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Abstract

Various phenomena in biology, physics, and engineering are modeled by differential equations. These differen-

tial equations, including partial differential equations and ordinary differential equations, can be converted and
represented as integral equations. In particular, Volterra–Fredholm–Hammerstein integral equations are a main

class of such integral equations, and researchers are interested in investigating and solving these equations. In this

paper, we propose Legendre Deep Neural Network (LDNN) for solving nonlinear Volterra–Fredholm–Hammerstein
integral equations (V-F-H-IEs). LDNN utilizes Legendre orthogonal polynomials as activation functions in the

deep structure. We present how LDNN can be used to solve nonlinear V-F-H-IEs. We show that using the Gauss-
ian quadrature collocation method in combination with LDNN results in a novel numerical solution for nonlinear

V-F-H-IEs. Several examples are given to verify the performance and accuracy of LDNN.
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1. Introduction

Various phenomena in biology, physics, finance, neuroscience, and engineering are modeled by differential equations
[3, 13, 16, 17, 26]. Integral models and their applications have been studied in many fields of science, mathematics,
engineering, and technology, and research in this field has expanded greatly [2, 4, 8, 9, 27, 41, 48, 65].
Various numerical methods have been applied for solving differential and integral equations. The Homotopy analysis
method (HAM) [37] and the variational iteration method (VIM) [24] are known as analytical/semi-analytical methods.
Usually, the Nystrom method [34], spectral methods [11, 43, 48, 51, 52], Runge–Kutta methods [20], finite difference
methods (FDM) [61], and finite element methods (FEM) [28] are considered as popular numerical methods. When the
complexity of the model does not allow us to obtain the solution explicitly, numerical methods are a proper selection
for finding the approximate solution for the model. Deep neural networks are an important part of the machine
learning family and are applied in various areas including engineering, speech processing, computer vision, natural
language processing, image processing, and related areas [15, 18, 31, 35, 36, 53]. In addition, function approximation is
a significant branch of scientific computing and has been considered in several studies [23, 47, 62]. Solving differential
equations is another important branch of scientific computing, and deep learning has shown success in this area
[10, 32, 33, 55, 67]. In recent years, several researchers have studied solving differential equations via deep learning
or neural networks. Differential equations include ordinary differential equations, partial differential equations, and
integral equations [32, 40, 45, 60].
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Recently, some of the machine learning methods have been applied to solving differential equations. Chakraverty
and Mall [12] introduced orthogonal neural networks, which used orthogonal polynomials in the structure of the net-
work. Raja et al.[56] applied the meta-heuristic optimization algorithm to the neural network to obtain the solution
of differential equations. Moreover, other methods of machine learning, such as support vector machine [63], are used
to approximate the solution of the models. Least squares support vector machines are considered in these studies
[21, 44]. Baker et al.[5] selected deep neural networks for solving the differential equations. Pang et al.[50] introduced
a new network to find the solution to the different equations. Han et al.[22] solved high-dimensional problems via deep
networks. Also, Long et al.[39] and Raissi et al.[55] introduced a group of equations that were solved by deep learning.
Furthermore, He et al.[25] and Molina et al.[49] investigated the effect of the activation function on networks.
LSTM-RNNs have been used to approximate nonlinear integral operators in integro-differential equations, enabling
more efficient solutions and reduced computational complexity. Bassi et al.[6] used this approach to solve the Dyson
equation in quantum many-body systems.
This study [46] presents a Double Deep Q-Network (DDQN)-based framework for discovering interpretable symbolic so-
lutions to nonlinear integral and integro-differential equations, integrating context-free grammars and physics-informed
neural networks for structured expression generation and coefficient optimization. The results show improved stability,
convergence, and interpretability over standard DQN, particularly in complex engineering applications.
An artificial neural network (ANN) framework based on shifted Gegenbauer polynomials has been proposed for solv-
ing various types of integral equations, combining classical optimization and collocation training methods [54]. This
approach demonstrates strong accuracy and convergence, outperforming several traditional numerical techniques.
This paper [1] introduces a Chebyshev polynomial-based least-squares support vector regression (LSSVR) method
using operational matrices to efficiently solve fractional integro-differential equations. The approach reformulates the
problem into a matrix-based framework, achieving faster computation with high accuracy and exponential conver-
gence, and proves effective for nonlinear and multi-dimensional fractional problems.
Furthermore, Mall et al.[42] considered that connectionist learning models, particularly Functional Link Artificial
Neural Networks (FLANN) and Laguerre Neural Networks (LgNN), can be effectively applied to solve differential and
integral equations, including systems of Fredholm integral equations. These ANN-based methods improve performance
in solving various nonlinear problems, such as boundary value problems, Lane–Emden equations, and Duffing oscillator
models.
Advanced numerical methods, including spectral collocation, kernel approximation, and hybrid or AI-based techniques,
have been developed to solve nonlinear Fredholm integral equations arising in engineering applications [30]. These
approaches enhance stability and accuracy through strategies such as adaptive mesh refinement, Gaussian quadrature,
and machine learning, demonstrating effectiveness across areas like structural mechanics and biomedical engineering.
Dana Mazraeh et al.[14] introduced FIE-500k, a large symbolic dataset for second-kind Fredholm integral equations,
generated using context-free grammars to ensure valid and diverse mathematical expressions. The dataset supports
training and evaluation of language models for symbolic modeling and solving of integral equations.
Ren et al.[58] introduced the Enhanced Physics-Informed Neural Network (EPINN). EPINN is designed to efficiently
solve high-dimensional and nonlinear integral equations by combining operator decomposition, Sobolev-space pro-
jection, and boundary-aware multi-objective training. It achieves significantly higher accuracy and computational
efficiency than traditional numerical methods and existing deep learning solvers across various Volterra and Fredholm
benchmark problems.

In this paper, we consider nonlinear Volterra–Fredholm–Hammerstein integral equations (V-F-H-IEs) and obtain
their solutions via a deep neural network. We present a new numerical approach of machine learning, which is a
combination of a deep neural network and the Legendre collocation method. This approach is useful for solving
differential equations and is applied here to solve nonlinear V-F-H-IEs. We incorporate the Legendre collocation
method into the network to improve the numerical computations and enhance its performance.

2. Legendre deep neural network (LDNN)

The main purpose of introducing LDNN is to apply it to solving differential models. This aims to expand the
utilization of deep learning networks in the field of scientific computing, especially the solution of differential equations.
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Moreover, this network has the advantages of solving equations by deep learning as well as numerical methods, such
as the collocation method, used to achieve better solutions to the equations. LDNN presents a combination of a deep
neural network and the Legendre collocation method. The proposed network consists of two subnetworks that are
connected consecutively. The first network is a feed-forward neural network with an orthogonal Legendre layer. The
second network includes operation nodes that create the desired computational model. In recent decades, numerical
methods, especially the collocation method, have been popular methods for solving differential equations. In the
collocation method, first, an approximation of the solution is expanded by using the sum of the basic functions.
The basis functions consist of orthogonal polynomials such as Legendre polynomials. This approximation is then
substituted into the differential equation. By considering the appropriate set of candidate points, an attempt is made
to obtain the unknown coefficients of the basic functions so that the solution satisfies the equation in a set of candidate
points. The first network is applied to approximate the solution. This approximation can be regarded as a scattered
data interpolation problem. The second network is used to construct the desired equation so that the solution satisfies
it. The structure of LDNN is described in detail in the following.
Consider that the first network has an M-layer which is defined as follows:

H0 = x, x ∈ Rd,

H1 = L(W (1)H0 + b(1)),

Hi = f(W (i)Hi−1 + b(i)), 2 ≤ i ≤ M− 1,

HM = W (M)HM−1 + b(M).

where H0 is the input layer with d dimensions. Hi, 1 ≤ i ≤ M − 1 are hidden layers, L = [L0, L1, ...Ln]
T where

Li are i -th degrees of Legendre orthogonal polynomials, H1 is an orthogonal layer, f is the hyperbolic tangent
activation function or other commonly used activation functions. W (i), i = 1, · · · ,M are the weight parameters and
b(i), 1 ≤ i ≤ M are the bias parameters. HM is the output layer. Notably, the second network is applied to obtain
the desired differential model. This aim is possible by using operation nodes including integrals, derivatives, etc.
These nodes are applied to the output of the first network. Moreover, automatic differentiation (AD) [7] and Legendre
Gaussian integration [59] have been used in network computing to obtain more accurate and faster calculations. How
to train the network and set the parameters are also important points. Supervised learning method is used to train
the network. The cost function for setting parameters is defined as follows:

CostFun = min(yt − yp) + min(Rm). (2.1)

where yt is an exact value of the model, and yp is a predicted value of the LDNN. The definition of Rm is explained
in section 3. The minimization of CostFun is obtained by performing the Adam algorithm [29] and the L-BFGS
method [38] on the mean squared errors of the training dataset.

2.1. Legendre polynomials. Legendre polynomials [59] are a main series of orthogonal polynomials, which are
denoted by Ln(η), and are defined as:

Ln(η) =
1

2n

[n2 ]∑
ℓ=0

(−1)ℓ
(2n− 2ℓ)!

2nℓ!(n− ℓ)!(n− 2ℓ)!
ηn−2ℓ. (2.2)

Legendre polynomials are defined in the [−1, 1] domain and have the recurrence formula in the following form:

(n+ 1)Ln+1(η) = (2n+ 1)ηLn(η)− nLn−1(η), n ≥ 1,

L0(η) = 1, L1(η) = η. (2.3)

Orthogonality relation for these polynomials is as follows:∫ 1

−1

Ln(η)Lm(η)dη = γδn,m, (2.4)
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where δn,m is a delta Kronecker function and γ = 2
2n+1 .

The weight function of them is W(η) = 1. The following useful properties of Legendre polynomials are defined:

Ln(−η) = (−1)nLn(η), (2.5)

|Ln(η)| ≤ 1, ∀η ∈ [−1, 1], n ≥ 0, (2.6)

Ln(±1) = (±1)n, (2.7)

(2n+ 1)Ln(η) = L′
n+1(η)− L′

n−1(η), n ≥ 1. (2.8)

3. Nonlinear Volterra–Fredholm–Hammerstein integral equations and LDNN

The general form of nonlinear Volterra–Fredholm–Hammerstein integral equations (V-F-H-IEs) is as follows:

y(x) = g(x) + ξ1

∫ x

0

K1(x, s)φ1(s, y(s))ds+ ξ2

∫ 1

0

K2(x, s)φ2(s, y(s))ds, x ∈ [0, 1]. (3.1)

where ξ1, ξ2 are fixed, g(x), K1(x, s) and K2(x, s) are given functions and φ1(s, y(s)), φ2(s, y(s)) are nonlinear
functions. The aim is to find the proper y(x). To use the LDNN, reformulate Eq. (3.1) in the following form:

Rm = −y(x) + g(x) + ξ1

∫ x

0

K1(x, s)φ1(s, y(s))ds+ ξ2

∫ 1

0

K2(x, s)φ2(s, y(s))ds, x ∈ [0, 1]. (3.2)

y(x) is approximated by the first network of the LDNN.

y(x) ≈ HM. (3.3)

Furthermore, we applied the Legendre–Gauss integration formula [59]:∫ 1

−1

h(X)dX =

N∑
j=0

ωjh(Xj), (3.4)

where {Xj}Nj=0 are the roots of Ln+1 and {ωj}Nj=0 = 2
(1−X2

j )(L
′
n+1(Xj))2

. Here, we should transfer the [0, x] and [0, 1]

domains into the [−1, 1] domain. It is possible by using the following transformation:

t1 =
2

x
s− 1, t2 = 2s− 1. (3.5)

Consider

Z1(x, s) = K1(x, s)φ1(s, y(s)),

Z2(x, s) = K2(x, s)φ2(s, y(s)).

we have

Rm = −y(x) + g(x) + ξ1
x

2

∫ 1

−1

Z1(x,
x

2
(t1 + 1))dt1 +

ξ2
2

∫ 1

−1

Z2(x,
x

2
(t2 + 1))dt2. (3.6)

By using the Legendre–Gauss integration formula, the following form is obtained:

Rm = −y(x) + g(x) + ξ1
x

2

N1∑
j=0

ω1jZ1(x,
x

2
(t1j + 1)) +

ξ2
2

N2∑
j=0

ω2jZ2(x,
x

2
(t2j + 1)). (3.7)

The second network of LDNN and its nodes make Rm. The architecture of LDNN for solving nonlinear V-F-H-IEs is
represented in Figure 1.

4. Numerical results

To present the accuracy and performance of the LDNN for solving nonlinear V-F-H-IEs and justify the efficiency
of the proposed method, several examples are given. The convergence behavior of the LDNN is reported by using the
following parameters:
The exact value yt, the predicted value yp, and the absolute error (Error) in some points of the test data are reported
in various tables. The number of the train data m1, the number of Legendre quadrature points (N1, N2), the number
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Figure 1. The architecture of LDNN for solving nonlinear V-F-H-IEs. The first network approxi-
mates the solution of IE y(x). This network has an M-layer feed-forward structure. H1 is introduced
as an orthogonal layer which consists of p neurons with {Li}pi=0 (Legendre polynomials) as activation
functions. Other layers have f , the hyperbolic tangent as activation functions. The second network
uses operation nodes to construct the desired model, and its output is Rm (consider Eq. (3.7)). The
outputs of LDNN are y(x) and Rm.

of the test data m2, the structure of the network M-layers, Ltrain
2 and Ltest

2 are shown in Table 1. Ltrain
2 and Ltest

2

are calculated as follows:

Ltrain
2 = ||yt − yp||2 = [

mtr∑
j=1

(yt(xj)− yp(xj))
2]

1
2 ,

Ltest
2 = ||yt − yp||2 = [

mte∑
j=1

(yt(xj)− yp(xj))
2]

1
2 . (4.1)

The TensorFlow package with Python version 3.7.0 was used to implement the code of all experiments. The Adam
algorithm was terminated after reaching 5000 iterations, and the L-BFGS method was stopped upon convergence. The
figures are obtained on the test dataset. For comparison, the results of the LDNN are evaluated against other well-
known methods, the Adomian decomposition method (ADM) [64] and a simple Feedforward neural network (FNN)
which have supervised training and similar number of parameters and standard loss functions without the IE residual,
are considered. The numerical results are reported in the tables.

4.1. Experiment 1. Suppose that we have the following model [66]:

y(x) = ex − 1

3
e3x +

1

3
+

∫ x

0

y3(s)ds, x ∈ [0, 1]. (4.2)

It has the exact solution y(x) = ex. Table 2 represents the exact value, the predicted value, and the absolute
error (Error) in several test points in the domain [0, 1]. 50 points of the shifted Legendre quadrature points are applied
for training the LDNN. The number of the training dataset is 500 and the number of the test dataset is 100. Figure 2
shows the illustrated comparison between yt and yp.
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Table 1. The LDNN parameters for all the experiments. The structure of the M-layers is indicated
by [d,NL(1), NL(2), · · · , NL(M−1), 1]. This network has the d dimensions in input layer, M−1 hidden
layers with NL(ℓ), 2 ≤ ℓ ≤ M − 1, neurons in each layer and one output which approximates the
y(x). All the experiments have 4 hidden layers.

Experiment M-Layers m1 (N1, N2) Ltrain
2 m2 Ltest

2

Experiment 1 [1, 10, 30, 20, 10, 1] 500 (50,−) 3.937867e−09 100 4.015095e−09
Experiment 2 [1, 10, 30, 20, 10, 1] 500 (50, 50) 7.156029e−09 100 7.537263e−09
Experiment 3 [1, 10, 30, 20, 10, 1] 500 (50, 50) 1.347132e−09 100 1.659349e−08
Experiment 4 [1, 10, 30, 20, 10, 1] 500 (50, 50) 9.182442e−09 100 1.107755e−09

Table 2. The exact value yt, the predicted value of the ADM method, the predicted value of the
FNN, the predicted value yp and the absolute error (Error |yt−yp|) of the LDNN in several test points
on the [0, 1] domain for Experiment 4.1.

x exact value predicted value predicted value predicted value Error
(yt = ex) by ADM by FNN (yp) by LDNN

0.0 1.0 1.0002421 1.0006372 1.000000049 4.90000001e−08
0.2 1.22140276 1.2213538 1.2213246 1.221402765 4.99999997e−09
0.4 1.4918247 1.4919181 1.4919742 1.49182494 2.40000000e−07
0.6 1.8221188 1.8220339 1.8221628 1.82211831 4.90000000e−07
0.8 2.22554093 2.2255747 2.2255346 2.225540981 5.09999998e−08
1.0 2.71828183 2.717803 2.717317 2.71828179 4.00000002e−08

4.2. Experiment 2. Suppose that we have the following model [57]:

y(x) = 1 + sin2(x) +

∫ 1

0

K(x, s)y2(s)ds, x ∈ [0, 1]. (4.3)

where

K(x, s) =
{−3 sin(x− s), 0 ≤ s ≤ x;

0 x ≤ s ≤ 1.
(4.4)

It has the exact solution y(x) = cos(x). The exact value, the predicted value and the absolute error (Error) in several
test points on the [0, 1] domain are reported in Table 3. 50 points of shifted Legendre quadrature points are applied
for training LDNN. The number of train data set is 500 and the number of test data set is 100. Figure 3 shows the
illustrated comparison between yt and yp.

Table 3. The exact value yt, the predicted value of the ADM method, the predicted value of the
FNN, the predicted value yp and the absolute error (Error |yt−yp|) of the LDNN in several test points
on the [0, 1] domain for Experiment 4.2.

x exact value predicted value predicted value predicted value Error
(yt = cos(x)) by ADM by FNN (yp) by LDNN

0.0 1.0 1.0003562 1.0006432 1.000000059 5.90000000e−08
0.2 0.98006658 0.97977763 0.97865423 0.98006683 2.50000000e−07
0.4 0.92106099 0.9210639 0.92105988 0.92106083 1.50000000e−07
0.6 0.82533561 0.82562345 0.82580132 0.82533555 6.00000000e−08
0.8 0.69670671 0.6963889 0.69647832 0.69670670 9.99999994e−09
1.0 0.54030231 0.5411298 0.54212091 0.54030237 6.00000001e−08
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(c) Absolute error.

Figure 2. Results of Experiment 4.1. Exact solution yt(x) = ex, predicted solution yp(x) by LDNN
and absolute error err = |yt(x)− yp(x)|.

4.3. Experiment 3. Suppose that we have the following model [4]:

y(x) = g(x) +

∫ x

0

(x− s)y2(s)ds+

∫ 1

0

(x+ s)y(s)ds, x ∈ [0, 1]. (4.5)

where

g(x) = − 1

30
x6 +

1

3
x4 − x2 +

5

3
x− 5

4
. (4.6)

It has the exact solution y(x) = x2 − 2. Table 4 illustrates the exact value, the predicted value and the absolute
error (Error) in several test points on the [0, 1] domain. 50 points of the shifted Legendre quadrature points are
applied for training LDNN. The number of the training dataset is 500 and the number of the test dataset is 100.
Figure 4 represented the comparison between yt and yp.

4.4. Experiment 4. Suppose that we have the following model [19]:

y(x) = − 1

10
x4 +

5

6
x2 +

3

8
+

∫ x

0

1

2x
y2(s)ds, x ∈ [0, 1]. (4.7)



Unco
rre

cte
d Pro

of

8 Z. HAJIMOHAMMADI AND K. PARAND

0.0 0.2 0.4 0.6 0.8 1.0

x

0.6

0.7

0.8

0.9

1.0

y
_
t

(a) Exact solution.

0.0 0.2 0.4 0.6 0.8 1.0

x

0.6

0.7

0.8

0.9

1.0

y
_
p

Exact

LDNN

(b) Predicted solution.
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Figure 3. Results of Experiment 4.2. Exact solution yt(x) = cos(x), predicted solution yp(x) by
LDNN and absolute error err = |yt(x)− yp(x)|.

Table 4. The exact value yt, the predicted value of the ADM method, the predicted value of the
FNN, the predicted value yp and the absolute error (Error |yt−yp|) of the LDNN in several test points
on the [0, 1] domain for Experiment 4.3.

x exact value predicted value predicted value predicted value Error
(yt = x2 − 2) by ADM by FNN (yp) by LDNN

0.0 −2.0 −2.0001612 −2.0003422 −2.00000001 9.99999994e−09
0.2 −1.96 −1.960051 −1.9601312 −1.96000049 4.90000000e−07
0.4 −1.84 −1.8399543 −1.8396587 −1.840000009 8.99999986e−09
0.6 −1.64 −1.6400322 −1.640040 −1.64000036 3.60000000e−07
0.8 −1.36 −1.3599668 −1.35889879 −1.35999998 2.00000001e−08
1.0 −1.0 −0.9999476 −0.99987677 −0.99999999 1.00000001e−08



Unco
rre

cte
d Pro

of

CMDE Vol. *, No. *, *, pp. 1-14 9

0.0 0.2 0.4 0.6 0.8 1.0

x

−2.0

−1.8

−1.6

−1.4

−1.2

−1.0

y
t

(a) Exact solution.

0.0 0.2 0.4 0.6 0.8 1.0

x

−2.0

−1.8

−1.6

−1.4

−1.2

−1.0

y
p

Exact

LDNN

(b) Predicted solution.
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Figure 4. Results of Experiment 4.3. Exact solution yt(x) = x2 − 2, predicted solution yp(x) by
LDNN and absolute error err = |yt(x)− yp(x)|.

It has the exact solution y(x) = x2 + 1
2 . The exact value, the predicted value and the absolute error (Error) in several

test points in the [0, 1] domain are reported in Table 5. 50 points of the shifted Legendre quadrature points are applied
for training LDNN. The number of the training dataset is 500 and the number of the test dataset is 100. Figure 5
shows the illustrated comparison between yt and yp.

5. Theoretical convergence analysis of the LDNN approach

In this section, we provide a theoretical analysis of the convergence and error behavior of the proposed Legendre
Deep Neural Network (LDNN) to solve the nonlinear Volterra–Fredholm–Hammerstein integral equations (V-F-H-
IEs). The goal is to show that the LDNN approximation converges to the exact solution under mild smoothness and
Lipschitz continuity assumptions.

5.1. Preliminary Assumptions. Let y(x) denote the exact solution of the nonlinear integral equation

y(x) = g(x) + ξ1

∫ x

0

K1(x, s)ϕ1(s, y(s)) ds+ ξ2

∫ 1

0

K2(x, s)ϕ2(s, y(s)) ds, x ∈ [0, 1]. (5.1)

We make the following assumptions:
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Table 5. The exact value yt, the predicted value of the ADM method, the predicted value of the
FNN, the predicted value yp and the absolute error (Error |yt−yp|) of the LDNN in several test points
on the [0, 1] domain for Experiment 4.4.

x exact value predicted value predicted value predicted value Error
(yt = x2 + 1

2 ) by ADM by FNN (yp) by LDNN

0.0 0.5 0.50039285 0.50042379 0.50000004 4.00000000e−09
0.2 0.54 0.5400339 0.54006321 0.54000001 9.99999994e−09
0.4 0.66 0.6599865 0.6600465 0.66000002 2.00000000e−08
0.6 0.86 0.86001176 0.8598769 0.85999998 2.00000000e−08
0.8 1.14 1.1399317 1.13988365 1.13999999 9.99999994e−09
1.0 1.5 1.499708 1.4998377 1.49999999 9.99999994e−09
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Figure 5. Results of Experiment 4.4. Exact solution yt(x) = x2 + 1
2 , predicted solution yp(x) by

LDNN and absolute error err = |yt(x)− yp(x)|.
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(A1) y(x) ∈ Cp+1[0, 1] is sufficiently smooth.
(A2) K1(x, s),K2(x, s) ∈ Cp+1([0, 1]2).
(A3) The nonlinear functions ϕ1 and ϕ2 are Lipschitz continuous, i.e.

|ϕi(s, u)− ϕi(s, v)| ≤ Li|u− v|, i = 1, 2.

(A4) The Legendre polynomial basis of degree N provides an approximation error of order O(N−q) for smooth
functions, where q depends on the regularity of y(x).

5.2. Convergence Theorem.

Theorem 5.1. Let y(x) be the exact solution of the V–F–H–IE and yLDNN (x) be its approximation obtained by the
LDNN method with N Legendre neurons and a collocation grid of size h. Under assumptions (A1)–(A4), there exists
a constant C > 0 independent of h and N such that

∥y(x)− yLDNN (x)∥L2[0,1] ≤ C
(
hp +N−q + εtrain

)
, (5.2)

where p is the order of the Legendre–Gauss quadrature, q denotes the spectral convergence rate, and εtrain represents
the training (optimization) error of the network.

5.3. Outline of the Proof. The total approximation error can be decomposed as

e(x) = y(x)− yLDNN (x) = (y(x)− yN (x)) + (yN (x)− yLDNN (x)), (5.3)

where yN (x) is the projection of y(x) onto the Legendre polynomial subspace. The first term corresponds to the
spectral approximation error, which satisfies

∥y(x)− yN (x)∥L2[0,1] = O(N−q),

while the second term represents the neural approximation error, bounded by the training loss εtrain. Moreover, the
collocation discretization introduces an additional error of order O(hp). Combining these results gives the stated
bound.

5.4. Discussion. The LDNN method thus achieves a hybrid convergence behavior:

• spectral accuracy with respect to the Legendre degree N ,
• algebraic accuracy with respect to the collocation grid size h, and
• optimization-based refinement through εtrain.

Hence, the proposed LDNN framework inherits the strengths of both spectral collocation and deep learning, providing
a highly accurate and efficient numerical solver for nonlinear V-F-H-IEs.

6. Conclusion

In this paper, a Legendre Deep Neural Network (LDNN) is introduced for solving nonlinear Volterra–Fredholm–
Hammerstein integral equations (V-F-H-IEs). The LDNN consists of two coupled networks: the first is a feedforward
neural network with an orthogonal hidden layer based on Legendre polynomial activation functions to approximate the
solution y(x), while the second network refines the output to satisfy the governing equation structure. Performance
is enhanced using Legendre–Gaussian quadrature and automatic differentiation. Numerical experiments demonstrate
the method’s reliability, efficiency, and high accuracy. The LDNN method also exhibits hybrid convergence, combining
spectral accuracy (via the Legendre degree N), algebraic accuracy (through grid size h), and further refinement from
the training process. Consequently, it integrates the advantages of spectral collocation and deep learning, providing
an accurate and efficient solver for nonlinear V-F-H-IEs.
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