-1:

A /3 2
Ag=Ay=By=By=Cy =D, =Dy =0, Ay= /30"
n 4bco
a(n+ 2)\ /A ack®n? — ben?Cy + a
= - k — —_— — = — .
C 2ben? 1o T cn?

(=)=
E)NE

(4.58)
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Whereas, we conclude the following periodic and singular periodic solutions for the Egs. (3.1) and (3.2) respectively:

A 2 ['A " —gp acr®n®—ben®Cotary g
Ao s(z,t) = {n %8602 ( e [z + 2a/<;t]>} X e ( en? >7

(4.59)
)\ 3 2 a(‘n2n27bcn Co+a>\ t+9
Ao y(z,t) =< = 3a(n+2) csc? T + 2akt] T e >7
’ n 4bcay
and also
aln+2)A
O23(x,t) = {CO—Wsec ( x+2amt>}
(4.60)
2)A
O2.4(x,t) = {CO - % csc? ( [z 4 2akt] ) }
these solutions are valid when Ac > 0.
Set I-2:
A 2 b
Ay = — a£n+ ) : (612)7 Al=By=B,=C, =D, =Dy=0, rk==r,
cno a(n (4.61)
A [3a(n+2) a(n + 2)A A 3ack?n? — 3ben?Coy — aX(n — 1)
2 dbca 2 2bcn? P 3cn?

Therefore, we deduce the following periodic and singular periodic solutions for the Egs. (3.1) and (3.2) respectively:

1
_ Aa(n + 2) bea )\ /3a(n+ 2) | "
Ag5(w,t) = { bena 3a(n + 2) 4bcar ( [ + 2aﬁt]> }

_ 2
i(—nz 3acn n 3b;71 2C0 aAn+a>\t+9)
cn
X e

s (4.62)
Aa(n +2) beay )\ 3an+2 "
A t) = 2akt
26(%,1) { bena 3a(n+2) nV 4dbca (V [ +Lak ]> }
i —om— 3ack?n? =8bcn2Cy—ain+al
X ez( Sen? t+9>,
and also
aln+2)A A
= = =2 [+ 2
O25(z,t) {C’o + TPRCRRLL i [z + 2akt] ,
(4.63)
aln+2)A A
= - -2 w42
O2,6(z,t) {CO + TR P [z + 2akt] | 7,
these solutions are valid when Ac < 0.
Set I-3:
A /3 2
Ag=A =B =C =Dy =Dy =0, Ay=By=" %
" ) 200‘ , (4.64)
ngDgz—a<n+2))\, k:\F7 P o Gern —bch’o—l—a)\'
ben? c cn?
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Hence, we infer the following periodic and singular periodic solutions for the Egs. (3.1) and (3.2) respectively:

o (Y )2

3=

2.2 2
i(_m_th_,_g)
X e ‘

)

s (4.65)
1 . A
A Bant 2" L cos (\f [» + 2‘“‘“0
Ao g(z,t) =4 — bea csc =[x+ 2akt] | +
n ca c sin? <\/§ [z + 2af<;t]>
. 7N$iacl{2n276cn2c +ax
X ez< e t+0>7
and also
. & )
a(n + 2)\ , 3 sin <\/:[x+2a/<;t]>
Oz 7(x,t) = Co — ez |5 =[x+ 2akt] | — )
n ¢ cos? (\/g [+ Qamt])
- (4.66)
A 2
a(n+2)\ ) 3 cos (\/:[x + 2akt]
Og5(x,t) = ¢ Co — ez |3C =[x+ 2akt] | — )
o ¢ sin? (\/7 [z + 2cmt])
these solutions are valid when Ac > 0.
Set I-4:
A /3 2
Ao =— Sa(n +2) )7 A1 =B =Cy =Dy =Dy=0,
n bea
A [3a(n+2 a(n+2)\
Co=Co, Az =—— “u, 02:%,
n bea ben (4.67)
N T TR S Y
n bea ben? c
3ack?n? — 3ben®Cy — adn + a
kK=K, W=— .

’ 3cn?

Thus, we conclude the following periodic and singular periodic solutions for the Egs. (3.1) and (3.2) respectively:

e )
cos® —< |+ 2akK

1
no 3ack?n2 —3bcn2Co—aintad
y { A 3a<n+2>} e L))

)

1 —
+ n bea
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o 2

=

B PR IR ] G )
n bea 7

and also

Co + M sec? (\/—)\ [x+2cmt>
ben c

@2’9(1', t) =

2
Co+ alnt X csc? \/—i [z + 2axt]
ben? c

O2,10(z,t) =

these solutions are valid when Ac < 0.

4.3. Parabolic law nonlinearity. The power law nonlinearity arises when F(r) = c17r + car?.

(3.8) transform to
ak?P"” — (ak® +w)P +bPQ = 0,

ck*Q" 4+ 2\Q + a(c P? 4 coP*) = 0.

sin <\/—i‘ [ + 2akt)]

)]
(F )|
)

sin? <\/—>’C\ [z + 2am€}>

By balancing P” with PQ and Q" with P*, and considering the below relations

N+2=N+M,

M +2=4N,
we get the following
M=2 N-=1.

4.3.1. For First Case. Base on the Eqs. (2.14)-(2.16), the solutions of Egs. (4.70) and (4.71) can be found as

P(&) = (—tanh (¢))’ " [+iB; sech (&) — A; tanh (¢)] + Ao,

1
P& = Z (—coth (&) [£Bjcsch (§) — A, coth (§)] + Ao,

P (w) = By sinh (w) 4+ A; cosh (w) + Ay,

2
Z —tanh (¢

j=1

)t [+iD; sech (§) — C; tanh (§)] + Co,

13

(4.68)

(4.69)

Therefore, (3.7) and

(4.70)

(4.71)

(4.72)

(4.73)

(4.74)

(4.75)

(4.76)

(4.77)

(4.78)

(&)
ENE
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Q(€) = 3 (—coth (€)' [#Djesch (€) = Cj coth (§)] + Co, (4.79)
and so
Q (w) = Dy sinh (w) 4+ C4 cosh (w) 4 cosh(w)[D4 sinh (w) 4+ Cy cosh (w)] + Co, (4.80)

where A; # 0 or B; # 0 and Cs # 0 or Dy # 0.
Plugging (4.77), (4.80), and those derivatives into Eqgs. (4.70) and (4.71), we can obtain the following results by solving
the nonlinear algebra system with the help of symbolic computation package as:

Set I-1:
3cicab 6cey
=—————, Ai=ky/——5——,40=B1=C1 =D, =Dy =0, K =&,
“ co(8ck? — \)? ! 8ck?cy — Aeoy 0 ! ! ! 2 r=n (4.81)
o 6c2cak? b(—64c%k*Coca + 6ack?c? + 3ack?c? + 16ck*ACoea — N2Coez) .
= w=- .
2 c2(8ck? — \)2’ c2(8ck? — \)2
Hence, we infer the following dark and singular soliton solutions for the Egs. (3:1) and (3.2) respectively:
. b(754c2k4c c +60¢ck202+3acn202+160k2>\0 co—A20g¢ )
Ari(m,t) = {—M / _Sckzi% tanh (k [z + Qamﬁ])} x 61(7’@7 ) os (BkZ =2 o o He),
2 — 2
i 7}{327b(—64c2k4CO02+6ack2c%+3achﬂ2c%+160k2)\0002—Azcocz)
Ara(z,t) = {—k —% coth (k [z + QGKtD} X e ( ez (Bek?—2)? Hg), (4.82)
2 — 2
and also
6¢3 cak?
Oo1(w,t) = { Cp — — AT tanh? (k [z + 2akt]) ¢,
’ c2(8ckZ — \)? (4.83)
Ooa(z,t) = { C Mceth%k[ + 2axt]) .
2,2(,t) = ¢ Co 2 (3ck2 — )2 T+ 20K ,
these solutions are valid when \ # 8ck? and ceyca(8ck? — \) < 0.
Set I-2:
3cicab 6cey
=——————— Bi=k/————— A=A4,=Ci=D;=Dy=0
“ co(4ck? + N)2’ ! dck2cy + Aey? 0 ! ! ! 2 ’ (4.80)
Cy = 6¢3cak? N\ _b(—1602k4C002 + 3ack?c? + 3ack?c? — 8ck*ACoca — N2Cocs) .
= s, W= .

eo(4ck? 4+ N) co(4ck? + N)?

Whereas, we conclude the following bright and singular soliton solutions for the Egs. (3.1) and (3.2) respectively:

‘ 6ec 1'(7,“7 b(—1602k4CO02+3ack2c%(tB;;ﬁi;i—Sck2)\Cocg—A20002) t+9)
A1,3(ZL’7 t) =< —ik Wsech (k‘ [l’ + QCLHt]) X e cz(dek?+ s
CR“C2 C2
) b(—16c2k?Cheo+3ack?cd+3ack?c? —8ck2AChea —A2Cpeg)
6cer z<—n:c— 1 1 t4+0
Ava(z,t) = {k\/ mcsch (k [z + 2akxt]) p x e ez (4ck? )2 , (4.85)
CR“C2 C2

and also

@273(I,t) = {Oo -

6c3cak?
co(4ck? + X)?
6c3cak?
T eg(4ck? + N)?

tanh? (k [z + 2am€])} ,
(4.86)

O 4(x,t) = {Co coth? (k [z + 2amf])} :

(=)=
E)NE
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these solutions are valid when A # —4ck? and ccyca(4ck? + X) > 0.

Set I-3:
3czcab / 3ceq
= A =B =ky/———————,A=C1=D; =0,
@ co(2¢k? — N)? ! ! 4dck2co — 2)co 0 ! ! (4.87)
Co — Do — 3cicak? B b(—4c?k*Coco + 3ack?c? + 3ack?®c? + 4ck?> \Coca — AN2Coca) ’
2T T g (2ck? — N2 Y= co(2ck? — \)2 '
Thus, we infer the following combined dark-bright and singular soliton solutions for the Egs. (3.1) and (3.2) respec-
tively:
Ars(x,t) = —ky/ S {tanh (k [x + 2akt]) + i sech (k [z + 2akt])}
1LSAH 5= 4dck2cq — 2Xcy
. ei(_’“v_ b(74c2k4COu2+3ack2zi$i4;;i2:§2+4ck2>\cou27>\2C002)t+9> |
3 (4.88)
Mgz, t) = —ky/ —m {coth (k [x + 2akt]) — csch (k [z + 2akt])}
y ei (7’&17 b(7462k4CO62+3a0k22§?;iz;i2;§2+46k2Acocz7AZCOC2) t+6)
and also
3c3cak? sinh (k[z + 2akt])
Oa5(x,t) = { Cp — —————— [tanh? (k[z + 2akt]) — i }}
25(@,1) { 07 y(2ck? — N)2 { (k] ) cosh? (k[z+ 2akt])
2. 7.2 (4.89)
3cicak

62’6(3?,15) = {C() —

{Cothz (Kl + 2ant]) <Okl + 2ant) H

ca(2¢k? — X)? sinh® (k[z 4 2axt])

these solutions are valid when X\ # 2ck? and cciea(2¢k? — X) > 0.

4.3.2. For Second Case. By regarding on the Eqgs. (2.17)-(2.18), the solutions of Egs. (4.70) and (4.71) can be written
as

P(¢) = Z (£sec (€)'~ [Bjtan (€) £ A; sec (€)] + Ao, (4.90)
and
1
P(§) = Z (Fese (€))7 [=Bjcot (€) £ A; esc (£)] + Ao, (4.91)
and so
P (w) = By sinh (w) 4+ A; cosh (w) + cosh(w)[Bs sinh (w) 4+ As cosh (w)] + A, (4.92)
and
2
Q&) =Y (£sec (&)’ [Dytan (€) + Cj sec (€)] + Co, (4.93)
j=1
and
Q€)=Y (ese (@)™ [-Djeot (€) £ Cese (€)] + Con (499
and so
Q (w) = Dy sinh (w) + A cosh (w) + cosh(w)[ D sinh (w) + Cq cosh (w)] 4+ Co, (4.95)

(&)
ENE
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where A; # 0 or By # 0 and Cs # 0 or Dy # 0.
Plugging (4.92), (4.95) and those derivatives into Eqs. (4.70) and (4.71), we can obtain the following results by solving
the nonlinear algebra system with the help of symbolic computation package as:

Set I-1:
3cicab / 6cey
@ co(4ck? — N)?’ ! dck2cy — ey’ 0 ! ! ! 2 ’ (4.96)
Co— 6c3cak? Y b(—16c2k*Coca + 3ack?c? + 3ack?c3 + 8ck*ACoca — N2Coez) ’
T Tk =N T co(4ck? — \)2 '

Therefore, we infer the following periodic and singular periodic solutions for the Egs. (3.1) and (3.2) respectively:

i 7’{17b(—16(;2k4C’0c2+3uck2c%+3acm2c%+8ck2>\coc27>\2C‘0u2)
A2,7(5L‘,t) = {—k —% sec (k [x + Qant])} X e ( co(dckZ—n)2 tJré))7
2 — 2
6CCl i(fnzf b(—1602k40002 +3ack2c%+3acm2c%+80k2>\00027>\2C’0c2) t+9) (497)
A2,8(£, t) =4 -k _m CSC (k‘ [J? + QG/Ht]) X e c2(4ck?—2)2 N
2 — 2
and also
O t) = { = — 09K 2 (k[ 4 2amt]
z,t) = — ——————sec T+ 20k
BT 07 cy(4ck? — \)2 ’
6¢2cak? 9 (4.98)
@278(1', t) = OO — m CSC (k' [I’ + 2CLI€ﬂ) ,
these solutions are valid when \ # 4ck? and ccyca(4ck? — X) < 0.
Set I-2:
3cicab 6ceq
= Bi=ky/————, Ag=A1=Ci=D1=Dy=0
@ co(8ck? + N\)?’ ! 8ck2cy + ey’ ! ! ! 2 ’ (4.99)
c 6c3cak? b(—64c?k*Coeg + 3ack?c? — 16ck?*ACoca — N2Cocs) ’
= w = — .
? c2(8ck? + \)2’ c2(8ck? 4+ \)?
Thus, we deduce the following periodic and singular periodic solutions for the Egs. (3.1) and (3.2) respectively:
6 il o b(—64c2k*Cpeg+3ack?c? —16ck?2Chea—A2Cheq)
Aog(x,t) = {k\/ mtam (k[z+ 2aﬂt])} x e ( e (Bek?H2)2 Hg),
6ect z‘(—mc— b(—64c2k?Cpeg+3ack?e? —16ck?ACoea—A%Cpea) t+9> (4.100)
Ao 1o(z,t) = {k\/ BokPes +0g, SOtk + 2fmt])} x e ca(Bek?2)% ,
and also
ol t) = { Cp— — 0K (2 (ko 4+ 2ant])
x,t) = — ——————sec T+ 2ak
2T 07 3 (8¢ck? + A)? ’
6 calts 2 (4.101)
@2710(1', t) = CO — m CSC (k [.’,U + 2a/<ct]) 3
these solutions are valid when A # —8ck? and ccyca(8ck? + A) > 0.
Set I-3:
3cicab 3ceq
=——————— A =Bi=k{/7—5—, Ag=C1=D1=0
@ co(2¢k? + N)?2’ ! ! 2ckZey + ey’ ! ! ’ (4.102)
Cyp= Dy — 3cicak? " _b(—402k40002 + 3ack?c? — 4ck*ACoca — N2Cocs) .
= 5, W= .

T e(2ck2 + N c2(2k? + \)2
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Hence, we conclude the following periodic and singular periodic solutions for the Egs. (3.1) and (3.2) respectively:

3cer
A ST B — 2art]) — P
211(x,t) =k kP s {tan (k [x 4 2axt]) — sec (k [z + 2akt])}

) b(—4c2k4Cpeat3ack?c? —ack?ACpea —A2Cpeq)
TR c2(2ckZtA)2 t+0
X e 2

9

(4.103)
Ao 12(z,t) = k\/m{— cot (k [z + 2akt]) — csc (k [x + 2axt])}
"y (ﬂmf Mo eyt tek?aCes G0 9>’
and also
O©211(z,t) = {C’o - % [sec2 (k [x + 2akt]) — ci;((kk[z[rxt—éaaﬁi]))} } ;
3c2cak? (4.104)

O2,12(7,t) = {Co - - {csc2 (k [ + 2akt]) — - (k [z + 2art]) } }

c2(2¢ck? + ) sin? (k [z + 2axt])
these solutions are valid when A # —2ck? and ccyea(2¢k? + A) > 0.

4.4. Dual-power law nonlinearity. The power law nonlinearity arises when F'(r) = c17™ + cor?". Therefore, (3.7)
and (3.8) transform to

ak*P" — (ak® +w)P +bPQ = 0, (4.105)

ck*Q" + \Q + a(c1 P?™ + ¢, P*™) = 0. (4.106)
Suppose

P =Rw, (4.107)
so that (4.105) and (4.106) reduce to

ak?(nRR" + (1 — n)R™?) — n?(ar? + w)R* + n*bR*Q = 0, (4.108)

ck*Q" + \Q + aR* = 0. (4.109)
By balancing RR" with R?Q and Q" with R?*, and considering the below relations

9N +2=2N + M, (4.110)

M +2=4N, (4.111)

we get the following
M=2 N=1. (4.112)

4.4.1. For First Case. By regarding on the Eqs. (2.14)-(2.16), the solutions of Eqs. (4.108) and (4.109) can be
presented as

P (&) = (—tanh (§))’ " [+iB; sech (&) — A; tanh (¢)] + Ao, (4.113)
j=1
P& = Z (= coth (€)'~ [£Bjcsch (€) — A; coth (€)] + Ao, (4.114)
and so
P (w) = By sinh (w) + A; cosh (w) + Ay, (4.115)
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and
2
cg(g)::j{j(-tanh(g»jfl[ijzyjsech(g)-cytanh(g)]+-cb, (4.116)
2 .
Q) =Y (~coth (€)™ [EDjesch ) ~ Cy coth (€)] + Co, (4.117)
and so
Q@ (w) = Dy sinh (w) 4+ C4 cosh (w) 4 cosh(w)[ D4 sinh (w) 4+ Cy cosh (w)] + Co, (4.118)

where A; # 0 or By # 0 and Cs # 0 or Dy # 0.
Plugging (4.115), (4.118) and those derivatives into Egs. (4.108) and (4.109), we can obtain the following results by
solving the nonlinear algebra system with the help of symbolic computation package as:

Set I-1:
3a\? 1
A():O, AlzBlz Y M,Cllezo, W =w,
32bcn?a (4.119)
a(n+ 1)\ A 1 /8bcn2Ch — 8cn?w — aAn — 3aA
Cy=Dy=-2"T02 2 == .
4ben? 2c n 8ac

Therefore, we conclude the following combined dark-bright and singular soliton solutions for the Egs. (3.1) and (3.2)
respectively:

1
B 4/3aX2(n+1) " /A 2a \/8cn2(bCo —w) —aX(n+3)
A1) = { 32ben2a tanh 2 |* * n 8ac t
seen (/2 E( e )
+ 1s€ec 2—0 x + e
1
B 1/3aX2(n+1) | " [ A 2a \/8cn2(bC’o —w) —aX(n+ 3)
Ara(,t) = { 32ben2a coth 2 |* * n 8ac t
e /i - 2£\/8cn2(b00 —w) —aX(n + 3)t ei<,;\/anE(bco—Sw)—ax(nH) z+wt+9>
2c n 8ac
and also

a(n + 1)\ 9 A 2a \/80n2(bC’0 —w) —aA(n+ 3)
=y — 2" A h A =a

©2,1(z,t) = Co 4ben? {tan 2 |* + n Sac t
N,
cosh? ( % {x n zﬁ\/scm(bco—gu;)c—a)\(nw) t})

a(n+ 1)\ 2 A 2a \/SCnZ(bC'o —w) —ai(n + 3)

t)=Cp— 2 L eoth® [/ = = t
©2,(2,1) = Co 4ben? {CO ( 2 |* + n Sac
()

. 2 a 8cn2(bCo—w)—aX(n+3 ’
sinh (,/2’\c [m+2n\/ ( 08a)c ( )t})

2£\/80n2(b00 —w) —aX(n+3)
n

t

8ac ’

(4.120)

3=

)

+ 1

(4.121)

)
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these solutions are valid when Ac > 0.
Set I-2:
3a\2 1
By =\ %,AozAlzcﬁle:Dz:O,
cn (4.122)

o a(n+1)A \/4bcho — 4denw + aX
_ =4 /ff w=w.
T 4ben? dacn ’

Hence, we infer the following bright and singular soliton solutions for the Egs. (3.1) and (3.2) respectively:

1
A2(n+1 [ A T G =< e S
A1,3($,t) = {—i 4 %sech < —% >} % e ( dacn Fwt+ )

- 2a\/4bcn00 —4dcnw + a)\

4acn ’

; (4.123)
2 — n il — 4benC 74c'rl.w+a>\z w
Ava(a, t) = { 4/3aX2(n+1) csch ( [ A " 2a\/4bcho denw + a ' )} ‘e ( Lentotene et ot z+9)7
8ben2a 4c 4acn
and also
a(n+ 1)\ o | \/41)ch’0 — 4denw 4 aX
t) = 7‘5 h 2a t
O2a(2,1) {CO T ez v dacn ’
(4.124)
a(n+ 1)\ o | \/4bch’0 — 4denw + aX
t) = ———Z coth 2a t
O2.4(z,7) {CO * dbenz ° T 4dacn ’
these solutions are valid when Ac < 0.
Set I-3:
3a\2 1
A=y %J‘O:Blzcﬁle:Dz:O,
e (4.125)
C _a(n+1)A A o 1\/4bcn200—4cn2w—a/\ o w
27 8ben2 7 V& T n 4ac ’ e

Whereas, we conclude the following bright and singular soliton solutions for the Egs. (3.1) and (3.2) respectively:

1
B 1/3aX2(n+1) A 2a \/4bcn26’o —4en2w — a "
Ais(z,1) = { 32ben2a k@ 8c T n 4ac t

. 1 4bc7120074cn2wfa)\
’L(*E\/ —— e Ttwt+o
X e

3aX?(n+1 [ A
A1,6(I,t) = {_ y W coth < 86
Z( 1 4bcn2004;§n2w a\ z+wt+9>

X e ,

)

(4.126)

1
\/4bcn2C’g — 4en2w — a :| > } "
z4 =2 t
n dac

and also

A
O25(x,t) = {C’O - w tanh? (

9

\/4bcn200 —4enw — a) t] )
n

4bcn?2Cy — 4cn2 —al t‘|

i (4.127)

@274(1‘,1)) = {C() — W Ci

these solutions are valid when Ac > 0.
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4.4.2. For Second Case. By regarding on the Egs. (2.17)-(2.18), the solutions of Egs. (4.108) and (4.109) can be
found as

1
P(¢) = Z (£sec (€))’ " [Bjtan (€) £ A; sec (€)] + Ao, (4.128)
and
P(&) =) (Fesc (&)™ [~Bjeot (€) £ A ese (€)] + Ao, (4.129)
j=1
and so
P (w) = By sinh (w) + Aj cosh (w) + cosh(w)[Bz sinh (w) + Az cosh (w)] + Ao, (4.130)
and
2
Q(§) =Y (Fsec (&))" [Djtan (€) & Cj sec (§)] + Co, (4.131)
and
Z (£csc (€))7 [—Djcot (&) £ Cj csc (§)] + Co, (4.132)
and so
Q@ (w) = Dy sinh (w) + Aj; cosh (w) + cosh(w)[Ds sinh (w) + C5 cosh (w)] + Cy, (4.133)

where A; # 0 or By # 0 and Cs # 0 or Dy # 0.
Plugging (4.130), (4.133) and those derivatives into Egs. (4.108) and (4.109), we can obtain the following results by
solving the nonlinear algebra system with the help of symbolic computation package as:

Set I-1:
A2 1
AlifBli Y M,AOZCH:Dl:O, w=w,
32ben2a (4.134)
Cy— Dy a(n + 1))\7 o _i7 o 1\/8bcn200 — 8cn?w — adn — 3a)\'
4ben? 2¢ n Rac

Therefore, we infer the following combined periodic and singular periodic solutions for the Egs. (3.1) and (3.2)
respectively:

3(1/\2 (n+1 2a \/8cn2(bC’o —w)—ai(n+3)
A = =4
17(2,1) {  32ben2a } {tan < lx + n 8ac t
1
[ n Y 8cn2(bC —w)—ar(n+3)
+ sec ( \/ )} e < n\/ 0 8ac + t+0>
3a/\2 (n+1 2a \/8cn2(bC’0 —w) —aX(n + 3)
A t) = i "
18(2,1) {  32ben2a } { < [er n 8ac
1
no 1 8cn2(bCo—w)—ai(n+3)
¢ e ( [ \/ . > } ez( 1/ o) x+wt+9>

8cn2(bCy — w) — aA(n + 3)

2a
— ’
n ac

(4.135)

8cn2(bCy — w) — aA(n + 3)
ac

)

L2
n
(=)=
E)NE
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and also
a(n+ 1)\ 9 A 2a \/80n2(b00 —w) —ai(n + 3)
(C] t)=Co+ ——7—<t = = "
27(@:1) ot 4ben? { A 2 [* T 8ac
. A 8cn2(bCo—w)—aX(n+3
Sm< — [m—i—Qa\/ ( Oga)c )]>
+ ;
a 8cn?2(bCo—w)—aX(n+3
cos? (\/;‘C {:17+2n\/ ( OSQ)C ( +)t})
(4.136)
aln+ 1)\ 9 A 2a \/8bcn200 — 8cn?w — adn — 3a
] 1) =Co + ——— t - = "
28(:1) ot 4ben? {CO ( 2c lx + n 8ac
coS ( / 2>\C |:.13 + 2a \/8bcn200 SC;L;gJ aln— 3a)\t:|)
- sin? ( /_% [x I 2;\/SbchCg—Sc;L;éu—a)\n—3a/\t:|) ’
these solutions are valid when Ac < 0.
Set I-2:
3aA? 1
31:4%,A0:A1201:D1:D2:07
cnta (4.137)
O — a(n 4+ 1)A A B 1\/81)ch’0 — 8cnw + ain — aX B
27 8ben2 & = n 8ac P wEw
Hence, we conclude the following periodic and singular periodic solutions for the Eqgs. (3.1) and (3.2) respectively:
1
3aX2(n+1) A 2a \/Sbch’o — 8cnw + ain — aX "
Ayg(a,t) =4 /o~ - i t
ro(@,) { 32ben2a n( 8¢ [x—i— n 8ac
i —1,/8bcnCo—8cnwiarn—ar
ol
s (4.138)
3aX2(n +1) ) 2a \/Sbcho — 8cnw + ain — a\ "
A =y =T~ - —
110, t) { 32bcn2a X sc |© + n 8ac t
y 62.(7%\/8bcnco—8§’z:}+akn7@)\ x+wt+0> ’
and also
HA | 8benCy — 8 An — )\
Os9(x,t) = Co-i-a(n;)sec2 \/ o an+a noa )
’ 8ben? n ac
(4.139)
DA b — An — )\
On10(2,1) = 4 Co + a(n+1) esc? | \/8 cnCl 80nw +ain—a 7
' 8bcn? n ac
these solutions are valid when Ac < 0.
Set I-3:
3a\2 1
A1:4%,A0131:C1: =Dy =0,
cnma (4.140)
aln+ 1)\ A 1 \/4bcn200 — 4en?w — a)
02 = T 7 5 R = - , W=w
4ben? 4c n dac
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Whereas, we obtain the following periodic and singular periodic solutions for the Egs. (3.1) and (3.2) respectively:

1
3aX2(n+1) A 2a [4ben2Cy — 4enw — aX "
M, t) = { \ Soena C\Vae [T 4ac !

i(—% /4bc1L2C’047:ccn2wfa)\ a:+wt+9>
X e

)

N (4.141)
3ar2(n+1) A 2a \/4bcn200 —4enw — a "
A H=< == \ = = t
BEIC { 8ben2a o8¢ < 1 |* + n dac
A )
aln+ 1A A 2a \/4bcn200 —4denw — aA
t)=4C,— 2 V= t
O211(2,1) {CO dbenz ¢ ( 1 |* + n dac ’

(4.142)

a(n+ 1)\ /A 2a [4ben2Cy — 4en2w — a)
O2,12(2,1) = {CO B (4bcn2) csc” ( 4c l:c + n\/ : dac t] ) } ’

these solutions are valid when Ac > 0.

5. RESULTS

By implementation of the extended sinh—Gordon equation expansion method on a model with four law nonlinearities
we get many new forms of exact traveling wave solutions. By making a simple comparison between the results, we
can see in [22] has been obtained only solutions to all cases in which are given in solutions including (34)-(38) for
Kerr nonlinearity, solutions (67)-(76) for power nonlinearity, solutions (95)-(100) for power nonlinearity and solution
(118) for dual-power nonlinearity. Also, authors of [6] used the extended trial equation method and gained shock
waves, singular solitons, snoidal waves, periodic singular waves and plane waves solutions. While with observing all
obtained results in this paper, we can note how the closed between results that obtained by using this method and
other methods.

6. CONCLUSION

The structure of new exact traveling wave solutions of nematicons in liquid crystals with four law nonlinearity
including Kerr, power, parabolic and dual-power by utilizing the extended sinh—Gordon equation expansion method
were illustrated. The dark, bright, combined dark-bright, singular types, traveling and solitary solutions of nematicons
in liquid crystals were obtained. To describe the nonlinear dynamics of complex physical phenomena, the extended
sinh—Gordon equation expansion method offers a reliable and efficient framework. By introducing new analytical
solutions, this work significantly advances the understanding of wave dynamics, thereby establishing a foundation for
future theoretical and applied investigations of soliton molecules in liquid crystals.
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