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Abstract

This article utilizes the symmetry method to perform an extensive analyses on the Manokov-Santini system. We
show that it possesses infinite dimensional Lie algebra which are not closed in general except for a subalgebra. We
use the generalized Lie algebra to exhaustively unearth the invariant solutions of the system under consideration
using 2-level application of the Lie method. Furthermore, we show that the multipliers of the Manokov-Santini
system are infinite and of first order. These facts are used to construct nontrivial conservation laws.
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1. INTRODUCTION

The work of Euler, d’Alembert, Lagrange, Laplace, Fourier, Riemann, Maxwell, Einstein and several others have
ignited the study of partial differential equations (PDEs) from the 18th century up to the present time. Their
work have not only shown, but have established PDEs as undisputable mechanism for understanding the intricate
languages of the world and the universe. The importance of PDEs in almost every field of science, engineering and
applied disciplines cannot be overemphasised. They have been used to extensively study a wide variety of physically
significant problems arising from various fields of study each modeling different phenomena, and their solutions have
given birth to fundamental laws in various fields of natural and applied sciences, see [7] for a summarized details.

There are a number of powerful and versatile methods that have been developed for the computational solution
of PDEs, the theory of continuous groups of transformations is one them. Its application to the study of differential
equations (DEs) was laid down by Sophus Lie in the later half of nineteenth century. Lie showed that the algebra
of vector fields (infinitesimal generators) that leave a given DE (system of DEs) invariant could be found by solving
auxiliary system of linear homogeneous equations. The infinitesimal generators are the cornerstones of Lie group theory
because they contained almost all the information of the group they represent. For instance, they enable complicated
nonlinear conditions of invariance under a group action to be replaced by relatively simple linear infinitesimal conditions
which provide the key to the explicit determination of the symmetry groups (of systems) of DEs [17]. The infinitesimal
generators are then further used to obtain either invariant solutions, lower the order of DEs or reduce the number of
independent variables for the given DE (system of DEs). Lie’s method provide a unification of many integral methods
used for solving DEs in a systematic and algorithmic way. It has been used, by Lie himself, to show that most second
order ODEs can be reduced to one of the following canonical forms:

V' = F)s o = 1), o = T, o = Ty,

which greatly help in standardizing the method for solving such DEs. As for nonlinear PDEs, Lie’s method is the
only universal method that has had tremendous success in enabling researchers to find their analytical solutions as is
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evidenced from an increasing number of research papers currently published in the literature. Lucid explanation of Lie’s
theory and its application to DEs can be found in the following monographes and textbooks [1-3, 9, 11, 12, 17-19, 22].
TThe Manokov-Santini (MS) system

Ugt = Uyy + ui + Ulgy + VpUgy — Vylgy,
(1.1)

Vgt = Vyy + UVgq + VgpUzy — VyUsgy
was proposed in [14-16] and it is a generalization of dispersionless Khohlov-Zabolotskaya equation to the case of
general (non-Hamiltonian) vector fields in the Lax pair [4]. System (1.1) has been shown by Plansangkate [20] to be a
reduction of a general anti-self-dual conformal structure under two separate symmetry assumptions. Both the Pavlov
equation (u = 0) and the dispersionless Kadomtsev-Petviashvili equation (v = 0) are special cases of system (1.1).
Different research studies have been carried out on the MS system [4-6, 8, 10, 13, 20], but none has investigate it via
the Lie group analysis except recently in [21]. The analysis carried out in [21] was limited to infinitesimals of first
degree polynomials and to their optimal classifications up to 2-dimensional subalgebra. They also presented zero -
order multiplier for the MS system which only lead to single conservation law.

In this article, we shall carry out a more comprehensive Lie group analysis on the MS system. We shall show that
the MS system possesses infinite Lie algebra which shall be used to systematically exhibit infinitely many generalized
nontrivial invariant solutions. In order to maximize the solution space, each of the reduced systems shall also be
subjected to the Lie symmetry method. Although tedious, this 2-level application of the Lie method exhaustively
unearth the invariant solutions of the MS system under consideration. We shall also show that the multipliers of the
MS system are infinite and of first order with respect to the spatial independent variables. These facts shall be used
to construct conservation laws for the MS system (1.1).

2. LIE ALGEBRA
Let
X =¢(z,y,t,u,v)0: + ((z,y,t,u,0)0y + T(x,y,t,u,0)0 + n(z,y,t,u,0)0y + ¢(z,y,t,u,v)0y,
be the generator of transformation group admitted by the system (1.1), and X (2) be its second order prolongation.

Then the invariance condition

x®@

2
Ugt = Uyy + Uy + Ulgy + VpUyy — Uyum,‘| —0
- )

Vgt = Uyy + UWVgq + VzpVUzy — UyVUszg

(1.1)
leads to the following determining equations:

— (2.1)
— (2.2)
7y =0, (2.3)
Ty =0, (2.4)
¢ =0, (2.5)
Gu =0, (2.6)
G =0, (2.7)
&, =0, (2.8)
& =0, (2.9)
o =0, (2.10)
¢u =0, (2.11)
Cyy =0, (2.12)
& — 20, +1 =0, (2.13)



CMDE Vol. *, No. *, * pp. 1-30 3

Syy — 2Cyt + 116 = 0, (2.14)
Nu — 2Gy + 271 = 0, (2.15)

— Gyt + 7 =0, (2.16)
My — Syt + Gt =0, (2.17)
¢y — 3Cy + 27 =0, (2.18)
¢z — 26+ G =0, (2.19)
by +2u(Cy —7) =& —n=0. (2.20)

The solution to the linear system of PDEs (2.1-2.20) is given by:

T = at),
¢=B(t)y +(1),
£= (00~ 30"@) 4* + (250 - () + MO + 500,
n= % (B"(t) = ™ () y* + (N'(t) =" (1) y +2(B(t) — /(1)) u+ (B'(t) — " (1)) & + p(t) — &'(¢),
o= (50 - 30" ®) s+ (YO - 570)) 2 + (35) — 2"(0)

+ (2M() = (1) z + (3B8(t) — 2/ () v + p(t)y + o (1)

The Lie algebra of the MS system are spanned by the following vector fields
X = a(t)d, — @a"(t)y? + o/(t)x> - (; o (B + o () + 20/(t)u) o,
- (oo + 20" @)e w2aien ) o,
X = (B'(W)y* +28(t)2) Ox + Bt)yOy + (;6”<t)y2 + 8 () + 2ﬁ<t)u) D
+ (50700 + 380hay + 35000 ) 0, (221)

Xz =7(t)9y — 7" (t)y0u — <;7”(t)y2 + 7’(15)96) Oy,

= At)yds + N O)you + (N (t)y° + 2X\(t)z) 0y,

= 0(t)0z — 0'(t)0u

= p(t)dy + plt )yau,

= 0(t)0y.

As can be seen from vector fields (2.21) that the Lie algebra of the MS system is infinite. Specific algebras can be

generated by specializing the arbitrary functions. For instance, if we take them to be polynomials of degree two, then
an
BE
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the MS system will be spanned by the following 24 vector fields:
Ay =0, Ay =0y, A3 =0y, Ay =0y, As =10,, As =10, + Y0,
A7 = 0y + Y0y, Ag = Y0y + 220,, Ag =10y — x0,,
Ao =220, + yOy + 2u0y, + 300y, A1 = y0y + 2t0; — 2u0, — vO,,
Aiz = tyd, + ydu + (v + 2xt) 9y, A1z = t0y + tyo,,
Arg = (Y + 2at) 0y + tydy + (z + 2tu)dy + 3(zy + tv)0y,

1 1
A5 = —x0, + t0; — 2u0,, — 2v0,, Aig = §t28y — YOy — §y28v,
1

1
Arr = 51205 — 104, Ars = 10z — 0u, Ao = 51%0s + tydu + (a8 + t47) Oy,

2
1
Agy = §t3ay —2tydy, — (at® + ty?) Oy,

Aoy = %tzat - (xt + ;y2> 0z — (x4 2tw)0y — 2 (zy + tv) Oy,

1
A22:§

2
20, — (2t + ty®) 9, — (22t + y* + 2t%u) 9, — (4:cty + gy?’ + 2t2v> By,

2 1 2
Aoz = (3xt3 + t2y2> Or + =t%y0, + <xt2 +ty? + 3t2u) Oy + (3xt2y + ty® + %) Oy,

3

1 1 1 3
Aoy = (ggt2 + tyQ) Or + §t2y8y + (azt + §y2 + t2u> Oy + <3xyt + —2~y3 + ~t%

TABLE 1. The commutator table.

Jo.

Their commutation relations are not closed even with respect to first order polynomials’. We shall use some of the
algebras A; to construct invariant solutions that can not be deduced from those obtained via the algebras X;.

A A As Ay As As A7 Ag Ay Ao An
A0 0 0 0 Ar Ay 0 0 A0 A
Ay | 0 0 0 0 0 0 0 24, -A A 0

| A3 | 0 0 0 0 0 Ay A A 0 143 1A |
| As | O 0 0 0 0 0 0 0 0 SAs —3A4|
| As | —As 0 0 0 0 0 0 0 0 345 —3As5|
| Ag | —A2 0 —A4 0 0 0 0 245 245 As —As |
| Az | 0 0 —A 0 0 0 0 0 —As A7 —Ar |
| As | 0 —24, —A 0 0 245 0 0 —As  1As —3As |
| Ay | —As Ay 0 0 0 245 As A 0 3A) —3A |
| A | 0 —Ay —3As —3A4, -3A; —As —Ar —3As —3A0 O 0 |
| A | -4 0 —3As dAs 345 As Ar tAs A O 0 |

3. CLASSIFICATION OF SUBALGEBRAS

The first 11 Lie algebras A; — Aj; in (2.22) are closed as shown in Table 1, the construction of optimal system of
various dimensional subalgebra of the Lie algebra £1; can be constructed using Ovsiannikov’s two-step algorithm [11]

IThe vector fields generated with respect to first order polynomials are A1 — A;3.

(=)=
E)NE



CMDE Vol. *, No. *, * pp. 1-30 5

(see also [12]) or the method utilised in [9, 14] which is the one we shall employ to establish optimal system for the Lie
algebra £1;. We would like to emphasize that there is no any method that gives unique representations of subalgebras.
Thus, the ones presented in this paper are assumed up to conjugacy and also, all ¢ in the representations A; + ci.A;
will be equated to +1.

The linear transformations of the vector

1,2 .3 .4 .5 6.7 .8 .9 .10 11
v=(0",0°,0° 0%, 0°, 0%, 0" 0% 07 0" 0 ),
are found from their generators
Gi = ;070 i =1,2,..., 11, (3.1)

where the cfj are the structure constants. From the commutation relations of Table 1, the non-zero structure constants

cij,g3=1,2,...,11 are:

cs=1 e =1, g =1, cluyy =1, &3 =2, g = —1, gy =1, ¢35 =1,
1 1 3 1 3
4 4 4
czr =1, ng =1 Cg(m) Ty Cg(n) Ty Ca(10) = DX Ci11) = T Cg(lo) ~ 9
Gy = - =2 o= -2 S =1, Sy = 1, By = 1, L= 1 (32)
5(11) T T oo Ceg = 4y Cgg = — 45 Cg(10) — 4> Ce(11) — — 4 Cr9 = — L, Cr10) = b
1 1 1 1
7 6 _ 8 _ 8 _ 9 _ 9
Cr(11) = —1, cgg = —1, C8(10) = 9 Cg(11) = Ty Co(10) = 9 Co(11) = Ty
Substituting each of the structure constants (3.2) in the generator (3.1), we have
G = 05804 + 06302 + 09503 + Ullanl,
Go = 2088n4 — 09804 + bloan2,
1 1
Gz = 06304 + 07304 + 08802 + 5010503 + 5011503,
1
G4 = 5010804 - 5011804,
3 3
Gs = _Ulan‘l + 50108U5 — 5011805,
G = —Ulanz — 03604 + 208605 - 209805 + 010606 - Ullane, (3.3)
Gr = —030ps — 099,5 + 01°9,7 — 01,7,
1 1
s = —202604 — 03(902 — 206895 — Ugana + 5910808 — 5‘3118087
1 1
Gy = —0'0y3 + 020t + 205045 + 07 Dys + 0506 + §n108t,9 — §nllaug,
1 3 3 1 1
Gio = —028n2 - 503&,3 — §n46t,4 — 505805 — D6ans — 07807 — §U8808 — 509&,9,

1 1 3 1 1
G, = —D18n1 - 503603 + 594394 + 505805 + 06806 + 07607 + 50881,3 + 509609.

We next solve the systems of Equations (3.3) to construct inner automorphism via the solutions of Lie equations. For
the automorphism ; : £k = 1,2,...,11, the Lie equations with respect to the parameter a; together with the initial
condition ﬁ‘ak:o = b are:

08 0 08 _ g 080 o OB 5 OF0 _ OR0 | 06T\ 08

Oay " Oay 'Oy " Om " Oay " 0ay " 0my " Oy ’ 3.4
869 6610 8611 ()
37111:07 Oay =0 oy =0,

(&)
ENE
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“ 53 4 55 6 7 8
oo _10,@:’@:208_ 9,@_0’80 _0780 :O,an _o,
802 802 0 2 802 8a2 Bag
8*11
0 _ 07
8&2
o 1 op’® o’ v’
8 10 11 6 7
,a— == (b v ), —=20"+1v", =0,-—=0, =0,
8a3 2 ( + ) 3 + 8a3 3a3 8(13
8610 8511
’ = 07 . = 03
6a3 as
878763: 78704: ,3557 ’8067 7807:1(3010 r)11)7
Oay oa Oay Oay Oy 2
8010 8011
0, =0, =0,
8&4 80.4
_08703— 8764—_16765_§<D10_011) 8706208767:0
’ 80.5 ’ 8&5 ’ 8&5 2 ’ 80.5 ’ 8&5 !
6010 o 11
0, —0, 8
8a5 6&5
= _p! 3763: 8764__38765:2(08_09) 856: 10 11
’ 8&6 ’ 8a6 ’ 8a6 ’ 6&6 ’
9 =10 11
70780 B ,80 :0780 ~0,
oa, OJag Odag
-0 870370 376477 3 6765:,09 LUG—O 807: 10 _pll
’ 6&7 ’ 6a7 ’ 6&7 (9&7 6a7 ’
6610 8011
0, =0, =0,
8&7 8a7
, 00° oot , 00° s OB o7
__D77: = - Y. — s 6. . =
aag 6‘a8 aClg 8&8 8a8
11) ai _ 8610 ) 8611 _0
76 ’ 6&8 8(18 o
ov? vt ov’® o’
— =0,— =0, —— =02 — =200+ 07, — =0,
8(19 \ aag 8(19 + ’ 6(19
wy OG0B 0B o
’5a9_’8a97’8a97’8a97’
200 1 ot 3, 00t 35 0
’ (96[10 2 ’ 8a10 2 ’ 86[10 2 ’ 8&10
(L 0601, 000 ot
o 2 7(9(110 - 2 ,aalo B 78alO -
B WL S N L
2 8a11 2 8a11 2 aall
op® 1 ov? 1 4 000 oot
r = -o® = -0’ =0 =0.

Y 9 a ) I
2 8(111 2 8&11 8(111

(3.7)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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3.1. Inner Automorphism. The solutions to the Lie equations (3.4)—(3.14), with initial condition b a0 = 9 give
the following inner automorphisms.

ol = ot + ol 02 = 108 + 02, 03 = a10? + 03, bt = a;0° + v, 85 =05, B0 = b,

Llll _ _ _ _ _
07 — 07’ 08 — 087 09 — 097 nlO — 010, 011 — 011,

ot =0l 5% = 0! 4+ 0%, 8% =03, 0! = ay (20% — 0?) +0?, 85 =0, B0 = 0",

= _ = _1 - _3 . _3 = _
1 :nl’ 02 2026 (1107 U3ZUS€ 2!110’ 042046 2(11()7 U5 :n5e 2(110, 062066 Cllo7

(=]

MINER _ 1 _ 1 _ _
57 = pTe~ M0, B8 — pBe— 3010, g9 — ple—30, §l0 — pl0 Gl — Il

ﬂg 8 _ _ _ _
87 =07, 88 = 0%, 87 = 0%, §10 = pl0, pll = pll,
" ol =0l 8% =az0® + 02, 03 = lag (b0 + 0!) + 03, 0% = lag (b0 +07) +0?, B° =07,
3\ = — _ _ _ _
56 = 06, 57 =07, 8% =08, 8% =09, 010 = pl0, pll = pll,
" ol =0l 82 =02, 03 =03 0" = 1a, (300 —v!) +0? 85 =05 B0 =06 o7 =07,
409 - _ _ _
58 = 8, 59 = 2, 510 = pl0, pll = pll
“© ol =0l 82 =02 03 =03 0' = —aso! + 0%, 0° = 3a5 (v!0 —v!) + 07 86 =00,
53 - _ _ _ _
57 =07, 55 = v®, 89 = 0%, B0 = pl0, pll — pll,
e : ol =0l 8% = —ago! + 0%, 8% =03, 0% = —ag0d +v?, B° = 205 (03 = 09) + 7,
85 = ag (010 — 1) 4+ v, B7 =7, B = v®, B9 = v, B0 = pl0 pll = pll
. ol =vl, 82 =02 02 =03 0% = —a;03 + 0% 0° = —as0® +0°,
79 - _ _ _ _ _
85 = 00, 57 = a7 (b0 — p!1) + v, B = v®, B9 = v, 10 =pl0 pll =yl
o - ol =o', 82 = —agv® + 02, 0% =103, 8% = —2ag02 4 v%, 0° = —2a50% 4 v,
8 -\ - _ _ = _ _
56 = —ag? + 05, 87 =07, o5 = %08 (010 _ 011) T o8 99 =02, 10 = !0, gl —p!l,
. ot =0l 8% =02, 03 = —agv’ + 0%, 0% =ago? + v*, 8° = adv® + a (20° + 07) + v°,
9 -y - _ _ _ _ _
85 = ag0® + 05, 87 =07, 8% = 0%, 8° = Lag (b10 — v!1) + 0%, 510 = !0, B!l =yl

= _ — = _1 = 1 = _3 -
Ul _Ule 1111’ 02_027 US_U?)e 2(111’ 04_046211117 US_USG 2(1117 06_06601117
TR _ 1 _ 1 _ _
BT = pTeM1, p8 = pSe3®in, pP = pPeziu, pl0 — pl0 Il — pll,

3.2. Optimal Classification. Let A € £1; be any arbitrary operator written in the form
A= Dl.Al + 02A2 + ...+ UllAll, (315)

where v/ : j = 1,2,...,11 are arbitrary constants. The operator (3.15) is mapped by the automorphisms &; : j =
1,2,...,11 to the operator A € L1, defined as

A=0'A; +0°Xoy + ... + 011 A,

We shall use these facts to obtain the optimal system of one-dimensional subalgebras of system (1.1) by reducing the
vector

b= (o!,0% . o), (3.16)
to its lowest non-zero components, via the transformations ; to 1.
Case 3.1. o'l #0.
By letting a; = —U"Tll in 41, we can render vl = 0. Thus, vector (3.16) is reduced to the form
v =(0,0%,0% .., 0'). (3.17)
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If we now consider 0% # 0, then the actions of iy through $lg make
p2=03=.. =09 =0.

Thus we have the representations
Ao + A1

If 910 = 0, then
03,04, 05,06, 07,08, and v?

can all be made zero through the respective action of the transformations
s, Ly, Us, e, LUz, g and LUy,

These give rise to the representations
Ao + A1, Ans.

Case 3.2. o'! = 0.
If we assume 09 # 0, then we have the representations

Ay £ Ago, Aio.

Case 3.2.1. If 810 = 0, then we can let 87 # 0. So, 82, 0° and 8 will respectively become zero via the transformations
$hy, 87 and Ug. This reduces vector (3.16) to the form

v = (v',0%,0,0%,0,0,07,0% 0% 0,0),0° # 0. (3.18)
If we take 8% # 0 from the reduced vector (3.18) and subject it to the transformations iy and 3 with

B o4 L 02
127 Top8 g9 MW T T8
respectively, we obtain
b= (v,0,0,0,0,0,07, 0% 0,0,0). (3.19)

The reduced vector (3.19) cannot be further simplified through any of the transformations s : k = 1,2, ..., 11. Hence,
the following representatives for the optimal system are obtained.

As £ Ag, A1 £ As £ Ay, A7 £ As £ Ay, A1 £ A7 £ Ag £ Ay.

If we had taken ©® = 0 from the reduced vector (3.18), then v* will become zero by the action of the transformation
3o, and this leads to the reduced vector

v = (v},0%,0,0,0,0,07,0,0%,0,0),0° # 0. (3.20)
If 6! # 0 in (3.20), then v? = 0 via the action of tlg. This gives rise to the representations
A £ Ay, A+ A7 £ Ag.
If we take b! = 0 in (3.20), then the representations are
Ag, Ao £ Ag, A7 £ Ag, As £ A7 £+ Ag.
Case 3.2.2. For v° = 0, vector (3.16) will be reduced to the form
b= (v!,02 03 0%, 05 05 07, 0%,0,0,0). (3.21)
For b8 # 0, the transformations iy, {3, {ls and g will make 02 = v* = 0° = 8% = 0. Thus, the above vector becomes
v =(v1,0,03,0,0,0,07,0%,0,0,0).
If o1 #£ 0, then v! = 0 by 4y. Hence, we have
Ay + As, Ay +£ A7 £ £ As.

(=)=
E)NE
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If v! = 0, the representations are
Ag, Az £ As, Ay £ Ag, A3 £ A7+ As.
For v8 = 0 , the reduced vector (3.21) becomes
v = (v}, 02,03 0%, 0°,0%07,0,0,0,0).
This vector will be simplified under the following cases.

3.2.2.1. v5 £ 0,07 #£0.
Transformations 4, {3 and g will render b2, 8% and ° zero respectively leading to the reduced vector

v = (v!,0,03,0,0,0°07,0,0,0,0).
If v! # 0, the action of iy will make > = 0. This results into the represenations
A £ Ag £ Ay
If o' = 0, then we have
As £ A7, As £ Ag £ As.
The details of the remaining cases are similar to the above, their results are as follows.

3.2.2.2. 5 #£0,07 = 0.
The representations are
As, A1 £ As, As £ Ag.
3.2.2.3. 06 =0,07 £0.
The representations are
A7, Ay = A7, A+ A7, As £ Ar.
3.2.2.4. v5 =0,0" = 0.
The representations are
Al) A27 A37 -’447 '/457 -/41 :I:A57 AQ :I:A57 A?) :I:A57 A4 :tA5

Theorem 3.1. The optimal system of one-dimensional subalgebras 2} of Lie symmetry algebra L11 are given by the
following presentations (up to conjugacy)

£ =A, L15 = A1 = Asg, Lo9 = A7 + Ay,

Lo = Ay, L6 = A1 £ Ay, L£30 = Ag + Ao,

£3 = A3, £17 = A1 £+ Ajo, £31 = Ajo £ Ai,
£4= Ay, L18 = Ay £ As, L30 = A1 £ Ag £ Az,
L5 = As, L9 = As + Ay, L33 = A1 + A7 + As,
L6 = As, L£o0 = Az = Ay, L34 = A1 £ A7 £ Ay,
L7 = Az, Lo1 = Ay + Ans, L35 = A1 + Ag + Ay,
Lg = Ag, o2 = A3 + As, L£36 = A2 + A7 + Ay,
L9 = Ay, L£o3 = Az = As, L37 = A3+ Ag + A7,
£10 = Ao, L4 = Az + A7, L33 = Az + A7 + As,
£11 = Aus, Lo5 = Az + As, L£39 = A7 + Ag + Ay,
L19 = A1 £ As, Log = Ay = As, L0 =A1 £ A7 £ Ag + Ay,
L3 = Ay £+ Ag, Lor = Ag = Az,

L4 = A1 £ A7, Lo = A7 = As,
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4. REDUCTIONS AND INVARIANT SOLUTIONS

Lie algebras are the main building blocks for the construction of exact solutions that leave the underlying (system
of) differential equations invariant. We shall use the generalized Lie algebra (2.21) to find the solutions of the Manakov-
Santini system (1.1). Where necessary, the symmetries for each of the reduced equations shall be found in order to
maximize the solution space.

4.1. Solutions through subalgebra &’;. The characteristic equations are

dt dxr du

a(t) B %o/’(t)y2 + o/ (t)x - %o/”(?f)y2 + o (t)x + 20/ (t)u
B dv
Lo (t)y? + 20 (H)wy + 20/ (t)v

Solving these first order system of PDEs, we obtain the invariants

a(t) o o(t) a"(t) o
T:Oé(t)(E—‘riy,S:y,u:— r — Yo+ p(T}S),
2 a(t) 2a(t) a(t)? (41)
o () 5 20(t) a(t) s (r,5) '
=— - Ty — T, 5).
302? T Ta®) YT 3a)? T a2t
These invariants reduced the MS system to
((Is - p)prr — QrPrs — Pss — Pi =0, (4 2)
(QS - p)QM‘ = ¢ Grs — Gss = 0.
The generators of the reduced equation (4.2) are:
Xll = 3T7 Xlz = 857 .)C'l3 = 6q, X14 = 8p + sc‘?q, X15 = s@r + 27"8(17
Xig =10, + 2p0), + 2¢0,, X1, = s0s — 2p0p —q0,.
4.1.1. Subalgebra Xy, + X1, + X1, + &1,. The invariants are
2
5
w=r—cs, p(r,s)=s+ f(w), qr,s) = =+ s+ g(w), (4.3)

2

where ¢ is an arbitrary constant. They reduced system (4.2) to the system of ordinary differential equations

(1-=Nf" = f?=0,
(1-c—fg" —1=0,

whose solution is (k1 # 0)

fw)=1-c£/1+ch —2¢% + 2kiw + 2k,

\/(1 + ¢t —2¢% + 2k w + 2ky)°
312 '

g(w) = ksw + ks F

Using the invariants (4.3), the solutions of the reduced system (4.2) is

p(r,s) =s+1—c?+\/1+c* =2+ 2k (r — cs) + 2k,

$2 \/(1 + ¢t = 2¢2 + 2k (r — cs) + 2ky)®
q(r,s):5+3—|—k3(r—cs)—|—k4i|: Y .
i

(=)=
E)NE
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Subsequently, the solutions of system (1.1) are given by

) (1) y+1—-c+ \/1+c4 —2¢% + 2k (a(t)x—i— %(t)yQ —cy) + 2ko

u= —O/( x — +
A 2a0)? alt)? ’
o (t
S, 2 ) | Wyt (e + S0 - ) (4.4)
V= — Sy — Ty — Y+ 2 + ks .
3a(t) a(t) 3a(t) a(t)
, 3
\/(1 +ct —2¢ + 2k (a(t)a: + O‘T(t)yz — cy) + 2k2>
+ 3k2a(1)? '
4.1.2. Subalgebra X;,. The invariants
2
T
w =S, p(T,S):f(W), Q(T7S):?+S+g(w)a (45)

reduced system (4.2) to
f//:()v ,gl/_g/+f:07

with solution
1
fw) = kiw + ko, g(w) = Zksw® + k1w?® + kaw + ky.
3

Using both the invariants (4.1) and (4.5), we obtain
o(t) ") o

a0 " 2a@)? oy

(k1y + k2),

o/(t)? 5 20/() - a"(t) 5 1 (a(t)x+”‘;“)y2)
a2’ " o) Y Ba” " a2 y

V=—

1
+ gkgy?’ + k1y2 + kzy + k4

4.1.3. Subalgebra X1,. The invariants are

w=s, p(r,s) =1 f(w), q(r,s) =1g(w). (4.6)
They lead to the reduced system
f"—=2fg +4gf +6f* =0,

1
59” +99 + fg=0.

We could not solve this system except for the following special cases:
If f =0, then g = tanh(w + k).
If g =0, then f = —p(w + k1,0, k2).

where p is the WeierstrassP function. Effecting these in the invariants (4.1) and (4.6) lead to the following solutions
of system (1.1):

o (t a’(t) 4 a(t)x + a’2(t)y2 2
u__a((t)) _2a8y ‘< (02 ) oy + k1,0, ks),
_ @ 5 201 oY)
Y= B! o) Y a0
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!/ 2
po W, 0" 5
a(t) 2a(t)
N I U
- _ _ - tanh k1).
30027 " a) Y 3a? T ()2 anh(y + k1)
4.1.4. Subalgebra X;.. The characteristic equations are
ds _ _dp __dg _dr
s 2 qg 0’
with solution
1 1
Ww=r, p(T,S) = ?f(w)7 q(’l",S) = ;g(w)

The reduced system, via the above invariants, is

(f+o)f" +f?=2f¢ +6f=0, 8)
(f+9)g" =g +29=0. '
Here too, we shall consider two special cases. For f = 0, system (4.8) becomes
99" — 9" +29 =0,
with solutions’
kl 2 L o w 2
g(w) = s (2/{1]6262’“1 —e Zkl) , g(w) = 2k (kge k1 —2ke 2k1)
where k1 > 0, ko > 0 are arbitrary constants. Thus, the solutions of the Manokov-Santini system under the generator
X1, are:
!/ t 1 t
e 0D a() 5
a(t) 2a(t)
2
O/(t)Q 3 20/(75) a”(t) 3 ky a(t)et () 42 et O "t ¥2
— 2k k 2k — 2k
VS 3002Y T al) Y 3a0)Y T katnzy \ TR T ¢ 1 )
_ o) ') o
A 2a)”
’ ’ 2
"(£)2 20 (¢ ! (¢ k altywt M2 ozt )2
U:—a()y3— a()xy a()yS 1 k2e 2k _2k1€ 2kq .
3a(t)? a(t) 3a(t) 2kqa(t)?y

For g = 0, system (4.8) becomes
ff 42 +6f=0

whose solutions are implicitly given by

f(w)
+ -
/ kl — 423

z

dz —w —ky = 0.

Therefore, the solutions of the MS system are implicitly given by

b z a(t) o
:I:/ . 43dz—oz(t)x—#y —ky =0,
a4, 20/ (1)
_3a(t)2y3 T at) YT 3a(t)y3

1Both solutions are the same only when k1 =

(=)=
E)NE

R
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where h = y2a(t)? (u + %(tt))x + g;((f)) yQ). For k1 = 0, we have

N OR O
o))" 200" yPal
(02 . 200 o)

YT 5002 T e YT 3at)?

P (a(t)x + O/Q(t) y? + k2>2 :

Q

4.1.5. Subalgebra Xy, + X1,. The characteristic equations are
dr ds dg dp
r s g 0

with solution

w =1, p(r.s) = f). qlr.s) = rg(w). (4.9)

The reduced system, via the above invariants, is
(f —wg+w’)f" = (wg' +9—2w)g' + f* =0, (4.10)
(wg” +29")(f —wg +w?) =0. (4.11)

From (4.11), we have

k
9= +kaki #0, (4.12)
or
f=wg—w (4.13)

The substituting of (4.12) into Eq. (4.10) results to
(f +w? —kow — k) f" + 2w — ko) f + f2 =0,
whose solution is implicitly given by
ka—20 By (%5 + k1 — f(w)) + Bi (1, Bk - f(w))
ka2 p (% k- f(w)) + Ai (1, Ly T f(w))

= C1,

where Ai(z) and Bi(z) are the Airy function of the first and second kind respectively. The solution of the system (1.1)
is obtained by using the invariants (4.9) and (4.1).
Eq. (4.10) is satisfied identically by the substitution (4.13). Hence the solution to the system (4.2) is
2
ror T
pirs) =29 (5) - 5,
T
alr.s) =rg (%)
Using the invariants (4.1), the solution of system (1.1) is given by

Ao, (e 0\ a@e+ Z0y (a(e+ L0y
a() " 2a(t)” a(t)y g y ’
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4.2. Solutions through subalgebra A5. The characteristic equations are

dx dy du dv

Bty +26(0)x — By 187(0y2 + B(x +2B(tu 587 (8)y? + 35/ (H)ry + 36(t)v

The solution to the above system of ODEs give rise to the invariants

_x )y 1B A0 gr(t) o >

= T et ==y (g + e g+ o)
3 / 2 34 "
v=—35Y (%((f))ylny> + g(g) zylny + 5/383 v’ Iny +y’q(r, ).
These invariants reduced system (1.1) to
<3qp4r2+///rﬂ/2>p + Prs — P2+ <2r+ Sﬂ/l)p
25 B 62 rr rs r 5 r
B gy B3 B
BQT 2P+l87’ 264’/62*07 (414)
" U 6/2 B// .
<3qp4r2+266r62> qrr+qrsfq7%+2 <3r+6) qr
BBI 5ﬁ// BBIQ B
—6q—?r— 25+52 =0.

The infinitesimals of system (4.14) are two but both lead to the same reduced equation. So we shall present only one
of them which is

B /8/8// /85/// /8/8//2 / ﬁ// B// ﬂ// /8/
Xy = ((25[27‘+ 157 25,3) +@ <4+2ﬁp) _ZLB+25+T_2P> Op

BB" BB" ,6,8”2 B / Blf B g g
<<2ﬂ/2r+ 1237 - 6573 _6ﬁ/> +@ (Z—‘rQﬁq) —4ﬂ+2ﬁ+37“—2p> 8q

11
+ <%€2 rTJrl) 3T+§ .
The invariants are obtained as

ﬁ/ ﬁ/Q 1 / 3&//2 ﬁ/” ,8” 6/2

S 2, =2 ~_ _ o 47
R L S T I T A TR
3ﬁ/ 3ﬁ/2 " ﬁ//Z ,8/” ﬁ/l 6/ ﬁl2
q(r,s) = Frs ~ o5 s% + 2—5,7“ 857 + 25 17 + 25 + ﬁg(w)7 (4.15)
w= gr —s.

They reduced system (4.14) to system of ODEs
Bg—f—4?—Df'+2w+1)f —f?—¢ —2f+w+1=0,
(39 — f —4w? —1)g" + (6w +1)g' — ¢ —6g — 3w +3 = 0.
This system could not be solved for arbitrary f(w) and g(w), but a particular solution is found to be

fw) = %(w2 +1), glw) = %(3&12 +1).

1Here7 ’ denotes derivative with respect to s and 8 = 3(s).

(=)=
E)NE
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Using the invariants (4.15) and (4.1), another solution of system (1.1) is obtained as:
w=y? (1 (i _ O/(t)lny)2 LB (93 o' (t) 1ny) IO 3a’(t)? Lo o a'(t)2>

2\ a0 250\ a@® ) 2a0) 802 e  dalt) T 2007
- ;;((tt); (ylny)? + Z/((;)):Jclny + g;ég y2Iny,
- (3 £ (5o 0 s, 202, o)
- 322,((;); y3(ny)? + 32‘;? cylny + f ;((g ¥ lny.

4.3. Solutions through subalgebra X5. The characteristic equations are
dy du dv

)y Iy Ay ()
with solution

7'(t)
27(t)

They reduced system (1.1) to

(s "(g
<p+7( )T)pw_prs*’p%_ry ( ) =0,

NI . 7 () 2y + g, s). (4.16)

B O

r=x, s=1, u=—

v(s) v(s)
(4.17)
() A O
(p+ +(5) T) Grr — Grs +(5) g =10

We shall find the generators of system (4.17) by considering y(s) as a parameter. That is, the unknown become p, g
and 7. After solving the determining equations that result from the invariance condition, the 28 infinitesimals are
found as follows:

X3, =05+ qaqv X3, =05 + 'Va'ya X3, = 787 + aqv A3, = 'Va'y + Saqa Xz = 05 + 10, +pap7
Xzy =10 + pOp + 0y, Xz, =10, + pOp + 80y, X3, = 0. + 0y, X3y = 10 + pO)p + 7¥0q,

r 1 1
X310 = (q + 1)8!17 X311 = (q + S)&J? X312 = 85 + ;6117 X313 = ;ar + anﬂ X314 = ;a’r’ + ’78’77
r 1 r 1
X315 = (q + C)atb X316 =|-ts aq’ X317 =—0r + 78(17 X31s =|=+7)0: era;m
Y Y Y Y
T r
X3, = < + 1) (9(], Xs,, = (— —|—7> 8q, Xs,, = 505 + 10, + 187 — gaq,
Y 0 2 2
5 1 5 1 vy q
X3, = —0, — — y Xs,, = —O — =0y, A3, =805+ =0, — =0g,
309 73 73p+q8q 395 73 + 70, Wap 35, = SO0s + 237 pOp + 23q

3y q S 1 r
X3, = 805 + —0~ — pO, — =0y, XN3,, = —0p — =0, -0y,
325 5(+27 pop 9% 3 ~ 71DJF,yq

/-y r q S 1
s, = + =0, — +(=-== Xo,. = |r+= +p—= i
35, = S04 5 Oy — POy (’y 2) Ogy Xsyg (T 'y) Or (p ’Y) Op

4.3.1. Subalgebra X3, + X3, + X3, + X5, + X3,,. The characteristic equations are

ds _y(Odr _de(®) _ dg
1 1 5y(t) 14+s+~(t)’
with solution
6—55 82 ]41655
w:7‘+5—k, p(r,s) = f(w), q(r,s)zs—l—;—k 7 + g(w). (4.18)
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They reduced system (4.17) to

(5w+ f)f"+ f?—=25=0,
(5w + f)g" —5g" =0,

whose solution is

_ 1 100w—1Y _ 1
flw) = 1OVV(e ) bw + 15
g(w):f51()< W (e1000-1)3 _ 3, /W 100w1>+62

where W(z) is the Lambert W function (which is also called omega function or product logarithm). Using the invariants
(4.18) and (4.16), we obtain

100z+20e % 4
25 2+W<€ +% ) 5 e—5t+1
u=—— =57 — —— + —
2 Y 10 10°
) \/W 100+ 20558 e \/W (éﬂ%ﬁ%ﬂ)
5 t2
=— -5 t — .
v Y Y + + + 50 +c2
4.3.2. Subalgebra X3, + X3, + X3, + X5, + X3, + A3, + &3,,. The characteristic equations are
ds dr dp dq
2 r  4dp 242s+~+3¢
with solution
2(3s+5 1 :
w=re , p(r,s) = e* f(w), q(r,s) = —% +5e° / Y(s)e™2%ds + e3°g(w). (4.19)

Applying the invariants (4.19) on system (4.17), we obtain

7'(s) " 2 & _
(”2” s) “) Ly ok

(o) G e

Theorem 4.1. The second order system of ordinary differential equation (4.20) is the reduced system of the second
order partial differential equations (4.17) if and only if v(s) = €**, where k # 0 is an arbitrary constant.

(4.20)

We shall consider three cases only: k= -2,k = —1and k= 1.

Case 4.1. y(s) = e~ 2¢
For this choice of ~, the solutions to the system (4.20) are:

f(w) = V4w? + 2m,
(18w? + 5m)V4w? + 2m + 36w> + 18mw
g(w) = 9 + 1,
V2w2 +m (\/4w2 + 2m + 2w) 4

f(w) = —V4w? + 2m,
() (4w3 + 2mw + (2w2 + 5m) VAw? + 2m) (\/4w2 +2m + Zw)
w =

g VA4w? +2m

=

+Cl.
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Using the invariants (4.19) and (4.16), we obtain the solutions to system (1.1) under the aforementioned sectional
subalgebra as follows:

u=—2y% + e*\/4x2e—4 4+ 2m,
213 2(3t+5) e
= Loy 2T C
Ve Ty e 9 7

+ ((18z%e~% + 5m)V/4xZe=* 1 2m + 362%¢ 0 + 18mze2!) e2!

9 + Cl,
VorZe—% +m (\/4x26*4t +2m + 2xe*2t) 4
u=—2y% — e*\/dx2e—4 + 2m,
213 2(3t+5) e
= —— 2 _— =
Ve Ty e 9 7
e3t (4a3e0 4 2mae= + (202~ + 5m) VAzZe= % 1 2m) V2we2t + \/m
+c1.
VAxZe=4 +2m !
Case 4.2. y(s) =e¢"*
For this choice of +, the solution to the system (4.20) is
flw) = W) w5
2 2
e (3W(eTh) —1)
glw) = — W (eko—1)3 te
The solution to system (1.1) is thus given by
. 2t
u:_i_"_i (64I62_1)_x+677
2
dze”2t—1
3 2(3¢ 5 —t Co (SW (6 ) — 1)
v Yy 2(3t +5) + ) et e te
6 5 4 W (e4$e_2t—1)3
Case 4.3. y(s) =e
The solution to the system (4.20), with respect to this choice of 7, is
V1—64w —1
fwy=wt+ —F——,
16
)= (VIO 1 </(1—\/1—64w)5
wy=|——m—--"-7+ - .
g 9 5 32
The solution to system (1.1) is thus given by
2 2t 2t
Y e (\/1—64336 —1)
u = 5 +x+ 16 )
5
. v vy 23t+5) Lol V1 —64ze2 L4 ix/(l — V1 — 6dze2) .
6 9 9 45 32

4.3.3. Subalgebra X3, + X3, + X3, + A3,,. The characteristic equations are
ds _ vdr dq

11 %’“—}—s—l—’y—l—Qq'
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For v = €¥*, the invariants are

e~ ks re ks e~ 2ks eks 2s+1

w=rd s pne) = fW) ) = e - Ty Tho2 T 4
These invariants reduce system (4.17) to
(ko + f)f" + [ = k* =0,
(kw + f)g" = (k +2)g" =0,
whose solution eventually gives rise to
k2 1 —t
w= 73112 + o (—2k (kx+ e ) + W (e4k(km+e k )71) 4 1) ’
, 4k(kx+e‘kt)71)
v = ke®™W <e4k(kz+efkt)*1> w W (64]“(’“*67“)’1) + W (e i +3
k
k% 4 re~H
— —y° —kxy — h(t).
6/ Yk m +h(t)
4.3.4. Subalgebra Xs3,. + X3, + X3,, + X3, + X3,,. The characteristic equations are
ds  dr  2dy dp dq
= = —— == ———a—.
s 2r + 5 ¥ D 14+~v+ 5 T2
The invariants are
St D) = 5J(@), alr8) = 5 A2+ g(w)y = VE
==+ —=, p(r,s) = §)=—=+— S —g(w),vy = +/s.

The reduced equations are

2
(5w +2f)f" +2 (f’ + ;) =0,
(5w +2f)g" +4¢" = 0.

Its solution, coupled with the invariants (4.21) and (4.16), leads to the solution of system (1.1) as

s (rsin) (- - )

U =

Bz 64 1024 ’
2W (<5 - 1)
64 1024 64 1024
v oay  w ataWw (_Tf B 5\/175) (2+W (_Tf B wr))

= -+ -+

Tur T n T/ NG

4.3.5. Subalgebra Xs,, + Xs,, + X3,, + A3,.. The solutions

2 2
o=t ) = o+ T g(w) = Vi) = VAR
of the characteristic equations
ds Ldr B di B dp dq

25 25 3y %+2p q
reduced the system (4.17) to

<3w+f) T+ -

=0,
2

3
4
(=)=
E)NE

+e*g(w).

(4.21)
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Therefore,

W 68x+%—1 11
L T Y
et Y 4t 2t Vi)'

1 3 t ot 16 1\ 2 t o416
v = _gt_zyg - §$y+c1\/£+ 621\6[W (68' ok 1) + 7C2§[W (68 i 1).

4.3.6. Subalgebra Xs,, + Xs,, + Xs,,. The characteristic equations are
ds dr 2dy  ~ydp  dg

s r+ = 9 2 r—g
Their solution give rise to the invariants
r 4 4 2r 1

which reduced the system (4.17) to

2
@erf) "+ (f’+ ;) =0,
(gw + f> g’ +2¢ =0.

The solution of the above system of equations is

flw) = W (w) = €1 + W(—8w)(2 + W(—8w)).

Thus, the solution of the MS system (1.1) is obtained as

)

24 (atav) (2_w(_87r_37§))
T o (—32 - 2) ’

P oay 2 atW(-%-2) (24w (-%-2))
v:m—g %—F NG .

4.4. Solutions through subalgebras X;, X5+ Xg + X7. The calculations are straight forward, so we shall present

solutions obtained without going through the details.
The solution of the MS system (1.1), via the generator Xy, is obtained as

B (X'(t) - QA’(t)2> Y2 +a(t)y + bt),

O T2\ T )2
= x; + /;/((tt)) xy + %c(t)y?’ + a(t)y® 4 b(t)y + d(t).
[c[v]
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The solution of the MS system (1.1), via the generator X5 + Xs + X7, is given by

_p(t) = 0'(t) (6()p(t)) = a(t)6"(t) — p(t)* ,
u= 50 T+ SOE Yy~ + a(t)y + b(t),
_o(t)+p(t)y p(t) ) o)\ 5, 1 (p®)\? 5 p)a(t) ,
L () x*(%@93ﬁ+(%wﬂz"6<&w>y&‘2&@2y+fwy+“”

Further background analysis shows that other solution variants are possible if the linear combinations of the generators
(2.22) are used for reduction. For instance, the combination

Ag+ Ay + As + Ag = (t+9)0y + 10, + 0y + (2y + )0y,

give rise to the reduced system of equations

r 1
(;—p—1>pm«+pm—p§+gpr=0,
. ) (4.22)
(7_p_1)Q7‘r+QTs_7:07
S S

which is a variant of system (4.17). The generators of the reduced system (4.22) are infinite which can be made finite
by specializing the arbitrary functions involved. Without going through the details, some of the solutions of system
(1.1) obtained via them, which can not be deduced directly from any of the previous ones, are as follows:

2
Bo—v=%)t yar1 -
t(Cl —31n t) t ’ (423)
t2 +t(2x +y) — 292 3y2 Int+t t+1
Uzy(y (2z +y) By)+<3 Y t><n + _|_C2) +

u =

— gy
242 TSy

P 2
y(t+1)—t 01W(2t*x+y+37+01)+2tfx+y+g—t+cl
= +

)

t tW(2t—x+y+g—j+c1)

_ 241 _ v
v:y(yt2+t(2x+y)7%y2)+9(2mt (y+6?+1-a+y+ %)+ 16t
22 18

3
(3w (2t —a+y+ K +e)+2) (2t—z+y+ 5 +a)

(4.24)

3
2
t2 (W<2t—x+y+g—t+c1)>

22
+<J;—y—gt—3>lnt,

2 2
y(t+1)—t+clw(*x+y+’§7+01)*w+y+g—t+cl
t tw(—x+y+§+cl)

y (yt? +t(2z +y) — 2% y? 1
v = 57 + T-y- o (lnt+t+1)+§tlnt

cat 2 2 1
;W<x+y+y+cl> <W<x+y+y+cl)+2>+63t,

u = B

(4.25)

21 2 2
(=)=
E)NE
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Yt 1)—t 3c1W(9t2 (x—y—g—j)—gcl)+3c1—3t2 (a:— —g—t)
= + ;
¢ t3W (9t2 (a: Yy — —) - 901)
y (yt2 + (22 + ) — 24°) y?
v = 572 tle—y-5 (cg+t)+t
. , (4.26)
<t2 (xf f%)fcl)W(%Q ($7 ) 901) ey —t2 (xf 7%)
* 3t2 3t2
2
t2 (ac —y— %) -
+ - ;
32W (962 (v -y - %) —9a1)
yt+1)—t 1 —3(amy-22)
— t < t 1 t
t + 31ntw € ne
2+ 1(2 —2y%) B —t—1 2
_ P tQety) —5y°) ity L
212 3 2t
1 1 (g2 4.27
+t;t(E1(1 Int) — Ei(1, —Int)) — Cltgntln (W <e oy %t)lnt>) (427
citlnt r—y y?> In(Int)
+ . = +tlnt 7 @ 3 +c,
3W <e‘t(‘”‘y‘2‘t) lnt>
y(t+1)—t 1 1 75(171/7&)716]?&(1 Int)
_ _ ket Y=o ) 1
“ ¢ it e L\ YA
oy (v + 2 +y) — 2P) v
v = 572 +(t+1+4+1nt) l‘-y—% + tIntEi(1,1Int) (4.28)
_ Cltkhlt In (W (kek (13 y— ) kEi(1, lnt))) + - Cltlnt
EW (ke_t(w y— ) kEi(1, lnt))
t+1)—t 1 z—y—% Ei(l,Int) 1+¢—Int
Yy - YT % 1, —
AN N
t Int 1( tInt L Taimo? )JFCQ
y—|—%—x_ t4+1 (4.29)
tint 2t(Int)2’
2+ t(2z +y) — 397 ?
v:y(y (2t2 y) 3y)+(C3+t+lnt)<:1:yZt>+h(t),

where Ei is the exponential integral which, for real non-zero of x, is defined as

oo _—t x t
Ei(x):—/ ert:/ %dt

5. CONSERVATION LAWS

Conservation laws of various (physical) systems have been studied extensively in the literature due to their un-
matched importance in the formulation of various fundamental laws of physics. There are various methods that are
used to find the conservation laws of (system of) PDEs, the one we shall use to construct the conservation laws
admitted by the MS system is the invariance and multiplier approach [17].

an
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Let P and R be any two arbitrary multipliers of the system (1.1). This implies that

E,; (73 (—uxt + Uyy + U2+ Uty + VglUpy — Uyum) + R (=gt + Uy + Wgy + VgUgy — vyvm)) =0, (5.1)
where E,,; is the Euler operator with respect to u’ given by
0 0 & 0 .
E, = 7 Diﬁ + ...+ (=1)%D;,...D;, 5 +.n,i=1.,m. (5.2)

7 ’L1’L;C

If we let
P = P(zyyvt, Uy Vy Ugey Uy Uy vau:c:cvuyy)a and R = R(myyvt, Uy Vy Ugey Uy Uy vavxxavyy)7

then solution to the determining equations (5.1) is given by

1 1 1 1
P = cal )y’ + 501 (1) (vvr + 32y) + Sah(Oyve + Sa5(t)y’
1 2 2
+ gal(t) (y(v2 + vy) + 2z, + 3v) + as(t) (v2 + vy) + as(t)ve
1 1
+as(t)y + 5042(t) (yvs +22) + ag(t) + 51 (yv2 + yv, + 220, + 30),
1 1 1 1
R = Lali(t)y — cafl (002 + Say (1) (s — 2y — ) + Lab(0) (yus + 215) (53)
1 1
+ay(t) — éaé(t)y + gal(t) (y(2uqzvs + uy) + 2z, — 303 — 20, — 2u)
1
+ as(t) (2uzvy + uy) + 52 (t) (yuy — 2vy) + aa(t)uy —as(t)

1
+ 501 (2yuwvz + yuy + 20U, — 311320 — 2vy — 2u) .

This give rise to the following seven multipliers:

1
P, = 3 (yv2 + yvy + 220, + 30)
1 2
R = 3 (2yuwvw + Yuy + 20Ux — 30, — 20y — 2u) ,
1 1 1
P2 = cai(t)y” + 3a1(8) (y7ve + 3y) + za1 () (y(v7 + vy) + 200, +30),
1 1 1 1
Ry = —ga’l’(t)y2 + ga’l (t) (y2uz —2yv, — x) + §a1 (t)y (2ugvy + uy) + gal (t) (2xu$ — 31}5 — v, — 2u) ,
1 1
Py = Lapt? + Loalt) (o 22).
1 1
Rz = _iaé(t)y + 5&2@) (yuw - 27}1’) ,
1
P, = iag(t)yvx + as(t) (11325 + vy)
1 1
R = Lty + Lab(0) (s +20.) + as(t) usvs +1,).
Ps = as(t)v,,
Ry = ay(t) + as(t)uy,
PG = a5(t)y,
RG = —a5(t),
P = ag(t>,
R:=0
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Each of the multipliers (P;,R;) : j = 1,2, ..., 7 will generate a conservation law

DT + Dy.C* =0,k =uz,y,

’(1.1)
where the densities (77) and the fluxes (C) are as follows:

1 1 1 3
T = —iyuwvi + ivi — LUy, + 2V (Vg — yug) — o Vla,
2

1 1
T = vmvi — v, + =02 (Yuy — vs) (u — vy) + 3 (Bvug + 2zu,v,) (u — vy)

2 x
1 1
+ v (2u + vy, — yuy) + Y. (UgpVy + Uyvy) (U — vy) — UV,
1 1 1 1 1
cy = —ivi - 51}5 — 5“03” + a:uxvi — UVy + 2yuzvg + Eyuy (vfc + vy) + ivuy
1 1 3
+ §uxvx(3v —yu) + 3 (Yug — Vz) U + YUzVzUy + TUYU, + TULVy — ivyvﬁ, (5.4)

1 1 1 2
Ty = —gall(t)y2uxvx +ay (t)yu — gal(t)yuxvi - gal(t)yumvy — gal(t)xumvz

1 1 1 2 1 2
— a1 (t)vuy + zyai (D)2 — Zay (v + sar(t)vd + Zar (v, + —ar(t)vevy, — = aq (H)uvy,
3 3 3 3 3 3
1

1 1 1
Cs = —éa’{(t)ysut —ay (t)zyu, — gal(t)yuyvt + Ea’{(t)y%t + gxa'l (t)v: + gal(t)vtvy

2 1 1 1
+ 30 (t)uvy + Ea'{(t)yguugﬂ + éall ()2 uugv, + ay () zryuu, + 30 (t)yuugvy

2 1 1
+ 30 (t)zuugvy + ar(H)uvu, — af (t)zyugv, — gaal(t)ygumvy — 3 () yupv v
1 3 1 " 2 1 / 2 1 / 2 1 /

~3m (tyuvy, + ! )y vgvy — 30 )y uzvvy + 3% (t)yvyvy + gal(t)xvgcvy

1 2 2
—gm (t)yuyvxvygal(t)xuxvxvy + gal(t)vyvi + gal(t)uvxvy + 301 (t)vxvi

1 1 1 2
— fa'l(t)yuvi — gall (t)zuv, + gal(t)yuuxvi + gal(t)yuuyvgE — gal(t)UZ’Ux

2

1 2 1
— a1 (t)uvgvy — aq (t)vugvy, — éa'll(t)yQUfuz — Zay(t)zuyv, + gall(t)yvy

3

9 1 1
Say (tyyvuy + —a) (Hyuv — ~af (t)yu?,

1
2 2
- 7a1(t)yul‘vy - —all(t)y UyVy — 3 3 2

3 3

1 1 1 1
€Y = sar(tyuv, — gaultvsvn + 2l (Hy*uy + S0t Oy, + ol (Hayu,

1 2 1

+ gal(t)yuyvy + gal(t)xuyvm + a1 (t)vuy + a (H)zyugv, + ga’ll(t)y3umvx
1 1 1 1

~ Lattyaz + Lot - L2 - Lz + Lan e

1

2
a1 (t)vh — Say (H)ww? — aq (t)v,v2

1 2
+ fal(t)yuyvz + fal(t)acua:vi —3 3

3 3
1 1
- éaﬂ’(t)yzvy + ga/l(t)iUQUzUy - gaa (t)yvyvy —
2 2 1 1

1
+ 30 (t)zugzvy, — gal(t)uvy - gal(t)vi - gal(t)yuumvm + 30 (t)uv?

1 1 2
+ a1 (t)vugv, + =af (t)yv — —a (H)y*u — a} (t)zu + ga’l(t)yvux, (5.5)

3 2
(&)
ENE

1 2
SO, + SOy,

2
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1 1 1 1
T3 = —ia'z(t)yQuI - §ag(t)yuxvx — ag(t)ru, + ia’g(t)yvx + 5”2(75)%2;,
1 1 1 1
= iag(t)yQU + ab(t)zu + iaé )y uu, + itz,g(zf)yuua,;vg,j + as(t)zuu, — 02 (t)u?
}/(t)Q t lﬂt 1 t21/t 1 t 2
L0, — ax(Orun, — S+ Sas(0E - Sy, — Sax(t?
1 1 1
+ Eaé(t)yvzvy — §a2(t)yuzvzvy + iag(t)vyvi - iag(t)yuyvy + iag(t)uvy,

1 1 1
CY = §a’2 (t)y*u, — ab(t)yu + iag(t)yuyvz + as(t)zuy, + iaé(t)yzumvm + az(t)xuLv,

! /!

1 1 1 1 1
— —ay(t)yv, + —ab(t)v + —az(t)yugvy — as(t)vzvy — faQ(t)yvg + Zag(t)yuxvg

2 2 2 4
1.1,y , 1
— 5a2(t)vy — Jag(t)yvy + Saz(t)yusvy — 5 az(t)uve, (5.6)
2 4 4 2
T__E/t _ t 2 t —l/lt _1/152
= L, — (O — ety — S, — Saj(en2
1 1 1 1
Ci = —as(t)uyve + iag"(t)yv — iag(t)vi — ag(t)umvg + iag(t)yuvx + iaé(t)yuuzvx
1 1 1 1
+ iag(t)uvg + a3 (t)uugv? — iag(t)yvzvy - iag(t)yuivzvy — §ag(t)vyv§ (5.7)
1
— a3(t)uyvpvy — a3 (t)ugvy 2 + az(t)uuv, — §ag(t)yuyvy + §a'3 (t)uvy + az(t)uuyv,,
1 1 1
Ct = aaltyusve+ 200w, — 2500 + Ly Oy, +ah®0, + aslbuyy,
1 1 1
+ 2a3(t)uyvyvy + iaé(t)yumvi + iag(t)vg + iag(t)uyvg + az(t)ugv?
1 1 1 1
+ iag(t)yvi + iag(t)yuyvi + iag(t)yuyvx - §ag(t)uvx — az(t)uugvy, (5.8)
Ts = —as(t)uzvy — aly(t)vy,

C? = aj (t)v — as(t)uyvy + as(t)uzvy (u — vy) + ay(t)uvy — as(t)vgvy,

1 1 1
CY = as(B)uy e + 51 ()2 S (B0, + aa(O)uavy + 5 (4(6) + as(B)u,) o2 + Saa(thd, (5.9)

To = —as5(t)yuy +as(t)vg,
Cs = as(t)yu + as(t)yuu, — a5(t)v — as(t)uvy + as(t)vavy — as(t)yuavy,

CY = as(t)yuy, — as(t)u — as(t)vy — as(t)v2 + as(t)yu, v, (5.10)
777 = _aﬁ(t)u;v7

C7 = ag(t)u + ag(t)uuy — ag(t)uzvy,

CY = as(t)uy + ag(t)ugv,. (5.11)

6. ANALYSES OF RESULTS

Each of the solutions obtained in this research work exhibits various phenomena depending on the parametric choice
of the independent variables and their assigned values. Apart from generating different wave profiles, the explicit choice
of a(t) will also enable the locations of (local) extremum and saddle points. For instance, let us consider solution (4.4)

(=)=
E)NE
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with a(t) = t"(m # 0),ky # 0,k = kg = 0 and k3 = 1:

— 2 m mt _
m mim—1) , y+1—c +\/( 1)2 +2k1(mt + — 2 cy)

U=-——-r— 2t2 y $2m ’
2
m? 2m m(m—1) 4 Stytks (xtm“‘mt Yy —cy) (6.1)
v=—osy’ -y — Yo+ :
32 t 3t2 12m
m— 3
\/((02 —1)2 + 2k, (mtm + %yQ _ cy))
a 3k2t2m '
Taking t as parameter, we have:
k
Uy = _? + ! 5
tm\/(02 —1)2 + 2k (xtm + mi— minTl 2 cy)
m(l —m) 1 ky(mt™ 1ty —¢)
Uy = Ty + % + - .
tQm\/(c2 —1)2 4 2k, (mtm +m tm mtmlyo cy)
Solving Vu = 0 give rise to the critical points
(ki +2m(m—1)c | (2—m)c? 1 (2 —1)% metmtt —#2
(23:95) = 2 23m—2 22m=1  ompAm=3  ofym " 2w ’
m—1\2
subject to the condition that klt " > 0. Now, Una|(2;) = — (Tlttl m) < 0 for all m, k and t. Using the discriminant
test, we obtain
3 2m—4 4
_ 2 _m 28m-5 ki(m—1)t L
D|(Ij’yj) - (uﬂfxuyy - uly) ‘(%‘xyj) - _7{1— (m T — ‘klt;;m‘ - _?lt "
From the condition £12—" > 0, we establish the following:

m

1. Dl(z,,y;) > 0 if and only if

(¢) k1 <0,m < 0 and ¢ > 0.
(#4) k1 < 0,m < 0 and t < 0 provided m is odd. (6.2)
(#91) k1 > 0,m < 0 and ¢ < 0 provided m is even.

2. Dl(g; ;) <0 if and only if
(i) k1 >0,m > 0and ¢t > 0.

(43) k1 > 0,m > 0 and t < 0 provided m is odd. (6.3)
(#91) k1 < 0,m > 0 and ¢t < 0 provided m is even.

Hence (xj,y;) are local maximum points of u with the conditions in Figure 4A and saddle points with the conditions
in Figure 4B.
Similarly for v, the critical points are obtained from Vv = 0 as

t172m [4kym(1 — 2m)E2™ + 2(2kym + m — 1)t — 2] Q) + (dm — D)kt™ — ¢t
(T, yx) = D

8k1m?2t™ — 2mit — 2t

(&)
ENE
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(A) Wave profile of u when ¢t = 1,¢c = —20. (B) Wave profile of v when ¢ = 10,¢ = 7.9.

FIGURE 1. 3D profiles of solution (4.4) showing saddle and relative maximum points with a(t) = 2.

0

50 100 30

(A) Parabolic-double solitons. (B) Double-edged solitons.

FIGURE 2. 3D profiles for u of solution (4.4) showing different forms of solitons with a(t) = ¢2.

where ) = RootO f [(4kym3t3™ — m2t1T2m —imtt02m) 72 4 (—4kym2t*™ + 4mt' ™™ —12) Z + kymt™ — t|. The dis-
criminant is too lengthy to be written down but the test shows that v also has only saddle or relative maximum points.
To show this explicitly, let us choose m =2 and t = % Thus the critical points become’

F8k1v/3 — 2k + SOk% —50k1 + 12 4ky — 3+ /3 — 2k 3 3
(l‘ki,yki): ag#kl
106 4 10 2

(81— 3)? T R’k -3 =5

For k = {—1, -3}, v has a relative maximum at {(2,2), (12, 3)} and saddle points at {(1,1), (%2, 2)} respectively.
There are infinitely many of such points for both u and v as shown in Figure 1 with k; = %, ko =0,kz3 =1and k4 = 0.

There are various wave profiles that solution (4.4) exhibits depending on the choice of its arbitrary function and
constants coupled with the range of the independent variables. Taking «(t) = t?, 2 = —100,k; = —10 and ¢ = —100,
Figure 2A shows a parabolic-double solitons for u plotted in the range —100 < ¢,y < 100 and it happens when ¢t — 0.
The scenario is different when y is taken as parameter with y = 2,¢ = 40 and k; = 1 as can be seen in Figure 2B.
When «(t) = sin(t), solution (4.4) possesses infinitely many periodic solitons each occurring at ¢t = k7, k € Z as shown
in Figure 3. The contour plots, in spherical coordinates, and the density plots are shown in Figure 4 to Figure 6.
The contours in Figure 4 are plotted in the interval —m < x,y < m, those in Figure 5 are plotted in the intervals
—% <z< %, —m < y < m while those in Figure 6 are plotted on —7 < = < T, —% <y< % The intervals for all
the plots in Figure 7 to Figure 9 is [—m, 7] for both  and y. Maple 2023 was used to generate all figures in this
manuscript.

1Complex values are excluded.

(=)=
E)NE
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T
— 1 —_
T 5

FIGURE 3. Periodic solitons of solution (4.4) when «(t) = sint.

2.12 —0.581 —3.28 [ |24 153 —217

(A) plot of w for t = 1. (B) plot of v for t = 1.

FIGURE 4. Contour plots of solution (4.4) for a(t) = t2,¢ = =2,k = 3, ks = 1.

0.869 0.687 0.505 0.323 5.02 3.66 230 [_Jovse[__]-v0423
| |oas0 —0.0419 —0.224 —0.406| | |-1s —3.14 —151

(A) plot of w for t = 8. (B) plot of v for t = 8.

FIGURE 5. Contour plots of solution (4.4) for a(t) =t3,c¢ = —2,k; = 1,ks = 1.

27

(A) 3D profile of uw when z = 20,¢ = 100,k = 100.  (B) 3D profile of v when y = —100,¢ = —41,k; = 66, k3 = 1.
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200 [ Joe14[_]-0864

—5.30

(A) plot of u for ¢ = 1.

FIGURE 6. Contour plots of solution (4.4) for a(t

in

(A) plot of u for t = 1.

FIGURE 7. Density plots of solution (4.4) for a(t) =

02z

o

-0.2

-0.4

-0.6
2

(A) plot of u for ¢ = 8.

—mg|:| 146 ]-183

(B) plot of v for ¢ = 1.

) =tant,c = -2,k = 1 s ks = 1.

| -100
-150
-200
-250

) plot of v for ¢t = 1.

(B) plot of v for ¢ = 8.

FIGURE 8. Density plots of solution (4.4) for a(t) =t3,c= -2,k = 1,k3 = 1.
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A) plot of u for t = 1. B) plot of v for t = 1.

FIGURE 9. Density plots of solution (4.4) for a(t) = tant,c = -2,k = %, ks = 1.

7. CONCLUSIONS

The Lie symmetry group, a powerful and versatile method, has been used to carry out an extensive analyses on the

MS system. Similar work have been carried out by authors of [21], but results obtained in this article is completely
different from theirs. For clarity, the entire analysis carried out in [21] was based on 11-dimensional Lie algebra which
were used mainly for obtaining (up to) 2-dimensional group classifications and reduced equations. The authors also
stated clearly in the last paragraph of [21] that: “Although, exact solutions corresponding to every reduction in Table 2
and reduction for every element in Oy could have been written in this work, but we have only preferred to concentrate
on Lie symmetry analysis and multi-dimensional group classifications of...”
In this work, the goals of the research are to find the complete Lie algebra of the MS system, identify a closed
subalgebra and classify it using alternative method, construct explicit nontrivial invariant solutions and conservation
laws for the MS system. All the aforementioned objectives were successfully achieved. We have shown that the MS
system possesses infinite vector fields (X; : ¢ = 1,..,7) which are not closed in general even when the arbitrary functions
are taken to be first order polynomials. When the arbitrary function are quadratic polynomials, the MS system are
spanned by Lie algebra A; : j = 1,2,...,24. The entire infinite Lie algebra (X} : k = 1,...,7) were used to construct
infinitely many, nontrivial analytic and special function solutions to the MS system. We further established how some
of the A; could lead to invariant solutions (4.23)-(4.29) of the MS system that can not be deduced directly from those
obtained via the X;. Two-level application of the Lie group method was used to obtained the invariant solutions to
the MS system presented in this research work. That is, the obtained reduced equations are also subjected to the Lie
group method. This way, although tedious, made it possible to solve all of them successfully. Finally, we employed the
invariance and multiplier approach to established first order multipliers for the MS system and used them to construct
nontrivial conservation laws which are infinite with respect to the time-independent variable.
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