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Abstract

In this paper, we establish the existence and uniqueness of solutions for a class of Hilfer-Hadamard fractional
differential equations involving the p-Laplacian operator. The analysis is carried out using Banach’s and Schauder’s
fixed point theorems. Moreover, we investigate the stability of the system in the framework of Ulam-Hyers
and generalized Ulam-Hyers stability concepts. To demonstrate the applicability of the theoretical results, a
representative example is provided.
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1. INTRODUCTION

The investigation of existence and uniqueness of solutions for fractional differential equations (FDEs) plays a crucial
role in the theory of such systems. In addition, the stability analysis of FDEs is fundamental for understanding the
behavior of solutions under small perturbations, which is essential for ensuring the robustness and reliability of models
in practical applications. Due to their wide-ranging applications in real-world phenomena as well as various fields of
science and engineering, FDEs have garnered significant attention from researchers. For further details, we refer the
reader to [2, 3, 6, 7, 9] and the references therein.

Since 2017, considerable attention has been devoted to the study of the Hilfer-Hadamard fractional derivative,
particularly its properties and applications in the context of differential equations. In this regard, researchers have
extensively examined the existence and uniqueness of solutions to equations involving this operator. Moreover, such
equations have been analyzed within various stability frameworks, including Ulam-Hyers stability and its generalized
forms. For relevant contributions, see [1, 11].

In recent years, fractional differential equations involving p-Laplacian operators have gained significant importance
due to their ability to model a variety of propagating phenomena. These equations have found widespread applications
in fields such as fluid mechanics, chemistry, and other related areas. For further details, refer to [4, 5, 8, 16].

Throughout this paper, the term Hilfer—Hadamard is abbreviated as H-H.

In [17], Zada et al. investigated a nonlinear consecutively coupled system of Caputo fractional differential equations
subject to boundary conditions involving Riemann—Liouville fractional integrals of the form

(¢D? + kDI V) (t) = f(t,z(t),y(t), te€l0,T], 2<q<3,
(°DP + keDP~H)y(t) = g(t,2(t),y(t)), t€[0,T], 2<p<3,
2(0) =0, o(T) =3, aul”y(ns),

y(0) =0, y(T) =371, B 17y(0;)

)
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where D) give the meaning the caputo fractional derivatives of order p and ¢, I() give the meaning the Riemann-
Liouville fractional integral of order p; and v; > 0, n;, 0; € (0,7), k € RT. The functions f,g : [0,7] x R? — R are
assumed to be continuous, and o, 8; € R, i =1,2,...,n, j = 1,2, ...,m are real constants such that

n i+1 /BJ "/g"l‘l

ainy’
— D(pi +2) F(’yj +2)

£ T2,

NgE

j=1
In [10], the authors investigated the existence and uniqueness of solutions for a system of H-H consecutively coupled
fractional differential equations of the following form
(DS 4 kg DO VB () = f(t,ult), o(t)),  te L€,
(1 D%ﬁz + ko D2 1P)0(t) = g(t,ult), o(t),  te (1€,
u(1) =0, u(e) =4,
v(1) =0, wv(e)= Ay,

where g D% is the H-H fractional derivative of order a; € (1,2] and type 3; € [0,1] fori € {1,2}, ky, ko, A1, Ay € RT
and f,g:[1,e] x R? — R are given continuous functions.

Newly, in [13], the authors transformed a coupled system of consecutive Hilfer fractional differential equations from
the referenced paper into a coupled system of consecutive H-H fractional differential equation

(g DSEP + ki DOV u(t) = f(t,u(t), v(t), ¢ € [Lye],
(uD %ﬁzm DTV )0(t) = g(t,ult),v(t), te€ [Lel,
u(l) =0, wule)=Xv(d), 1<6<e,
v(1) =0, v(e)=puln), l<n<e,

where g D% give the meaning the H-H fractional derivatives of order o; € (1,2] and type §; € [0,1] for i € {1,2},
ki,ke € RT and f,g:[1,e] x R? — R are given continuous functions, and A and yu are real constants.

In [14], the authors developed the results of [13] to a coupled system of consecutive H-H fractional differential
equations
(#DYE™ + kg DO =P yu(t) = f(tult), o(t),  t € [1e],
(HDOQ’B2 + ko D271 o (B) = g(t ult), v(1), ¢ € [1e],
u(l) =0, u(e) ZZM NIYiv(0:) = Y0, 5)f1 (6: — 5) v (s)ds
o(1) =0, vle)e Sy iy I ulng) = Syt 75— 5)5 L),
where f, g : [1,¢] x R? — R are given continuous functions and 5 D% give the meaning the H-H fractional derivatives

of order a; € (1,2] and type §; € [0,1] for i € {1,2}, k1, ko € RT and I%. I9 are the Riemann-Liouville fractional
integral of positive order 6, and n; € (1,e), and X;, pj, 1 <4,j < n are real constants.

Inspired by research conducted in this regard, in the present paper we develop the results of [13] and [14] to a
coupled system of consecutive H-H fractional differential equations with the p—laplacian operator

DU (0py ((aDTE? + kg D=V u(t)) ) = f(tult), o(t), ¢ € (L],

#DI2P (o, (( HD"‘Z’ﬁZ ko DSV )0(t)) ) = gt ult),v(t), te [l
u(1) =0, ule)= (), (gD + kgD~ 1P)u(1
v(l) =0, w(e) = puln), (HDUQ’[B2 + ko D2~ 182)y(1

(1.1)

(=)=
E)NE
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where y D% % and y DY give the meaning the H-H fractional derivatives of order a; € (1,2], 75 € (0,1] , type
Bi € 0,1] and ¢, (s) == |s|Pi72%s, p; > 1, k1,k2 € RT, \,p € R, 0,n € (1,e) and f,g : [1,e] x R? — R are given
continuous functions.

The continuation of this article is as follows: In Section 2, we revisit essential definitions and fundamental charac-
teristics pertinent to the study. Section 3 establishes several sufficient criteria ensuring the existence of solutions for
the boundary value problem (1.1) and we rigorously analyze the stability of solutions, focusing on both Ulam-Hyers
and generalized Ulam-Hyers stability concepts. Finally, Section 4 demonstrates an illustrative example to substantiate
and elucidate the theoretical findings presented.

2. PRELIMINARIES

We commence by recalling essential definitions, fundamental theorems, and pivotal Hyers-Ulam stability results as
delineated in the seminal references [3, 6, 7], which form the theoretical backbone of the present investigation.
Consider the space L![a,b] as a Banach space for Lebesgue integrable functions, and also consider AC]a,b] as the
space of absolutely continuous functions, and AC}[a,b] as the space of n—times §— absolutely continuous functions
differentiable on the interval [a,b]. Everywhere in this paper, [a] denotes the integer part of the real number o and
we define n = [a] + 1.

Definition 2.1. (The Riemann-Liouville fractional integral) The Riemann-Liouville integral of order a@ > 0 of a
function f : [a,00) — R is defined as

1

I f(t) = @/ (t—7)* " f(r)dr, t>a.

Definition 2.2. (Hadamard fractional integral) The Hadamard fractional integral of order a € R for a function
f:]a,00) = R is defined as

o ry e [ 0e £ O
HIa+f(t) = 1_‘(O()/a <10ge T> T dT, t > a.

provided the integral exists.

Definition 2.3. (Hadamard fractional derivative) The Hadamard fractional derivative of order « > 0, applied to the
function f : [a,00) — R, is defined as

uDEf(t) = S IFf ), n—1<a<n,
where 0" = (t4)".

Definition 2.4. (H-H fractional derivative ) Let n — 1 < a < n, 0 < 8 < 1, and f € L'[a,b]. The H-H fractional
derivative of order v and type 3 of f is defined as

(DL () = (126 G105 1)1
(L2096 g I (1), v =a+nf - af,
(2" g DY, F)(8).

Theorem 2.5. For o >0, and 0 < a <b < oo, if f € L'[a,b] and (517 f)(t) € AC}a,b], then

n—1 —j— — a—j—1
@ feY _ (5(71 / 1)(HI;L “ ))(a’) t ’
(e w51 )0) = 1) = 3 S 2 CH
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Theorem 2.6. Fora >0,0<f<1l,y=a+nf-af, n—1<y<n, and0<a<b<oo,if f€ L'a,b] and
(a5 f)(t) € ACYa,b], ergo

- 5(71 j—1) I” Y y—j—1
WIZ DS D0 = Tl DR A0 = 1)~ S TN (0 YT
j=0

Theorem 2.7. [12] Suppose that the nonempty closed set D is a subset of the Banach space X, and F : D — D a
strict contraction, i.e., for all x,y € D, there exists k € (0,1) such that ||F(x) — F(y)|| < k||z —yl||. Ergo, under these
conditions, F admits a unique fixed point in D. This result is classically known as the Banach Fized Point Theorem.

Theorem 2.8. [12](Schauder’s fized point) Assume that D is a nonempty closed conver subset of a Banach space X .
If T: D — D is a compact operator, then T has at least one fized point in D.

Theorem 2.9. [12] If X is a compact metric space, then a closed subspace of C(X;R) is compact < it is bounded
and equicontinuous. This result is classically known as the Arzela-Ascoli Theorem.

Lemma 2.10. [}/ Let ¢, : R — R is a p-Laplacian operator, where @,(z) = |x[P~2z, and (p,) () = ¢q4(s), %—F% =1.
If x> 0, we have @,(z) = xP~'. The p-Laplacian operator has the following characteristics:
(i) Ifl<p<2,zy>0and 0 <m <|zl|,|y|, ergo

op(@) —p(y)] < (p — mP 2|z —yl.
(i) If p > 2 and |z|, |ly| < M, ergo

len(z) = p(y)] < (p — 1)MP 2|z —y].

We state the following for the stability of the solution of system (1.1).
Suppose ay,as € (1,2], 81,82 € [0,1], 71,72 € (0,1], €1, €2 > 0, f,g : [1,¢] x R> — R be continuous functions. In
addition to the system of fractional differential problems (1.1), we consider the following systems of inequalities

| DI (i (D5 + b D™ =1840(8))) — 70, (0) ()| < e,

(2.1)
| D12 (o (0 D52 + ke D2 2)y(0) ) = g(t,2(0), y()]| < ez,
with boundary conditions
2(1) =0, x(e) =Ay(0), (aD{I”" + kyp Do~ H)z(1) =0, (2.2)
y(1) =0, yle)= uz(n), (D?ﬁﬁz+k2HDa2*1’52)y<1>:0, '

where 6,7 € (1,e) and A, u are real constant. We characterize Y = C*([1,e],R), in the following Ulam stability
definitions. In the vector v = (vy,v2) > 0, this means that each component is positive, in other words, vy, vy > 0.

Remark 2.11. A function vector (x,y) € Y x Y is a solution of inequalities (2.1) if and only if there exists a function
vy,v2 € C([1,€],R) such that |vy(¢)] < €1, |v2(t)] < €1, t € [1,¢], and

HDYi’Bl ©ps ((HDO”’ﬂ1 + kg D0z (t)) ) = f(tx(t),y(t)) + vi (D),

D’Yzﬁ2 Dazﬂz k DO&Q—Lﬁz n — o(t. o(t ¢ + (2'3)
Hq+ S%z((H + kg Dy )y( )) g(t,z(t),y(t)) + va(t).

Definition 2.12. [15] (Ulam-Hyers stable) The problem (1.1) is said to be Ulam-Hyers stable, if there exists a constant
vector ¢4 = (cf,cq) > 0 such that, for each € = (e1,€2) > 0 and for each approximate solution (z,y) € Y x Y of
inequalities (2.1) with (2.2), there exists a solution (u,v) € Y x Y of problem (1.1) satisfying

1@, y) = (wo)ll < crge”, teLel.
(=)=
E)NE
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Also, the problem (1.1) is said to be generalized Ulam-Hyers stable, if there exists a continuous vector function
074 : RT x RT — R with 6;,,(0) = 0 such that, for each approximate solution (z,y) € Y x Y of inequalities (2.1)
with (2.2), there exists a solution (u,v) € Y x Y of problem (1.1) satisfying

[(@,y) — (u,v)|| < Opq4(e), te[le]
3. MAIN RESULTS

Herein, we discuss the existence and uniqueness of solution for the boundary value problems (1.1) by some fixed
point theorems such as Banach and Schauder. Finally, we check the stability of the system (1.1).

Lemma 3.1. Let the parameters satisfy 1 < ay,as < 2,0< 1,02 < 1,0 < 71,7 <1, p1,p2 > 1 with functions
F,G € C([1,€],R). Then, for eacht € [1,¢], the pair (u,v) is a solution of the coupled system

HD (0p, (DE™ + kg D= Vo0(t) ) = F(t), tell

nDE” (o, (D™ + ko DI 2)0() ) = G(1), tele], (3.1)

u(1) =0, wule) = (0), (gD + kgD 10 )u(1) =0,

v(1) =0, wv(e) = pu(n), (HD“"”ﬁQ + ko D2~ 182)y(1) = 0
if and only if

~ (logt)>!

e (4
u(s v(s
u(t) = T AB Icl/l i)ds_kQ)\[ %ds—i—)\HIffcp%(HIYiG)h:o

¢ (s o
—H ]1+(pq1<HI?41rF)|t:e +A(_ k2/ i)ds +u Ilfgolh(HIiin)'t:e
1
(3.2)

n
+ pky / uls >d3_NH11+Wq1(HI¥iF)|t—n)1

S
— kq / ——=ds+pg Il-%—(p(h (HIYj—F)’

and
_ (logt)7+—!
vt =g

¢ (s Tu(s o
kz/ %ds—klﬂ/ %dS‘FMHIli‘qu(HIYiF”t:n
1 1

(0% © uls (6%
i I (T Glimet B(= k[ s 132 (a1 )
1

(3.3)
0 U( ) Y2

Ak [ D — Ny I quz(HIHG)h:e)
1

' (S) 2
— ko ——ds+n I1+90qz(HI1+G)7
1
where
A= —\log)7+ 1, 04 = Qg + 202 — afBa,
B = —p(logn)”>~, oy = a1 + 201 — a1 3.
Proof. By the effect of the Hadamard fractional integral of order ;7 on the sides of the first equation (3.1) and according
to Theorem 2.6 and considering o1 = 1 + 81 — 7101,
111+’Y ©py ((HD()Clwgl + k_lHDOq—Lﬁl )u(t)) (1)
I(o1)
= colog )L+ IILF(2),

O (DY + kg D=1 )u(t)) = (log )7~ 45 IJLF(t)




6 E. YOUSEFI AND M. AKBARI

by the condition (3.1) in ¢t = 1, we have ¢g = 0, ergo

Opu (1 DFEP + kg D 7HP0u(t)) =g I F(1). (3.4)
By the effect of ¢,, both sides of the (3.4),
(a DSEP + kg D™ P ult) = g, ( ITLF (1)), (3.5)

taking the I} both sides of the (3.5),
(108 g DSEP kg g It gD Y u(t) =g I8 @, (, ITLF(1)).

Ergo, with option o9 = oy + 281 — a1 81, we arrive at the following relationship

612_02”(1) o2— IQ_UQU(:[) o2 — oa—1 og—1 a 1
u(t) — W(logt) 2t m(logﬂ 22tk gl (a1 gD u(t) =m I3t e, (1L F (1),
by Theorem 2.5, we get

SeI2—2q(1 T27924,(1
u(t) _ Hiu()(logt)@*l _ Hiu()(logt)@*?
F(O’Q) F(Jg - 1) (3 6)
I27729(1) ’

+ k1 w1y (u(t) - m(logt) 2)U<t) = I} g, (g 111 F (1))

Ergo,
e 1 o9 —2 t
u(t) = C1(logt)"2*1 Ty ((logt)”rQ + kl/ %ds) — k’l/ @ds +u Ift_&gﬁql (HIYiF(t)),
1 1
by the boundary condition u(1) = 0, we have ¢z = 0, now
_ oa—1 _ ! u(s) aq Y1
u(t) = c1(logt) k1 5 ds +u I @q, (, L E(2)). (3.7)
1
In like manner,
_ o4—1 ! U(S) Qo Y2
v(t) = dy(logt) ko — ds +u 172 g, (;, 173 G(1)). (3.8)
1

Next, the second boundary conditions of (3.1) together with (3.7) and (3.8) yields the system

e 0
_ uls s 5 1
c1 — di\(log§)7471 = k1/1 % ds — Ak2/1 % ds + AT o, (A F ()|, —# I eq (I F )|,

and
(s Tu(s

ex(—pogm ) +dy =k [~ 2 as by [T sy 120, (uEEE®)], + i I e (yLF )],
1 s 1 s H t=e H t=n

respectively. By changing around the above equations, we obtain the following linear system of equations

{Cl +diA = J1,

(3.9)
ClB + d1 = JQ,

where

¢ U(S) 0 U(S) (e3} Y2 (e51] Y1
J =k ! — ds — Akg . Y ds + Agliipg, (HIHF(t)) |t=9 —u Y vq (HIHF(t)) |t=e,

_ “u(s) " u(s) as Y2 ai T
Jo =k ——ds — pky ——ds—p Iﬁ%"qz( Il+F<t)) = +NH11+<PL11< 11+F(t>) =
1 s 1 s H t=e H t=n
solving system (3.9),
1= Ady _ Jo—BJ;

AT ap T i-AB
an
Ba
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Substituting ¢; and d; back into Equations (3.7) and (3.8), respectively, we get the integral equations (3.10) and
(3.11).

The converse, by applying the Hadamard fractional differential operators directly to (3.10) and (3.11), and by using
rules between Hadamard-type derivatives and integrals, together with substituting the boundary values into these
expressions, it follows that the integral formulations not only reproduce the coupled fractional differential system but
also satisfy all boundary conditions. Hence, the validity of the converse direction of the lemma is obtained through a
direct calculation. (]

We name the Banach space X = C([1,¢],R) with the norm ||u|| = max,c ¢ |u(t)], also the product space X x X
with the norm ||(u,v)|| = ||u]| + ||v|| represents a Banach space. In view of Lemma 3.1, we name an operator
T:X xX — X xX by T(u,v)(t) = (T2 (u,v)(t), Ta(u,v)(t)), where

(logt)7=~!

e 0
u(s v(s o
T AB k1/1 i)ds—kzk/l ( )d8+>\HflfS0qz(HIfi9)|t=9

¢ w(s)

S

71 (u,v)(t) =

—H Iﬁl‘qu(HI?}rf)‘t:e + A( - k2/ ds+pg Ilofcpq2 (Hlﬁg)ltze
1

(3.10)
T B PR g
+ pky ) B S — UH 1+<pQ1(H 1+f)|t:77
t u\s
_klf %ds +H I?lwm(HI]:Yj—f%
1
and
(logt)7+~* “u(s) 7 u(s) a )
Tr(u,v)(t) = 1_AB k‘2/1 Tds ) 4 klﬂ/l TdS+HH11i<Pq1 (HI¥+f)|t:n
« © uls (6%
—u ron gt B(~ k[ s tn 1500 Il e
(3.11)

0
VS
Jr/\kg/ %ds — AHIff¢q2(HI¥ig)|t_9)]
1

t
v(s
— kg/l %ds +u 1720 (513 g).
Now let’s consider the following conditions to examine next theorem.
H, ,g : [1,e] x R? — R is continuous, and there exists positive constant L, L, > 0 such that, for u;,v; €
frtg

R (i=1,2),

|f(t,ur, uz) — ft,v1,02)| < Ly (Jug — v1] + Jug — v2]),
lg(t, ur, ug) = g(t,v1,02)] < Ly (|ur — v1] + ug — val).
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(H2) There exists a finite solution R > 0 of the following inequality

1
R 2 g [ (14wl lul Bk A (14 [BA + M|+ | ADk2) R
L+ |Ap| + |p] + |B|Mqu N 1+ [BA| + Al + 4]
I'(ag +1) I C(az +1) 9
Mgt Mp

ki + ko) R + ,
k) Rt 5 = T 1)

L;R L,R _
where Mf F(f'yli{()]’ fO SUPien, e]|f(t 0 O)‘ M = 1"'(72:?(;7 and go = SuPtE[l,e”g(tvOa 0)|

(Hs) Fort € [1,e], there exist nonnegative constants a;,b; > 0, (i = 1,2) such that,

£, 0)] < anful™ 4 bafol
lg(t,u,v)| < azfulP ™" + bafulP 7.

For brevity, we set

1 (A + [A]) (g2 — M =2L,

|1 — AB| L(y2 + oz +1)

(1+ A (@ — )M 2Ly L (= )MP Ly
Iy +a1+1) ! I(y1+a1+1) ]

(14 |BX) (g2 — 1) M 2L,
L(v2 +az +1)

(Q2 V: 1)M32_2Lg

F(’YQ + (%) + 1) ’

1 |/\‘ + |A| as + by \22—1
S - Alks + |4
T 4F] (k1 + ALKz + ALk + M|k1+F(a2+1)(F(72+1))

1+ |A[1,| ai + by -1 1 a1 +b; -1
+ ki + :
Iag +1) (F(’yl + 1)) } ! T(ag +1) (F('yl + 1))

|l +|B| a1 +by ot
ko + lulki + | Blky + |BAks + ( )

2—1 1 by \42—1
F(v2+1)>q }+k2+r(a2+1)(rc(bi2++21))q

m = (L ANk + (7] + |ADE,

1
1= 4B
(lul + 1B (g = )M 2Ly

Ly + a1 +1)

ng = [(1+ MBI k2 + (1l + Bk +

}-l—kg-f—

ng =

ng =

1
|1—AB|{
14 |BA| ( as + by
I(as+1)

Theorem 3.2. Suppose that 1 < p; <2, i = {1,2} and Hy, H2 are true. If ny + ne < 1 then the system (1.1) has a
unique solution on the interval [1,e].

Proof. We consider the set Br = {(u,v) € X x X|||u,v|| < R}. For each t € [1,¢], (u,v) € Bg, we have the following
estimation

] F(tu, )| < I F(tu,v) — £(£,0,0) + £(£,0,0)]
<u I7(If (tu,0) — f(£,0,0)] + [ £(2,0,0)])
<u I7E(Ly(ful + o)) + fo)
< LBt fo _

“Tn+1) 0
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in like manner,

L,R+ go

I72g(t - .
|H 1+g( 7U7U)| = F(’}/Q"‘l) g

For ¢; > 2 (i =1,2),

1
T (u, v)(8)] < 1= AB|

0
V(s «
o [ sk ioia) [ s g ol

VS
+H Il+(p‘II(|HI f|)|t e+|A| kg/ | )|

ds +n 17} g, (| 173 9] 1=c

+|u |k/ ()4 s+ lpla e (la 1L )= n)]

uls
Tk /' R )

Mgt M
kiR + ka| AR
R T sl P

+||]€R+M
o 1 1) T T 1)

[ —
= 11— AB|

QQfl }11—1
+k R+ ———
T P + 1)

+ |A|<k2R+

1
< -
S4B (k1 + | Mk + |Alks + |Aplk1)R

AL+ 14

q2 1+ 1+|AM|
T(ap+1) 9

F(Otl + 1)

Q11

NG 1+1)

MP~H + kR +

also,

Ta(u, v)(1)] <

1
1= A4B| (ko + |ulk1 +|Blky + | BA[k2) R

+ |/’(“+|B| M(h—l 1—i_|B)\| Mq2—1 MQQ '
Dla;+1) f Tlag+1) ¢

koR+ ———
TR+ Ty

ergo,

T (u, 0)| = [Ta(u, )| + [T2(u,v)|

1
S4B ((L+ [Apl + [u + [BDky + (1 + [BA] + A + |ADk2) R

L+ [Ap[ + |p] + |B]
I‘(a1 + 1)

L 14BN+ A+ 14
M 1
LA P

q2—1
Mg

M1 Mql_l
+ (k1 + k)R + —2 !

T(as+1) | T(ar 1)

<R.

Which indicates that T(Bg) C Bgr. For each t € [1,¢], (uy,v1), (uz,v2) € Bg,

kr /1 wa(s) ~ua(s) - ua(8) g _ k‘z)\/le v(s) — vals) - va(s) 4,

(logt)72~*

T (1, v1)(t) — Th(uz,v2)(t)] = 1_ AB
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+ )‘Hjixf (90112 (HIYig(t7ula Ul))|t:9 — P (HIIEQ(@UQ,W))M:G)
—H Iloﬁrl ((qu (H‘[Y}rf(tvul,vl))‘t:e — Pq (H-[iy}rf(tau%vQ))'t:e)

¢ v1(s) —va(s o
—|—A(—k‘2/1 wds-hqIlf(Squ(HIIYiQ(taUhUl))\t:e

— ua(s)

Tuy(s
o QQZ(HIYig(tau%v?)”t:E) +/Jk1/ = S ds
1

— pa I (g, (a1 f (w1, v1)) =y — <Pq1(Hffif(t’uzavz))h—n))]

b up(s) — ug(s o
—’fl/ w(s) = ua(s) . 2( ) ds 1 I (0g (a L f(tur,01)) — g, (01 f(E Uz, 02)))
1

1

S = AB| kilui(s) — ua(s)] + ka|A|[vi(s) — va(s)|

+ Mgz = 1)ME"2 172

HIYig(taulavl)h:G —u 12 g(t, ue, ’02)|t:9’

+(q — OMP™2 g I

gL f(tur,v1)|i=e —a I F(E, U2, v2) |1=c

+ |4 (k2|vl(3) —va(s)| + (g2 — 1)MP~2 I Hffig(t,uhm)h:e

—u I3 g(t, ug, va)|i=c | + [plk1|u(s) = ua(s)]

+pl(@ — HMP 2 I

G o)y 5 Ifif(t,uz,vz)lt—n‘)]

+ ks (s) — ua(s)| + (q = HMP 2 412

TP, 00) — i T (b uz, )|

< T ap | (L ADR s () — ua(s)] + E2(1A] + [AD e (s) = va(s)]
+ (A + [AD(g2 = DMLy (Jur = ua + Jor - UQDW
+ (L + AN (@ = DMP 2Ly (lug — ug| + [v1 — 02|)m

B(ag,m + 1)
(v + DT ()
(Al + A (g2 = 1) M 2L,

r(’YQ “+ o + ].)
(1+ pAD (@ — 1)M}11_2Lf} o (= )MPL
My +a1+1) ' My +a1+1)
=y (Jur — ug| + [v1 — va), (3.12)

+ krfui(s) —ua(s)| + (1 — 1)MJ?1_2 Ly (Jur — ua| + |v1 — va)

1

|1 — AB|

|1+ Al ks + (7] + Ak +

(|U1 — ug| + |v1 — U2|)
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also

T (u1,v1)(t) — Ta(uz, va2)(t)]

1

(1+]BA (g2 = Mg ~2L, (WHWHX%—1Mﬁ“%4}
P 02+ 1) on +ar +1)
(g2 —1)Mg2 2L,

+ ks +
2T T +as+1)

(Jur = ua| + |v1 = va)

= ’I’LQ(IUl —U2| + |’U1 —UQD.

11

(3.13)

We can deduce that ||T(uy,v1) — T (ug,v2)|| < (n1+n2)(||ur —uz||+||v1 +vz2||) from (3.12) and (3.13). Now we deduce
that the operator T' is contractible from the condition of the theorem n; 4+ ne < 1. Ergo, operator T has a unique
fixed point by Banach contraction mapping principle. Therefore, the system (1.1) has a unique solution on [1, ¢].

Theorem 3.3. Assame that Hs is satisfied, then the system (1.1) has at least one solution if ng + ng < 1.

O

Proof. suppose there is R’ > 0, such that Br: = {(u,v) € X x X|||u,v|| < R’}. It is clear that Bg is a bounded

closed convex set in X x X. The proof will be given step-by-step.

Stepl. By the continuity of f,g, it is easy to see that T is continuous.
Step2. T maps bounded sets into bounded sets in X x X. For each ¢ € [1,¢], (u,v) € Brr,

ar + by
[y +1)
< as + by

“T(ye+1)

|HI;1 (t,u, U)l < HI?Hf(tvu>v)| < R/pl_lv

—1
|HIY<2+g(t7U7U)| < H]?ELg(t,U,U) Rlp2 :

Ergo,

Ty (u, 0)(t)] <

11— AB]

AL+ A +b g2—1
(1 -+ 1ALk + [ Alkz + g + AL+ 4] (22 2))

P(ag + 1) \F(2 +1

R/

1+{Ay| ay +b; \n-! 1 ay +by \n-1
k
r(a1+1)(r(%+1)) ]+ 1+I‘(a1+1)(I‘(’71+1))

= ’I’LgR/,

also,

1

T, 0)(0] < | 7=

+|B by ot
[kz+lu|k1+|B|k1+\B/\|k2+ il ¥ |(‘“ 1))1

D(a; +1)\T(y; +1

1+ |BA / ag+by 421 1 as +by \2-1|
+ ko + R
[(ap +1) (r(y2 + 1)) } >TT(ay+1) (1“(72 + 1)) ]

= n4R/,

ergo, ||T|| < ||T1]| + /72| <€ (ng +n4)R' < R’, we deduce that T(Bg/) C Bpr.
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Step3. We show that T is equicontinuous. For 1 < t; <ty <e,
‘Tl(u,v)(tg) — T (u, v)(tl)’
(logta)?2 1 — (logty)72 ! lk / u(s) ,
1
1

7 (s) s o
1-AB s — k2A L s ds + A 172 g, (a 1% 9)li=0

v(s) o
—H Il+(pQ1(HI f)'t 6+A kQ/ ?ds +H Ilfquz(HIprg)'t e
1

T u(s o
+M/€1/ <S>d8—,quli@ql(Hffifﬂt—n)}
1
t2 y(s) fo(s) 1 b2 £\ 4 dr
—k —d k —d log = o
s [P g [ () T

1 & tl ol dr
log - mpHs
o) (7)) eatin

logts)?2~1 — (logty)o2~1 € u(s % u(s
Hogtz)™ — o) [m/l s~ rox [ s ALz onariiol-o

(03 ¢ v{s «
—a It B Dl + A~ ke [ st 1320 (I g

S

n to uls
Y uHIﬁsoql(HI?if)hn)} i [,
1 t1

1 t1 ts a;—1 t ar—1 dr
log 2 ~(10g 2 mpe
o ), <<g> () )eutiin

1 t2 tg o1-1 dT
log — I f)—|.
+F(O{1) /t1 (Og7_> 90111(H 1+f) T ’

In the above relationship, if ¢, approaches t;, we observe that {Tl (u,v)(t2) — Ti(u,v)(t1)| = 0. In the same way, we
have |Ty(u, v)(t2) — To(u, v)(t1)| — 0. Brgo, T = (11, T3) is equicontinuous. By the Arzela-Ascoli Theorem, it follows
that T is compact on Bg/. As a result, by the Schauder fixed point theorem, T admits a fixed point (u,v), which
corresponds to a solution of the system (1.1).

O

Theorem 3.4. Assame that Hy and nq 4+ ny < 1 are satisfied, for 1 < p; <2, i = {1,2}, the boundary value problem

defined by system (1.1) is Ulam-Hyers stable, and hence generalized Ulam-Hyers stable.

Proof. Suppose € = (e1,€2) > 0 is given, also (z,y) is a solution of the inequality (2.1) subject to the conditions (2.2).
Ergo, by virtue of Remark 2.11 there exist functions vy, vy € C*([1,€],R) such that |vi(t)] < e, |ve(t)] < €2, t € [1,¢],
and

HDI (@p, (1D + ke g D180 2(t)) ) = f(t (t), <t>> i (t),
n D™ (. ((n “2"32 ke gDV )y(0) ) = g(t (), y

z(1) =0, z(e)= )\y( ), (HD‘f‘i”B1 + leDal_l’ﬁl)x(l) =0,

y(1) =0, yle)=pa(n), (D™ + ko D*>=152)y(1) = 0

~—
/\
~
~—
~
l\?
—~
~
~—

(3.14)
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By Lemma 3.1, the solution of (3.14) can be written as

_ (logt)™>!
o) =g

I (a4 o)+ AR [
1

+ pky / dS—MH11+<Pq1(Hffi(f+Ul))|t=n)]

k‘l/ —k )\/ d8+)\HllJr(qu(HIiyi(g—f—Ug))h:g
1

S
Y s ot 133 00 (1720 00
(3.15)

(s
[ B a4 )
1

other hand,
a1 (f(y) + o) < | wd f(G 2 y)| + |l
1
SMf+ﬁ§Mf+m:mﬂ
| a2 (gt 2,y) +v2)| < | wl2g(tx,y)| + | w1 v
1
e s R vows TRl

By virtue of Theorem 3.2, we denote by (u,v) the unique solution of system (1.1), also by Lemma 2.10

ogt)2~1 € x(s) —u(s O y(s) —v(s
le(t) — u(t)] = % k1/1 %ds_m/l Mds

+ My 11200, (172 (9 + v2)) im0 — 1 1720, (5173 9)li=6)
_HIH@ql(HI (f+v1))|t e+H11aJ:90q1(HI f)|t e

Akj / dS—‘y—AHIlaf(pqz(HIl+g+U2>|t e

o Tx(s) —u(s
- AHIpE‘qu (HI;iQNt:e + Apky / %ds
1

— Apa I @, (a1 (f 4 v1)) =y + Apa 17} @q, (Hffif)h:n]
t
r\s) —uls - 1 . 1
— ki / %ds +u It g (a1 (f +v1)) —u 17 eq, (Hff+f)|
1

1
[ —
=1-AB|

(1Al + 1A (g2 — 1)mg>—2
C(ye + 1)l (az +1)

(@ — )m§ ™
+ kil —u| +
1l | r(v1+1)r(a1+1)
80

kilx — u| + k2 M|y — v| + |Alk2|ly — v| + |Aplka |z — v

G A (e = Hm§ 26
? Ly + 1)l (ay + 1) '

-2
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Ergo,
k1(1+|Apl) (1Al + [AD k2
— P P S bl VA _ AL e N [y
o - ull < (BT ko -+ S o
(1Al + A]) (g2 — 1)mE—2 . +<(1+|AM|)+1) (@1 — Dym%~
11— AB[T (e + DI(ag + 1) I1— AB| F(’YlJrl)F(alJrl)

. (3.16)

in like manner,

ko(1 + |BA + |B)k
|w—vns(i“”+ka|y—v+<”)wM—un

|1 - AB| |1 — AB] .
(|ul +B))(qr — Hm$ 2 . ((1 +|BX)) ) (g2 — Lym@ 2 ) :
1 —AB|I'(y + l)F(m T |1 — AB] T(y2 + DI(az + 1) 2

Solving inequalities (3.16) and (3.17) simultaneously for ||z — u|| and ||y — v||,

H H. E E
lo—uff < EETZE g g ST
where
ki (1 + |Apl) k(1 + |BA|)
D=(1-"2 11"t _ AN e VA
( I1— AB] & |1 — AB| k2
~((Upl+ [BDELY AL+ [ADk2
I1— AB| 1—AB| )’
a1, = AL+1ADKs (il + B (@ — Hymy ™
|1 -—AB| |1—-AB|T(y1+1)'(en + 1)
-1 lh 2
N <1 ka(1+ |BA|) ,@) ((1 +Aul) 1) (g1 —1)m ’
[1—AB[ [1— AB| P(’71+1)F(a1+1)
( A+[BA) ) (g2 — )ym¥~2 <(|)\| + |A|)k2>
|1 — AB] D(y2+ D)l(ag +1) \ |1 — AB]
N (1 k(14 [BN) > (IA[+ [A]) (g2 — 1)m&P—2
“[1—AB| 1= AB[T(72 + )T (g + 1)
20 ) (1 Bl )
11— ABT(y,+ 1)F(a1 +1) |1 — AB]| !
+

<“ﬁa'if;(“> (55 +1) mere )
(1+|B>\| ) (g2 — 1)mg—> (1_k1(1+|AM|)_k1>

T—AB| ) T + Dlaz + 1) - AB

(e +100) (A + 14D (g2 — Hymge—2
1=a5] ) \ 1= ABIN(s + Dls 1))

In consequence, we get that
Hy -l-E16 n Hz—f—Ez6
D 1 D 2

since ¢4 = (cf,¢q) = (FEEL HabE2y 5 0 for each € = (e1,€2) > 0, we get that

= ull +lly — ol <

1(z,9) = (u,0)ll = |z = ull + lly = vll < cper +cgea = cpge’

(=)=
E)NE
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Therefore, the system (1.1) exhibits Ulam—Hyers stability. Furthermore, it satisfies generalized Ulam—Hyers stability
characterized by the estimate |[v — u|| < 0y 4(€), where 0f 4(€) = cg 4T, 0,4(0) = 0. O

4. EXAMPLE

To demonstrate the applicability and validate the theoretical findings presented in the preceding section, we develop
a comprehensive example that thoroughly applies the derived results.

Example 4.1. Suppose

=

11 3
uDi (e2((uDf + &5 uD¥)u(t)) = f(tu,v),  te[Le)
11 5 1 11
HD14-%)—2 (@2((HD{L’2 + %0 HDf72)U(t))> = g(tauav)7 (4 1)
3 1 .
u(l)=0, wule)=v(1.2), (#D2*+ o aD>3)u(l) =0,
5 1
v(1) =0, w(e)=2u(ll), (gD} + & yDi3)u(l) =0,
where
1 1 1 3 5 1
Mm=z M= B1 = Ba 5 =35 m=7, p=p=a=¢s2% k=g,
1
ko = — A=1 =2 0=1.2 =1.1
2 107 ) H 9 9 n
casel. For
1 1+logt
£t u,0) = g(t,u,) = L 1oEON i

et (1+ &5lul + f5lv])’ 100 + |ul (8+t)3(1+ v|)’
by computation,
fo=0.3679, go=0, A=-03452, B = —0.3431,
|f(t,ur,uz) — ft,v1,02)] <0.0368(|uy — v1] + |ug — wal),
lg(t, u1,uz) — g(t,v1,v2)| < 0.0200(|uy — v1] + |ug —v2|),
My = 0.041202R + 0.411774, Mgy = 0.022064R,
according to Ho,
R > 26.478,
also
n1 + ng = 0.886765 < 1.

As a result, all of the assumptions we made in Theorem 3.2 are satisfied. Hence, the system (4.1) in R > 26.478
has a unique solution on [1,e€].
Moreover, for Ulam—Hyers stability, considering R = 27, according to Theorem 3.4,

My =1.535028, my = 2.654878, M, = 0.595728, my = 1.698998,
D =0.61845, H; =2.1766, Hy =1.4852, FE; =2.2400, FE5 = 2.2934,
ergo,

H+E
cp = HEB A 7140 > 0,
b — ¢y = (7.140,6.109) > 0.
cg = T2EE2 ~ 6,109 > 0,

Therefore, the system (4.1) is both Ulam-Hyers stable and generalized Ulam-Hyers stable. The simulation diagrams
are shown in Figures 1-2.
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FIGURE 1. Numerical simulation of solutions in case 1.

FIGURE 2. Numerical simulation of stability with e = 0.01 in case 1.

Case2. For
Ftu,0) = 2(1)06—f|u| + ﬁ cost|v] < 0.00184]u + 0.005]0],
1, 1.
g(t,u,v) = %\/ﬂm + 5ag Sint [v] < 0.05582[u| +0.005]v],
where
a; = 0.00184,  ay =0.05582, by = by = 0.005,
and
A=-03452, B=-03431, |1 — AB|=0.8816,
as a result

nz +ng = 0.95559 < 1.

Therefore, everything assumed in Theorem 3.3 is satisfied, and then there exists a solution of system (4.1).
an
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5. CONCLUSION

In this paper, we have studied a class of Hilfer—-Hadamard fractional differential equations involving the p-Laplacian

operator. By applying Banach’s and Schauder’s fixed point theorems, we established sufficient conditions for the exis-
tence and uniqueness of solutions and we found that if the problem has a unique solution according to the assumptions
of Theorem 3.2, it is also Ulam-Hyers stable and generalized Ulam-Hyers stable on [1, e]. The incorporation of the
p-Laplacian operator provides a significant extension of previous studies and enriches the theoretical framework for
nonlinear fractional systems. An illustrative example was presented to confirm the validity and applicability of the
obtained results.
For future work, it would be of interest to extend the current results to boundary value problems or coupled systems
that involve more general fractional operators or variable-order derivatives. Furthermore, constructing efficient nu-
merical algorithms to approximate the analytical solutions could offer deeper insights into the qualitative behavior of
such nonlinear fractional models and their potential applications in physics and engineering.
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