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Abstract r )

In this paper, we study fractional Volterra integro-differential equations with the Caputo derivative of order
v € (0,1). The domain is discretized using a uniform mesh. To approximate the solution, the fractional derivative
is discretized using the L1-2-3 method, while Simpson’s % approximation is applied to approximate the Volterra
integral term. The proposed method achieves third-order convergence for all v € (0,1). The stability and con-
vergence analysis are analyzed and realize that the approximate solution converges to the exact solution. The
proposed method is compared with the results in the literature through examples supported by graphs and tables,
and the results show that it achieves higher accuracy and order of convergence.
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1. INTRODUCTION

Fractional order derivatives extend the classical derivatives and are intrinsically nonlocal, as they are defined by
integrals over the whole domain, in contrast to classical derivatives, which are local operators determined by an
infinitesimal neighborhood around a point. The foundations of differential and integral calculus were developed by
Newton and Leibniz at the end of the seventeenth century. Fractional calculus enables a more accurate and effective
analysis of complex behaviors in systems exhibiting memory effects, anomalous diffusion, and long-range dependencies.
Over time, this subject has developed into a more potent and effective mathematical tool for simulating various physical
phenomena. To list a few applications, the theory has been used in fluid mechanics [21], viscoelasticity[4, 36], rigid
porous materials [10], and an autonomous electric vehicle [37].

Recent years have seen increasing interest in integro-differential equations which serve as models in many scientific
and engineering applications, such as population growth, reactor dynamics and one dimensional viscoelasticity. More-
over, the qualitative study of fractional differential and fractional order integro-differential has attracted significant
attention due to their wide applicability in science and technology, including cryptography [29], options trading [13],
neural networks [23], control theory [27] and viscoelasticity [20]. Fractional Volterra integro-differential equations
(FVIDESs) are applicable in modeling various physical problems, including signal processing, acoustic waves, nonlin-
ear oscillations of earthquakes, fluid-dynamic, traffic flow, nuclear reactor dynamics, and the strength of disordered
materials [30, 9, 22, 7].

This article focuses on the following factional order Volterra integro-differential equation:

DYw(z) + bz)w(z) + p / “K(zp) w(p)dp = g(z), =€ (0,1],
w(0) = ¢o,

(1.1)
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where b(z) > 0 and g(z) are smooth functions on the interval [0, 1]. D7 represents the fractional differential operator in
the Caputo sense of order v € (0,1). ¢g is a real constant and K(z, p) is the kernel function, assumed to be continuous
on [0,1] x [0,1], and p is a parameter that typically depends on physical quantities arising in practical applications.

A number of researchers have shown great interest in obtaining numerical and exact solutions of FVIDEs. The
existence and uniqueness of analytical solutions for fractional linear and nonlinear Volterra integro-differential equa-
tions (VIDEs) have been studied in [3, 19], while fractional linear and nonlinear Volterra-Fredholm integro-differential
equations (VFIDEs) in the Caputo sense have been investigated in [26, 14, 18]. In [16, 39], the authors studied
FVIDEs with Caputo fractional order and established the existence and convergence results of the solution. Many
equations do not admit analytical solutions; therefore, numerical methods are required to obtain an approximate solu-
tion. Several analytical techniques have been developed for solving fractional integro-differential equations, including
the Legendre collocation method [40], the variational iteration method [2, 1], the spectral collocation method [35], and
the Homotopy analysis method [38]. Various numerical methods have been investigated for approximating solutions
to VFIDEs and VIDEs. Some of these numerical approximation techniques are listed as follows. In [8], the Chebyshev
collocation method was utilized to solve Volterra-type integro-differential equations, while Shahmorad [34] employed
the Tau method for solving linear FVIDEs. Additionally, a numerical solution for FVIDEs of Caputo type, based on
the modified variational iteration method, is discussed in [17]. A numerical method based on Homotopy perturbation
method was proposed by Sayevand et al. [33] for solving FVIDEs. [24] employed a new numerical method combining
trapezoidal and Simpsons rules for solving Volterra integral equations. Many initial and boundary value problems can
be transformed into integral equations of the Volterra or Fredholm types when direct solutions are not possible.

Researchers have drawn attention to and increased their interest in approximating Caputo derivatives using higher-
order schemes. The works in [6, 25, 28] approximate the Caputo fractional derivative using higher-order formulas.
Recently, Santra and Mohapatra [32] solved time FVIDEs based on the L1 scheme. In [31], L1 scheme was employed,
the integrand on each sub-interval is approximated using piecewise linear interpolation, achieving an order of accuracy
of 2 — v, to solve Caputo fractional integro differential equations of Volterra type of the form in (1.1). In [12], time
FVIDES were solved using the L1 and L1-2 schemes for the Caputo fractional derivative combined with the trapezoidal
rule for the integral part. Furthermore, the authors in [11] employed the L1 and L1 — 2 methods, where the integrand
is approximated using quadratic interpolation achieving second order of accuracy for the time fractional derivative,
with trapezoidal rule for the integral part, to solve FVIDEs of the form in (1.1).

In the literature, existing numerical methods for the class of fractional differential equations described in problem
(1.1) predominantly rely on (2 — ) and second order accuracy on the L1 scheme and L1-2 respectively. Consequently,
obtaining an approximate solution with higher-order accuracy has not yet been addressed in the literature. Motivated
by this, we proposed a higher-order numerical scheme to approximate the solution of problem (1.1). The main contri-
bution of this work is the design of a higher-order temporal discretization scheme for the time-fractional derivatives
using the L1-2-3 method, which achieves (4—-y) order accuracy, and the approximation of integral part using Simpson’s
rule. In this scheme, the integrand is approximated using linear interpolation on the first sub-interval, quadratic inter-
polation on the second, and cubic interpolation on the remaining sub-intervals. The convergence and stability analyses
of the proposed method are discussed, and we also analyze the computational complexity and memory requirements.
Finally, numerical examples are provided to illustrate the method’s effectiveness , and comparisons are performed to
confirm its accuracy.

The paper is organized as follows. Section 2 begins with preliminaries and some definitions. In Section 3 and
Section 4, we discretize the semi-discrete scheme to formulate Problem (1.1) and establish the stability and convergence
analyses. In Section 5, numerical examples and discussions are presented . Finally, in Section 6 the paper presents
the conclusion of the proposed method and suggested directions for future work.

2. PRELIMINARIES
In this section important definitions and theorems are included as follows:

Definition 2.1. Assume that Re(k) > 0 for any complex number k. The Gamma function, I'(k), is defined as

o
I'(k) :/ pFle P dp.
0
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Definition 2.2. Let w(z) be a continuous function. The Riemann-Liouville fractional integral of order v € R* is
defined as

1 z
T = = [ G- p e dp
L'(v) Jo
Definition 2.3. [32] For v € R, the Caputo fractional derivative of order ~y of w(z) is defined as

ng@):(J“ﬁ<gf)>z, 0<z<1,
z

where r = [v] represents the smallest integer greater than or equal to 7.

Theorem 2.4. Let (r,¢) be a complete metric space. Then every contraction mapping Y : R — R has a unique fized
point r € R, that is
Yr=nr.
The following are the basic properties of fractional derivatives and integrals:
(1) If g is a constant function, then its fractional derivative satisfies DY g = 0.
(2) For 6 € R and r € N, the fractional derivative of z° of order § € (r — 1,7) is given by
0, 6<r—1,
D1={ T +1
2% ﬂz‘sdy, §d>r—1.
ro—-—~+1)
(3) For v € (0,1) we have
DY Jw(z) = w(z), J'DYw(z) = w(z) —w(0T).
(4) Linearity:
(a) JY(cow £ caw) = coJw £ c3J w,
(b) D7 (cow %+ czw) = caDJw £ 3D} w,
where cg,c3 > 0.
Theorem 2.5. If the quantity W <1 and |K(z,p)| < B, then there exists a unique solution w(z) for all
z € [0,1] of Equation (1.1).
Proof. Following the idea discussed in [15], apply the fractional integral J] to both sides of Equation (1.1). Then
w(z) = Hw(z), z€]0,1],
where Hw(z) = ¢o + J2g(2) = J2X[b(2)w(z)] — pJ7 [ [, K(z, p) w(p) dp] . We want to show that H is a contraction. For
any ws, ws € C[0, 1],

|Huws(z) — Hus ()] <I2(b(2)] |wa(z) — ws(2)]) + p]2 ( / 1K (2, )] 2 (p) — w3 () dp)

L(y -p
b7 1 @
+ F(’Y)/o (z —w)l—7 (/0 K(w,p)||w2(p)—w3(p)|dp> dw
LES —ws(z B Zz—w7_1 ww —w w
< Ffua(e)  wal)l + s [0 ([ uao) - walollan) a
ST+ T T T+
(1 + )bl 13

|w2—7~03\+F [[wa — ws|

(v+2)
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_ Dbl + 48

wy — wal|.
By the hypothesis of the theorem, w < 1, then we have |Hwy(2) — Hws(z)| < ||lwz — ws]|. Therefore, H is
a contraction mapping. As (C[0,1],||.]]) is a Banach space, it follows from Banach’s fixed point theorem that problem

(1.1) possesses a unique solution in C0, 1].
(]
3. NUMERICAL SCHEME FORMULATION

Consider R € N and on a uniform grid z, = ro for r = 0,1, ..., R, with step length ¢ = %. Denote w, = w(z,)
for r = 1,2,..., R. For a function w(z) € C*[0,1], the Caputo fractional derivative of order v € (0,1) at the node
zrmr=1,2,...Ris

L[ W)
Dute) = = || g

r—1
LSt
) Voo
F(l - ry) q=07P=%q (z’f" _p)'y

S S () L A () Lo [ ()
‘ra—wlowrmw®+ra—wlluwmw@+ra—w§jlp G P

p=2

On the first small interval [z, 21|, we use linear interpolation to-approximate w(z). The linear approximation for w
on [zo,21] is

2 ~ w1 —Wo
wi(p) & —
Thus,
1 /Z1 _ 1 y w1 — Wo _
= [ (& —p)w'(p)dp ~ / (2 —p)~"dp.
F(l - 7) 20 F(l & 7) 20 g
We evaluate the integral using integration by parts and perform change of variables, yields:
1 /21 — / — Cr—1
= [ (& —p) T (p)dp = 07" oo —— (w1 — wo), (3.1)
F(l - 7) 20 F(Q h ’Y)
where, ¢,_1 = —(r — 1)1 4177,

On the second small interval [21, 23], we use the quadratic Lagrange interpolant through (2o, wo), (21, w1), (22, w3). For
the uniform grid z; = o the basis polynomials (with nodes 0, ¢, 20) are

Lo(p) = P20 gy = PR2D )~ P20

2(p — o) _2p—o

2p — 30
= 2 ) L/2(p) - 20_2

Ly(p) = ,  Lilp) = -

202 o

So the quadratic interpolant is

(p ;)(2]9 U)+w1p(p i o) +w2p(1; 20)7
g (o (o (32)
/

Ya(p) = % ((219 —30)wy — 4(p — o)wr + (2p — 0)w2>~

y2(p) = wo

Approximate w’(p) = y4(p) on [21, 22| and substitute into the integral we have

1 z2 —y , N 1 r4) . ,
IM/Zl (zr —p) W' (p) dp = I‘(1_’}/)/21 (zr —p) Yy5(p) dp.
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Substituting Equation (3.2) in to the integrand and perform a change of variables for w € {(7‘ — 2)o, (r — 1)0}, we

obtain

1 z2 1
- . Yo ~ -y____ - — .
T =) /21 (zr —p) "w'(p)dp = o T2 =) ((CT,Q +dr—2)wy — (Cr—o + 2dr—2)wy + dr—2 w0>, (3.3)

where, Cren = (’I”' _ 1)177 _ (7’ _ 2)177’ and dT—Q _ (T71)2_;:,(YT72)2_’Y + (7’72)1—"{;(7“*1)1—7 .

For (¢ > 3), a cubic interpolation function ys(z) is constructed based on the four points (z,, w(zg)), (zg—1, W(2g—1)),

(2g—2, w(2g-2)), (29-3, w(24-3))-

3 3
y3(z) = Zw(zq,j) H £~ *q—m 7
j=0 m=0,qg#; 171 Zq—m
thus, we have
(y3(2)) = w(zq—3) (2 = 2g-2)(24-1 + % —625) + (24 — 2)(2 — 24-1)
+w(zg_2) (z — 24-3)(22 — 241 _2;;;1) b (2 = 2g)(2 — 2441)
T+ w(zg_1) (2 = 2g-2)(2g-3 + % —ij) 4 (24 — 2) (2= 24—3)
+w(z,) (2 — 24-2)(22 — 22 — Zg(;g) +(z—zg—1 )z = zq,3)7
and w(z) — ys(2) = " (2 — 2 5)(z — 2g2)(z —AA)E 2)s  Eq € (g5 7).

Use y3(2) in the Caputo fractional formula to approximate w(z) on the interval [z4_1, z4].

1 - . Y ~ 1 - . —Vq
T ), RS e X G e

The cubic Lagrange interpolation on the four nodes, zq, 2q—1, 2q—2 and z4_3, is
3 3
ys(p) = > wa—; Li(p), ws(p) = wq_; Li(p).
j=0 j=0

where L;(p) are the cubic Lagrange basis polynomials associated with z,_3, z4—2, 24—1, 2. Substitute the interpolant
and change the variable on the integrand

1 2 L, o 2 iy
M/Z“(zr—p) w'(p) dp ~ M/qu(zr—p) yh(p) dp.

By using a change of variables and substitution in the integral, we obtain

Zq _ oY
m / (zr —p) ' (p) dp = m (mlw—qwq + M2 r—qWg—1 + M3 r—qWg—2 + m4,r—qwq—3), (3.4)
Zq_1

q—
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where, the weights my, ,_q (for h =1,2,3,4) are

1
Mg = ¢ [2r =g+ D =110 - g)' ]

1 [2(7‘ — q)Q—W —

(r—gq+1)*7]

(r—q+1)*7]

6 2—x
v | (L e CRTR
Moyr_q = % [6(7‘ — )"+ (r—q+ 1)1*7} + ﬁ [5(7" — @) =2(r—q+ 1)2’7}
R ] AR PR
Moy = =5 [3r = @' 2 =+ D' - 2 [alr -0 -
-Gl a1
Mg = é [2(7“ ) T+ (r—q+ Ul_w} *3 i (r—aq)?*™"

From Equations (3.1), (3.3), and (3.4), the Caputo derivative of order v (0 <7 < 1) is defined as

Dlw(z)

I
—
—
=
|-
)
S~—
S—
&
N
2
| | =
=
-]

S
/;
=
<

r (L, e )

—y T . .
= 7S kgwy—q + T = Dha(er) + T2,

I'2-7) &

The coefficients k, for different values of r are listed below.

ko = ko
For r=1, {0 = ‘o r=2, k1
k1 = —co,
ko
ko
ko = muo, 3
1
ki = d
r=3, ! m20F el r=4, ko
ko :m3,0+62—01—2d1, i
ks =mago—co2+di, °
k4
ko =m0,

k1 =mqi1+may,

ko = my 2+ ma1 + map,

ks =mgo 9+ mg 1 +mao+ c3 +ds,
ks =m39+ma1 +cq — 3 — 2d3,

ks = my 2 — ¢4 + ds,

1 / . #a 1 !/
Gr ) Pyl + qzzg /qu Gr—p) (p)dp> (3.5)

= ¢o + do,
= C1 —(C —2d0,

=dy — ¢y,

=mzi,o,

=mi1,1 + M2,

=mg1 +m3o + c2 + da,
=mg,1 + My + c3 — c2 — 2da,

=My, — c3 +da,
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and for r > 6, the coefficients are given in relations as follows

ko = m1 o,

k1 =mi 1+ map,

ko = mi 2+ mo1 +may,

kg =miq+moq-1+mgq_2+maq3 for ge3,r—3],
kr_o=cro+dr—o+mo,_3+m3,—4+my,_s,

krfl =ms3,r—3 + My,r—4 +Cro1—Cr2 — 2d7‘727

k, = Myr—3 — Cr—1+ dr_2.

Lemma 3.1. [6] For r > 3 and any v € (0,1) the weighted coefficients kq(0 < g < r) in (3.5) possess the following
properties:

_1 1 1 1
(1) ko=3+355+ 35 € (17T6>7
(2) kg <0, for ¢g>1, and ke >0,
(3) 22:0 kq =0,
(4) There exists Cy, > 0 such that |ky| < Crq™" for g > 1.

The integral part on the partition [2g, 2] depends on the number of mesh points, which is given by
Zr r—1 Zq+1
/ K(zr, p)w(p)dp = Z/ K(zr, p)w(p)dp.
zZ0 in Zq

If r is even, we apply Simpson’s % rule approximated by

Zr 3 51
g
/ K(zr, plw(p)dp ~ [K(z, 20)w(20) + Kz, 20)w(z,) 4 Y Kz, 229-1)w(220-1) +2 > K(2r, 200 w(2)] + T
20 q=1 q=1
=Jrw(z.) + T, (3.6)

If r is odd, we use the combination of Simpson’s % and trapezoidal rule by splitting the interval [0, z,] into [0, z,_1]

and [z,_1, 2r]. The interval [0, z,_1] is divided in to an even number of sub-intervals.

/%N%mw@@—A%IWMMMM®+/MKMmM@@

r—1

:% [K(zr—1,20)w(20) + K(zr—1, 2r—1)w(zr—1) + 4 Z K(zr, 2g)w(zq)
q=1 (3.7)
-1
+2 Z K(zr, 29)w(zq)] + %[K(zr, zem)w(zr-1) + Kz, 20)w ()] + 7

=Jrw(z)+TY, r=1,2,...,R.
Substituting Equations (3.5) and (3.6) into (1.1), we get the following scheme.

T

o7 p
r2-7) q:ZO w(2r—q)kq + brw, + % {K(zr7 z0)w(zo) + K(zr, 2 )w(2)
% > os (38)
FAY Kz 22 1)w(z20-1) + 2 D Kz, 2ag)w(z20) | = 9(20) + T,
g=1 g=1

w(0) = ¢g, for r=1,2,...R,
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where TT(CS) is the remainder term defined as TT(CS) = TT(L123) + TT(S). Now, rejecting TT(CS), the discrete problem
takes the following form:

r—2
(koW + kaWoo1 + > koo g Wy + kr 2 Wa + kp s Wi + ko Wo) + b, W,

q=3

o 7

(2 —7)

3 271 (3.9)
o R R N R .
+ %[K(ZT, ZO)WO + K(Zm ZT)W’I‘ + 42 K(Zra Z2q—1)W2q—1 + 2 Z K(Zry Z2q)W2Q] = g(ZT)a

g=1 q=1

W0=¢0, T:1,27...,R.

Where, (W,.)E_, denotes the approximate solution of (1.1) at each w(z,).
Similarly, from Equations (3.5), (3.7), and (1.1) we obtain:

r—2
[koWr + ks Woly + > ke gWo + ke Wa + ks W + kW0

q=3

+ (br + N2JK(ZT7 Zr)) i r+ g [K(erh'ZO) i (ZO) + K(erlazrfl)n (Zr—l)
Vet (3.10)
r—1 7-;171

+4) Kz 2 W(zg) +2 Y Kl 2g)W(zg)] + %[K(zr,zr—l)W(zr—l)] =9(2r),

q=1 q=2

Wo=¢o, r=1,2,...,R.

o 7

2 —-7)

At each level of Equation (3.9), we have R unknowns Wl,WQ, . .,WR and R corresponding equations. Let ¢ =

2 S = £Z. Then the system can be written in the following matrix form:

[(2—v)’
HW = G,
where, W = (Wl, WQ, ey WR)T,
€k0+b1 +SK171 0
ek + 4SK271 eko + ba + SKz,g 0
H = cky + 4SK371 ck1 + QSK&Q eko + bs + SK373 ce 0 ,
ckr_1 +4SKR71 €kR_2+25K372 €]€R_3+SKR73 €k‘0+bR—|—SKR,R

and

g1 — (ek1 + SKi0)do
g2 — (ek2 + SKyz0)Po
g3 — (eks + SK3,0)Po

[}
Il

gr — (ekr + SKg,0)do

4. STABILITY AND CONNVERGENCE ANALYSIS

In this section, we investigate the stability of the full scheme defined in (3.9), drive the truncation errors for the
Caputo fractional derivative and Simpson’s rule, and prove the convergence of the scheme.
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Lemma 4.1. For any discrete function {Wr}fzo satisfying Wy = 0, and for v € (0,1), we have

['(2—7)

Proof. From the definition of Caputo fractional derivative

DYL|W,| > ko|W,|, r=1,2,...,R.

I'2-9)

Since Wy = 0 this simplifies

r—1
o o7 ~ o ~
D;Y%lWTl =T _ ) k0WT|+qu|WTq|+kT|WO|‘| :

L q=1

r r—1

o o 7 o ~

D]%|Wr|:m kOWT|+qu|WW|1.
0 L =1

Since |Wr,q\ < |WT\ and k, < 0 for ¢ > 1 (except k2 > 0 for v € (0,1)), by Lemma 3.1 we obtain
r—1 r—1 q—1
Dkl Womgl 2 D kgl Wel = [Wel 3 k.
qg=1 q=1 q=1

Using Lemma 3.1, 37/ kg =0, 50 >/ ) kg = —ko and Z;;i ky = —ko — k, . Thus,

DT o7 A N - o7 A
Rl 2 g [Rol W+ (o = k]| = 55— ()W
Since —k, > ko and Z;;} kq + ko = —k, it follows;
DRIWo| 2 o (k) [We| 2 o (ko) Wi
L'2-7) L'2-7)
Therefore, DHW | > F(2 v) (ko)|W,. O

Lemma 4.2. For any discrete function {W,}B<y satisfying Wy = 0, and for v € (0,1), it holds

{UVF@ -7

[W,| < max e

q=1,2,...,r D%|Wq|}v forr=1,2,... R.

Proof. Suppose maxg=12, ., |WT\ = |Wp| for some p € {1,2,...,r}. By Lemma 4.1,
o7 . - o T (2 —7)

—ko|W, w,| < —=

1—\(2_7) O| p|7 | pl— kO

Since |[W,| < [W,| for all r = 1,2,..., R , we obtain |W,| < max,—;

D’Iyzlwpl 2 D’}Y%|Wp|.

.....

A=z o, ). -

Theorem 4.3. Let {W,.} be the numerical solution of scheme (3.9), and let é, = w(z,) — W, be the error at z.. Then
the error satisfies the following:

||E“w = max |[é,] < C*HT(CS)”om
0<r<R

cs cs
where E = (eg,e1,...,eg)T, T(C5) = (Té )7T1( )L
constant independent on o.

TI(%CS))T is the total truncation error, and C* is a positive

?

Proof. The error equation for e, is the following:

cs
mzker q+b€r ,UJJR€ 7T( ) T:1,27...,R7
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with ég = 0. Multiply both sides by e, we get
r—1

o g0 > 2 1 X (€5)
——+b. ) |le,]* + ——— kgbr_qer + puJr(er)e, =T e,.
<F(2—7) ! 071“(2—7); o ()

Since b, > 0 and K(z,p) > 0, we have

r—1

vako ) 2 o 7 R cs
—+ e+ =——— kobr_ger < TT( De,.
(157 e X e
This implies D}|e,| < |TT(CS) |. Now, apply Lemma 4.2 to the mesh function {le,|} yields
o2 -7) o' (2 =) o'T(2-1)
< o\ Y < Y\ yp(es) < -\ (CS) )
el < e { TR Den < { TR i)} < TEHEZ) e
Since 07 < 17 =1 and I'(2 — v)/ko is bounded for v € (0,1), 3C*(C* > 0) such that
|Elloe < C*[IR]oc.
O
Lemma 4.4. Assume that w(z) € C*[0,2,.]. For any v with 0 < v < 1, the truncation errors |T,§L123)| defined in
Equation (3.5) satisfy the following bound:
(1) |T1(L123)| <o maxs <s<z, W(2)] 027, e >0, 7 =1,
(2) |T2(L123)| < comaxs <z<z, (W (2)| 0377, >0, 7 =2,

2
(3) |TT(L123)| < F(ll—»y) {2% MaXz,<z<zp |w”/(z)|(z7“ - 22)777104 + (le + M) MmaXz<z<z, |w(4) (Z)|047W} :

Proof. When r = 1, using linear interpolant function wy(z) on [zq, z1], satisfying y1(2z0) = w(20), y1(21) = w(z1). Set
20 =0, z1 = o and Taylor expansion of w around z, = 0, for each p € [0, 0] there exist &, & € (0,0) such that

w'(p) = w'(0) + w"(&)p, w1 —wo = w'(0)g+ 5w (&1)0”.

The derivative of the linear interpolant is y{ (p) = “1>% = w’(0) + Jw” (&1) 0. And the difference of the first derivative
function and derivative of its interploant is

w'(p) =1 (p) = w"(&)p — 30" (&1)o

Let Mj := max,,<,<, |w”(2)|. Since 0 < p < o, we have the uniform bound

[w'(p) = y1(p)| < [ ()] p + 50" (€1)lo < 5 My

From Equation (3.5) we have

) = / o - by ') - i)l dp < 2227 f o-p)dp
I'(1—=7v) Jo I'(1—=v)Jo
Using integration by substitution, fOU (0 —p)Vdp= ‘711_7 , we get
(L123) 3 9
T < — M v,
B Sy e

Hence, Jc¢1(cq > 0) such that

") < e max |w(2)] 077
z20<z<z

When r = 2, we consider the Caputo derivative at zo.

: ) /022<Z2 —p) " "w'(p) dp.

Dlw(z2) = Ti—=~)



CMDE Vol. *, No. *, * pp. 1-24 11

We approximate w on the whole interval [z, z2] = [0, 20] by a quadratic interpolant y,(z) which satisfies

Y2(2zq) = w(zq), q=0,1,2.

Thus, the truncation error for r = 2 can be written as

20
(L123) ]- / _ ’ 1
T, B e E— 20 —p) " (w'(p) — ys(p)) dp.
el BRI CAOREAD)
The remainder for quadratic interpolation on the nodes zg, z1 and 2z yields, for each p € [0, 20], some &, € (0, 20),
(3)
w
W)~ 1) = U5 (o )0 - 1)~ 20)
G, d
w
W) = vhi) = 2 2 [ ) — 20— 20

In the interval [0, 20] each factor (p — z,) has an absolute value at most 20, hence each quadratic term is bounded by
(20)? = 402. Therefore,

d

o= 2)0- zm’ < (3)(d0?) = 1202,

Let M3 := maxo<,<2s lw®) ()|, and then the uniform bound on the derivative remainder is
W-
W' (p) — v (p)| < ?3 120% =2 Mz 02, Vpe[0,20].

Hence,
20 2 20
(L123) 1 / o , 2Mso B
T. < — 20 —p) 7 |w'(p) — ys(p)|dp < ———— 20 — p)” 7 dp.
)< iy | @ T W) s dp < 5 [ o)

Using integration by substitution, f02 20 —p)Vdp = (2”) ~——, we get

()| < 2277 My 5
T (=) TA=9)
Hence, 3ca(c2 > 0) doesn’t dependent on o such that

|T2(L123)| <e¢; max |w®(2)e® 7%
20<2<z22

When r > 3, using a quadratic interpolation polynomial y2(z) constructed from the points (2o, w(z0)), (21, w(21)),
(22, w(2z2)) we approximate w(z) over the interval [zg, z2).

T2 = | DYw(zr) — Dw(zr)]

- ﬁ [/Z:Q[w(p) ~ P 7‘lerz:/Zq 1 ) = ys(P)l(zr —p)77 dp]

1 -y
=Ti ) {[w(p) —y2(p)](2r — p)

+> ([w(p) —ys(0))(z —p) 7"
q=3

By applying the Lagrange interpolation error theorem, we obtain

/Z2 [w(p) = y2(P))(z — )7 *dp _we) /22@ —2z2)(p — 21)(p — 20) (27 —p)_y_ldp’

zZ0 6 zZ0

I’w"’( Ol (zr — 22) 7o,

s V/ZZ [w(p) — y2(p)](zr —p) 7 Hdp

20 Z0

' —’y/zq [w(p) —y3(p)](2r—p)‘”‘1dp>}-

Zg—1 q—1
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where f € (z0,22). Thus,

y3(p)](zr — p) 77 Hdp| =

3
e | (Y™
=37 %1 k=0

1 Zr—1
<L w® @)t / (e —p) " Ndp < -

12 s =12y

[ (n)]o* 7,

where 1 € (22, 2z,—1). In addition,

/ 7 (o — ) () — v )] dp| = |y / T =) () — us(p)] dp

Zr_1

3y _
e a— O R PR
w—e- )
where 7, € (2,-1, 2-). Then we have the following;

[T <2 " (€)] (e = 20) 77 o+ Tl n)lot T + g Tl
<3.max [l (zr —z2)" o + 1; I BT
+m Jax |w®(n,)lo*™
<t (G e 0"l =)

1 L (@) ()] 54<
(s s, R0

Lemma 4.5. The remainder TT(S) of the Simpsons’ % approximation on C(0,1) satisfies
|T,(S)|:|(JZ—JR)w(z,.)|§C’04, r=12,...,R,
where J,w(z.) denotes the exact integral and Jrw(z,) its Simpson’s approzimation.

Proof. Following the procedure of [5], Let the function v(p) = K(z,,p)w(p). Then the Taylor series expansion v(p)
about p = z, is:

1 1 1
v(p) =, + (p | ZT)U/ + 5( _ ZT)QU” 4 3'( _ ZT)SUW 4 4'( _ Zr)4v;f” 4.
Assume the number of sub-interval n is even and integrate each term over p € [zo, 2o, 42],7 = 0,1,2, ... %, where

29p — Zopy2 = 20 .

F2) zZ2 1 1 1
/ U(p)dp %/ [’UO + (p - Zo)U(I) + E(p - 20)21}6/ + g(p - ZO)BUg/ + E(p - 20)4116/” .. .}dp,
20 20 : ! |
Z2 z2 z2 _ 22 —z 3
:vo/ dp+v6/ (p—zo)dp—&-v(’{/ (p =20 5 ) dp + ”’/ p=z0)" 3'0) dp+---
z0 z0 z0 zZ0 *
Using integration by substitution, we have
#2 4 2 4
/ v(p)dp = 20vo + 2020} + §a3vg + 5041}6’/ + Ba%é‘l) 4o (4.1)
Z0

The values of v at nodes 0, o, 20 are

v(0) =0(0),



CMDE Vol. *, No. *, * pp. 1-24 13

2 3 4

ag " g 2z o 111
v(o) =v(0) + ovy + S0 v gt e

6
(20’)2 " (20')3 1" (20’)4 11
2 ) + 6 %) + 2 )

4 1
=v(0) —|—2m}0 + 202 1}0 + 30’ ’UO + 046v(4) 120 —(20)°v (5 )(770) 1o € (0,20).

v(20) =v(0) + 2011,0 +

The Simpson’s 5 approximation on [0, 20] is

20
/ v(p)dp = %[U(O) + 4v(o) + v(20)].
0
Substituting the the values v(0),v(c),v(20) and rearranging the terms, we obtain

2 2 5
304110 + 0‘5?](()4)+ (4.2)

(X U 'U U 'U
0 p 0 0 3 0 18

From Equations (4.1) and (4.2), we have

#2 4 2 4
/ (v(p) — 7 [0(0) + 4v(0) + v(27)])dp = (2000 + 20°v) + v + Zotvg' + —o v +...)
20

3 3 3 15
’ 4 " 24 " 5 4
— (2000 4 20%v, + gagvo + 3 Vo + 180511(() N J)
_ 4 54 5 (4) _ L 5
= (57 15)7 % = Tgg v (m0):
The local truncation error over |22, Zam+2] is Tﬁs) = —%U S0 (Nm)s" M € [22ms Zoma2)-
In general, the Simpson’s % requires an even number of sub-intervals. Let the interval [0, 1] be divided into r
sub-intervals, with r even, nodes 0 = zp < 21 < 29 < ..., < 2z = 1.
The error in the interval [0, 1] is
51 1
7)) = | =S~ L gs,@ ).
[T 200 1)
q=0
-1 0'5 T g
Let My = mat e[y o, |w® (2)|. Then |BF| =320 LooMy = 50 (5)My = G5 (r)My. For 2, € [0,1] = z, < 1
and z, = ro < 1. Thenr<%
o® > 1
7)) = LMy < 2 (2)Wy = — Mo
1171 = 107 Ma < 755 (G Wa = g tee
Hence, |TT(S)| <Co* C>0. O

Theorem 4.6. If {w(z,)}, is the true solution and {W,}E_| is the numerical solution obtained using the scheme
(3.9) of problem (1.1), then the following relationship holds.

max |w(z.) — W,| < C*0*™7,  C* >0.
r=1,2,...,R

Proof. Using the definition of triangle inequality,
T < T 4 | T,
From Lemmas 4.4 and 4.5, we have |R$L123)| < C10%7 and |R£,S)| < Cyo?, for ¢1,¢9 > 0.
Then,
109 < T2 4 [T < 0 ("7 + o).
Using Theorem 4.3, we obtain || E||oc < C*||T|s0 < C*(047 + o). Hence, |E||o < C*od77. O
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5. RESULTS AND DISCUSSION

This section uses the following numerical experiment to confirm the accuracy and effectiveness of the proposed
approach. The mathematical software MATLAB is used to carry out the numerical experiment.

Example 5.1. Consider the following fractional integro-differential equation of the form
z
DY) 4w + [ (sin(aple + 2(eos(z) ~ D)) dp = g(2), = € (0,1),
0
with initial condition w(0) = 0, where v € (0,1). We take the source term g(z) with its exact solution w(z) = 25+7.

Let z, = ro with o = 1/R, and let W, denote the numerical approximation of w(z,). The global error (¢r) and
associated order of rate of convergence (6g) are estimated as:

, Op = 1og2<“"3> . (5.1)

P2R

YR = orgnragXR ‘ w(ar) = W

1.4 T T T T 1.4

1.2+ — EXxact
= = = Numerical

Exact
= = = Numerical

o
©
o =
© = N

Solution

Solution
o
o

o e
» o
o
~

e
N
o
N

<)

o
o

0.2 0.4

o
o
)

z

(a) v =0.3, R = 64. (B) y=08, R =64
F1cURE 1. Comparison of exact and numerical solutions of Example 5.1 for different ~ values.

Comparisons between the exact and numerical solutions with + values 0.3 and 0.8 with R = 64 for Example 5.1 are
shown in Figure 1. Seeing these figures, the numerical solution overlaps the exact solution. One can conclude that
the numerical solutions converge to the exact solutions. In Figure 2, we show the numerical solutions of different ~y
values with a fixed number of mesh point. Table 1 displays the comparisons of maximum absolute error and order of
convergence of Example 5.1 with different values of 7. As we observe, the error decreases as R increases, demonstrating
that the proposed method is convergent and achieves third-order accuracy.

Example 5.2. Let v € (0,1). Consider the following test problem:

) W (p)dp = g(2), =€ (0,1,

DYw(2) + (% + w(z))w(z) + /Oz (Sin(Z —p)+ 1+

with initial condition w(0) = 0. Choose g(z), so that the exact solution is w(z) = 2477.

We show the exact solution and the numerical solutions in Figure 3 with R = 50 for v = 0.1,0.2. Figure 4a shows
the numerical solutions of different « values with fixed R = 80, and Figure 4b represents the numerical solutions for
different mesh points with v = 0.6. Maximum absolute error and order of convergence for multiple values of v of
Example 5.2 are displayed in Table 2, and we observe that the proposed method converges.



CMDE Vol. *, No. *, * pp. 1-24 15

TABLE 1. Maximum absolute error and order of convergence of Example 5.1 for different - values.

v/R 32 64 128 256 512 1024
0.1 5.708 x 10~° 7.517x10°% 9.551 x 1077 1.193x 10~7 1.479 x 10~% 1.842 x 107°
2.925 2.976 3.001 3.012 3.005
0.2 5.538x107° 6.870x 107% 8.348 x 1077 1.008 x 10~7 1.216 x 107® 1.499 x 10~°
3.011 3.041 3.050 3.051 3.020
0.3 6.052x107° 6.960 x 107% 7.956 x 1077 9.171 x 1078 1.071 x 10™® 1.258 x 107°
3.120 3.129 3.117 3.098 3.089
0.4 7706 x 107° 8325 x107% 8937 x 1077 9.734 x 107% 1.084 x 107 1.228 x 107°
3.210 3.220 3.199 3.167 3.142
0.5 1.117x107% 1.182x107° 1.224x107% 1.273x 1077 1.347x 10™% 1.456 x 107°
3.240 3.271 3.265 3.241 3.209
0.6 1.762x107% 1.890x107° 1.971x107% 2.034 x 1077 2.105x 107® 2.199 x 10~°
3.221 3.261 3.277 3.273 3.258
0.7 2926 x107% 3251 x107° 3.496x 107¢ 3.706 x 1077 3.912x 107% 4.123 x 107°
3.170 3.217 3.238 3.244 3.246
0.8 4.800x 107* 5.655 x 107° 6.428 x 107¢ 7.180 x 1077 7.954 x 1078 8.792 x 10~°
3.085 3.137 3.162 3.174 3.177
0.9 7.729x107% 9.728 x107° 1.179x 107° 1.404 x 1075 1.655 x 10~7 1.943 x 107¢
2.990 3.044 3.071 3.084 3.091
14r 14r
12f — 01| 12p : — 02
1=0.5 v=0.6
1 —=0.9 1 —=0.8
S 0.8 é 0.8
é 0.6} é 0.6
04 04
0.2 0.2
0 . 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
() R = 40. (B) R = 40.

FIGURE 2. Numerical solutions of Example 5.1 for different v values with R = 40.

Example 5.3. Consider the following VIDE’s of fractional order:
DIw() + () + [ (32 ) wp)dp = g(:), =€ (0.1],
0

with initial condition w(0) = 0, and g(z) is given by: g(z) = w&g + 237 4 25 (ﬁ + ﬁ) . The exact solution

of Example 5.3 is w(z) = 237,

Figure 5a and 5b illustrate the exact and approximate solutions of Example 5.3, using v = 0.4 and v = 0.7,
respectively, with R = 64. As we can see from these figures, it follows that the approximate solution approach the
exact solution more closely. Figure 6 presents the approximate solutions for Example 5.3 with R = 100 at different
values of v. The numerical results for different values are shown in Figures 7a and 7b. Specifically, Figure 7a displays
comparison of the exact solution and approximate solution for different mesh R = 64,128,256 with v = 0.2, while
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TABLE 2. Maximum absolute error and order of convergence of Example 5.2 for different ~ values.

v/R 32 64 128 256 512 1024
0.1 9.201 x1077 1.258 x 1077 1.632x 1078 2.068 x 107° 2.616 x 1071° 4.636 x 10~ !
2.871 2.946 2.980 2.983 2.496
0.2 9.333x 1077 1.213x1077 1.522x 1078 1.879x107° 2.339 x 107'° 5.057 x 10~ **
2.944 2.994 3.018 3.006 2.210
0.3 1.722x107°% 1.463x 1077 1.391 x 1078 1.666 x 10~° 1.979 x 107'° 2.698 x 10~ !
3.557 3.395 3.061 3.073 2.875
0.4 3.628x107°% 3.308x 1077 2944 x 1078 2575 x107° 2224 x 1071° 1.969 x 10~ !
3.455 3.490 3.515 3.534 3.497
0.5 7.031x107% 6.835x1077 6.463x 107® 5997 x 107° 5.494 x 1071° 5.045 x 10~ ¢
3.363 3.403 3.430 3.448 3.445
0.6 1.290x 10™° 1.332x107% 1.370x 1077 1.375x 1078 1.354 x107° 1.316 x 1071°
3.276 3.281 3.316 3.344 3.363
0.7 2.305x107° 2.638x107% 2.876x 1077 3.050 x 1078 3.181 x 1072 3.283 x 1071°
3.127 3.197 3.237 3.261 3.276
0.8 4215x107° 5.072x107% 5835 x 1077 6.553x 107 7.261%x10°° 7.983 x 10~ °
3.055 3.120 3.154 3.174 3.185
0.9 7.509%x107° 9.513x107% 1.158 x107% 1.381 x 1077 +1.633x107% 1.922 x 107°
2.981 3.038 3.068 3.080 3.087
1 T 1
0.9F —— Exac 1 0.9¢
0.7F 1 0.7
06 1 06
g 05F g 05}
? 0.4F 1 e 0.4L
0.3+ 1 0.3F
0.2 1 0.2
0.1+ 1 0.1+
00 0.2 0.4 0.‘6 0.8 1 00 0.2 0.4 0.6 0.8 1
(A) y= 0.1, R = 50. (B) v = 0.9, R = 50.

F1cURE 3. Comparison of exact and numerical solutions of Example 5.2 for different v values.

Figure 7b shows with v = 0.8 of Example 5.3. We use the formula defined in (5.1) to calculate the maximum absolute
error for Example 5.3, and its associated orders of convergence. Table 3 summarize the maximum absolute error and
order of convergence of the proposed method and results reported in [11] of Example 5.3, using the same number of
mesh points and the corresponding values of v = 0.1,0.3,0.5,0.7,0.9. We observe that the proposed method achieves
third order accuracy, whereas the results in [11] exhibits first and second order accuracy. Hence, the proposed method
provides better accuracy.

In Table 4, we display the comparison of maximum absolute error, convergence order, and CPU time (in seconds)
for Example 5.3. As we see from the table, the proposed method achieves third-order convergence for all tested
fractional orders v = 0.2,0.4,0.6,0.8, and the error decreases when R increases, demonstrating the convergence of
the proposed method. Let us consider the reported CPU times alongside errors and convergence orders at R = 1024
and v = 0.6. The proposed method requires 7.962 seconds, compared to 5.077 seconds for the L1 method and 7.132
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1.4

o =
© = N

Solution

o
'S

0.2f

= = = Exact (y=0.500)

s =0.001
¥=0.500

—=0.999

o
o

14r

Solution
o o I
o © = S

o
'S

o
i

— R=T75
R=150
R=300

o
o

0.2 0.4

0.6 0.8
z

(B) v =0.6.

FIGURE 4. Numerical solutions of Example 5.2 for different « values and different mesh points.

TABLE 3. Comparison of maximum absolute error and order of convergence of Example 5.3 for

different ~y values.

v/R 32 64 128 256 512 1024
Proposed method

0.1 4.251 x107° 5.307 x 107% 6.540 x 1077 8.012x 107® 9.779 x 107° 1.136 x 10~°
3.002 3.021 3.029 3.034 3.106

0.3 3.317 x 107°  4.007 x 107% 4.808 x 10™7 5.768 x 107® 6.945 x 107° 8.135 x 107*°
3.049 3.059 3.059 3.054 3.094

0.5 2.974 x 107°%  3.642 x 1076  4.440 x 10™7 5.426 x 10~% 6.658 x 107° 7.920 x 10~ °
3.030 3.036 3.033 3.027 3.072

0.7 2.681 x 1075 3.444 x 107% 4.334 x 1077 5.415x 1078 6.757 x 107° 8.830 x 107 1°
2.960 2.991 3.001 3.003 2.936

0.9 3.636 x 107° 4.151' x 107% 4.771 x 1077 5.506 x 107® 6.369 x 107° 7.376 x 10~*°
3.131 3.121 3.115 3.112 3.110

Ref. [11]

0.1 5.356 x 107% 1.340 x 107* 3.350 x 107° 8.376 x 10°¢ 2.094 x 107® 5.235 x 107”7
1.999 2.000 2.000 2.000 2.000

0.3 5.437 x 1074 1.366 x 107* 3.423 x 107° 8571 x107% 2.145x107% 5.365 x 10"
1.993 1.996 1.998 1.999 1.999

0.5 4.958 x 1074 1.272x 107* 3.238 x 107° 8.195 x 107% 2.066 x 107% 5.197 x 107”7
1.962 1.974 1.982 1.988 1.991

0.7 2,666 x 107% 7.750 x 107° 2.159 x 107° 5.850x 10°¢ 1.555 x 107® 4.074 x 1077
1.782 1.844 1.884 1.912 1.932

0.9 7177 x107% 1.690 x 107*% 3.928 x 10™° 9.069 x 107 2.087 x 107% 4.791 x 1077
2.086 2.105 2.115 2.120 2.123

17

seconds for the L1-2 method. Thus, the proposed method requires approximately 57% more CPU time than the

L1 method (ratio

1.57) and 12% more than the L1-2 method (ratio ~ 1.12). The proposed method provides

significantly higher accuracy per computational cost. At v = 0.6, the CPU time quadruples each time R doubles
(0.031 — 0.124 — 0.497 — 1.989 — 7.962 seconds). This shows the time complexity of the proposed method is O(R?).
The O(R) memory complexity follows from the necessity of storing all previous time steps. The method’s superior
third-order accuracy leads lower overall memory usage in practical applications. The following example of type (1.1)
is considered, where the analytical solution is unknown. For such equations, the maximum error and the convergence
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TABLE 4. Comparison of maximum absolute error, convergence order, and central processing unit

(CPU) time (in seconds) for Example 5.3 at different v and R values.

v/R 64 128 256 512 1024
Proposed method
0.2 4512 x 107% 5446 x 1077 6.549 x 1078 7.855 x 1079 8.780 x 10~1°
3.051 3.056 3.060 3.161
0.028 sec 0.112 sec 0.447 sec 1.789 sec 7.162 sec
0.4 3747 x 107% 4521 x 1077 5.469 x 1078  6.649 x 1072 8.115 x 1071
3.051 3.047 3.040 3.035
0.029 sec 0.115 sec 0.461 sec 1.845 sec 7.384 sec
0.6 3591 x 107% 4.434x 1077 5471 x 1078 6.764 x 1072 8.172 x 1071
3.018 3.019 3.016 3.049
0.031 sec 0.124 sec 0.497 sec 1.989 sec 7.962 sec
0.8 2884 x107% 3.773x 1077 4.840 x 1078 6.145 x 1072 7.778 x 1071
2.934 2.963 2.977 2.982
0.030 sec 0.119 sec 0.476 sec 1.906 sec 7.628 sec
Ref. [11]: L1 method
0.2 7.316 x 107° 1.505 x 107° 3.397 x 107® 1.094 x10™% 3.459 x 10~7
2.282 2.147 1.635 1.661
0.019 sec 0.076 sec 0.305 sec 1.221 sec 4.886 sec
0.4 2.708 x 1074 9.873 x 107° 3.508 x 107° 1.223 x 10™° 4.209 x 10~
1.455 1.493 1.520 1.539
0.018 sec 0.074 sec 0.298 sec 1.193 sec 4.775 sec
0.6 1.482 x 1073 5.866 x 107* 2285 x 107* 8.811x 107° 3.377 x 10~°
1.337 1.360 1.375 1.384
0.020 sec 0.079 sec 0.317 sec 1.268 sec 5.077 sec
0.8 5.864 x 1072 2598 x 1072 1.142 x 10™%  4.996 x 10~* 2.181 x 104
1.175 1.186 1.192 1.196
0.019 sec 0.077 sec 0.310 sec 1.242 sec 4.972 sec
Ref. [11]: L1-2 method
0.2 1.361 x 107* 3.406 x 107° 8518 x 107% 2.130 x 107% 5.326 x 1077
1.999 1.999 2.000 2.000
0.027 sec 0.108 sec 0.433 sec 1.734 sec 6.938 sec
0.4 1.343 x 107*  3.381 x 107° 8.492x 107% 2129 x 107% 5.334 x 1077
1.990 1.993 1.996 1.997
0.026 sec 0.106 sec 0.425 sec 1.702 sec 6.812 sec
0.6 1.112 x 107 2.900 x 107° 7475 x 107% 1.912x 107% 4.861 x 1077
1.939 1.956 1.967 1.976
0.028 sec 0.111 sec 0.445 sec 1.782 sec 7.132 sec
0.8 7.464 x 107° 1.593 x 107° 3.369 x 107¢ 7.147x 1077 2.148 x 1077
2.228 2.241 2.237 1.734
0.027 sec 0.109 sec 0.438 sec 1.754 sec 7.020 sec

rate are computed using the double mesh prln(:lple The double mesh principle is employed to compute the error and
the order of convergence. Suppose that W, and W, denotes the numerical solutions on meshs with grid points R and

2R, respectively. Accordingly, the error and the associated order of convergence are estimated as follows:

PR = max,
0<r<

— W,

)

93 = log2<

PR >
P2R
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1 T T T T 1 T T T T
0.9F — Exact 4 09k Exact
= = = Numerical = = = Numerical
0.8 1 08l
0.7 1 0.7t
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F1cURE 5. Comparison of exact and numerical solutions of Example 5.3 for different ~ values.
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FIGURE 6. Numerical solutions of Example 5.3 for different ~ values with R = 100.

Example 5.4. Consider the following fractional order integro PDE:
Dlw(z) + (1 — 2)w(z) + / (pPe® + zsin?(2)) w(p) dp = 2*, z € (0,1],
0

with initial condition w(0) = 0.

Using the scheme (3.9), we solve the problem and present the results in graphs and tables. A comparison between the
exact and approximate solutions are illustrated in Figure 8. From these figure, the approximate solution is very close
to the exact solution. This indicates that the proposed method is convergent. In Figure 9 we present the numerical
solutions of Example 5.4 with different values of v and R, and one can observe that for all R the approximate solution
are in good agreement. This indicates that the proposed method is consistent and fits well. Since the exact solution
of Example 5.4 is unknown, so the convergence rate and the maximum error are computed using the formula given in
(5.2). In Table 5 and Table 6, we compare the maximum absolute error and the rate of convergence in the proposed
method with those reported in [11], using the values of v = 0.3,0.6,0.9 and v = 0.2,0.4,0.6,0.8, respectively. We
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F1GURE 7. Numerical solutions of Example 5.3 with different mesh points.

TABLE 5. Comparison of maximum absolute error and order of convergence of Example 5.4 for
different ~ values.

v/R 32 64 128 256 512 1024
Proposed method

0.1 3.240 x 107° 3.761 x 1076 4.488 x 1077 5.379 x 107 6.518 x 10™° 8.495 x 10~1°
3.107 3.067 3.061 3.045 2.940

0.3 2.991 x 107° 3.328 x 107% 3.695 x 1077 4.186 x 1078 4.873 x 107° 8.226 x 107 °
3.168 3.171 3.142 3.102 2.567

0.5 2.826 x 107° 3.379 x 1075  3.826 x 1077 4.282 x 107% 4.850 x 107° 8.213 x 107 °
3.064 3.143 3.159 3.142 2.562

0.7 2.634 x 1075 3.295 x 107% 3.856 x 1077 4.396 x 1078 4.959 x 107 2.898 x 10~ 1°
2.999 3.095 3.133 3.148 4.097

0.9 1.310 x 107°  2.001'x 107% 2.723 x 1077 3.455 x 1078 4.245 x 107° 6.705 x 1071
2.711 2.877 2.978 3.025 2.662

Ref. [11]

0.1 3.925 x 107% 9614 x 107° 2.370x 107° 5.873x107°% 1.460x107% 3.639 x 1077
2.029 2.020 2.013 2.008 2.005

0.3 3.345 x 107% 7993 x 107° 1.919 x 107° 4.652 x 107% 1.138 x 107% 2.804 x 10"
2.065 2.058 2.044 2.031 2.021

0.5 2.197 x 107* 5422 x107° 1.312x107° 3.168 x 107 7.686 x 10~7 1.876 x 10~ "
2.019 2.047 2.050 2.043 2.035

0.7 1.019 x 107* 2.059 x 107° 4.641 x 107% 1.279 x 107® 3.398 x 10~7 8.853 x 10~¢
2.307 2.149 1.859 1.913 1.940

0.9 2.703 x 107% 6.364 x 107° 1.485 x 107° 3.451 x 107% 8.005 x 10~7 1.855 x 10~
2.087 2.100 2.105 2.108 2.109

observe that the proposed method achieves third-order convergence and gives better accuracy than the results in Ref
[11].

6. CONCLUSION

This work presents a higher order numerical method for fractional Volterra integro-differential equations of the form
in (1.1) in the Caputo sense. The problem is solved using the proposed L1-2-3 method for Caputo fractional derivative,
combined with Simpson’s % rule for the Volterra integral, on a uniform mesh. The convergence and stability of the
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TABLE 6. Comparison of maximum absolute error and order of convergence of Example 5.4 for

different -y values with the result in [11].

v/R 64 128 256 512 1024
Proposed method
0.2 3.321 x 107% 3.790 x 1077 4.408 x 1078 5.255 x 1072 5.704 x 1071
3.132 3.104 3.069 3.204
0.4 3383 x107% 3.778 x 1077 4.246 x 1078 4.859 x 1072 4.200 x 1071
3.16 3.154 3.127 3.532
0.6 3.383x107% 3.839x 1077 4.337x 1078 4.8890 x 107° 7.413x 1071°
3.139 3.146 3.149 2.721
0.8 2.885 x 107% 3572 x 1077 4.243x 1078 4.949 x 107° 5.917 x 1071°
3.014 3.074 3.100 3.064
Ref. [11] for L1
0.2 9.858 x 107° 2.700 x 107° 7.408 x 107 2.039 x 107° 5.628 x 1077
1.868 1.866 1.862 1.857
0.4 2.034 x 107* 7.097 x 1075 2.437x 107° 8275 x 107% 2.789 x 107
1.519 1.542 1.558 1.569
0.6 6.198 x 1074 2418 x 107* 9.329 x 10™° 3.575 x 10™° 1.365 x 10~°
1.358 1.374 1.384 1.389
0.8 1577 x 1072 6.966 x 10™* 3.057 x 107*  1.337 x 10™* 5.833 x 107°
1.179 1.188 1.193 1.196
Ref. [11] for L1-2
0.2 8.968 x 107° 2.179 x 107° 5.340x 107°  1.318 x 107% 3.269 x 10”7
2.041 2.028 2.018 2.012
0.4 6.810 x 107° 1.629 x 107° 3.919x 10 9.516 x 1077 2.329 x 10”7
2.064 2.055 2.042 2.031
0.6 3.731 x 107° 9.428 x 107%  2.339 x 107 5.773 x 1077 1.425 x 10~ "
1.985 2.011 2.019 2.019
3.658 x 107° 7.899 x 1079 1.696 x 107 3.630 x 10°7 7.746 x 1078
0.8 2.211 2.219 2.224 2.229
0.5 0.351
0.45r- — Exact —t— Exact
Numerical 03 Numerical
0.4
035f 025r
8 0.3+ g 0.2
5 025 5
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FiGure 8. Comparison of exact and numerical solutions of Example 5.4.

proposed method have been thoroughly analyzed, and the method achieves third-order accuracy. As the mesh number
R increases, the approximate solution becomes progressively closer to the exact solution.

21

The proposed method
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FIGURE 9. Numerical solutions of Example 5.4 for different v values with R = 64.

has O(R?) time complexity and O(R) memory complexity. The method’s efficiency is verified through illustrative
examples, and the results are compared with those reported in other works. The proposed method is also effective
for solving problems that do not have an exact solution. In the future, we plan to apply the method on nonuniform
meshes to solve weak singularities and to extend the method to multi-term fractional derivatives for solving the model
problem (1.1) and combined Fredholm-Volterra integro differential equations.
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