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Abstract

In financial mathematics, the calculation of the Greeks, particularly delta, is emphasized for its role in risk
management. In this article, we employ Malliavin calculus to determine the delta of European and Asian options,
where the underlying asset evolves according to a Hawkes jump-diffusion process. A central feature is that the
Hawkes jump intensity is stochastic, which substantially affects Malliavin derivatives and the delta representation.
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1. INTRODUCTION

Stochastic jump models with stochastic intensity describe the behavior of phenomena that can experience abrupt
changes in value. They rely on stochastic processes to describe the evolution of a variable over time in a probabilistic
framework. A central feature is the ability to accommodate sudden, unpredictable shifts, unlike traditional stochastic
models such as Brownian motion, which assume smooth and continuous change over time. In these models, jumps occur
at random times and with random sizes, usually modeled using a Poisson distribution. The stochastic intensity governs
the jump rate and itself evolves as a stochastic process over time. These models are widely used in finance to capture
both the gradual evolution of asset prices and the abrupt jumps caused by unexpected events. [9, 12, 13, 19, 27, 33, 34]).
They have applications in a wide range of fields, including finance, insurance, and engineering (see, for example,
[15, 50]). A key application of stochastic intensity jump models is in credit risk modeling for financial instruments. In
this context, the jumps represent defaults or other credit events, while the stochastic intensity expresses the evolving
rate at which such events occur.

Here, we use a special class of stochastic intensity models known as Hawkes processes. Hawkes introduced the
Hawkes process [24, 25], as a model for event data arising from contagious phenomena. Today, Hawkes processes
are applied across diverse fields:  geology (earthquakes, volcanic eruptions), biology (population growth, the spread
of infections, neuronal activity), computer science and social sciences (networks and social interactions), and finance
(order-book dynamics, defaults and related topics) (see, e.g., [26, 48]).

The main feature of this class of processes is their self-exciting behavior, whereby the jump intensity rises instan-
taneously following each event. It is reasonable to limit such a self-exciting effect to decay over time. This behavior
is captured by the exponential Hawkes model, which provides a tractable representation.

Av=Xot+ay e Pl
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where t € Ry := [0, 00) denotes time, T; the random time of the i-th jump and Ao, «, § are deterministic, constant
and positive parameters. The exponential Hawkes model is mathematically tractable by virtue of its Markov property
(see [21]).
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By definition, a Hawkes process with o = 0 reduces to a Poisson process. It is therefore useful to study the behavior

of the Hawkes process, particularly in terms of its deviation from a Poisson process when a =z 0. Conversely, a Hawkes
process approaches a Poisson process as § — +00. However, no results quantify their similarity for finite 5. In the
exponential Hawkes model, a represents the immediate impact of a jump on the intensity, and 5 governs its decay
over time. A higher § indicates weaker effects of the occurred jumps. Mancini et al. [37] have fitted the JPM jumps
to three types of Hawkes models, using maximum likelihood estimation, and obtained calibrated parameters. The
stability condition o < 8 guarantees that the Hawkes process is non-explosive, meaning that the intensity does not
grow without bound after a jump, which is a standard requirement in financial applications.
Hawkes jump—diffusion models produce heavier-tailed distributions with higher peaks than Poisson jump-diffusion
models, which leads to higher option prices under the Hawkes framework for deep out-of-the-money options. Asset
price dynamics exhibiting jumps with self-exciting features have been studied, for example, by [20], which show
that sequences of large price movements are triggered by preceding large moves. [22] propose a Bayesian learning
approach to jump-cluster detection and provide evidence of jump clustering since the 1987 market crash, with even
more pronounced clustering after the 2008 global financial crisis. [43] describe foreign exchange markets. Liu and Zhu
in [35] present an analytical method for pricing variance swaps when the underlying asset follows a Hawkes jump-
diffusion process with stochastic volatility and clustered jumps. In [36], the authors apply a Hawkes jump-diffusion
model to evaluate foreign equity options and derive valuation formulas using the Fourier transform, accommodating
both clustered jumps and cross-market jump propagation. They calculate the Greeks and hedging strategies for swap
options within this framework. Brignone and Sgarra [11] introduce a method for pricing Asian options in risky-asset
models with Hawkes processes and an exponential kernel. Ketelbuters and Hainaut [30] investigate CDS pricing in
fractional Hawkes models. Recently, Chen et. al. [16] modeled the clustering behavior of price jumps and variance
using high-frequency data within a labeled Hawkes process in a bivariate jump-diffusion setting.

Malliavin calculus plays a critical role in financial mathematics, especially in the pricing and risk management of
financial derivatives. It is a powerful tool for computing the Greeks, which are measures of sensitivity of the derivative
prices to changes in the underlying asset price, volatility, time to maturity, and interest rates, with greater precision.
This calculus provides a rigorous framework for considering the stochastic behavior of the underlying assets and
deriving derivative prices. It has been widely applied in the literature (see, for example, [3, 6-8, 17, 28, 31, 32, 51]).
In Hawkes models, Torrisi [49] provides a Gaussian bound for the first chaos of these point processes by combining
Stein’s method and Malliavin calculus via a Clark=Ocone-type representation formula.

To the best of our knowledge, this is the first paper to propose a hedging strategy for exotic options in Hawkes
models. Our contributions in this manuscript are as follows. We replace the stochastic integral with respect to a
point process driven by a stochastic intensity with a stochastic integral with respect to a Lévy process whose Lévy
measure incorporates the stochastic intensity (see Equations (2.2) and (3.2)). This reformulation enables us to express
the solution of Hawkes SDEs in an exponential form of another process, which is convenient for obtaining an explicit
expression for their Malliavin derivatives. Despite classical arguments, the Malliavin derivatives of the stochastic
intensity appear in the formula (Equation (3.5)), which complicates the proofs of moment boundedness for the inverse
of the solution (see Lemma 3.7). Invertibility of the Malliavin derivatives is required to show that new, notably
advantageous Malliavin weights, used to obtain deltas for Asian options and European options, lie in the domain of
the Skorokhod integral (see Lemmas 4.2 and 4.4). In addition, numerically, computing the delta requires establishing
the convergence of the discretized method. In our numerical approach, for every discretized path, we update the point
at the next time step using the stochastic intensity evaluated at the current time (see Section 5).

While Malliavin calculus has been extensively used for computing Greeks in jump-diffusion models (see, e.g.,
[6, 17, 32]), none of the previous works address the case where the jump intensity is itself a stochastic process driven
by self-exciting dynamics. In particular, prior studies on Hawkes processes in finance have focused on pricing (e.g.,
[11] for Asian options, [35] for variance swaps) or on probabilistic properties ([49] provides Gaussian bounds). The
appearance of the stochastic intensity in the Malliavin derivative (Equation (3.5)) introduces substantial technical
challenges—including new exponential moment bounds (Lemma 3.6)—that are absent in classical settings. Also, we
establish the new weight in (4.3) and (4.7), and show their Skorokhod integrability in Lemmas 4.2 and 4.4. Both the
construction of these weights and the demonstration of their integrability are crucially tied to the stochastic intensity
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and its Malliavin derivatives. Moreover, the convergence proof of our discretized scheme (Lemma 5.2) is, to our
knowledge, the first of its kind for Hawkes-driven hedging. In summary, while Malliavin calculus for jump processes is
well established, the combination of stochastic intensity, exotic options, and rigorous convergence analysis constitutes
a significant and original contribution to the field.

This article is organized as follows. Section 2 recalls the definition of Hawkes processes and examines the properties
of their stochastic intensity. Section 3 introduces the main SDEs and establishes properties of their solutions. In
keeping with the Malliavin derivative framework, we employ a novel technique to establish boundedness of the inverse
derivatives—a requisite step for ensuring that the Malliavin weight arising in the delta computation belongs to the
domain of the Skorokhod integral. Section 4 presents our main results on delta computation via innovation quadratures
for both European and Asian options. The convergence of our numerical methods for computing the delta is proved
in Section 5. Section 6 provides numerical illustrations and verification of our results. Most proofs of lemmas and the
preliminaries on the Malliavin calculus are deferred to the Appendices.

Readers primarily interested in the computational implementation and numerical results may proceed directly to
Sections 4 and 6. However, the statements of the lemmas in Sections 3 and 5 are essential for understanding the
theoretical foundation of the Malliavin weights and the convergence of the numerical scheme.

TaBLE 1. Key notation used throughout the manuscript.

’ Symbol H Meaning
N(ds,dz) Background Poisson measure on R x R
N(dt) Hawkes jump counting measure
A(t) Stochastic intensity of the Hawkes process
€(u,2) Dirac measure at point (u, z)
fx . Malliavin derivative with respect to the background Poisson measure N
N(y,z)(ds) Perturbed jump measure appearing in the Malliavin derivative of A
By, B Integrals of indicators over the sets B and B¢ for European options
C1,Co Integrals of indicators over the sets Cy and CY. for Asian options
oV Skorokhod integral with respect to N
oW Skorokhod integral with respect to Brownian motion

2. HAWKES PROCESSES AND PROPERTIES OF STOCHASTIC INTENSITIES

In this section, we give some preliminaries on point processes with stochastic intensity, as mentioned by Brémaud
in Chapter 5 of [10]. In particular, Hawkes processes are a class of multivariate point processes introduced by Hawkes
in [24, 25] that are characterized by a stochastic intensity vector. Some of their applications can be seen in [4]. We
refer the reader to [49] for more details.

The process N = {N(A)}aep®) = {D_nez 14(Tn)} aesmr) called the point process with increasing random times
{T }nez. We suppose that N is locally finite and simple, and F; := {F; }+er C F be a filtration such that 7, O FY
for any t € R, where F := {FN};cr is the natural filtration of the point process N, that is,

FN = 6{N(A): AcBR),AC (—oo0,t},

Given a non-negative F;-adapted stochastic process {A(t)}+er such that

b
/ At) dt < oo, a.s. for all a,beR, (2.1)

we call {\(¢)}ter as a F-stochastic intensity of N, if for any a,b € R, almost surely E [N((a7 b})|]—'a} =E U;)\(t)dﬂ}'a} .

In this article, given a Poisson process N in R x [0,00) with mean measure dtdz, we consider the point process

N(dt) := N(dt x (0, A(2)]),
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ENE



4 A. AHMADI AND M. TAHMASEBI

where {A(t)}:er is a non-negative process of the exponential form

t
A(t) _>\0+/ AN, = Mo+ Y e Al

t; <t

*/\o+/ /R ae” P71 3@ (2)N(dz, ds) = @1 (N (—oo))- (2.2)

in which ¢ (N|(—so,t)) = @(t, N|(—oo,)) and ¢ : R x N'— Ry = RN[0,00) is a measurable functional such that for all
a,b € R, \(t) satisfying (2.1). Here, N denotes the space of simple and locally finite counting measures on R x R
endowed with the vague topology. For simplicity, with a little abuse of notation, we denote by N|(_oo7t) the restriction
of N to (—o0,t) x Ry, that is,

N|((,oo’t))(z4) = N(A N ((—oo,t) X R+)), Ae B(R) & B(R+)

According to Lemma 2.1 in [49], N has FN-stochastic intensity {\(t)}, where FN = {FN},cp denote the natural
filtration of N, i.e.

N = 6{N(Ax B): AeBR),B € B([0,00)), A C (—00,]}.
The process A(t) can be also demonstrated as the solution of the SDE
dA(t) = B(Ao — A(t))dt + ad Ny.

Note that the stability condition afooo e Psds = % < 1 should be held, (see [5], Section 2). In addition, the process
N is called a Hawkes process. For every 0 <t < s < T, due to the proof of Theorem 3.1 in [49],

/Ndu|]—'N - // N(du x (0, AwDIFY) = // Lo ()N (du, d2) YY)
_E// (0.7 (2)dzdul FY ) = (/ A(u)dul Y ).

In addition, according to Theorem 5.1.31 [10], for every 0 <t < s < T and for every ftﬁ -predictable function k such
that ]E( S S, (s, 2) Lo o) (z)dzds) < o0,

/ / (u, z2)N(du |]:N = / / (u, 2) L0, a(u) (2 )dzdu|.7:N> (2.3)

and if ]E(fot fR+ (k(s,2))*Lio.x(s) (2 )dzds) < oo for given o-field G and G-measurable intensity A

E(exp{iu /ot/R k(s,z)N(ds)}‘Q) = exp{ /ot/]R (etuk(s:2) _ 1)1(0’>\(S)](z)dzds}. (2.4)

We refer the reader to Chapter 5 of [10] for more details. Let us first derive some properties of the stochastic intensity
mentioned in (2.2). Denote N(ds,dz) = N(dt,dz) — dtdz.

Lemma 2.1. For every p > 2, and every T < oo,

E( sup 6p5t|)\(t)|p) < 00, and IE( sup ep)‘(t)) < 00.
0<t<T 0<t<T

Proof. We will prove it in Appendix A. O
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3. HAWKES-DRIVEN STOCHASTIC DIFFERENTIAL EQUATIONS

In this section, we introduce the model, state the assumptions, and consider the properties of the solution in lemmas
that we require in the main results.
Let (Q, F, P) be a Wiener-Poisson space with a risk neutral probability P. We assume that the underlying asset price
S = (St)tejo,r) With the jump stochastic intensity process A = (A(t))e[o,7] of Hawkes process N; can be governed by
the following system of SDEs:

{dSt = So+ [1(1n— (e = 1)A(s))Ssds + [o 0SdWs + [ (e’ —1)S,N(ds)

dA\(t) = B(No — A(t))dt + ad Ny, (3.1)

where (W});e[o, 77 is @ Brownian motion, N is independent of W;, i denotes the riskless interest rate, .J is a measurable
function, o is a positive constant. We call this process S; a Hawkes-driven process. Assume the following conditions
throughout the paper.

Condition H1:

e Assume that for every p > 1, we have fOT(eJS —1)%ds < 0.
e The function J is an non-negative strictly increasing function with Jy = 0.

The assumption that J is non-negative and strictly increasing with Jy = 0 ensures that jump sizes are positive and
grow with time, which is consistent with empirical observations of asset price jumps (e.g., larger jumps occur during
periods of high volatility). Non-decreasing paths allow the business time to be replaced by an intrinsic trading clock.

The boundedness of fOT(eJS — 1)?Pds ensures that the jump component has finite moments of all orders, which is
necessary for the Malliavin calculus framework. Economically, this condition rules out infinite-activity jumps and
ensures that the self-exciting feedback mechanism remains stable.

The stability condition o < 3 guarantees that the Hawkes process is non-explosive, meaning that the intensity does
not grow without bound after a jump, which is a standard requirement in financial applications. Mancini et al. [37]
have fitted the JPM jumps to three types of Hawkes models, using maximum likelihood estimation, and obtained
calibrated parameters.

From (2.3), the solution to the stochastic differential (3.1) is as follows: see [4].

t t t
St =S50 +/ pSsds +/ 0 SsdW +/ / (e”* = 1)Ss1(0.n(s) (2) [N (ds, dz) — dzds]
0 0 0 JRy

t t t
=5y —|—/ 1Ssds —|—/ 0SsdWy —|—/ / (el — 1)531(07,\(8)](2)]\7@5,dz). (3.2)
0 0 o Jry

According to the It6 formula in [42], the solution of the stochastic differential equation (3.2) is in the form:

1 t
St = Soexp {(u - 502)t + oWy +/O s {In[1 + (e’ — 1)1(o,n(5) ()] — (€7* = 1)1g.x(s))(2) }d2ds
+

t
+/ / 111[1 + (ejs — 1)1(07/\(3)](2)]]\7(615, dz)}
0 JR,
Since 1, x(s)(2) = 1 if and only if z € (0, A(s)], so

1 t
Sy = Spexp {(;L — 502)15 + oW + / (Js — els + 1A(s)ds
0

t
+/ / Jsl(()’)\(s)] (Z)N(ds, dz)} =: SoeXt. (33)
0o Jr,

Let Y; be the solution of the following SDE
dY, = Yi(e” — D)1 (2)N(ds,dz),  Yo=1. (3.4)

(&)
ENE
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From the It6 formula, we have

t t
Y; = exp { / (Js —e’s + 1)\(s)ds —|—/ / Js1(o.a(s)) (2) N (ds, dz)}
0 0 JRy

exp{/ot(erl))\(s)der/ot /H§+ Tl (=) N (ds, d2) .

With a similar proof of Theorem 3.1 in [46] and Section 5.1.1 of [38], the equation (3.4) has a unique solution.

3.1. Properties of the solution. Here, we establish some properties of the solution S; that are needed in the main
results.

Lemma 3.1. Let X; andY; defined in (3.3) and (3.4). Under Condition H1, for every p > 2,
E(Y;p) < 00, and E( sup ert) < 00.
0<t<T
Proof. We will prove it in Appendix B. a
Lemma 3.2. Let Y; defined in (3.4). Under Condition H1, for every p > 1,
sup E(S;p) < 0.
0<t<T

Proof. We will prove it in Appendix B. |

In the last part of this subsection, note that getting the partial derivatives of S; with respect to Sy shows that the
stochastic flow of S; exists and it is

8St St 0'2

_— = X = Y —_—— t .

950 So exp{X:} = Y, exp{(p 5 Jt+ oWk

As a consequence of Lemma 2.1, this flow is in LP-space for every p > 2.

3.2. Weak derivatives of the solution. Now, we calculate the Malliavin derivative of the solution .S; of a Hawkes
SDE, in accordance with the definitions and lemmas mentioned in Appendix F, in which an essential difference in

stochastic intensity appears. Based on Equation (3.3) and Proposition F.1, Malliavin derivative of Dfx St for every
u < t is as follows

~ ~ ~ N N
DQJXzSt qulxzeX‘ = SpeXtTPuXe g Xt — §peXt (ePuXe — 1) = G (ePuaXt — 1),

using Equations (F.2) and (F.3) in Appendix F, which follows from Theorem 3.1 of [49], we therefore have

_ t t _
DY Xy = Julioauy(2) +/ R(u,2) (8)N(u,z) (ds) —/ (e”s = 1)DJ A(s)ds. (3.5)
Additionally, the Malliavin derivative of X is as follows

_ t _
DY A(t) = ae P T 0 3wy (2) + / ae_’B(t_s)sign(Dfxz)\(s))N(uyz)(ds), (3.6)
u

in which, for every s > u, k(, .)(s) is as in (F.4) and N, .y(ds) as in (F.5).

The presence of D' A(s) in the Malliavin derivative of X; (see (3.5)) reflects the self-exciting nature of the Hawkes
process: a perturbation in the jump times alters not only the current asset price, but also the future jump intensity
through the feedback mechanism. This coupling, which is absent in standard jump-diffusion models, complicates the
invertibility proof- as the Malliavin derivative of the intensity appears in the numerator of the weight- and necessitates
the new exponential bounds developed in Lemma 3.6.

Lemma 3.3. For every 2 < p <4, if e*® < 1+ 48, then

E( sup epDuﬁva(t))<oo.
0<u<t<T

(=)=
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Proof. See Appendix B. O

In the rest of the section, we will show that the inverse of Dngt exists and belongs to LP(Q) for every p > 2.
Substitute (3.6) into (3.5), and use the Fubini theorem to derive

t t

Fus) (5)N(un) (ds) — / (¢’ — 1)DY A(s)ds

u

Di\{th =JuloAw)(2) +/

t t

=Jul(o,aw)(2) +/ Jssign(Duﬁ’Z)\(s))N(uyz)(ds) — al(o)\(u)](z)/ (er — 1)6_[3(s—u)dS

u u

t s _
- / / a(e’ —1)e PV sign(DY N(1) Ny, - (dl)ds
t t _
:(Ju . a/ (eJS _ 1)e—ﬁ(s—u)ds)1(07>\(u)](z) +/ Jssign(Dfxz)\(s))N(u,z)(ds)
u u

t t —
—a / ( / (e = 1)e=#Dds ) sign(DY A1) N (),
u l

Define F'(v) := J, — ft(eJS — Dae B ds, for every 0 < v < t, and rewrite DuﬁJXt in the following form.

v
t

DY, X, = F(u)1io.r0u(2) + / F()sign(DX A1) Nu.s)(dl). (3.7)

u
Now, we will consider some properties of the function F(.) that we need in the following.
Define G(v) = e’v — 1 — Bff(e"s — 1)ds for every 0 < v < t. Due to the strictly increasing property of the function
J., its positivity, and the facts that G(0) < 0 and G(t) > 0, we deduce that G(.) is a strictly increasing function with
exactly one root, called vg. It is obvious that for every v > vg; G(v) > 0.
As a consequence, we show a similar result for the function F'(.) in the following lemma.

Proposition 3.4. Given the above conditions, the DfZXt mentioned in equation (3.7) is integrable.
Proof. See Appendix G. (]

Lemma 3.5. The function F : [0,T] — R is an increasing function and there exists some vy € [vg,t] such that the
function F is positive on [vy,t].

Proof. Take the derivative of F' and result for every v > vy
t
F'(v)=J, — ﬂeﬁ“/ ae 5 (e —1)ds + ale’ —1) > J! + aG(v) > 0.

It shows that F(.) is increasing on [vg, t]. If F/(v1) > 0, then we put v := vy and the proof is completed. If F(vg) < 0,
the fact that F'(t) > 0 and increasing property of F' deduce the existence some vy € [vg, t] such that for every v > vy,
F(v) > 0. O

Lemma 3.6. There exists some constant Cy such that for any r > 0, and every u > vy,
E(exp { —r /t F(l)sign(Duﬁ,Z/\(l))N(u,z)(dl)}) < E(exp {TCOOU'I[O,)\(u)](Z)I{F(u)S%}Ju})~
Proof. See Appendix G. ]
This lemma is necessary to ensure that the Malliavin weight is well-defined and non-degenerate.
Lemma 3.7. For any p > 1, and (u,z) € [0,T] x Ry with u > vy such that P(A\(u) > z) > 0,

E( Lox(w)] (2)> c
IDuN,thFD .
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Proof. Our proof is motivated by the proof of Theorem 1.2 in [46]. From the definition of the Gamma function and
Lemma 3.6, we have

Lo (2) 1 /OO .
o - E P o awy (2) expy — rF(u)lo A (2)ds
((DiV,ZXt)p) L'(p) ( 0 02w (%) p{ (@)1 (0,xqu) ()

t JR—
- / F(1)sign(DX () N (dl) }dr)
- = p—1m % —2rF(u) 10, Ay (2) 1
I'(p) (/0 R (1(0’”“”(2)6 ) x B2 <eXp {2TCOO”"1[0,A(u)}(2)1{F<u>s%}=7u}dr)

< / r”’lP(/\(U)>z)e’TF(“)eTCOMI{F‘WS%}J"'dr)
0

1
Fu)p

[ TCan(u))] OO.

4. DELTA OF OPTIONS DERIVED BY THE SOLUTION OF HAWKES SDESs

In this section, we find the Wiener-Poisson weight for calculating the delta of the following two types of options:
European options and Asian options, when the underlying assets are driven by Hawkes processes.
First, from (2.3), we can write that

T
5N(u):/0 u(t)(N(dt) — A(t)dt) //]R+ )10 a0 (2) (N (dt, dz) — dzdt).

By placing v(dz) = dzdt and Ny = N in Appendix F and Proposition F.2 with u(t,z) = u(t)1o, A1) (2), we obtain the
duality relation as follows.

(F(SN - / / ()10 (2) (N (@t dz) — dzdt))

= / / DY Fu(t)lo o(2)dzdt) = E((DILF, u(t)10.x01() £2(0.71x50) ).
o Jr,

In the Poisson approach, from Proposition F.2, the sensitivity analysis is represented in the following lemma.

Lemma 4.1. If there is some function u(.,.) such that the function v(.,.), defined as
v(t, z) == L) (2)ult, 2), belongs to the domain of 6" and

(f (ST giz / / 1(0 )\(t) t Z){f(ST -+ Dt ZST) (ST)}dZdt>, (41)

then AN := ;2 (f(ST)):E(f(ST)éN(v)>.

Proof. According to Propositions F.1 and F.2, we derive

2wt = x(1 w%iz)

— / /]R Loy (2)ult, 2){ f(ST + Dy, ZST) (ST)}dzdt)
~E{ (Hoanule . DY S = E(#(50)" ()

L2(]0,T]xRo) )
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As an application, we may calculate the delta in the Wiener-Poisson space for the following examples desired in
[29], when f is considered as a payoff function.

4.1. Delta Greeks for European options. Consider the payoff function of a European option as f(Sr) = (St —

K)*, for a strike price K. Then from Equation (1.42) in [39], or applying (F.1) with u = % and F = f(St),

for every h € L2[0,T] such that fOT DY Srds # 0, we deduce

0St 1

a / !
AV Z{T%]E(f(ST)lN:o) =E(lx_of (ST)TSO) = S*O]E(lﬁzof (S7)ST)

- S%IE(lﬁ:Of(ST)(sW( 7 h(}; ()'LS;STdQ)'

Setting h = 1 and by using DY Sy = oS, we result

ﬁE(lﬁzof(ST)WT) (4.2)

Define G; , = DyZST +Sr— K = STeDiXT — K. According to Lemma 3.5 and Equation (3.7), we know if Sp > K,
then STeDiXT > K on t € [v1,T], and STeDzXT < K an happen when ¢ € [0;v1). Denote B := {(t,z) €
[0,T] x Ry; STeDtﬁzXT(w) > K}, and set By := [ [ 510(s)](20)dz0ds, and By := [ [ 5.1(0,x(s)) (20)dz0ds. We know
that By + By = fo t)dt. Now, we can define the function u; as follows.

HK(ST)(1+ )
25081 (exp{ D}, XT} D)

AW =

(t,2) € BN ([v1,T] x Ry),

ui(t,z) = (4.3)
~ 58 (t,2) € B° N1 ([0;01] X Ro),
where H,(z) = 1,5, is the Heaviside function and 14 is the indicator function of the set A. Substituting (4.3) in

y(@
Equation (4.1), it justifies that u; is well defined, then Lemma 4.1 can apply and
AN = ]E(f(ST)(SN(vf)), for 07 (82) := Loy (2)ua(t, 2), (4.4)

if v7 belongs to Dom((5 ). This will be shown in the following lemma and will be proved in Appendix C. To sake of
notation, denote u?(t, z) := Lo ()1 BA(v: 1) xRe) H1 (t, 2) and

uB’ (t,z) = 1(07)\(,5)]( )1ch([07v1]><]RO)H2(t, Z), where

\ (1+ )HK(ST) ) Hg (St)
Halt, ) = X Halt,2) = T

Lemma 4.2. Two processes uB and uB° belong to Dom(5%).

Proof. We will prove the claim in Appendix C. O

4.2. Delta Greeks for Simple Asian options. Consider a simple Asian options with the payoff function F' =
fYr)=(Yr - , where

= —/ Sydt.

Recall Section 2.2 in [39], put h(t) = S, and use the relation
SV (Gu®) = G§W (u®) — fOT DY Gugdt, with u®(.) = S and G = ¢, to derive
YTS. YTS_ YTS
e S () - ()
Jo SuDY Yrdu Z Jy Su [, Sidtdu Q—(f S, du)?
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S 2 2 [T DWy, 2
— 95W ) — w & t 1T _ w T
5 (TUYT) oy () + 7 /0 Sydt s(S) +

Then, applying (F.1) with v = 15_ 0# and F = f(Yr), we obtain

h(s)DW Yrds
AV = By (Vr)-E(ly_of (V) Geb) = %E(lﬁ:of’wm
1 B Yrh() 2

Lemma 4.3. If there is some funczﬁion u(.,.) such that the function v(.,.), defined as v(t,z) = 1o aw(2)u(t, 2),
belongs to the domain of N a

E(f (¥) oL / /R o) (ult, (Ve + DY) - F(Ve)}dedt), (16)

then AN := 2 E(f(YT)) - E(f(YT)5N(u)).

Proof. The proof is similar to Lemma 4.1. |
Denote Cy := {(t,z) € [0,7] x ]RJF;DﬁYT +Yr—K > 0}, and set C; := ffcyl(o,)\(s)](zo)dzods, and Cy :=
S J (0 ye L0251 (20)dzods. We know that C1 +Co = fo t)dt. Since

T -
F(¥r + DY)~ [(¥r) = Loy (1, 2) 7 / Su(ePRXe — du + 1y et 2)(K — Yr),
t

we can define the function us as follows. For the sake of notation, denote
K +Yr)Hy (Y, Hy (Y,
T(K + Yr)Hg(Yr) Halt,2) = & (Yr)

H3(t7 Z) = e ft exp{D X, } J 1) Co ’

and define
25 s~ Hs(t, 2) (t,2z) € Cy N ([v1,T] x Ry),
uz(t, z) = (4.7)
—sg;Hat,2)  (t,2) € (Cy)° N ([0,v1] x Ro).
Define wva(t,2) := 1o,x1)(2)uz(t, 2). Clearly, the condition (4.6) of Lemma 4.3 holds for this definition of uy, and
therefore if vy € Dom(5V),

AN =B (f(vr)6N (v3)). (4.8)
To show that vs belongs Dom(éﬁ)7 denote v° (t, 2) := Lioa@))(2) 1oy n(or, 1) xRe) H3 (t, 2) and 0O (t,2) = Lo (2) ey )en((o,v]xRo.
Lemma 4.4. Two processes v© and v© belong to Dom (V).

Proof. We will prove the claim in Appendix D. O

5. THE CONVERCENCE OF THE NUMERICAL SCHEME

There are several numerical schemes to approximate asset dynamics for special issues in finance, such as [45], [44],
and [1]. The stability of numerical schemes is widely studied, for example in [18]. For further details on the Monte
Carlo implementation of Asian options, the reader is referred to [2].

In the numerical experiments, the convergence of the numerical scheme used to discretize the processes and compute
the delta in the numerical examples is essential. So we first justify the convergence of our method to the exact solution.

(=)=
E)NE
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Using [8], consider equidistant partition of the interval [0,T]: t; = t;(n) = %,i =0,1,2,...,n, for any n € N, and
define the discretized process of X, corresponds to the given partition, in the following form

o2 t n
XZ =Xo+ (n— 7)?5]' + O'Wtj + / / (1- e’s )1(07)\71(3)] (2)dzds
R+

/ / JIN™(ds,dz) = Xo+ (u — )t + oWy,
R

+/ / (1-— eJ‘?)l(O’)\n(S)](z)dzdS —|—/ / J:l(o)m(s)}(z)ﬁ(ds, dz),
0 R4 0 R4

where for every s € [t;, t;11], we have J* = J;,, and
A" (s) = A" (t;) + B(Ao — A" (t;))du + a/ / 1(07)\n(ti)}(z)ﬁ(dt,dz). (5.1)
ti ts R+

Here, N"(dt, dz) is a Poisson process associated to N with stochastic intensity A". In this sense, N — N™ is a Poisson
process with stochastic intensity A — A". Finally, we define 57, = exp{X]'}.
In this sense, for every t;1,

tit1 .
ti R+
Take the expectation and result

(V" (t141)) = B (1)) + BAL(do — E(V'(t)) ) + aE("(t:)) At
— BARA + [1+ (0 — B)AE(N' () < BAAG+ E(N"(£,)).

Hence, for every i =1,--- ,n,
sup E(A"(t;)) < sup Ao(1+ (i — 1)BAL) < Xo(1+ ). (5.2)
1<i<n 1<i<n

In addition, taking the expectation from (5.1) and then applying (5.2) deduce for every s € [t;, ti+1]

E(IN"(s) — X"(1:)]) = o // ey ()dzdt) < aAt sup BN ()
R, 1<i<n

< aXp(1+ B)AL, (5.3)
and for every p > 2, from Burkholder-Davis-Gundy inequality,

E(A"(s) — A" (t:)|?) < a? IE / / Lo an )] (z)dzdt —|—IE / / 1(0,>\”(ti)](z)d2dt) 2}
R4 t; ]R+

< aPAt sup E(N"(t)) + aP(At)? 1E // Lo () ( dzdt)

1<i<n
< aPro(1+ ) (At + (At)?) < aPAo(1+ B)AL. (5.4)

Lemma 5.1. For every p > 2, there exists some constant ci,, such that for every i =1,...,n

sup ]E()\(t) — )\"(t))p <ec pnh

1 <t<tit1

Proof. See Appendix H. |

We prove the convergence of X;* and S} in the following lemma.



12 A. AHMADI AND M. TAHMASEBI

Lemma 5.2. Assume that the function J. is a Lipschitz continuous function. Then, there exists some constant co > 0
such that

E(Xp — X% < con™%, E(Sp — S < con™ (5.5)
Proof. See Appendix H. a

wrs

6. NUMERICAL EXAMPLE

In this section, we provide numerical results for the prices and the delta Greeks of European and Asian call options
under the Hawkes dynamics.
The program was implemented on a computer system equipped with an Intel(R) Core i7-9700 K CPU and 64 GB of
memory.
Consider the SDE (3.1) with the parameters o = 0.10, a = 0.30, 8 = 0.80, v = 0.20, 1 = 0.05, T =1, Ao = 1, Sp = 5.
Figure 1 illustrates a simulated sample path of the Hawkes process, displaying both the intensity A(t) over time and
the corresponding event times (jump arrival times). The figure clearly demonstrates the self-exciting behaviour of the
process: each event induces an immediate upward jump in the intensity, which then decays exponentially back to the
baseline. This visualisation effectively captures the clustering phenomenon inherent in the Hawkes dynamics, showing
how past events increase the likelihood of future events. The European call option and the simple Asian call option

FiGURE 1. Simulated sample path of the Hawkes process over the time horizon T' = 10.

with the expiration date T and the strike price K are defined as follows.
1 /T
f(St) = max(St — K, 0), f(Sr,Yr) = max(f/ Sidt — K, 0).
0

The averaging mechanism in the definition of Y = % fOT Sidt smooths out extreme price movements caused by the
Hawkes jump process. Consequently, the terminal payoff distribution of the Asian option has lower variability than
that of the corresponding European option. Under the same model parameters and Hawkes dynamics, the Asian
option price is strictly lower than that of its European counterpart.

Figure 2 shows the price of European and Asian call options with h = 0.010, the number of simulated paths 1000,
and K = Sy X v which v = 0.05,0.10,0.15,...,1.50,1.55,1.60. As predicted, the European call price is higher than
the Asian call price at every strike K, due to the volatility-reducing effect of averaging. The widening gap at lower
strike prices K (i.e., in-the-money options) arises from the convexity of the payoff function, which affects European
options more strongly. Also, the averaging in Asian options mitigates the effect of large upward jumps. This behavior
is consistent with standard results in exotic option pricing and is amplified under the self-exciting Hawkes dynamics
due to the heavier tails of the return distribution.

To investigate the impact of the Hawkes parameters on the asset and option prices, we perform a sensitivity analysis
with respect to the self-excitation strength o and the decay rate 5. Figure 3 presents the behaviour of the terminal
asset price St as a function of o and 3. The asset price increases monotonically with «, reflecting the amplifying effect
of stronger jump clustering on the expected terminal price. In contrast, the asset price remains almost constant across

(=)=
E)NE
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FIGURE 2. European and Asian call option prices versus strike price K. European call prices are
consistently higher than Asian call prices for all strike levels. The path averaging in the Asian payoff
reduces the overall volatility of the underlying process. The gap between the two curves widens as
K decreases (i.e., as the option moves further in the money), reflecting the stronger convexity and
path-dependence of the European payoff compared to the averaged Asian payoff.

o e

(A) Asset price St vs. a. (B) Asset price St vs. .

FIGURE 3. Sensitivity of the terminal asset price St to the Hawkes parameters with Sy = 5 and

o t
Jo= 2, 6> 0.

the entire range of 3, indicating a negligible sensitivity to the decay rate. Figures 4 and 5 display the European and
Asian option prices, respectively. The European option price exhibits a mild increasing trend with respect to «, while
it remains stable with respect to [, consistent with its dependence on the terminal asset price. Similarly, the Asian
option price shows a moderate increase with «, followed by a saturation effect for higher values, due to the averaging
mechanism inherent in the Asian payoff. Meanwhile, it remains nearly constant across the 8 range, confirming that
the decay rate has a limited impact on path-dependent options. Overall, the sensitivity analysis reveals that the
self-excitation strength « plays a more significant role in determining asset and option prices. At the same time, the
decay rate § has a secondary effect, particularly for Asian options. To calculate the delta, we present the exact delta
expressions for the European and simple Asian call options, respectively, as follows.

Ao = E[HK(ST)%], and AO :E[HK(YT)f
In [36], semi-analytical valuation formulas are derived for foreign equity options under a Hawkes jump-diffusion model,
using the Fourier transform method. They compute the Greeks and optimal hedging strategies under the mean-variance
criterion for options with clustered jumps and cross-market jump propagation. Callegaro et al. [14] study a quadratic
hedging problem in an affine Heston model with self-exciting jumps of Hawkes type. They apply semi-static strategies
that combine dynamic trading in the underlying asset with static positions in a basket of European options, reducing
the hedging error compared with purely dynamic strategies. Gonzato and Sgarra [23] compute two optimal hedging
strategies on a Hawkes-type process based on futures trading: one minimizing variance, and a second strategy that
also accounts for third-order moment contributions to reflect investor risk attitudes.
Our Malliavin-based Wiener-Poisson (WP) method offers distinct advantages over these approaches. Unlike Fourier

(&)
ENE
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(A) European option price vs. a. (B) European option price vs. S.

FIGURE 4. Sensitivity of the European call option price to the Hawkes parameters with Sy = 5,

K =6and J, = 25, t > 0.

r \ /
\ % /
1 \ ,"/\\\ / 1
ul \ 1 / | 1
EH \ \ / / \
\ \
asf- \\ ’j’ 4
L v |

(A) Asian option price vs. a. (B) Asian option price vs. 3.

FIGURE 5. Sensitivity of the Asian call option price to the Hawkes parameters with Sy =5, K =6

anth:ﬂ—jt,tZO.

transform methods that rely on semi-analytical approximations, our approach provides an exact probabilistic represen-
tation of the delta through Malliavin weights. Compared to variance-optimal and semi-static strategies, which require
solving complex optimization problems and often rely on affine model structures, our method directly computes the
delta with a single simulation per path, avoiding the need for perturbed simulations.

The method WM (Wiener-Malliavin weight) is based on (4.2) and (4.5) for European and Asian options, respectively,
and the method PM (Poisson-Malliavin weight) is based on (4.4) and (4.8) for European and Asian options, respectively.
The WP (Wiener-Poisson weight) method combines two methods: WM and PM. Whereas the symmetric finite
difference approach for the European call option gives

0 _ E[f(S7)[So + h] — E[f(ST)[So — A]
A = g Elmax(Sr = K,0)] = 120 o CLLLCEL Y

the symmetric finite difference approach for a simple Asian call option gives

_ 0 _ E[f(Y7)[So + k] — E[f(Y7)|So — A]
A= T%E[maX(YT - K,0)] = o )

Figures 6 and 7 show the behavior of the terms A, A", AN and A" /2+ AN /2. The jumps are modeled using Hawkes
processes. The execution time of the program code in the Malliavin method WP and the finite-difference method in
the European call option are 0.6345 x 10° and 1.2530 x 10°, respectively. In the simple Asian call option, the values
are 1.0688 x 10° and 1.2621 x 10°. This efficiency gain arises because the WP method requires only one simulation per
path; meanwhile, finite differences require two perturbed simulations (with Sy + h and Sy — h) to compute the delta.
The Malliavin estimator converges robustly, avoiding the bias-variance trade-off that inherently constrains the finite
difference method, which requires careful tuning of the perturbation step size h. Additionally, a CPU time comparison
is included, confirming the computational efficiency of our method. This reduction in computational cost is particularly

(=)=
E)NE
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significant for large-scale portfolio applications and real-time risk management, where frequent rebalancing is required.

FIGURE 6. The delta of the European call option under Hawkes process dynamics.

FIGURE 7. The delta of the simple Asian call option under Hawkes process dynamics.

The mean squared errors for the computation of the delta of the European call option and the simple Asian
call option are presented in Tables 2 and 3, respectively. The numerical results presented above carry important

TABLE 2. The mean squared errors of the four methods for the European call option.

’ The Method H MSE of the European call option ‘
WM 0.0014
PM 0.0005
WP 0.0001
Symmetric Finite Dif ference 0.0001

TABLE 3. The mean squared errors of the four methods for the simple Asian call option.

The Method H MSE of the simple Asian option ‘
WM 0.0009
PM 0.0001
WP 0.0004
Symmetric Finite Dif ference 0.0010

implications for risk management under Hawkes jump dynamics. The MSE comparisons (Tables 2 and 3) demonstrate

(&)
ENE
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that the Wiener-Poisson (WP) method achieves an MSE of 0.0001 for European options, matching the accuracy of the
symmetric finite difference approach, while requiring only half the computational time. For Asian options, the WP
method achieves an MSE of 0.0004, significantly lower than the finite-difference MSE of 0.0010, again in half the time.
These results indicate that the WP method not only delivers superior accuracy for path-dependent exotic options
but also substantially reduces operational costs, enabling more frequent portfolio rebalancing and faster responses to
changing market conditions.

Finally, the convergence analysis confirms that the WP method yields stable delta estimates with a modest number
of simulated paths, ensuring scalability for large portfolios and reducing estimator variance—a critical feature for
avoiding costly hedging errors. Overall, the WP method offers a compelling combination of accuracy, computational
efficiency, and valuable parameter sensitivity insights, making it a practical and economically advantageous tool for
risk management under Hawkes jump-diffusion models.

7. CONCLUSION

The main purpose of this article is to compute the delta of exotic options, like Asian options, on underlying assets
driven by Hawkes jump-diffusion models, using Malliavin calculus. This research is based on the relationship between
the integral operators with respect to the Hawkes process IV and those with respect to the associated Poisson process
N. This relationship helps us to control the exponential moments of the solutions of Hawkes SDEs and of the stochastic
intensity process ;. It also leads to a new duality relation between the Skorokhod integral of a process with respect
to N and the Malliavin derivative of that with respect to N. As an application, we establish a new Wiener-Poisson
weight to compute the delta for both European and Asian options and compare the results with the exact solution
and the finite differences using numerical simulations and the Monte Carlo method. The convergence of the numerical

method in delta computation is verified in a separate section.
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APPENDIX A. PROOF OF LEMMA 2.1

Proof of Lemma 2.1: First we can deduce from the definition of A\(¢) and its stability, a < 8 that for every
0<t<T,

E(/Ot )\(s)ds> - a’\—_oﬂ(aem—ﬁ)t b ﬁ) <dog f - (A.1)

For each integer R > 1, define the stopping time 7z = inf{t > 0: A(¢) > R} AT, and let

S (1) ::]E< sup epB(SATR)\)\(s/\TR)\p).

0<s<t;

From (2.3), Burkholder-Davis—Gundy inequality for jump processes, (A.1) and the facts that ab < %(a2 + b%) and
(a+b)P < 2P~ 1(aP +bP) for a,b € R, for every 0 < t; < T, there exists some constant C, such that

SATR .
Seat) =E(_sup [N+ [ [ ez (1N () P)
0 R,

0<s<t;

t1
= QP’I]E(epﬁT/\g + OzPI/O /R 1r§m€ﬁr1(o,>\(r)] (2)dzdr[?
+

SATR ~
+aP sup | / eﬁrl(o’)\(r)](z)N(dz,dr)|P>
0 Ry

0<s<ty

t1 p
< 2P~ LePPT D 4 2p_1apE(/ 1T§TR657")\(7")d7°)
0
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P
2

t1 t1
+ CpE(/o /R 1TSTR€2’8T1(20,A(T)] (z)dzdr) + CPE(/O /]R 1T§TRepBT1€0,,\(T)] (z)dzdr)
+ +

ty
< 2p_1epBT)\€ + (2T)p_1ap]E</ epﬁ(MTR)P\(r A TR)|p)d7"
0
p tl p tl
+ C’,,TffllE(/ epﬁ(Mm)/\f(r A TR)dT‘) + C’pepﬁTE</ /\(’I“)d?“)
0 0

t1 )\
< 21’—1@1’”/\{; + (2T)p_1ap]E</ sup {epﬂ(SATR))\p(s A TR)}dT) + CpepﬂTioﬁ
0 0<s<r B—a

1 h
+ fC’pTgflE(/ sup {ePPEATR) (1 4 AP (s A TR))}dT’>.
2 0 0<s<r
The Gronwall inequality deduces that Sy, (t1) < A, where A is a finite constant depending on p, T, and the model
parameters. Taking the limit R — oo and using the monotone convergence theorem completes the proof of the first
part.

To establish the exponential integrability of A(¢), we apply Itd’s formula for jump processes to the function f(z) = eP*
with p > 1.

t t
ePA®) — oPAO) 4 / P pB(Ng — A(s))ds + / / ePAE) (par + e = 1)1, 2(5)](2)N(dz,ds). (A.2)
0 o Jry

e*—1

Taking expectation for every p > e

and applying (2.4), we result for every 0 < ¢ < T
tATR tIATR
E(eP\¢A7R)) = ePAO) 4 BT / POV ds) + (por —pf e — 1)E( / PN\ (s)ds)
0 0

¢
< ePNO) +pﬂ)\0/ E(ePAATR)) ds.
0

The Gronwall inequality results E(eP A 7R)) < ePAO)ePBrot So when R — oo, it shows that for every p > 1,

sup E(eP*®) < oo (A.3)
0<t<T
In addition, taking expectation from the supremum of (A.2), and then applying (2.4), and Burkholder-Davis-Gundy
inequality we deduce for every 0 < t; <T

t1
E( sup eP)\(S/\TR)) Sep)\o +pﬁ)\(0)/ E( sup ep)\(r/\TR))ds
0

0<s<ty 0<r<s

tATR

ty
+ (pa + e* — 1)2E(|/ er/\(S))\(s)dsﬁ) + (pa + e* — 1)E(/ ePAEATR) \ (5 A 7R ) ds)
0

0

t1
< PO +pﬁ)\0/ E( sup ep)‘(”\m))ds
0 0<r<s

1 hn , 1
+ §(pa +e* —1)2 / E(egp)‘(é/\m))\(s A TR))dS + §(poz e —1)2
0

bl 1
+ (po +e* — 1)/ ]E(ieQP)‘(SATR) + 5/\2(3 A TR))dS.
0
where we used since E(e2PAATR) \ (5 A TR)> < E(%e‘lp)‘(“m) + XY (s A TR)), in the last inequality. From (A.3) and
the moment bounds from Lemma 2.1, all terms on the right-hand side are finite. Finally, applying the Grronwall
inequality and then taking R — oo, the proof is completed.

an

BE
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APPENDIX B. PROOF OF LEMMAS 3.1, 3.2, AND 3.3

Proof of Lemma 3.1: By adding and subtracting the term 1 fot (€2P7s —1)\(s)ds to the exponent of the expression
formula of Y; and then applying the Cauchy-Schwarz inequality, to reach the martingale process exp{ — fot (e2P)s —

DA(s)ds + fot fRJr 2pJ51(0,>\(5)](z)W(ds,dz)}. This result

t t
sup E(YY) = sup E(exp{ —/ p(e’s — 1)\(s)ds —|—/ / pJ81(07,\(S)](z)N(d8,dz)})
0<t<T 0<t<T 0 0o JRy
t t o 1
< sup E(exp{ —/ (e2P7s — 1)/\(s)ds—|—/ / 2pJ51(0,,\(8)](z)N(ds,dz)})
0<t<T 0 o JRy

up, E(exp { /Ot(e%"s 1) = 2ple” 1))

0<t<T

t 1 t 1
<1x sup E(exp{/ egp‘js)\(s)ds})2 < sup E(exp{ sup )\(5)/ erJ*dr})2 < 00,
0<t<T 0 0<t<T 0<s<T 0

where we used from Lemma 2.1 and Condition H1 in the last inequality.

To prove the second part, the definition of X; and its relation to Y; show that it is sufficient to prove the claim just
for Y;. To estimate the supremum of the jump martingale, we apply the Burkholder-Davis—Gundy inequality ([47],
Lemma 2.3) to Y;. This inequality bounds the p-th moment of the supremum by the sum of the LP-norm of the jump
measure and the ?/2-norm of its quadratic variation. So, there exists some constant Cp such that

E( sup |Ys \p> <Y?+ CyE / / Y2(e 1%, )\(S)](z)dzds)

0<s<t

ya
2

p _
+cp1E( /0 s YP(el — 1710 (2 )dzds)
t v t
<Y+ CPT”/ ]E(Yf(e"s l)pAf(s))ds + Cp/ E(Ysp(er - 1)p)\(s))ds
0 0

=Y+ O, /Ot (Tpll(s) +12(s))ds. (B.1)

Applying Jensen’s inequality, there exists some constant ¢ that

t t
/ (TPI(s) + I(s))ds < 2T+ sup ]E(Yfp) + 4Tp]E</ (efs — 1)4pd3>
0 0

0<s<t
¢
+4TP* sup E()\Qp(s)) + 2T sup E(Yfp) +4E(/ (el — 1)4pds) + 4T sup IE()\4(3)). (B.2)
0<s<t 0<s<t 0 0<s<t

Substitute (B.2) into (B.1), and use the first part of Lemma 2.1 and Condition H1 to complete the proof.

Proof of Lemma 3.2: We note that assumptions (5.95), (5.96), and (5.98) of Lemma 5.19 in [38] for the coefficients
of the SDE (3.2) are satisfied. We know

St_p:SO_peXp{—p(,u—Qo)t—paWt—i-p/( 5)ds — // Jsloaewy (2 (dS,dZ)}

Similar to the proof of Lemma 3.1, by adding and subtracting the term %fot(e’%JS — 1)A(s)ds to the exponent
and then applying the Cauchy-Schwarz inequality, we derive the martingale process exp{ — fot (e=27s — 1)\(s)ds —

(=)=
E)NE
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fg fR+ 2pJs1 (0,0 (s) (2) N (ds, dz)} This fact, Condition H1, and Lemma 2.1 conclude
. t
E(S;?) < S,"E= (exp{ —2p(p — $0°)t — 2pa W, + / [2p(e”s — 1) + e~ 2Ps — 1]>\(s)ds})
0

<3 (e { - /Ot(e_szs — 1A (s)ds — /0 t /R 27107001 (2) N (ds, dz) })

< SO_PE% (exp{ —2p(p — $0°)t — 2pa W, + /Ot[Qp(er _ 1)])\(s)ds}) %1

< %SEP {E<exp{ —dp((n— 3o )t+0Wt)}> +]E(eXp{4pOS£I§>t/\(S) /OT(eJS - 1)d5})f
< 00,

where we used the fact zy < %xQ + %yz, for every =,y € R.
Proof of Lemma 3.3: According to Equation (3.6), and apply the 1t6 formula for the function
Fz) = e, p> 1,

d (epD?,zx(o) = —pBDY, A(£)ePPEAD gp 4 pDYAD (epa sign(DY A1) _ 1) N (dt).

Therefore, the integral form is as follows.

— t . —_
DI _ padoaw) _ 3 / DY 2. e?PEAE) g
u

t _
—I-/ PP A () (epo‘ sign(Dy . M=) _ 1) Nu,z)(ds), (B.3)
Using the fact that 1(g yu)(2) < [A(u)|/2 for z > 0, to estimate E(eP@l@awi(®)) <1 4 (eP™ — 1)%;‘)‘2), and result

E (ngA(t)) _E (epalm @) = pg / epDizMs)) ds

t _
+/ E (nyz)\(s)epD']uvszs) (epa sign(DY (s)) _ 1)) ds

t
<E (ertonen@) e — 1 - pp) / E

u

(Duﬁ,z/\sepDiz)‘(so ds

2 t o _
<14 (e LB (e 1) / E (DI A, e? P22 ds.
. ,

u

Consequently, since e*® < 1 + 43, we result

sup E(e4Duﬁ12’\(t)) < 0. (B.4)

In addition, taking the expectation of the supremum of (B.3), and using sign(Dyz)\(s)) > 0, and the Burkholder-Davis-Gundy
inequality, we derive

1

)

E( sup epDuﬁ,z)‘(t)) < max{eP* 1} + (eP* — ‘/ 2D} S)DN JA(s)ds

0<u<t<T

T _
N \(s) NN
+ (epoc o 1)/ E(epDu,z/\( )DQJXZ)\(S))dS

1 T
< max{ef*, 1} + i(epo‘ - 1)/ IE( 207 z)‘(S)DN A )ds + 2(€pa -1)
u
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T
1
+ (eP™ — 1)/ E(§e2pDN SAls) 4 QDin)é( ))ds,
u

where we use the fact ezpDﬁz)‘(s)sz)\(s) < %64”[)55)‘(5) + %(Dﬁ
inequality once more completes the proof.

A(s))?, in the last inequality. Applying Gronwall’s

APPENDIX C. PROOF OF LEMMA 4.2

According to Theorem 13.15 in [41], it is sufficient to show that u® = 1(o \uy(2)H1(t, 2) and uP* = 1 5 (2)Ha(t, 2)
belong to ID)%Q. We require three steps to do this. In Step one, we show that «” and u”" belong L?(Q x [0,T] x Ry).
In the sequence, we see that the variable H1(.,.) on A; := {(t,2) € [0,T] x Ro; 1(o,x)](2) 1 Bn(jor,7]xRo) (£, 2) = 1}, and
the variable Hs(.,.) on

Az = {(t,2) € [0,T] x Ro; Lo,x1)](2)1Ben([0,01] xRo) (t, 2) = 1} are Malliavin differentiable whose derivatives belong
L2(Q x [0,T] x Rp) in the next two steps. To this end, we apply the following lemma from [40].

Lemma C.1. [40] Given F,G € DY that FG € L*(Q) and (F+ DNF)(G+DVG) € L*(Qx [0,T] x Ry), the product
FG also belongs to ID)IW’2 and

DY.(FG) = FDN,G + GDY,F + DY, FDY,G.

As a consequence, we set F = g—ll and G = GG for every F},G; € ]D)%J, such that g—ll € D%’Q and the right hand side
of the following equality belongs L?(Q x [0,T] x Rg), we deduce

S <F1> _ GiD¥F - FDNG, 1)
Gl(Gl =+ DﬁGl) ' ’

ds. Therefore

Step one: We first note that 1 + % < 2,if S7 > K, and the following inequality holds ﬁ <[ B
1

/ / |1(0 )\(t) 2)H1(t, z) dzdt < 2/ / 1(0 )\(t)] ( )Q)dzdt
/ | B )dadt + / / (1 =
0 ( t) z OXDI\R) 352
Ry ( B
S/ / ]E(l(o)\(t)]( N dZdt—I—/ / 1(0 A(D)] / s)dzdt
0 JRy (D t,z

T
< E(1 zf—dzdt—i—/ —El z))dzdt < oo,
/0 /]R+ (Lo, a0 ( )(DQ’ZXT)“) o J N (Lo.a)(2))

where we used Lemma 3.7 and (A.1) in the last inequality. In a similar way,

/ / |1(0 )\(t) )Hg(t Z dZdt < / / 1(0 >\(t)] 82 )dzdt
2
< / / E(1(07/\(t)] (Z)/ s)dzdt < / / 1(0 A(t) }( z))dzdt < oc.
0 Ry ( R+

Then, u” and u®" belong L?(Q x [0,7] x Ro).

Step two: We show that 14, (t,2) DN (Hi(t,2)) € L*(Q x [0,T] x Rg). We are moving forward step by step to do
D

1
O

>—‘l\’)

7)dzdt

this. The Malliavin derivative of the process et r=X7 ig derived in Appendix E, explicitly for the rest of the reader;

(=)=
E)NE
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nevertheless, this explicit representation is not directly needed in this proof.
(a): For every 0 <r <t and zy < A(r), from (C.1)

N N
ePr-Xr | Dy oo DY X7 _ 1
DN L
mEo | DN Xr _q (eDﬁzXT _ 1) [eDﬁzOszXTJerZXT B 1}

N
oD X1

IN

——| <1
Pl Xr 1| T ’

DN.Xr|’

where we used the facts DN X7 > 0 in the last inequality. Then using Lemmas 2.1 and 3.7

2
1
1A1 t Z / / 1{20<)\(T‘)} ZO [ DN Xr o 1‘|
(, >\(t)]
<E (/ / 1{zo<)\(r)}dZOdT> +E ( DinXT / / 1{z0<)\(r }dZOdT>

dzg dr)

s Loa@)(®) 4\ w2 / /
<T sup E(A(r))+E2 | (—=——— E2 1¢, dzodr | < oo. C.2
ogrlg)T (A(r)) (( D{YZXT ) o Jr, {z0<A(r)} @20 (C.2)
In addition, from Lemma C.1 it follows that
v (K CEDYSr | KSp(PXT 1) CKEPN )
7,20 ST S (ST+DTZOS ) S%QDKZOXT ST@DXZOXT .
N
Therefore, given ST > K and Lemma 3.2, we have that |S | < 1and also ”07)1;_1 < 1, so it can be concluded that
e ™z T
_— K 2
N
‘D’"’Z‘J(ST) < 1. (C.3)
On the other hand, since D ___DIGB e
n the other hand, since MO( )= m,t erefore
T
~ 1 [EA@r)dr 1 2
N < Jo Ar)dr < : .
E(lAl(t’Z)A /]R+ 1{20§)\(r)} ’DT’ZO(Bl) dZ d?") E( 54 ) S E(IOT )\Sd5> < 0 (C 4)

(b): We now prove that 14,(t, 2) DY, ((1 +4-)Hx(S7)) and 14, (¢, 2)DY,, [B<D,N1XT1)
(PN X
Ryp).

From Lemma C.1, the fact |[DY, o (Hi (S7))| = s, +p¥ spox — lsr>k| <2, and (C.3), we obtain
2o

1 belong to L?(2 x [0,T] x

T ~ K
E(%(tz) / / Lizoxmy Dis, (1 + —)HK(ST>)|2dzodr)
0o Jr, St
T — K
< ]E(lAl (t,z)/ / Lizo<n(ry [ Hi (ST)DY, (1 + —)|2dzodr)
0o JRy ST

+E(1A1(t7z)/0T

K
| Lensron |1+ 5D, (Huc(Sr) Pdzodr)
.
T ~ K
+E(1_A1(t,z)/ / ]‘{ZOS)\(7‘)}|D?{YZO(HK(ST)) rz0(1+7)‘2dzodr)
0o Jr, St
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<E(1A1(t,z)/0T)\(r)dr)(1 +4+1) < oo

and from (C.2) and (

(C.

E (L, (t.2) / / Leperon D (DNXT gt )
1 2

<2 1A1tZ 1{20<)\(7‘)}|D7"zo( )W| dZodT)

1
2B (14, (1,2 / / Lexon g Dol e — ) Zdzdr)

1
+2]E 1A1tz/ / Tzo<n(r }|Drz0( ) TZO(WT]-)PCZZOdT)<OO

(c): From Lemma C.1 and the parts (a) and (b) we conclude DY, 14, (t, 2)H1(t, z) € L2(Q x [0,T] x Ro).

20

Step three: In a similar way, one easily show that DN, 14, (t,2)Ha(t, z) € L2(Q x [0,T] x Ry).

T,20

APPENDIX D. PROOF OF LEMMA 4.4

Similarly to the proof of Lemma 4.2 in Appendix C, we again invoke Theorem 13.15 of [41] to verify that the processes
v® and v¢° belong to Dom(6"). The L2-integrability conditions required by this theorem are satisfied thanks to
the same three estimates: Lemma 3.7, Lemma 3.3, and Lemma 2.1 with Condition H1. We now proceed with the
explicit verification of the differentiability and square-integrability of the weights.

In this part, we will show that the random variable H3(.,.) on-the set

J1 = {(t,2) € [0,T] x Ro; Lio,ae)](2)Ley n(jor,T]xRo) (t, 2) = 1}, and the random variable H4(.,.) on the set Jo :=
{(t,z) € [0, T] x Ry; 1(0,)\(t)](Z)ng;ﬁ([O,vl]x]Rg)(tv z) = 1} are differentiable whose derivatives belong L?(2 x [0,T] x Rq)
in two steps.

Step one: First we show that 1(g x)(2)DY (H3(t, 2)) € L?(Q2 x [0,T] x Ry) in the following three steps.

(a) Using Jensen inequality for the function z — -,

1 2 T 1
B () (2) ) <k / ©070)(2) du)
j; Su(eDt,qu, _ l)du t S%(eDt,zX“ _ 1)2

< TZE%(L)(E(M)‘*)% < 00 (D.1)
) Sﬁ eDszu _ 1 ’ '

For every 0 < r <t and zg < A(r), from (C.1)

¥ 1
N
(ftT S Xu _ 1)du>
o rzo ft Xu - )du
ST S, (ePRXe — 1)du( [T Su(eDwX Vdu+ DY, ['s — 1)du)
f DT zo< Xu - 1)du)

JT 8 (ePN-Xu — 1)du( I Su(eDt,qu —Vdu+ [" (DN, S, (ePrXv — 1))du)
I Dmo( D?qu — 1)du)

< —
(7 SulePxe - du) + /s Vdu [T (DY, (P8 —1))du

t
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ftT Su(eDsz“ —1)du '

Using Equation (D.1), we have

T
E(ljl (t,z)/ / 1{z0§>\(r)} D
0o Jry

2
1
< E / / 1{Z0<)\(T)} ( (0 A(t)]( ) ) dZOdT < 0.
ft —1)du

-Dp~, ¢
N (1Y _ rzp -1
Since D, (g-) = RN therefore

T,20

1j1tz/ / 1{zg<)\(r)}‘ TZO(Cl)

2
dzodr)

1
° lfTS (eDtﬁ»zX“ - 1)du1
t u

dzodr) < < 014 ( /T )\(r)dr)2)

)2 < 5. (D.2)

1
E(—7——
Jo A(s)ds
Hence, according to Holder inequality, Lemmas 3.1 and 3.3, connection with the proof of Theorem 3.1 in [49] (on page

2116), we conclude

T —
E<1J1 (t,Z) / / I{ZDSA(7')}|D1{\,{20 (K+YT)|2dZOdT)

1
*E lj1 t z / / 1{zo<>\(r }|/ 6 TzO Xu )du\ dZod?")

T
< lE 1 2 r DTWZ Xu 2
< jl (t, 2) 1{Z0<>\(T)} Sudu—l— (e7m=0 — 1)*du|dzodr
2 0 Ry N T r
1 T T T -
< *E(/ / A(r) {/ Sﬁdu—i—/ (eDinZOX“ —1)%du dzodr) < 0o
2 0 R4 T T -
(D.3)
(b) We now prove that 1(0,,\(t)](Z)D§ZO L o Dlﬁx ey and 15 (2) DY, ((ST + Yr)Hg (Sr)) belong to
1 [, Sule”t=TM —1)du |

L2(Q x [0,T] x Ry).
From Lemma C.1 and Equation (D.3), we can write

T —
E<1J1(t,z)/ / I{ZOgA(r)}|szo((K+YT)HK(YT))|2dZod7’)
o Jry
T
< ]E(ljl (t,Z)/ / 1{zo§/\(r)}|HK(YT)D7]"Vz0 (K + YT)|2dZOdT)
o Jry
+E(14(6,2)

T —
l{zoﬁ)\(r)} |(K + YT)D7]'\,]Z0 (HK(YT)) |2d2()d7‘>
Ry

T _ —
+ JE(1JI (t,z)/O /R 1zo<ney | Dry (Hi (Yr)) DY, (K + YT)|2dzodr> < o0
+
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From (C.2) and (D.2

)
T
N 1
N 2
E(ljl (t,Z)/O /]R+ 1{ZOS)‘(T)}|DT,20[Cl fT Su(eD?zX“ B 1)du]| dZOdT)
t

<2E(1 (t )/T/ 1 DN (L) ! 2d d)

hS T\ 2 20<A(r .2 ~ zoar

1 {zo<A(1)} o\ e, ftT Su(eDéYzX“’ — 1)du

—|—2E 1, (t, 2) 1 ! )|2dz dr)

.71 {zo<A(r rzo f S Dyzxu _ l)du 0
1. % 1
+2E(14(t,2 / / 1izo<rey DY, ( )D,{VZ )|?dzodr) < oco.
( 1 { 0> } 0 0 f S l)du )

(c) From Lemma C.1 and the parts (a) and (b) we conclude D71¥201(07A(t)] (2)Hs(t,z) € L2(Q x [0,T] x Ry).
Step two: In a similar way, one can easily show that Digl(o,,\(t)](z)’}-bl(t, 2) € L2(Q x [0,T] x Ry).

APPENDIX E. AN EXPRESSION FOR THE SECOND ORDER MALLIAVIN DERIVATIVE

Let €(y,) denotes the Dirac measure at (u,z) € R x Ry. To present an expression for the derivative of Pl XT

are motivated by [49] and derive the following results.
DY, JoN(u,z)(ds) // o<, _ —1 _ N+ (r2)) (dv, d
0 / (u,2) {48 Ry = ( 0 ws<N+s(u,z)+s(y-,zg)\(—oo,s))] ©) (UJPS(N‘FE(T,ZO)|(—oo,s)>] (v)> ( Sz (v, ds)

+/ / s>r
R

, we

(U)> (N + 6(7',2()))([11), ds)

_ (v) -1 _
0 (pS(N#»E(u’Z)#»E(T’ZO)‘(_mys))] (ONPS(N‘FE(T)ZO)l(—oo,s))}

( 0, ‘PS(N‘Fa(uYz)I(_oo’s))] )= I(O»WS(W\(_QO,S))] (U)> N(dv, ds)

(v)) ‘N(dv, ds)

J L
e

N / /IR s (1 O s (N+e(y 2yl (oo, g))] @)= 1(0,¢5(W|(_m,s))} (”))(ﬁ+ E<T’ZO))(dU7d8)

+/ / Lssrd, _ v) —1 _
Ry 04p5(N+5(u,z>+5(%20)\(,ooys))] (Ov‘PS(N+€(r,zO)|(—oo,s))

/ / s<r - (v)—1 o (v) N(dv7 ds)
Ry o, ws(N+£<u,z)I(,oo,s))] (07%(1\7\(7%,5))]
t —
- / / lssrds | 1 o (v)—1 o (v) | N(dv,ds)
u Jry (O,gps(N+5<uyz)|(7oo’s))j| (07<Ps(1\7\(7oc75))i|

= trzudu (1(0»%’7-(W+5(u,2)|(_oo,7‘) )] (%) = 1(0,597'(W‘(_(x>,r))] (ZO))

t _—
+/ / 1s>r>quA7‘,u,z,zo(U7S)N(dvv ds),
u R+

(v) -1

0, vs(WJrE(u,z)l(—wvs))] (waS(ﬁ‘(iooyS)):I

} (v)) ‘N (dv, ds)

where

Ar,u,z,zg (U, 5) =1 _ U) -1 _ U)
0,05 (N+¢(u,2) T (r.z0) | (—00.5)) 0,05 (N+e(r,20)(—c0.s))

(v)+1< }(v)

-1
<O,<PS(N+€<U,,Z)|(—oo,s)):| 0,05(Nl(~00,5))
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In the same manner,

DY, DY A(s) = Lyzyae 70 (1, () -1, _ (20))
(07WT(N+8(u,z>|(—m,r))} (O#Pr(N‘(—oo,r))}

t
+// Losrsuae P A (v, 5)N(dv, ds).
u ]R+

In addition,
Dy (Juloa(2)) = Ju (1(o,x(u)+uyzox<u>] (2) - 1(0,A<u>(2)>-

APPENDIX F. MALLIAVIN CALCULUS ON WIENER-POISSON SPACE

Let us review some concepts of Malliavin calculus on Wiener-Poisson space, as demonstrated in [40, 41]. Consider
the Wiener-Poisson space (2, F, P), and a Poisson random measure Ny associated with a Lévy process L with the
Lévy measure v(.) on a complete separable metric space (Rg, B). For a positive real number T, let L%([0,T] x Ry)
be the space of symmetric square integrable functions on the ([0, 7] x RE, m ® v®™), where m is an atomless measure
on [0,7]. Denote by S the set of all functionals F' = ¢(61, 02, ...,6,) where p-is a smooth function with bounded

derivatives of any order and 6; = fOT fi(t)dB; with f; € L%([0,T]). Define the Wiener Malliavin derivative of F' by
w — .
Dy F(w) = ; 87%(917 ceees On) fi(2).
For every integer p > 2, the domain of the operator D", denoted by ID)%,(’,I’ , is the closure of S with respect to the norm
defined by
[ Ellnp = [1F]| e (o) + ||DWF||LP([0,T]"><Q)~

The Skorohod operator d is the adjoint operator of DY from L?([0,T] x Q) to ]1])‘1/{,2 . The following duality relation
holds between these two operators, which states that for given F' € ]]))114’,2 and u € Dom/(5")

E( <DWF,u>L2[O7T]) = IE(/OT(DtWF)utdt) - E(F&W(u)). (F.1)

For every adapted process u, 6" (u) can be represented by the stochastic integral fOT u(s)dWs.

On the other hand, given h € L*([0,7] x R?) and fixed z € R} := R™ — {0}, we write h(t, ., 2) to indicate the function
on RO given by (21, ..., zn_1) — h(t, 21, ..., 2n_1, 2). Denote by ]D)Jl\,i the set of random variables F in L?(2) with a
chaotic decomposition F =37 I,,(hy,) with h,, € L2([0,T] x RY), satisfying

Z n”!||hn||2L2([o,T]xR3) < 00.
n>1

For every F € ]I])Jl\’,g, the Malliavin derivative D0 F is defined as the L?([0,7] x Rgy)-valued random variable given by

DIYF = " nl, 1(hn(t,.,2)), z€Ro.

n>1

The operator D0 is a closed operator from ]D)}\,g C L%(Q) into L?(Q2 x [0,T] x Ry) and satisfy the following rule.

Proposition F.1. [/0] Let F be a random variable in D}Vg and let ¢ be a real continuous function such that o(F)
belongs to L2(2) and o(F + DNoF) belongs to L*(2 x [0,T] x Ry). Then o(F) belongs to ]D)}Vi and

Do o(F) = o(F + D{?F) — o(F).

The following result characterizes 6™V as the adjoint operator of D™o.
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Proposition F.2. [/0] If u € Domé™Ne, then 6™ (u) is the unique element of L?(SY) such that, for all F € ]D)}\’,i,

E((D"°F, @HGO,T]X%)) = E(F§No(u)).
Conversely, if u is a stochastic process in L?(Q x [0,T] x Rq) such that, for some G € L*(Q) and for all F € ]D)}\’,i,
E(<DN0F’ u>L2([O,T]><RO)) =E(FG),

then u belongs to Domé™°o and 60 (u) = G.

According to the proof of Theorem 3.1 in [49], the following relation holds.

D(t,z)(// 91(s,v) N(ds x dv)) = q1(t, 2) +/ U(t,2)(8) Ntz (ds), (F.2)
R JRy (t,00)
“+o00
D(t,z)(// g1(s,v) dsdv) :/ Ut () |D(t,z)/\(s)| ds, (F.3)
R JR, t
with g1(t, w, 2) := u(t) Lo x(t,w) (2), where for every s > u
k(u,z)(s) = Sign(@S(N‘(—m,s)""e(u,Z)) - ¢S(N|(—cx>,s)))t]s = sign(DfXZ)\(S))JS, (F.4)

N(u,z) (dS) = N(ds X (@S(Nl(foo,s)_’_e(u,z)) A (ps(Nkfoo,s))
) Ps (N|(—OO,S)+6(u,Z)) Vs (N|(—OO,S)))' (F5)

Here, €(y,.) denotes the Dirac measure at (u,z) € R x Ry and for ease of notation, we denoted by a Ab and a V b the
minimum and the maximum between a,b € R, respectively.

APPENDIX G. PROOF OF PROPOSITION 3.4 AND LEMMA 3.6

Proof of Proposition 3.4: According to Condition H1 and Equation (3.7), we have
t
F(v)=J, — / (er — 1)046_5(3_”)(13, 0<v<t<T,
v

where the integral kernel ce=?(5=?) describes the jump size and decay of the Hawkes intensity. We know that J,
is bounded on the compact interval [0,7], because any monotone function on a compact interval is bounded; then
0 < J, < Jp. The exponential kernel is bounded and integrable, so the integral term is also bounded,

t J
/ (e’ — 1)ae_5(‘9_”)ds M.

Therefore, the function F(v) is uniformly bounded on [0, 7] with the explicit bound,

|F(v)| < Jr+ a(e‘];_”

Since the point process N .y on (t,00) has {fsﬁ}s>t—stochastic intensity
{IDNA(s)[}s>¢ (see [49]), add and subtract DY A(1)], and use equations (3.6) and (3.21) in [49] to derive

E( ’Duﬁ,th’> < E( |F(u) 10w (2)] )

<

+5(| [ FOsign(DZN0) (Vo @) = DT A0+ DEA0))

JT_].
SJT‘F%

+E( /ut F(1)sign(DN A1) (New,) (dl) — DY A1) ‘)

(=)=
E)NE
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t _ _
+E( / F()sign(DY A1) DY Q)
u
Proof of Lemma 3.6: According to the definitions (F.5) and (F.4), setting
ACl(s,u) = @s(ﬁk—oo,s)“"e(u,z)) AN (pS(N|(—oo,s))7
AC(s,u) := ©s(N|(—o0,5)F€u2)) V 0s(N|(—o0,s))-

Thanks to the proof of Theorem 3.1 in [49], stated that N(, ) on (t,00) has FN_stochastic intensity {ID¢ 2 A(8)|}s>t,
we result

E(exp{ —r/

u

t _ —
=B(exo{~r [ [ POsion(DEAON eyt essaon o) V. dzo)})
u JRy

<e(en{- [

u

) <.

t

F(1)sign(DY A1) N,z () })

(- efrF(S))|Duﬁ,Z)\(s)|d$}) < E(exp{ — Cyr /ut 1{F(S)§%}F(s)|Duﬁ,z/\(s)|ds}>, (G.1)

where Cy is a constant that 1 —e™* > Cyz, for every = € (—1,1). Applying (3.6), Fubini theorem, and the fact that
for every s € [u,t] we have F'(u) < F(s), will derive

t t t
/ 1{F(s)§%}F(5)€_ﬁ(S_u)d3 = / 1{F(s)§%}(Js€_6(s_u) _ a/ (er & l)e_ﬁ(l_u)dl)ds
u S
t
:/ 1{F(s)< }J@ Bls— u)dS—O[/ / 1{F(s 7;}( Jl — 1)€_ﬂ(l_u)d8dl
t t
Z / 1{F(S)S%}J3675(Siu)d5 - 1{F(u)§%}a/ (eJ’ v 4 1)676(l7u)(l - U)dl
t t
Z / 1{F(S)S%}J5€_B(S_u)d8 — tal{F(u)S%}/ (GJl y— 1)€_ﬁ(l_u)dl
u u

t
:/ Lp(eyey Joe s — 11 e 131 — F(w)]. (G.2)

Substituting (G.2) into (G.1) deduce that

B(ep{ [

F(1)sign(DY D) N,y () })

t
<E exp{ — Coarl (u)] (z)/ 1{F(S)S%}F(S)e—ﬁ(s—u)ds})
u
t
{ Coarlip ) (2 )(/ 1{F(s)§%}‘]s€75(57u)d5 —tJ, + tF(u)) })

APPENDIX H. PROOF OF LEMMAS 5.1 AND 5.2

Proof of Lemma 5.1: Start from the definition of the discretized intensity A" (¢) on the interval [¢;,¢], for every
i =1,...,n, and apply the Burkholder-Davis—Gundy inequality for jump processes to yield

B(IA0 =X 0F) <27 B(AE) = X7 +5 [ ) = X

/tt/]R (1(07/\(3)](2) - 1(0,)\"(ti)](z)>ﬁ(d8,dz)’p)
g +

+aP
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< op-1 [E(|/\(ti) - )\”(ti)Ip) + B /:E(|/\(s) _ )\”(ti)|p)d8

P
+o/’/ / L) (2) — 1(0,)\n(ti)](z)) dzds

>
+ apE ‘ /t /]R 1(0,,\(5)](3) — 1(0’/\n(ti)](z)) dzds )] (H.1)
i YRy

P 2
We note that <1(07>\(s)] (2) = Lioan ()] (z)) < 2P (1(09\(3)] (2) = Lioan ()] (z)) . Moreover, for fixed z, the integral over
R of the squared difference of indicators is exactly the absolute difference of the intensities:

2
| (10301 = Toamen(2)) ds < 17s) = X))
+

Substitute these inequalities into (H.1), apply the Cauchy-Schwarz inequality for the last term, and use the fact
zy < 2(2® + y?), then add and subtract the term A"(s) to them and use the fact (z +y)P < 2P~ (2P + yP) to derive

E(1A®) =A@ ) <207 [E(IAh) - A ()I”)+B” / E(1A(s) = A"(t) ") ds

+ 2PaP /tt IE(|>\(3) - )\”(ti)|)ds + ap(At)%—lE( |)\(s) - A"(ti)ﬁdsﬂ

<2 [B(e) - N (eP) + 26 [ B0 - N (o Yas
+ 2P /:]E(M"(s) - )\”(ti)|p)ds+2po¢p /t]E()\(s) M A”(s)|)ds
+2pap/thE(|>\"( ) — A" (¢ )|>ds+2a”(At yé=lop=1g / IA(s) |pds)
+ ar(anE i 1]E(/t; X" (s) — X7 (1) Pds ) + o (A0)% .

Now, substitute the upper bounds of (5.3) and (5.4) in the above inequality to obtain
E(IA®) - A1) < 207 [B(IN) - A ()1 )
(e gty [E(ne) - X o) as
+2PaP /tj]E<|>\(s) — X' (s)])ds + Cpa ]
< 2 [E(IAk) - X(t)P) + (2787 + 2" 2arT?) / ;E(IA(S) — X (s)]")ds
+2;ap/t;E<|)\(s) n(s )|p)ds+ Zarat+ i),

where C), 1 is a constant, and we apply |A(s) — A" (s)| < 1%|)\(5) — A"(s)|P + % in the last inequality for % + % =1.
Applying Grénwall’s inequality yields

E(|/\(t) - /\”(t)\p) < op1 [E(p\(ti) - /\”(ti)|p) v %apm n cp,lAt} eArait,

(=)=
E)NE
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where A, 1 = 2PT13P 4 2P=2PTP + 2 ozp We can continue this process recursively to derive that there exists some
constant ¢; , such that

E(IA®) = A1) < (o = AT + At(eT — 1) < 1AL,

Proof of Lemma 5.2: The following two inequalities are required to establish the convergence rate. For every
z,y € Rand p e N,

e — e¥] < (&% + e[ — ], (H:2)

(z+y)% < 22122 4 4%P), (H.3)

From (H.3) we derive

E(XT — XT = E / / 1 — 6 0 X S) dZdS +/ / J 1(0 ()] (ds dZ)
2p
/ /R 1—6 s 1(0 An( S)] dZdS—F/ / J 1(0 An( S)] ) (dS dz)])
+

< 42~ 1E(/OT()\( )= A"(s ))ds) 4 420~ 11@(/0 (2 A" (s )—erA(s))ds)Qp

([ [ Utonente) T (I s, )"
< 4271 (12 OESETIE(()\(S) — X)) + I+ D). (H.4)

To estimate the term I, from (H.2) and (H.3), and the Holder inequality, connection with Lemma 5.1 and Condition
H1, and finally Lipschitz property of J , we result there exists some constant cg that

I < 221011@(/:(@]? — e\ (s)d ) p+22p11E(/0T s (A" (s) —/\(s))ds)2p

n—1 tiv1
<7l (3 / 22 [(e = 1) o (¢ = 1)P] 4 27| (, — J,)ds )

X sup E(A”(s))Qp + 82P1]E(/OT(6JS — 1) (O(s) — A(s))zpds)

0<s<T

+ 5218 /O (s A(s))?ds) < co(O)

Also, from (H.3) and the Burkholder-Davis-Gundy inequality ([47], Lemma 2.3) we have

/ / J 1 (0,( S)] N(ds,dz) - / / Jsl(o,)\n(s)] (Z)N(ds,dz)

— 2p
+/ )N (ds. d2) / / T 0 (o) (2)N (ds, d2))
< 2%~ 1lR / / (Js To,as )] z) — J51(07)\n(s)] (z))2pdzds>

2p—1 2 p
+2 E (JsLoa))(2) = JsL(o,am(s))(2)) dZdS)
o Jry
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T
+22p‘11E(/0 /]R (e oxm (o0 (2) = T2 L0 an (o) () dzdls)
+

gl [ [ (a — M 2dzds)
+ ; . ( s (O,An(s)](z) s (O,An(s)](z)) zas | .
+

Now, using Condition H1, the equation (5.2), and Lemma 5.1, there exists some constant ¢; that

T
B < AT sup. E(Xs) = A (9)D] + (9 A07E( [ X(5)ds)

T
+ TP sup B(As) = X))+ (20A0°E( | X(s)d? < en(n),

Substitute the bounds of I; and I into equation (H.4) to complete the proof.
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