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Abstract

This article utilizes the symmetry method to perform an extensive analyses on the Manokov-Santini system. We

show that it possesses infinite dimensional Lie algebra which are not closed in general except for a subalgebra. We
use the generalized Lie algebra to exhaustively unearth the invariant solutions of the system under consideration

using 2-level application of the Lie method. Furthermore, we show that the multipliers of the Manokov-Santini

system are infinite and of first order. These facts are used to construct nontrivial conservation laws.
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1. Introduction

The work of Euler, d’Alembert, Lagrange, Laplace, Fourier, Riemann, Maxwell, Einstein and several others have
ignited the study of partial differential equations (PDEs) from the 18th century up to the present time. Their
work have not only shown, but have established PDEs as undisputable mechanism for understanding the intricate
languages of the world and the universe. The importance of PDEs in almost every field of science, engineering and
applied disciplines cannot be overemphasised. They have been used to extensively study a wide variety of physically
significant problems arising from various fields of study each modeling different phenomena, and their solutions have
given birth to fundamental laws in various fields of natural and applied sciences, see [7] for a summarized details.

There are a number of powerful and versatile methods that have been developed for the computational solution
of PDEs, the theory of continuous groups of transformations is one them. Its application to the study of differential
equations (DEs) was laid down by Sophus Lie in the later half of nineteenth century. Lie showed that the algebra
of vector fields (infinitesimal generators) that leave a given DE (system of DEs) invariant could be found by solving
auxiliary system of linear homogeneous equations. The infinitesimal generators are the cornerstones of Lie group theory
because they contained almost all the information of the group they represent. For instance, they enable complicated
nonlinear conditions of invariance under a group action to be replaced by relatively simple linear infinitesimal conditions
which provide the key to the explicit determination of the symmetry groups (of systems) of DEs [17]. The infinitesimal
generators are then further used to obtain either invariant solutions, lower the order of DEs or reduce the number of
independent variables for the given DE (system of DEs). Lie’s method provide a unification of many integral methods
used for solving DEs in a systematic and algorithmic way. It has been used, by Lie himself, to show that most second
order ODEs can be reduced to one of the following canonical forms:

y′′ = f(y′), y′′ =
1

x
f(y′), y′′ = f(x), y′′ = f(x)y′,

which greatly help in standardizing the method for solving such DEs. As for nonlinear PDEs, Lie’s method is the
only universal method that has had tremendous success in enabling researchers to find their analytical solutions as is
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evidenced from an increasing number of research papers currently published in the literature. Lucid explanation of Lie’s
theory and its application to DEs can be found in the following monographes and textbooks [1–3, 9, 11, 12, 17–19, 22].

TThe Manokov-Santini (MS) system

uxt = uyy + u2
x + uuxx + vxuxy − vyuxx,

vxt = vyy + uvxx + vxvxy − vyvxx
(1.1)

was proposed in [14–16] and it is a generalization of dispersionless Khohlov-Zabolotskaya equation to the case of
general (non-Hamiltonian) vector fields in the Lax pair [4]. System (1.1) has been shown by Plansangkate [20] to be a
reduction of a general anti-self-dual conformal structure under two separate symmetry assumptions. Both the Pavlov
equation (u = 0) and the dispersionless Kadomtsev-Petviashvili equation (v = 0) are special cases of system (1.1).
Different research studies have been carried out on the MS system [4–6, 8, 10, 13, 20], but none has investigate it via
the Lie group analysis except recently in [21]. The analysis carried out in [21] was limited to infinitesimals of first
degree polynomials and to their optimal classifications up to 2-dimensional subalgebra. They also presented zero -
order multiplier for the MS system which only lead to single conservation law.

In this article, we shall carry out a more comprehensive Lie group analysis on the MS system. We shall show that
the MS system possesses infinite Lie algebra which shall be used to systematically exhibit infinitely many generalized
nontrivial invariant solutions. In order to maximize the solution space, each of the reduced systems shall also be
subjected to the Lie symmetry method. Although tedious, this 2-level application of the Lie method exhaustively
unearth the invariant solutions of the MS system under consideration. We shall also show that the multipliers of the
MS system are infinite and of first order with respect to the spatial independent variables. These facts shall be used
to construct conservation laws for the MS system (1.1).

2. Lie algebra

Let

X = ξ(x, y, t, u, v)∂x + ζ(x, y, t, u, v)∂y + τ(x, y, t, u, v)∂t + η(x, y, t, u, v)∂u + ϕ(x, y, t, u, v)∂v,

be the generator of transformation group admitted by the system (1.1), and X (2) be its second order prolongation.
Then the invariance condition

X (2)

[
uxt = uyy + u2

x + uuxx + vxuxy − vyuxx,

vxt = vyy + uvxx + vxvxy − vyvxx

] ∣∣∣∣∣
(1.1)

= 0,

leads to the following determining equations:

τx = 0, (2.1)

τy = 0, (2.2)

τu = 0, (2.3)

τv = 0, (2.4)

ζx = 0, (2.5)

ζu = 0, (2.6)

ζv = 0, (2.7)

ξu = 0, (2.8)

ξv = 0, (2.9)

ηv = 0, (2.10)

ϕu = 0, (2.11)

ζyy = 0, (2.12)

ξx − 2ζy + τt = 0, (2.13)
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ξyy − 2ζyt + τtt = 0, (2.14)

ηu − 2ζy + 2τt = 0, (2.15)

ηx − ζyt + τtt = 0, (2.16)

ηy − ξyt + ζtt = 0, (2.17)

ϕv − 3ζy + 2τt = 0, (2.18)

ϕx − 2ξy + ζt = 0, (2.19)

ϕy + 2u (ζy − τt)− ξt − η = 0. (2.20)

The solution to the linear system of PDEs (2.1-2.20) is given by:

τ = α(t),

ζ = β(t)y + γ(t),

ξ =

(
β′(t)− 1

2
α′′(t)

)
y2 + (2β(t)− α′(t))x+ λ(t)y + δ(t),

η =
1

2
(β′′(t)− α′′′(t)) y2 + (λ′(t)− γ′′(t)) y + 2 (β(t)− α′(t))u+ (β′(t)− α′′(t))x+ ρ(t)− δ′(t),

ϕ =

(
1

2
β′′(t)− 1

3
α′′′(t)

)
y3 +

(
λ′(t)− 1

2
γ′′(t)

)
y2 + (3β′(t)− 2α′′(t))xy

+ (2λ(t)− γ′(t))x+ (3β(t)− 2α′(t)) v + ρ(t)y + σ(t).

The Lie algebra of the MS system are spanned by the following vector fields

X1 = α(t)∂t −
(
1

2
α′′(t)y2 + α′(t)x

)
∂x −

(
1

2
α′′′(t)y2 + α′′(t)x+ 2α′(t)u

)
∂u

−
(
1

3
α′′′(t)y3 + 2α′′(t)xy + 2α′(t)v

)
∂v,

X2 =
(
β′(t)y2 + 2β(t)x

)
∂x + β(t)y∂y +

(
1

2
β′′(t)y2 + β′(t)x+ 2β(t)u

)
∂u

+

(
1

2
β′′(t)y3 + 3β′(t)xy + 3β(t)v

)
∂v,

X3 = γ(t)∂y − γ′′(t)y∂u −
(
1

2
γ′′(t)y2 + γ′(t)x

)
∂v,

X4 = λ(t)y∂x + λ′(t)y∂u +
(
λ′(t)y2 + 2λ(t)x

)
∂v,

X5 = δ(t)∂x − δ′(t)∂u,

X6 = ρ(t)∂u + ρ(t)y∂v,

X7 = σ(t)∂v.

(2.21)

As can be seen from vector fields (2.21) that the Lie algebra of the MS system is infinite. Specific algebras can be
generated by specializing the arbitrary functions. For instance, if we take them to be polynomials of degree two, then
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the MS system will be spanned by the following 24 vector fields:

A1 = ∂t, A2 = ∂x, A3 = ∂y, A4 = ∂v, A5 = t∂v, A6 = t∂x + y∂v,

A7 = ∂u + y∂v, A8 = y∂x + 2x∂v, A9 = t∂y − x∂v,

A10 = 2x∂x + y∂y + 2u∂u + 3v∂v, A11 = y∂y + 2t∂t − 2u∂u − v∂v,

A12 = ty∂x + y∂u +
(
y2 + 2xt

)
∂v, A13 = t∂u + ty∂v,

A14 =
(
y2 + 2xt

)
∂x + ty∂y + (x+ 2tu)∂u + 3(xy + tv)∂v,

A15 = −x∂x + t∂t − 2u∂u − 2v∂v, A16 =
1

2
t2∂y − y∂u − 1

2
y2∂v,

A17 =
1

2
t2∂x − t∂u, A18 = t∂x − ∂u, A19 =

1

2
t2y∂x + ty∂u +

(
xt2 + ty2

)
∂v,

A20 =
1

3
t3∂y − 2ty∂u −

(
xt2 + ty2

)
∂v,

A21 =
1

2
t2∂t −

(
xt+

1

2
y2
)
∂x − (x+ 2tu)∂u − 2 (xy + tv) ∂v,

A22 =
1

3
t3∂t −

(
xt2 + ty2

)
∂x −

(
2xt+ y2 + 2t2u

)
∂u −

(
4xty +

2

3
y3 + 2t2v

)
∂v,

A23 =

(
2

3
xt3 + t2y2

)
∂x +

1

3
t3y∂y +

(
xt2 + ty2 +

2

3
t2u

)
∂u +

(
3xt2y + ty3 + t3v

)
∂v,

A24 =
(
xt2 + ty2

)
∂x +

1

2
t2y∂y +

(
xt+

1

2
y2 + t2u

)
∂u +

(
3xyt+

1

2
y3 +

3

2
t2v

)
∂v.

(2.22)

Their commutation relations are not closed even with respect to first order polynomials1. We shall use some of the
algebras Aj to construct invariant solutions that can not be deduced from those obtained via the algebras Xi.

Table 1. The commutator table.

A1 A2 A3 A4 A5 A6 A7 A8 A9 A0 A11

A1 0 0 0 0 A4 A2 0 0 A3 0 A1

A2 0 0 0 0 0 0 0 2A4 −A4 A2 0

A3 0 0 0 0 0 A4 A4 A2 0 1
2A3

1
2A3

A4 0 0 0 0 0 0 0 0 0 3
2A4 − 1

2A4

A5 −A4 0 0 0 0 0 0 0 0 3
2A5 − 3

2A5

A6 −A2 0 −A4 0 0 0 0 2A5 −2A5 A6 −A6

A7 0 0 −A4 0 0 0 0 0 −A5 A7 −A7

A8 0 −2A4 −A2 0 0 −2A5 0 0 −A6
1
2A8 − 1

2A8

A9 −A3 A4 0 0 0 2A5 A5 A6 0 1
2A9 − 1

2A9

A10 0 −A2 − 1
2A3 − 3

2A4 − 3
2A5 −A6 −A7 − 1

2A8 − 1
2A9 0 0

A11 −A1 0 − 1
2A3

1
2A4

3
2A5 A6 A7

1
2A8

1
2A9 0 0

3. Classification of subalgebras

The first 11 Lie algebras A1 −A11 in (2.22) are closed as shown in Table 1, the construction of optimal system of
various dimensional subalgebra of the Lie algebra L11 can be constructed using Ovsiannikov’s two-step algorithm [11]

1The vector fields generated with respect to first order polynomials are A1 −A13.
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(see also [12]) or the method utilised in [9, 14] which is the one we shall employ to establish optimal system for the Lie
algebra L11. We would like to emphasize that there is no any method that gives unique representations of subalgebras.
Thus, the ones presented in this paper are assumed up to conjugacy and also, all ck in the representations Ai + ckAj

will be equated to ±1.
The linear transformations of the vector

v = (v1, v2, v3, v4, v5, v6, v7, v8, v9, v10, v11),

are found from their generators

Gi = ckijv
j∂vk , i = 1, 2, ..., 11, (3.1)

where the ckij are the structure constants. From the commutation relations of Table 1, the non-zero structure constants
cij , j = 1, 2, ..., 11 are:

c415 = 1, c216 = 1, c319 = 1, c11(11) = 1, c428 = 2, c429 = −1, c22(10) = 1, c436 = 1,

c437 = 1, c238 = 1, c33(10) =
1

2
, c33(11) =

1

2
, c44(10) =

3

2
, c44(11) = −1

2
, c55(10) =

3

2
,

c55(11) = −3

2
, c568 = 2, c569 = −2, c66(10) = 1, c66(11) = −1, c579 = −1, c77(10) = 1,

c77(11) = −1, c689 = −1, c88(10) =
1

2
, c88(11) = −1

2
, c99(10) =

1

2
, c99(11) = −1

2
.

(3.2)

Substituting each of the structure constants (3.2) in the generator (3.1), we have

G1 = v5∂v4 + v6∂v2 + v9∂v3 + v11∂v1 ,

G2 = 2v8∂v4 − v9∂v4 + v10∂v2 ,

G3 = v6∂v4 + v7∂v4 + v8∂v2 +
1

2
v10∂v3 +

1

2
v11∂v3 ,

G4 =
3

2
v10∂v4 − 1

2
v11∂v4 ,

G5 = −v1∂v4 +
3

2
v10∂v5 − 3

2
v11∂v5 ,

G6 = −v1∂v2 − v3∂v4 + 2v8∂v5 − 2v9∂v5 + v10∂v6 − v11∂v6 ,

G7 = −v3∂v4 − v9∂v5 + v10∂v7 − v11∂v7 ,

G8 = −2v2∂v4 − v3∂v2 − 2v6∂v5 − v9∂v6 +
1

2
v10∂v8 − 1

2
v11∂v8 ,

G9 = −v1∂v3 + v2∂v4 + 2v6∂v5 + v7∂v5 + v8∂v6 +
1

2
v10∂v9 − 1

2
v11∂v9 ,

G10 = −v2∂v2 − 1

2
v3∂v3 − 3

2
v4∂v4 − 3

2
v5∂v5 − v6∂v6 − v7∂v7 − 1

2
v8∂v8 − 1

2
v9∂v9 ,

G11 = −v1∂v1 − 1

2
v3∂v3 +

1

2
v4∂v4 +

3

2
v5∂v5 + v6∂v6 + v7∂v7 +

1

2
v8∂v8 +

1

2
v9∂v9 .

(3.3)

We next solve the systems of Equations (3.3) to construct inner automorphism via the solutions of Lie equations. For
the automorphism Uk : k = 1, 2, ..., 11, the Lie equations with respect to the parameter ak together with the initial
condition v̄

∣∣
ak=0

= v are:

∂v̄1

∂a1
= v11,

∂v̄2

∂a1
= v6,

∂v̄3

∂a1
= v9,

∂v̄4

∂a1
= v5,

∂v̄5

∂a1
= 0,

∂v̄6

∂a1
= 0,

∂v̄7

∂a1
= 0,

∂v̄8

∂a1
= 0,

∂v̄9

∂a1
= 0,

∂v̄10

∂a1
= 0,

∂v̄11

∂a1
= 0,

(3.4)
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∂v̄1

∂a2
= 0,

∂v̄2

∂a2
= v10,

∂v̄3

∂a2
= 0,

∂v̄4

∂a2
= 2v8 − v9,

∂v̄5

∂a2
= 0,

∂v̄6

∂a2
= 0,

∂v̄7

∂a2
= 0,

∂v̄8

∂a2
= 0,

∂v̄9

∂a2
= 0,

∂v̄10

∂a2
= 0,

∂v̄11

∂a2
= 0,

(3.5)

∂v̄1

∂a3
= 0,

∂v̄2

∂a3
= v8,

∂v̄3

∂a3
=

1

2

(
v10 + v11

)
,
∂v̄4

∂a3
= 2v6 + v7,

∂v̄5

∂a3
= 0,

∂v̄6

∂a3
= 0,

∂v̄7

∂a3
= 0,

∂v̄8

∂a3
= 0,

∂v̄9

∂a3
= 0,

∂v̄10

∂a3
= 0,

∂v̄11

∂a3
= 0,

(3.6)

∂v̄1

∂a4
= 0,

∂v̄2

∂a4
= v8,

∂v̄3

∂a4
= 0,

∂v̄4

∂a4
= 0,

∂v̄5

∂a4
= 0,

∂v̄6

∂a4
= 0,

∂v̄7

∂a4
=

1

2

(
3v10 − v11

)
,

∂v̄8

∂a4
= 0,

∂v̄9

∂a4
= 0,

∂v̄10

∂a4
= 0,

∂v̄11

∂a4
= 0,

(3.7)

∂v̄1

∂a5
= 0,

∂v̄2

∂a5
= 0,

∂v̄3

∂a5
= 0,

∂v̄4

∂a5
= −v1,

∂v̄5

∂a5
=

3

2

(
v10 − v11

)
,
∂v̄6

∂a5
= 0,

∂v̄7

∂a5
= 0,

∂v̄8

∂a5
= 0,

∂v̄9

∂a5
= 0,

∂v̄10

∂a5
= 0,

∂v̄11

∂a5
= 0,

(3.8)

∂v̄1

∂a6
= 0,

∂v̄2

∂a6
= −v1,

∂v̄3

∂a6
= 0,

∂v̄4

∂a6
= −v3,

∂v̄5

∂a6
= 2

(
v8 − v9

)
,
∂v̄6

∂a6
= v10 − v11,

∂v̄7

∂a6
= 0,

∂v̄8

∂a6
= 0,

∂v̄9

∂a6
= 0,

∂v̄10

∂a6
= 0,

∂v̄11

∂a6
= 0,

(3.9)

∂v̄1

∂a7
= 0,

∂v̄2

∂a7
= 0,

∂v̄3

∂a7
= 0,

∂v̄4

∂a7
= −v3,

∂v̄5

∂a7
= −v9,

∂v̄6

∂a7
= 0,

∂v̄7

∂a7
= v10 − v11,

∂v̄8

∂a7
= 0,

∂v̄9

∂a7
= 0,

∂v̄10

∂a7
= 0,

∂v̄11

∂a7
= 0,

(3.10)

∂v̄1

∂a8
= 0,

∂v̄2

∂a8
= −v3,

∂v̄3

∂a8
= 0,

∂v̄4

∂a8
= −2v2,

∂v̄5

∂a8
= −2v6,

∂v̄6

∂a8
= −v9,

∂v̄7

∂a8
= 0,

∂v̄8

∂a8
=

1

2

(
v10 − v11

)
,
∂v̄9

∂a8
= 0,

∂v̄10

∂a8
= 0,

∂v̄11

∂a8
= 0,

(3.11)

∂v̄1

∂a9
= 0,

∂v̄2

∂a9
= 0,

∂v̄3

∂a9
= −v1,

∂v̄4

∂a9
= v2,

∂v̄5

∂a9
= 2v6 + v7,

∂v̄6

∂a9
= v8,

∂v̄7

∂a9
=

1

2

(
v10 − v11

)
,
∂v̄8

∂a9
= 0,

∂v̄9

∂a9
= 0,

∂v̄10

∂a9
= 0,

∂v̄11

∂a9
= 0,

(3.12)

∂v̄1

∂a10
= 0,

∂v̄2

∂a10
= −v2,

∂v̄3

∂a10
= −1

2
v3,

∂v̄4

∂a10
= −3

2
v4,

∂v̄5

∂a10
= −3

2
v5,

∂v̄6

∂a10
= −v6,

∂v̄7

∂a10
= −v7,

∂v̄8

∂a10
= −1

2
v8,

∂v̄9

∂a10
= −1

2
v9,

∂v̄10

∂a10
= 0,

∂v̄11

∂a10
= 0,

(3.13)

∂v̄1

∂a11
= −v1,

∂v̄2

∂a11
= 0,

∂v̄3

∂a11
= −1

2
v3,

∂v̄4

∂a11
=

1

2
v4,

∂v̄5

∂a11
= −3

2
v5,

∂v̄6

∂a11
= v6,

∂v̄7

∂a11
= v7,

∂v̄8

∂a11
=

1

2
v8,

∂v̄9

∂a11
=

1

2
v9,

∂v̄10

∂a11
= 0,

∂v̄11

∂a11
= 0.

(3.14)
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3.1. Inner Automorphism. The solutions to the Lie equations (3.4)–(3.14), with initial condition v̄
∣∣
ak=0

= v, give

the following inner automorphisms.

U1 :

{
v̄1 = a1v

11 + v1, v̄2 = a1v
6 + v2, v̄3 = a1v

9 + v3, v̄4 = a1v
5 + v4, v̄5 = v5, v̄6 = v6,

v̄7 = v7, v̄8 = v8, v̄9 = v9, v̄10 = v10, v̄11 = v11,

U2 :

{
v̄1 = v1, v̄2 = a2v

10 + v2, v̄3 = v3, v̄4 = a2
(
2v8 − v9

)
+ v4, v̄5 = v5, v̄6 = v6,

v̄7 = v7, v̄8 = v8, v̄9 = v9, v̄10 = v10, v̄11 = v11,

U3 :

{
v̄1 = v1, v̄2 = a3v

8 + v2, v̄3 = 1
2a3

(
v10 + v11

)
+ v3, v̄4 = 1

2a3
(
v6 + v7

)
+ v4, v̄5 = v5,

v̄6 = v6, v̄7 = v7, v̄8 = v8, v̄9 = v9, v̄10 = v10, v̄11 = v11,

U4 :

{
v̄1 = v1, v̄2 = v2, v̄3 = v3, v̄4 = 1

2a4
(
3v10 − v11

)
+ v4, v̄5 = v5, v̄6 = v6, v̄7 = v7,

v̄8 = v8, v̄9 = v9, v̄10 = v10, v̄11 = v11,

U5 :

{
v̄1 = v1, v̄2 = v2, v̄3 = v3, v̄4 = −a5v

1 + v4, v̄5 = 3
2a5

(
v10 − v11

)
+ v5, v̄6 = v6,

v̄7 = v7, v̄8 = v8, v̄9 = v9, v̄10 = v10, v̄11 = v11,

U6 :

{
v̄1 = v1, v̄2 = −a6v

1 + v2, v̄3 = v3, v̄4 = −a6v
3 + v4, v̄5 = 2a5

(
v8 − v9

)
+ v5,

v̄6 = a6
(
v10 − v11

)
+ v6, v̄7 = v7, v̄8 = v8, v̄9 = v9, v̄10 = v10, v̄11 = v11,

U7 :

{
v̄1 = v1, v̄2 = v2, v̄3 = v3, v̄4 = −a7v

3 + v4, v̄5 = −a7v
9 + v5,

v̄6 = v6, v̄7 = a7
(
v10 − v11

)
+ v7, v̄8 = v8, v̄9 = v9, v̄10 = v10, v̄11 = v11,

U8 :

{
v̄1 = v1, v̄2 = −a8v

3 + v2, v̄3 = v3, v̄4 = −2a8v
2 + v4, v̄5 = −2a8v

6 + v5,

v̄6 = −a8v
9 + v6, v̄7 = v7, v̄8 = 1

2a8
(
v10 − v11

)
+ v8, v̄9 = v9, v̄10 = v10, v̄11 = v11,

U9 :

{
v̄1 = v1, v̄2 = v2, v̄3 = −a9v

1 + v3, v̄4 = a9v
2 + v4, v̄5 = a29v

8 + a9
(
2v6 + v7

)
+ v5,

v̄6 = a9v
8 + v6, v̄7 = v7, v̄8 = v8, v̄9 = 1

2a9
(
v10 − v11

)
+ v9, v̄10 = v10, v̄11 = v11,

U10 :

{
v̄1 = v1, v̄2 = v2e−a10 , v̄3 = v3e−

1
2a10 , v̄4 = v4e−

3
2a10 , v̄5 = v5e−

3
2a10 , v̄6 = v6e−a10 ,

v̄7 = v7e−a10 , v̄8 = v8e−
1
2a10 , v̄9 = v9e−

1
2a10 , v̄10 = v10, v̄11 = v11,

U11 :

{
v̄1 = v1e−a11 , v̄2 = v2, v̄3 = v3e−

1
2a11 , v̄4 = v4e

1
2a11 , v̄5 = v5e−

3
2a11 , v̄6 = v6ea11 ,

v̄7 = v7ea11 , v̄8 = v8e
1
2a11 , v̄9 = v9e

1
2a11 , v̄10 = v10, v̄11 = v11.

3.2. Optimal Classification. Let A ∈ L11 be any arbitrary operator written in the form

A = v1A1 + v2A2 + ...+ v11A11, (3.15)

where vj : j = 1, 2, ..., 11 are arbitrary constants. The operator (3.15) is mapped by the automorphisms Uj : j =
1, 2, ..., 11 to the operator Ā ∈ L11 defined as

Ā = v̄1A1 + v̄2X2A + ...+ v̄11A11.

We shall use these facts to obtain the optimal system of one-dimensional subalgebras of system (1.1) by reducing the
vector

v = (v1, v2, ..., v11), (3.16)

to its lowest non-zero components, via the transformations U1 to U11.

Case 3.1. v̄11 ̸= 0.

By letting a1 = − v1

v11 in U1, we can render v̄1 = 0. Thus, vector (3.16) is reduced to the form

v = (0, v2, v3, ..., v11). (3.17)
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If we now consider v̄10 ̸= 0, then the actions of U2 through U9 make

v̄2 = v̄3 = ... = v̄9 = 0.

Thus we have the representations

A10 ±A11.

If v̄10 = 0, then

v̄3, v̄4, v̄5, v̄6, v̄7, v̄8, and v̄9

can all be made zero through the respective action of the transformations

U3,U4,U5,U6,U7,U8 and U9.

These give rise to the representations

A2 ±A11, A11.

Case 3.2. v̄11 = 0.
If we assume v̄10 ̸= 0, then we have the representations

A1 ±A10, A10.

Case 3.2.1. If v̄10 = 0, then we can let v̄9 ̸= 0. So, v̄3, v̄5 and v̄6 will respectively become zero via the transformations
U1,U7 and U8. This reduces vector (3.16) to the form

v = (v1, v2, 0, v4, 0, 0, v7, v8, v9, 0, 0), v̄9 ̸= 0. (3.18)

If we take v̄8 ̸= 0 from the reduced vector (3.18) and subject it to the transformations U2 and U3 with

a2 = − v4

2v8 − v9
and a3 = −v2

v8

respectively, we obtain

v = (v1, 0, 0, 0, 0, 0, v7, v8, v9, 0, 0). (3.19)

The reduced vector (3.19) cannot be further simplified through any of the transformations Uk : k = 1, 2, ..., 11. Hence,
the following representatives for the optimal system are obtained.

A8 ±A9, A1 ±A8 ±A9, A7 ±A8 ±A9, A1 ±A7 ±A8 ±A9.

If we had taken v̄8 = 0 from the reduced vector (3.18), then v4 will become zero by the action of the transformation
U2, and this leads to the reduced vector

v = (v1, v2, 0, 0, 0, 0, v7, 0, v9, 0, 0), v̄9 ̸= 0. (3.20)

If v̄1 ̸= 0 in (3.20), then v̄2 = 0 via the action of U6. This gives rise to the representations

A1 ±A9, A1 ±A7 ±A9.

If we take v̄1 = 0 in (3.20), then the representations are

A9, A2 ±A9, A7 ±A9, A2 ±A7 ±A9.

Case 3.2.2. For v̄9 = 0, vector (3.16) will be reduced to the form

v = (v1, v2, v3, v4, v5, v6, v7, v8, 0, 0, 0). (3.21)

For v̄8 ̸= 0, the transformations U2,U3,U6 and U9 will make v̄2 = v̄4 = v̄5 = v̄6 = 0. Thus, the above vector becomes

v = (v1, 0, v3, 0, 0, 0, v7, v8, 0, 0, 0).

If v1 ̸= 0, then v1 = 0 by U9. Hence, we have

A1 ±A8, A1 ±A7 ±±A8.
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If v1 = 0, the representations are

A8, A3 ±A8, A7 ±A8, A3 ±A7 ±A8.

For v8 = 0 , the reduced vector (3.21) becomes

v = (v1, v2, v3, v4, v5, v6, v7, 0, 0, 0, 0).

This vector will be simplified under the following cases.

3.2.2.1. v6 ̸= 0, v7 ̸= 0.
Transformations U1,U3 and U8 will render v̄2, v̄4 and v̄5 zero respectively leading to the reduced vector

v = (v1, 0, v3, 0, 0, v6, v7, 0, 0, 0, 0).

If v1 ̸= 0, the action of U9 will make v3 = 0. This results into the represenations

A1 ±A6 ±A7.

If v1 = 0, then we have

A6 ±A7, A3 ±A6 ±A7.

The details of the remaining cases are similar to the above, their results are as follows.

3.2.2.2. v6 ̸= 0, v7 = 0.
The representations are

A6, A1 ±A6, A3 ±A6.

3.2.2.3. v6 = 0, v7 ̸= 0.
The representations are

A7, A1 ±A7, A2 ±A7, A3 ±A7.

3.2.2.4. v6 = 0, v7 = 0.
The representations are

A1, A2, A3, A4, A5, A1 ±A5, A2 ±A5, A3 ±A5, A4 ±A5.

Theorem 3.1. The optimal system of one-dimensional subalgebras L1
j of Lie symmetry algebra L11 are given by the

following presentations (up to conjugacy)

L1 = A1, L15 = A1 ±A8, L29 = A7 ±A9,

L2 = A2, L16 = A1 ±A9, L30 = A8 ±A9,

L3 = A3, L17 = A1 ±A10, L31 = A10 ±A11,

L4 = A4, L18 = A2 ±A5, L32 = A1 ±A6 ±A7,

L5 = A5, L19 = A2 ±A7, L33 = A1 ±A7 ±A8,

L6 = A6, L20 = A2 ±A9, L34 = A1 ±A7 ±A9,

L7 = A7, L21 = A2 ±A11, L35 = A1 ±A8 ±A9,

L8 = A8, L22 = A3 ±A5, L36 = A2 ±A7 ±A9,

L9 = A9, L23 = A3 ±A6, L37 = A3 ±A6 ±A7,

L10 = A10, L24 = A3 ±A7, L38 = A3 ±A7 ±A8,

L11 = A11, L25 = A3 ±A8, L39 = A7 ±A8 ±A9,

L12 = A1 ±A5, L26 = A4 ±A5, L40 = A1 ±A7 ±A8 ±A9,

L13 = A1 ±A6, L27 = A6 ±A7,

L14 = A1 ±A7, L28 = A7 ±A8,
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4. Reductions and Invariant solutions

Lie algebras are the main building blocks for the construction of exact solutions that leave the underlying (system
of) differential equations invariant. We shall use the generalized Lie algebra (2.21) to find the solutions of the Manakov-
Santini system (1.1). Where necessary, the symmetries for each of the reduced equations shall be found in order to
maximize the solution space.

4.1. Solutions through subalgebra X1. The characteristic equations are

dt

α(t)
= − dx

1
2α

′′(t)y2 + α′(t)x
= − du

1
2α

′′′(t)y2 + α′′(t)x+ 2α′(t)u

= − dv
1
3α

′′′(t)y3 + 2α′′(t)xy + 2α′(t)v
.

Solving these first order system of PDEs, we obtain the invariants

r = α(t)x+
α′(t)

2
y2, s = y, u = −α′(t)

α(t)
x− α′′(t)

2α(t)
y2 +

1

α(t)2
p(r, s),

v = − α′(t)2

3α(t)2
y3 − 2α′(t)

α(t)
xy − α′′(t)

3α(t)
y3 +

1

α(t)2
q(r, s).

(4.1)

These invariants reduced the MS system to

(qs − p)prr − qrprs − pss − p2s = 0,

(qs − p)qrr − qrqrs − qss = 0.
(4.2)

The generators of the reduced equation (4.2) are:

X11 = ∂r, X12 = ∂s, X13 = ∂q, X14 = ∂p + s∂q, X15 = s∂r + 2r∂q,

X16 = r∂r + 2p∂p + 2q∂q, X17 = s∂s − 2p∂p − q∂q.

4.1.1. Subalgebra X11 + X12 + X13 + X14 . The invariants are

ω = r − cs, p(r, s) = s+ f(ω), q(r, s) =
s2

2
+ s+ g(ω), (4.3)

where c is an arbitrary constant. They reduced system (4.2) to the system of ordinary differential equations

(1− c2 − f)f ′′ − f ′2 = 0,

(1− c2 − f)g′′ − 1 = 0,

whose solution is (k1 ̸= 0)

f(ω) = 1− c2 ±
√
1 + c4 − 2c2 + 2k1ω + 2k2,

g(ω) = k3ω + k4 ∓

√
(1 + c4 − 2c2 + 2k1ω + 2k2)

3

3k21
.

Using the invariants (4.3), the solutions of the reduced system (4.2) is

p(r, s) = s+ 1− c2 ±
√
1 + c4 − 2c2 + 2k1(r − cs) + 2k2,

q(r, s) =
s2

2
+ s+ k3(r − cs) + k4 ∓

√
(1 + c4 − 2c2 + 2k1(r − cs) + 2k2)

3

3k21
.
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Subsequently, the solutions of system (1.1) are given by

u = −α′(t)

α(t)
x− α′′(t)

2α(t)
y2 +

y + 1− c2 ±
√
1 + c4 − 2c2 + 2k1

(
α(t)x+ α′(t)

2 y2 − cy
)
+ 2k2

α(t)2
,

v = − α′(t)2

3α(t)2
y3 − 2α′(t)

α(t)
xy − α′′(t)

3α(t)
y3 +

1
2y

2 + y + k3

(
α(t)x+ α′(t)

2 y2 − cy
)

α(t)2
+ k4

∓

√(
1 + c4 − 2c2 + 2k1

(
α(t)x+ α′(t)

2 y2 − cy
)
+ 2k2

)3
3k21α(t)

2
.

(4.4)

4.1.2. Subalgebra X15 . The invariants

ω = s, p(r, s) = f(ω), q(r, s) =
r2

s
+ s+ g(ω), (4.5)

reduced system (4.2) to

f ′′ = 0, g′′ − g′ + f = 0,

with solution

f(ω) = k1ω + k2, g(ω) =
1

3
k3ω

3 + k1ω
2 + k2ω + k4.

Using both the invariants (4.1) and (4.5), we obtain

u = −α′(t)

α(t)
x− α′′(t)

2α(t)
y2 +

1

α(t)2
(k1y + k2),

v = − α′(t)2

3α(t)2
y3 − 2α′(t)

α(t)
xy − α′′(t)

3α(t)
y3 +

1

α(t)2


(
α(t)x+ α′(t)

2 y2
)2

y
+

1

3
k3y

3 + k1y
2 + k2y + k4

 .

4.1.3. Subalgebra X16 . The invariants are

ω = s, p(r, s) = r2f(ω), q(r, s) = r2g(ω). (4.6)

They lead to the reduced system

f ′′ − 2fg′ + 4gf ′ + 6f2 = 0,

1

2
g′′ + gg′ + fg = 0.

(4.7)

We could not solve this system except for the following special cases:

If f = 0, then g = tanh(ω + k1).

If g = 0, then f = −℘(ω + k1, 0, k2).

where ℘ is the WeierstrassP function. Effecting these in the invariants (4.1) and (4.6) lead to the following solutions
of system (1.1):

u = −α′(t)

α(t)
x− α′′(t)

2α(t)
y2 −

(
α(t)x+ α′(t)

2 y2
)2

α(t)2
℘(y + k1, 0, k2),

v = − α′(t)2

3α(t)2
y3 − 2α′(t)

α(t)
xy − α′′(t)

3α(t)
y3.
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u = −α′(t)

α(t)
x− α′′(t)

2α(t)
y2,

v = − α′(t)2

3α(t)2
y3 − 2α′(t)

α(t)
xy − α′′(t)

3α(t)
y3 +

(
α(t)x+ α′(t)

2 y2
)2

α(t)2
tanh(y + k1).

4.1.4. Subalgebra X17 . The characteristic equations are

ds

s
= −dp

2p
= −dq

q
=

dr

0
,

with solution

ω = r, p(r, s) =
1

s2
f(ω), q(r, s) =

1

s
g(ω).

The reduced system, via the above invariants, is

(f + g)f ′′ + f ′2 − 2f ′g′ + 6f = 0,

(f + g)g′′ − g′2 + 2g = 0.
(4.8)

Here too, we shall consider two special cases. For f = 0, system (4.8) becomes

gg′′ − g′2 + 2g = 0,

with solutions1

g(ω) =
k1
2k2

(
2k1k2e

ω
2k1 − e−

ω
2k1

)2
, g(ω) =

k1
2k2

(
k2e

ω
2k1 − 2k1e

− ω
2k1

)2
,

where k1 > 0, k2 > 0 are arbitrary constants. Thus, the solutions of the Manokov-Santini system under the generator
X17 are:

u = −α′(t)

α(t)
x− α′′(t)

2α(t)
y2,

v = − α′(t)2

3α(t)2
y3 − 2α′(t)

α(t)
xy − α′′(t)

3α(t)
y3 +

k1
2k2α(t)2y

(
2k1k2e

α(t)x+
α′(t)

2
y2

2k1 − e−
α(t)x+

α′(t)
2

y2

2k1

)2

,

u = −α′(t)

α(t)
x− α′′(t)

2α(t)
y2,

v = − α′(t)2

3α(t)2
y3 − 2α′(t)

α(t)
xy − α′′(t)

3α(t)
y3 +

k1
2k2α(t)2y

(
k2e

α(t)x+
α′(t)

2
y2

2k1 − 2k1e
−

α(t)x+
α′(t)

2
y2

2k1

)2

.

For g = 0, system (4.8) becomes

ff ′′ + f ′2 + 6f = 0

whose solutions are implicitly given by

±
∫ f(ω) z

k1 − 4z3
dz − ω − k2 = 0.

Therefore, the solutions of the MS system are implicitly given by

±
∫ h z

k1 − 4z3
dz − α(t)x− α′(t)

2
y2 − k2 = 0,

v = − α′(t)2

3α(t)2
y3 − 2α′(t)

α(t)
xy − α′′(t)

3α(t)
y3.

1Both solutions are the same only when k1 = 1
2
.
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where h = y2α(t)2
(
u+ α′(t)

α(t) x+ α′′(t)
2α(t) y

2
)
. For k1 = 0, we have

u = −α′(t)

α(t)
x− α′′(t)

2α(t)
y2 − 1

y2α(t)2

(
α(t)x+

α′(t)

2
y2 + k2

)2

,

v = − α′(t)2

3α(t)2
y3 − 2α′(t)

α(t)
xy − α′′(t)

3α(t)
y3.

4.1.5. Subalgebra X16 + X17 . The characteristic equations are

dr

r
=

ds

s
=

dq

q
=

dp

0
,

with solution

ω =
r

s
, p(r, s) = f(ω), q(r, s) = rg(ω). (4.9)

The reduced system, via the above invariants, is

(f − ωg + ω2)f ′′ − (ωg′ + g − 2ω)g′ + f ′2 = 0, (4.10)

(ωg′′ + 2g′)(f − ωg + ω2) = 0. (4.11)

From (4.11), we have

g =
k1
ω

+ k2, k1 ̸= 0, (4.12)

or

f = ωg − ω2. (4.13)

The substituting of (4.12) into Eq. (4.10) results to

(f + ω2 − k2ω − k1)f
′′ + (2ω − k2)f

′ + f ′2 = 0,

whose solution is implicitly given by

k2−2ω
2 Bi

(
k2
2

4 + k1 − f(ω)
)
+Bi

(
1,

k2
2

4 + k1 − f(ω)
)

k2−2ω
2 Ai

(
k2
2

4 + k1 − f(ω)
)
+Ai

(
1,

k2
2

4 + k1 − f(ω)
) = c1,

where Ai(x) and Bi(x) are the Airy function of the first and second kind respectively. The solution of the system (1.1)
is obtained by using the invariants (4.9) and (4.1).

Eq. (4.10) is satisfied identically by the substitution (4.13). Hence the solution to the system (4.2) is

p(r, s) =
r

s
g
(r
s

)
− r2

s2
,

q(r, s) = rg
(r
s

)
.

Using the invariants (4.1), the solution of system (1.1) is given by

u = −α′(t)

α(t)
x− α′′(t)

2α(t)
y2 −

(
α(t)x+ α′(t)

2 y2

α(t)y

)2

+
α(t)x+ α′(t)

2 y2

α(t)2y
g

(
α(t)x+ α′(t)

2 y2

y

)
,

v = −
(
α′(t)2

3α(t)2
+

α′′(t)

3α(t)

)
y3 − 2α′(t)

α(t)
xy +

α(t)x+ α′(t)
2 y2

α(t)2
g

(
α(t)x+ α′(t)

2 y2

y

)
.
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4.2. Solutions through subalgebra X2. The characteristic equations are

dx

β′(t)y2 + 2β(t)x
=

dy

β(t)y
=

du
1
2β

′′(t)y2 + β′(t)x+ 2β(t)u
=

dv
1
2β

′′(t)y3 + 3β′(t)xy + 3β(t)v
.

The solution to the above system of ODEs give rise to the invariants

r =
x

y2
− β′(t) ln y

β(t)
, s = t, u = −1

2

(
β′(t)

β(t)
y ln y

)2

+
β′(t)

β(t)
x ln y +

β′′(t)

2β(t)
y2 ln y + y2p(r, s),

v = −3

2
y

(
β′(t)

β(t)
y ln y

)2

+
3β′(t)

β(t)
xy ln y +

β′′(t)

2β(t)
y3 ln y + y3q(r, s).

These invariants reduced system (1.1) to1(
3q − p− 4r2 +

β′′

2β
− β′

β
r − β′2

β2

)
prr + prs − p2r +

(
2r +

3β′′

β

)
pr

− β′

β
qr − 2p+

β′

β
r − 3β′′

2β
+

β′2

β2
= 0,(

3q − p− 4r2 +
β′′

2β
− β′

β
r − β′2

β2

)
qrr + qrs − q2r + 2

(
3r +

β′′

β

)
qr

− 6q − 3β′

β
r − 5β′′

2β
+

3β′2

β2
= 0.

(4.14)

The infinitesimals of system (4.14) are two but both lead to the same reduced equation. So we shall present only one
of them which is

X21 =

((
ββ′′

2β′2 r +
ββ′′′

4β′2 − ββ′′2

2β′3

)′

+
β′′

β′2

(
β′′

4
+ 2βp

)
− β′′

4β
+

β′

2β
+ r − 2p

)
∂p((

ββ′′

2β′2 r +
ββ′′′

12β′2 − ββ′′2

6β′3 − β′′

6β′

)′

+
β′′

β′2

(
β′′

4
+ 2βq

)
− β′′

4β
+

β′

2β
+ 3r − 2p

)
∂q

+

(
ββ′′

β′2 r − r + 1

)
∂r +

β

β′ ∂s.

The invariants are obtained as

p(r, s) =
β′

β
rs− β′2

2β2
s2 +

β′′

2β′ r +
β′

2β
− 3β′′2

8β′2 +
β′′′

4β′ −
β′′

4β
+

β′2

β2
f(ω),

q(r, s) =
3β′

β
rs− 3β′2

2β2
s2 +

β′′

2β′ r −
β′′2

8β′2 +
β′′′

12β′ −
β′′

4β
+

β′

2β
+

β′2

β2
g(ω),

ω =
β

β′ r − s.

(4.15)

They reduced system (4.14) to system of ODEs

(3g − f − 4ω2 − 1)f ′′ + 2(ω + 1)f ′ − f ′2 − g′ − 2f + ω + 1 = 0,

(3g − f − 4ω2 − 1)g′′ + (6ω + 1)g′ − g′2 − 6g − 3ω + 3 = 0.

This system could not be solved for arbitrary f(ω) and g(ω), but a particular solution is found to be

f(ω) =
1

2
(ω2 + 1), g(ω) =

1

2
(3ω2 + 1).

1Here, ′ denotes derivative with respect to s and β = β(s).
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Using the invariants (4.15) and (4.1), another solution of system (1.1) is obtained as:

u = y2

(
1

2

(
x

y2
−

α′(t) ln y

α(t)

)2

+
β′′(t)

2β′(t)

(
x

y2
−

α′(t) ln y

α(t)

)
+

α′(t)

2α(t)
−

3α′′(t)2

8α′(t)2
+

α′′′(t)

4α′(t)
−

α′′(t)

4α(t)
+

α′(t)2

2α(t)2

)

−
α′(t)2

2α(t)2
(y ln y)2 +

α′(t)

α(t)
x ln y +

β′′(t)

2β(t)
y2 ln y,

v = y3

(
3

2

(
x

y2
−

α′(t) ln y

α(t)

)2

+
β′′(t)

2β′(t)

(
x

y2
−

α′(t) ln y

α(t)

)
+

α′(t)

2α(t)
−

α′′(t)2

8α′(t)2
+

α′′′(t)

12α′(t)
−

α′′(t)

4α(t)
+

α′(t)2

2α(t)2

)

−
3α′(t)2

2α(t)2
y3(ln y)2 +

3α′(t)

α(t)
xy ln y +

β′′(t)

2β(t)
y3 ln y.

4.3. Solutions through subalgebra X3. The characteristic equations are

dy

γ(t)
= − du

γ′′(t)y
= − dv

1
2γ

′′(t)y2 + γ′(t)x

with solution

r = x, s = t, u = −γ′′(t)

2γ(t)
y2 + p(r, s), v = −γ′′(t)

6γ(t)
y3 − γ′(t)

γ(t)
xy + q(r, s). (4.16)

They reduced system (1.1) to(
p+

γ′(s)

γ(s)
r

)
prr − prs + p2r −

γ′′(s)

γ(s)
= 0,(

p+
γ′(s)

γ(s)
r

)
qrr − qrs −

γ′(s)

γ(s)
qr = 0.

(4.17)

We shall find the generators of system (4.17) by considering γ(s) as a parameter. That is, the unknown become p, q
and γ. After solving the determining equations that result from the invariance condition, the 28 infinitesimals are
found as follows:

X31 = ∂s + q∂q, X32 = ∂s + γ∂γ , X33 = γ∂γ + ∂q, X34 = γ∂γ + s∂q, X35 = ∂s + r∂r + p∂p,

X36 = r∂r + p∂p + ∂q, X37 = r∂r + p∂p + s∂q, X38 = c∂c + c∂q, X39 = r∂r + p∂p + γ∂q,

X310 = (q + 1)∂q, X311 = (q + s)∂q, X312 = ∂s +
r

γ
∂q, X313 =

1

γ
∂r + q∂q, X314 =

1

γ
∂r + γ∂γ ,

X315 = (q + c)∂q, X316 =

(
r

γ
+ s

)
∂q, X317 =

1

γ
∂r +

r

γ
∂q, X318 =

(
1

γ
+ r

)
∂r + p∂p,

X319 =

(
r

γ
+ 1

)
∂q, X320 =

(
r

γ
+ γ

)
∂q, X321 = s∂s + r∂r +

γ

2
∂γ − q

2
∂q,

X322 =
s

γ
∂r −

1

γ
∂p + q∂q, X323 =

s

γ
∂r + γ∂γ − 1

γ
∂p, X324 = s∂s +

γ

2
∂γ − p∂p +

q

2
∂q,

X325 = s∂s +
3γ

2
∂γ − p∂p −

q

2
∂q, X326 =

s

γ
∂r −

1

γ
∂p +

r

γ
∂q,

X327 = s∂s +
γ

2
∂γ − p∂p +

(
r

γ
− q

2

)
∂q, X328 =

(
r +

s

γ

)
∂r +

(
p− 1

γ

)
∂p.

4.3.1. Subalgebra X32 + X33 + X34 + X38 + X314 . The characteristic equations are

ds

1
=

γ(t)dr

1
=

d(γ(t))

5γ(t)
=

dq

1 + s+ γ(t)
,

with solution

ω = r +
e−5s

5k
, p(r, s) = f(ω), q(r, s) = s+

s2

2
+

ke5s

5
+ g(ω). (4.18)
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They reduced system (4.17) to

(5ω + f)f ′′ + f ′2 − 25 = 0,

(5ω + f)g′′ − 5g′ = 0,

whose solution is

f(ω) =
1

10
W
(
e100ω−1

)
− 5ω +

1

10
,

g(ω) =
c1
150

(√
W(e100ω−1)

3 − 3
√

W(e100ω−1)

)
+ c2

where W(z) is the Lambert W function (which is also called omega function or product logarithm). Using the invariants
(4.18) and (4.16), we obtain

u = −25

2
y2 +

W
(
e100x+

20e−5t

k −1
)

10
− 5x− e−5t

k
+

1

10
,

v = −25

6
y3 − 5xy + t+

t2

2
+

ke5t

5
+

c1

√
W
(
e100x+

20e−5t

k −1
)3

150
−

c1

√
W
(
e100x+

20e−5t

k −1
)

50
+ c2.

4.3.2. Subalgebra X31 + X35 + X36 + X37 + X39 + X310 + X311 . The characteristic equations are

ds

2
=

dr

r
=

dp

4p
=

dq

2 + 2s+ γ + 3q
,

with solution

ω = re−2s, p(r, s) = e2sf(ω), q(r, s) = −2(3s+ 5)

9
+

1

2
e

3
2 s

∫
γ(s)e−

3
2 sds+ e

3
2 sg(ω). (4.19)

Applying the invariants (4.19) on system (4.17), we obtain(
f + 2γ +

γ′(s)

γ(s)
ω

)
f ′′ + f ′2 − γ′′(s)

γ(s)
= 0,(

f + 2γ +
γ′(s)

γ(s)
ω

)
g′′ +

(
1

2
− γ′(s)

γ(s)

)
g′ = 0.

(4.20)

Theorem 4.1. The second order system of ordinary differential equation (4.20) is the reduced system of the second
order partial differential equations (4.17) if and only if γ(s) = eks, where k ̸= 0 is an arbitrary constant.

We shall consider three cases only: k = −2, k = −1 and k = 1.

Case 4.1. γ(s) = e−2s

For this choice of γ, the solutions to the system (4.20) are:

f(ω) =
√
4ω2 + 2m,

g(ω) =
(18ω2 + 5m)

√
4ω2 + 2m+ 36ω3 + 18mω

√
2ω2 +m

(√
4ω2 + 2m+ 2ω

) 9
4

+ c1,

f(ω) = −
√
4ω2 + 2m,

g(ω) =

(
4ω3 + 2mω +

(
2ω2 + 5m

)√
4ω2 + 2m

) (√
4ω2 + 2m+ 2ω

) 1
4

√
4ω2 + 2m

+ c1.
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Using the invariants (4.19) and (4.16), we obtain the solutions to system (1.1) under the aforementioned sectional
subalgebra as follows:

u = −2y2 + e2t
√
4x2e−4t + 2m,

v = −2y3

3
+ 2xy − 2(3t+ 5)

9
− e−2t

7

+

(
(18x2e−4t + 5m)

√
4x2e−4t + 2m+ 36x3e−6t + 18mxe−2t

)
e

3
2 t

√
2x2e−4t +m

(√
4x2e−4t + 2m+ 2xe−2t

) 9
4

+ c1,

u = −2y2 − e2t
√
4x2e−4t + 2m,

v = −2y3

3
+ 2xy − 2(3t+ 5)

9
− e−2t

7

+
e

3
2 t
(
4x3e−6t + 2mxe−2t +

(
2x2e−4t + 5m

)√
4x2e−4t + 2m

)
4
√

2xe−2t +
√
4x2e−4t + 2m

√
4x2e−4t + 2m

+ c1.

Case 4.2. γ(s) = e−s

For this choice of γ, the solution to the system (4.20) is

f(ω) =
1

2
W(e4ω−1)− ω +

1

2
,

g(ω) =
c2
(
3W(e4ω−1)− 1

)
4
√
W(e4ω−1)3

+ c1.

The solution to system (1.1) is thus given by

u = −y2

2
+

e2t

2
W
(
e4xe

−2t−1
)
− x+

e2t

2
,

v = −y3

6
+ xy − 2(3t+ 5)

9
− e−t

5
+ e

3
2 t

c2

(
3W

(
e4xe

−2t−1
)
− 1
)

4

√
W
(
e4xe−2t−1

)3 + c1

 .

Case 4.3. γ(s) = es

The solution to the system (4.20), with respect to this choice of γ, is

f(ω) = ω +

√
1− 64ω − 1

16
,

g(ω) =

(√
1− 64ω − 1

9
+

1

5

)
4

√(
1−

√
1− 64ω

)5
32

.

The solution to system (1.1) is thus given by

u = −y2

2
+ x+

e2t
(√

1− 64xe−2t − 1
)

16
,

v = −y3

6
− xy − 2(3t+ 5)

9
− et + e

3
2 t

(√
1− 64xe−2t

9
+

4

45

)
4

√(
1−

√
1− 64xe−2t

)5
32

.

4.3.3. Subalgebra X312 + X313 + X315 + X316 . The characteristic equations are

ds

1
=

γdr

1
=

dq
2r
γ + s+ γ + 2q

.
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For γ = eks, the invariants are

ω = r +
e−ks

k
, p(r, s) = f(ω), q(r, s) = −2re−ks

k + 2
− e−2ks

(k + 1)(k + 2)
+

eks

k − 2
− 2s+ 1

4
+ e2sg(ω).

These invariants reduce system (4.17) to

(kω + f)f ′′ + f ′2 − k2 = 0,

(kω + f)g′′ − (k + 2)g′ = 0,

whose solution eventually gives rise to

u = −k2

2
y2 +

1

2k

(
−2k

(
kx+ e−kt

)
+W

(
e4k(kx+e−kt)−1

)
+ 1
)
,

v = ke2tW
(
e4k(kx+e−kt)−1

) k+2
2k

W
(
e4k(kx+e−kt)−1

)
+

2W
(
e4k(kx+e−kt)−1

)
+ 2

k
+ 3


− k2

6
y3 − kxy − xe−kt

k +m
+ h(t).

4.3.4. Subalgebra X317 + X318 + X319 + X320 + X321 . The characteristic equations are

ds

s
=

dr

2r + 2
γ

=
2dγ

γ
=

dp

p
=

dq

1 + γ + 3r
γ − q

2

.

The invariants are

ω =
r

s2
+

4

5
√
s5

, p(r, s) = sf(ω), q(r, s) =
3r

2
√
s
+

6

s
+

√
s+ 2 +

1√
s
g(ω), γ =

√
s. (4.21)

The reduced equations are

(5ω + 2f)f ′′ + 2

(
f ′ +

1

2

)2

= 0,

(5ω + 2f)g′′ + 4g′ = 0.

Its solution, coupled with the invariants (4.21) and (4.16), leads to the solution of system (1.1) as

u =
y2

8t2
+

(
x
y + 4

5
√
t3

)(
4−W

(
− 64x

t2 − 1024

5
√
t5

))
2W

(
− 64x

t2 − 1024

5
√
t5

) ,

v =
y3

24t2
− xy

2t
+

x√
t
+

c1 + c2W
(
− 64x

t2 − 1024

5
√
t5

)(
2 +W

(
− 64x

t2 − 1024

5
√
t5

))
√
t

.

4.3.5. Subalgebra X322 + X323 + X324 + X325 . The solutions

ω = r +
2√
s
, p(ω) =

2√
s3

+
f(ω)

s
, q(ω) =

√
sg(ω), γ =

√
s3,

of the characteristic equations

ds

2s
=

γdr

2s
=

dγ

3γ
= − dp

2
γ + 2p

=
dq

q
,

reduced the system (4.17) to(
3

2
ω + f

)
f ′′ + f ′ (f ′ + 1)− 3

4
= 0,
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(
3

2
ω + f

)
g′′ − 2g′ = 0.

Its solution is

f(ω) =
W
(
e8ω−1

)
+ 1

4
− 3

2
ω,

g(ω) = c1 + c2

(
1

16
W
(
e8ω−1

)2
+

1

8
W
(
e8ω−1

))
.

Therefore,

u = −3

8
t−2y2 + 2t−

3
2 +

W
(
e
8x+ 16√

t
−1
)
+ 1

4t
− 3

2t

(
x+

2√
t

)
,

v = −1

8
t−2y3 − 3

2t
xy + c1

√
t+

c2
√
t

16
W
(
e
8x+ 16√

t
−1
)2

+
c2
√
t

8
W
(
e
8x+ 16√

t
−1
)
.

4.3.6. Subalgebra X326 + X327 + X328 . The characteristic equations are

ds

s
=

dr

r + 2s
γ

=
2dγ

γ
= −γdp

2
=

dq
2r
γ − q

2

.

Their solution give rise to the invariants

ω =
r

s
+

4√
s
, p(r, s) =

4√
s
+ f(ω), q(r, s) =

2r√
s
− 8 +

1√
s
g(ω), γ =

√
s.

which reduced the system (4.17) to(
3

2
ω + f

)
f ′′ +

(
f ′ +

1

2

)2

= 0,(
3

2
ω + f

)
g′′ + 2g′ = 0.

The solution of the above system of equations is

f(ω) =
ω(2−W(−8ω))

2W(−8ω)
, g(ω) = c1 +W(−8ω)(2 +W(−8ω)).

Thus, the solution of the MS system (1.1) is obtained as

u =
y2

8t2
+

4√
t
+

(
x+ 4

√
t
) (

2−W
(
− 8x

t − 32√
t

))
2tW

(
− 8x

t − 32√
t

) ,

v =
y3

24t2
− xy

2t
+

2x√
t
+

c1 +W
(
− 8x

t − 32√
t

)(
2 +W

(
− 8x

t − 32√
t

))
√
t

.

4.4. Solutions through subalgebras X4, X5 +X6 +X7. The calculations are straight forward, so we shall present
solutions obtained without going through the details.

The solution of the MS system (1.1), via the generator X4, is obtained as

u =
λ′(t)

λ(t)
x+

1

2

(
λ′′(t)

λ(t)
− 2λ′(t)2

λ(t)2

)
y2 + a(t)y + b(t),

v =
x2

y
+

λ′(t)

λ(t)
xy +

1

3
c(t)y3 + a(t)y2 + b(t)y + d(t).
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The solution of the MS system (1.1), via the generator X5 + X6 + X7, is given by

u =
ρ(t)− δ′(t)

δ(t)
x+

(δ(t)ρ(t))′ − δ(t)δ′′(t)− ρ(t)2

2δ(t)2
y2 + a(t)y + b(t),

v =
σ(t) + ρ(t)y

δ(t)
x+

(
ρ(t)

6δ(t)

)′

y3 +

(
σ(t)

2δ(t)

)′

y2 − 1

6

(
ρ(t)

δ(t)

)2

y3 − ρ(t)σ(t)

2δ(t)2
y2 + c(t)y + d(t).

Further background analysis shows that other solution variants are possible if the linear combinations of the generators
(2.22) are used for reduction. For instance, the combination

A6 +A7 +A8 +A9 = (t+ y)∂x + t∂y + ∂u + (2y + x)∂v,

give rise to the reduced system of equations(r
s
− p− 1

)
prr + prs − p2r +

1

s
pr = 0,(r

s
− p− 1

)
qrr + qrs −

1

s
= 0,

(4.22)

which is a variant of system (4.17). The generators of the reduced system (4.22) are infinite which can be made finite
by specializing the arbitrary functions involved. Without going through the details, some of the solutions of system
(1.1) obtained via them, which can not be deduced directly from any of the previous ones, are as follows:

u =
3
(
x− y − y2

2t

)
+ t

t(c1 − 3 ln t)
+

y(t+ 1)− t

t
,

v =
y
(
yt2 + t(2x+ y)− 2

3y
2
)

2t2
+

(
3x− 3y − 3y2

2t
+ t

)(
ln t+ t

3
+ c2

)
− t+ 1

3
,

(4.23)

u =
y(t+ 1)− t

t
+

c1W
(
2t− x+ y + y2

2t + c1

)
+ 2t− x+ y + y2

2t + c1

tW
(
2t− x+ y + y2

2t + c1

) ,

v =
y
(
yt2 + t(2x+ y)− 2

3y
2
)

2t2
+

9
(
2xt− (y + t)2 + 1− x+ y + y2

2t

)
+ 16t

18

−

(
3W

(
2t− x+ y + y2

2t + c1

)
+ 2
)(

2t− x+ y + y2

2t + c1

)3
t2
(
W
(
2t− x+ y + y2

2t + c1

))3
+

(
x− y − y2

2t
− 2t

3

)
ln t,

(4.24)

u =
y(t+ 1)− t

t
+

c1W
(
−x+ y + y2

2t + c1

)
− x+ y + y2

2t + c1

tW
(
−x+ y + y2

2t + c1

) ,

v =
y
(
yt2 + t(2x+ y)− 2

3y
2
)

2t2
+

(
x− y − y2

2t

)
(ln t+ t+ 1) +

1

2
t ln t

− c2t

2
W

(
−x+ y +

y2

2t
+ c1

)(
W

(
−x+ y +

y2

2t
+ c1

)
+ 2

)
+ c3t−

1

2
,

(4.25)
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u =
y(t+ 1)− t

t
+

3c1W
(
9t2
(
x− y − y2

2t

)
− 9c1

)
+ 3c1 − 3t2

(
x− y − y2

2t

)
t3W

(
9t2
(
x− y − y2

2t

)
− 9c1

) ,

v =
y
(
yt2 + t(2x+ y)− 2

3y
2
)

2t2
+

(
x− y − y2

2t

)
(c3 + t) +

c4
t

+

(
t2
(
x− y − y2

2t

)
− c1

)
W
(
9t2
(
x− y − y2

2t

)
− 9c1

)
3t2

+
c1 − t2

(
x− y − y2

2t

)
3t2

+

 t2
(
x− y − y2

2t

)
− c1

3t2W
(
9t2
(
x− y − y2

2t

)
− 9c1

)
 ,

(4.26)

u =
y(t+ 1)− t

t
+

1

3 ln t
W

(
e
− 3

t

(
x−y− y2

2t

)
ln t

)
,

v =
y
(
yt2 + t(2x+ y)− 2

3y
2
)

2t2
+

t3 − t− 1

3
+ t

(
x− y − y2

2t

)
+

t ln t

3
(Ei(1, ln t)− Ei(1,− ln t))− c1t ln t

3
ln

(
W

(
e
− 3

t

(
x−y− y2

2t

)
ln t

))
+

c1t ln t

3W

(
e
− 3

t

(
x−y− y2

2t

)
ln t

) + t ln t

(
x− y

t
− y2

2t2
− ln(ln t)

3
+ c2

)
,

(4.27)

u =
y(t+ 1)− t

t
− 1

t ln t
+

1

k ln t

(
W

(
ke

− k
t

(
x−y− y2

2t

)
−kEi(1,ln t)

)
+ 1

)
,

v =
y
(
yt2 + t(2x+ y)− 2

3y
2
)

2t2
+ (t+ 1 + ln t)

(
x− y − y2

2t

)
+ t ln tEi(1, ln t)

− c1t ln t

k
ln

(
W

(
ke

− k
t

(
x−y− y2

2t

)
−kEi(1,ln t)

))
+

c1t ln t

kW

(
ke

− k
t

(
x−y− y2

2t

)
−kEi(1,ln t)

) ,

(4.28)

u =
y(t+ 1)− t

t
± 1

ln t

√√√√c1

(
x− y − y2

2t

t ln t
+

Ei(1, ln t)

4
+

1 + t− ln t

4t(ln t)2

)
+ c2

+
y + y2

2t − x

t ln t
− t+ 1

2t(ln t)2
,

v =
y
(
yt2 + t(2x+ y)− 2

3y
2
)

2t2
+ (c3 + t+ ln t)

(
x− y − y2

2t

)
+ h(t),

(4.29)

where Ei is the exponential integral which, for real non-zero of x, is defined as

Ei(x) = −
∫ ∞

−x

e−t

t
dt =

∫ x

−∞

et

t
dt

5. Conservation laws

Conservation laws of various (physical) systems have been studied extensively in the literature due to their un-
matched importance in the formulation of various fundamental laws of physics. There are various methods that are
used to find the conservation laws of (system of) PDEs, the one we shall use to construct the conservation laws
admitted by the MS system is the invariance and multiplier approach [17].



Unco
rre

cte
d Pro

of

22 MUHAMMAD ALIM ABDULWAHHAB

Let P and R be any two arbitrary multipliers of the system (1.1). This implies that

Euj

(
P
(
−uxt + uyy + u2

x + uuxx + vxuxy − vyuxx

)
+R (−vxt + vyy + uvxx + vxvxy − vyvxx)

)
= 0, (5.1)

where Euj is the Euler operator with respect to uj given by

Euj =
∂

∂uj
−Di

∂

∂uj
i

+ ...+ (−1)kDi1 ...Dik

∂

∂uj
i1...ik

+ ..., j = 1, ...,m. (5.2)

If we let

P = P(x, y, t, u, v, ux, vx, uy, vy, uxx, uyy), and R = R(x, y, t, u, v, ux, vx, uy, vy, vxx, vyy),

then solution to the determining equations (5.1) is given by

P =
1

6
a′′1(t)y

3 +
1

3
a′1(t)

(
y2vx + 3xy

)
+

1

2
a′3(t)yvx +

1

2
a′2(t)y

2

+
1

3
a1(t)

(
y(v2x + vy) + 2xvx + 3v

)
+ a3(t)

(
v2x + vy

)
+ a4(t)vx

+ a5(t)y +
1

2
a2(t) (yvx + 2x) + a6(t) +

1

2
c1
(
yv2x + yvy + 2xvx + 3v

)
,

R =
1

2
a′′3(t)y −

1

6
a′′1(t)y

2 +
1

3
a′1(t)

(
y2ux − 2yvx − x

)
+

1

2
a′3(t) (yux + 2vx)

+ a′4(t)−
1

2
a′2(t)y +

1

3
a1(t)

(
y(2uxvx + uy) + 2xux − 3v2x − 2vy − 2u

)
+ a3(t) (2uxvx + uy) +

1

2
a2(t) (yux − 2vx) + a4(t)ux − a5(t)

+
1

2
c1
(
2yuxvx + yuy + 2xux − 3v2x − 2vy − 2u

)
.

(5.3)

This give rise to the following seven multipliers:

P1 =
1

2

(
yv2x + yvy + 2xvx + 3v

)
,

R1 =
1

2

(
2yuxvx + yuy + 2xux − 3v2x − 2vy − 2u

)
,

P2 =
1

6
a′′1(t)y

3 +
1

3
a′1(t)

(
y2vx + 3xy

)
+

1

3
a1(t)

(
y(v2x + vy) + 2xvx + 3v

)
,

R2 = −1

6
a′′1(t)y

2 +
1

3
a′1(t)

(
y2ux − 2yvx − x

)
+

1

3
a1(t)y (2uxvx + uy) +

1

3
a1(t)

(
2xux − 3v2x − 2vy − 2u

)
,

P3 =
1

2
a′2(t)y

2 +
1

2
a2(t) (yvx + 2x) ,

R3 = −1

2
a′2(t)y +

1

2
a2(t) (yux − 2vx) ,

P4 =
1

2
a′3(t)yvx + a3(t)

(
v2x + vy

)
,

R4 =
1

2
a′′3(t)y +

1

2
a′3(t) (yux + 2vx) + a3(t) (2uxvx + uy) ,

P5 = a4(t)vx,

R5 = a′4(t) + a4(t)ux,

P6 = a5(t)y,

R6 = −a5(t),

P7 = a6(t),

R7 = 0.
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Each of the multipliers (Pj ,Rj) : j = 1, 2, ..., 7 will generate a conservation law

DtT +DkCk
∣∣
(1.1)

= 0, k = x, y,

where the densities (T ) and the fluxes (C) are as follows:

T1 = −1

2
yuxv

2
x +

1

2
v3x − xuxvx +

1

2
vy (vx − yux)−

3

2
vux,

Cx
1 = vxv

2
y − u2vx +

1

2
v2x (yux − vx) (u− vy) +

1

2
(3vux + 2xuxvx) (u− vy)

+
1

2
vt (2u+ vy − yuy) +

1

2
y (uxvy + uyvx) (u− vy)− xuyvy,

Cy
1 = −1

2
v4x − 1

2
v2y −

1

2
uv2x + xuxv

2
x − uvy +

1

2
yuxv

3
x +

1

2
yuy

(
v2x + vy

)
+

3

2
vuy

+
1

2
uxvx(3v − yu) +

1

2
(yux − vx) vt + yuxvxvy + xuyvx + xuxvy −

3

2
vyv

2
x, (5.4)

T2 = −1

3
a′1(t)y

2uxvx + a′1(t)yu− 1

3
a1(t)yuxv

2
x − 1

3
a1(t)yuxvy −

2

3
a1(t)xuxvx

− a1(t)vux +
1

3
ya′1(t)v

2
x − 1

3
a′1(t)v +

1

3
a1(t)v

3
x +

2

3
a1(t)uvx +

1

3
a1(t)vxvy −

2

3
a1(t)uvx,

Cx
2 = −1

6
a′′1(t)y

3ut − a′1(t)xyut −
1

3
a1(t)yuyvt +

1

6
a′′1(t)y

2vt +
1

3
xa′1(t)vt +

1

3
a1(t)vtvy

+
2

3
a1(t)uvt +

1

6
a′′1(t)y

3uux +
1

6
a′1(t)y

2uuxvx + a′1(t)xxyuux +
1

3
a1(t)yuuxvy

+
2

3
a1(t)xuuxvx + a1(t)uvux − a′1(t)xyuxvy −

1

6
a′′1(t)y

3uxvy −
1

3
a1(t)yuxvyv

2
x

− 1

3
a1(t)uv

3
x +

1

6
a′′1(t)y

2vxvy −
1

3
a′1(t)y

2uxvxvy +
1

3
a′1(t)yvyv

2
x +

1

3
a′1(t)xvxvy

− 1

3
a1(t)yuyvxvy

2

3
a1(t)xuxvxvy +

1

3
a1(t)vyv

3
x +

2

3
a1(t)uvxvy +

2

3
a1(t)vxv

2
y

− 1

3
a′1(t)yuv

2
x − 1

3
a′1(t)xuvx +

1

3
a1(t)yuuxv

2
x +

1

3
a1(t)yuuyvx − 2

3
a1(t)u

2vx

− 2

3
a1(t)uvxvy − a1(t)vuxvy −

1

6
a′′1(t)y

2uvx − 2

3
a1(t)xuyvy +

1

3
a′1(t)yv

2
y

− 1

3
a1(t)yuxv

2
y −

1

3
a′1(t)y

2uyvy −
2

3
a′1(t)yvuy +

1

3
a′1(t)yuv −

1

2
a′1(t)yu

2,

Cy
2 =

1

3
a1(t)yuxvt −

1

3
a1(t)vxvt +

1

6
a′′1(t)y

3uy +
1

3
a′1(t)y

2uyvx + a′1(t)xyuy

+
1

3
a1(t)yuyvy +

2

3
a1(t)xuyvx + a1(t)vuy + a′1(t)xyuxvx +

1

6
a′′1(t)y

3uxvx

− 1

6
a′′1(t)y

2v2x +
1

3
a′1(t)y

2uxv
2
x − 1

3
a′1(t)yv

3
x − 1

3
a′1(t)xv

2
x +

1

3
a1(t)yuxv

3
x

+
1

3
a1(t)yuyv

2
x +

2

3
a1(t)xuxv

2
x − 1

3
a1(t)v

4
x − 2

3
a1(t)uv

2
x − a1(t)vyv

2
x

− 1

6
a′′1(t)y

2vy +
1

3
a′1(t)y

2uxvy −
2

3
a′1(t)yvxvy −

1

3
a′1(t)xvy +

2

3
a1(t)yuxvxvy

+
2

3
a1(t)xuxvy −

2

3
a1(t)uvy −

1

3
a1(t)v

2
y −

1

3
a1(t)yuuxvx +

1

3
a1(t)uv

2
x

+ a1(t)vuxvx +
1

3
a′′1(t)yv −

1

2
a′′1(t)y

2u− a′1(t)xu+
2

3
a′1(t)yvux, (5.5)
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T3 = −1

2
a′2(t)y

2ux − 1

2
a2(t)yuxvx − a2(t)xux +

1

2
a′2(t)yvx +

1

2
a2(t)v

2
x,

Cx
3 =

1

2
a′′2(t)y

2u+ a′2(t)xu+
1

2
a′2(t)y

2uux +
1

2
a2(t)yuuxvx + a2(t)xuux − 1

2
a2(t)u

2

− 1

2
a′2(t)y

2uxvy − a2(t)xuxvy −
1

2
a′′2(t)yv +

1

2
a2(t)v

2
y −

1

2
a′2(t)yuvx − 1

2
a2(t)uv

2
x

+
1

2
a′2(t)yvxvy −

1

2
a2(t)yuxvxvy +

1

2
a2(t)vyv

2
x − 1

2
a2(t)yuyvy +

1

2
a2(t)uvy,

Cy
3 =

1

2
a′2(t)y

2uy − a′2(t)yu+
1

2
a2(t)yuyvx + a2(t)xuy +

1

2
a′2(t)y

2uxvx + a2(t)xuxvx

− 1

2
a′2(t)yvy +

1

2
a′2(t)v +

1

2
a2(t)yuxvy − a2(t)vxvy −

1

4
a′2(t)yv

2
x +

1

4
a2(t)yuxv

2
x

− 1

2
a2(t)v

3
x − 1

4
a′2(t)yv

2
x +

1

4
a2(t)yuxv

2
x − 1

2
a2(t)uvx, (5.6)

T4 = −1

2
a′3(t)yuxvx − a3(t)uxv

2
x − a3(t)uxvy −

1

2
a′′3(t)yvx − 1

2
a′3(t)v

2
x,

Cx
4 = −a3(t)uyvt +

1

2
a′′′3 (t)yv − 1

2
a′3(t)v

2
y − a3(t)uxv

2
y +

1

2
a′′3(t)yuvx +

1

2
a′3(t)yuuxvx

+
1

2
a′3(t)uv

2
x + a3(t)uuxv

2
x − 1

2
a′′3(t)yvxvy −

1

2
a′3(t)yuxvxvy −

1

2
a′3(t)vyv

2
x (5.7)

− a3(t)uyvxvy − a3(t)uxvyv
2
x + a3(t)uuxvy −

1

2
a′3(t)yuyvy +

1

2
a′3(t)uvy + a3(t)uuyvx,

Cy
4 = a3(t)uxvt +

1

2
a′′3(t)yvy −

1

2
a′′3(t)v +

1

2
a′3(t)yuxvy + a′3(t)vxvy + a3(t)uyvy

+ 2a3(t)uxvxvy +
1

2
a′3(t)yuxv

2
x +

1

2
a′3(t)v

3
x +

1

2
a3(t)uyv

2
x + a3(t)uxv

3
x

+
1

2
a′′3(t)yv

2
x +

1

2
a3(t)yuyv

2
x +

1

2
a′3(t)yuyvx − 1

2
a′3(t)uvx − a3(t)uuxvx, (5.8)

T5 = −a4(t)uxvx − a′4(t)vx,

Cx
5 = a′′4(t)v − a4(t)uyvy + a4(t)uxvx (u− vy) + a′4(t)uvx − a4(t)vxvy,

Cy
5 = a4(t)uyvx +

1

2
a4(t)uxv

2
x + a′4(t)vy + a4(t)uxvy +

1

2
(a′4(t) + a4(t)ux) v

2
x +

1

2
a4(t)v

2
x, (5.9)

T6 = −a5(t)yux + a5(t)vx,

Cx
6 = a′5(t)yu+ a5(t)yuux − a′5(t)v − a5(t)uvx + a5(t)vxvy − a5(t)yuxvy,

Cy
6 = a5(t)yuy − a5(t)u− a5(t)vy − a5(t)v

2
x + a5(t)yuxvx, (5.10)

T7 = −a6(t)ux,

Cx
7 = a′6(t)u+ a6(t)uux − a6(t)uxvy,

Cy
7 = a6(t)uy + a6(t)uxvx. (5.11)

6. Analyses of Results

Each of the solutions obtained in this research work exhibits various phenomena depending on the parametric choice
of the independent variables and their assigned values. Apart from generating different wave profiles, the explicit choice
of α(t) will also enable the locations of (local) extremum and saddle points. For instance, let us consider solution (4.4)
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with α(t) = tm(m ̸= 0), k1 ̸= 0, k2 = k4 = 0 and k3 = 1:

u = −m

t
x− m(m− 1)

2t2
y2 +

y + 1− c2 +

√
(c2 − 1)2 + 2k1

(
xtm + mtm−1

2 y2 − cy
)

t2m
,

v = −m2

3t2
y3 − 2m

t
xy − m(m− 1)

3t2
y3 +

y2

2 + y + k3

(
xtm + mtm−1

2 y2 − cy
)

t2m

−

√(
(c2 − 1)2 + 2k1

(
xtm + mtm−1

2 y2 − cy
))3

3k21t
2m

.

(6.1)

Taking t as parameter, we have:

ux = −m

t
+

k1

tm
√
(c2 − 1)2 + 2k1

(
xtm + mtm−1

2 y2 − cy
) ,

uy =
m(1−m)

t2
y +

1

t2m
+

k1(mtm−1y − c)

t2m
√
(c2 − 1)2 + 2k1

(
xtm + mtm−1

2 y2 − cy
) .

Solving ∇u = 0 give rise to the critical points

(xj , yj) =

(
k1 + 2m(m− 1)c

2m2t3m−2
+

(2−m)c2

2t2m−1
− 1

2mt4m−3
− (c2 − 1)2

2k1tm
,
mctm+1 − t2

mt2m

)
,

subject to the condition that k1t
1−m

m > 0. Now, uxx|(xj ,yj) = − (mtm−1)
2

k1t1−m

m

< 0 for all m, k and t. Using the discriminant

test, we obtain

D|(xj ,yj) =
(
uxxuyy − u2

xy

)
|(xj ,yj) = −m3

k1

(
m2t3m−5 − k1(m− 1)t2m−4

|k1t1−m

m |

)
= −m4

k1
t3m−5.

From the condition k1t
1−m

m > 0, we establish the following:
1. D|(xj ,yj) > 0 if and only if

(i) k1 < 0,m < 0 and t > 0.

(ii) k1 < 0,m < 0 and t < 0 provided m is odd.

(iii) k1 > 0,m < 0 and t < 0 provided m is even.

(6.2)

2. D|(xj ,yj) < 0 if and only if

(i) k1 > 0,m > 0 and t > 0.

(ii) k1 > 0,m > 0 and t < 0 provided m is odd.

(iii) k1 < 0,m > 0 and t < 0 provided m is even.

(6.3)

Hence (xj , yj) are local maximum points of u with the conditions in Figure 4A and saddle points with the conditions
in Figure 4B.

Similarly for v, the critical points are obtained from ∇v = 0 as

(xk, yk) =

(
t1−2m

[
4k1m(1− 2m)t2m + 2(2k1m+m− 1)tm+1 − t2

]
Y+ (4m− 1)k1t

m − t

8k1m2tm − 2mt− 2t
,Yt

)
,
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(A) Wave profile of u when t = 1, c = −20. (B) Wave profile of v when t = 10, c = 7.9.

Figure 1. 3D profiles of solution (4.4) showing saddle and relative maximum points with α(t) = t2.

(A) Parabolic-double solitons. (B) Double-edged solitons.

Figure 2. 3D profiles for u of solution (4.4) showing different forms of solitons with α(t) = t2.

where Y = RootOf
[(
4k1m

3t3m −m2t1+2m −mt1+2m
)
Z2 +

(
−4k1m

2t2m + 4mt1+m − t2
)
Z + k1mtm − t

]
. The dis-

criminant is too lengthy to be written down but the test shows that v also has only saddle or relative maximum points.
To show this explicitly, let us choose m = 2 and t = 1

2 . Thus the critical points become1

(xki
, yki

) =

(
∓8k1

√
3− 2k1 + 80k21 − 50k1 + 12

(8k1 − 3)2
,
4k1 − 3±

√
3− 2k1

8k1 − 3

)
,
3

8
̸= k1 ≤ 3

2
.

For k = {−1
2 ,−3}, v has a relative maximum at {( 6549 ,

3
7 ), (

106
81 , 4

9 )} and saddle points at {(1, 1), (109 , 2
3 )} respectively.

There are infinitely many of such points for both u and v as shown in Figure 1 with k1 = 1
2 , k2 = 0, k3 = 1 and k4 = 0.

There are various wave profiles that solution (4.4) exhibits depending on the choice of its arbitrary function and
constants coupled with the range of the independent variables. Taking α(t) = t2, x = −100, k1 = −10 and c = −100,
Figure 2A shows a parabolic-double solitons for u plotted in the range −100 ≤ t, y ≤ 100 and it happens when t → 0.
The scenario is different when y is taken as parameter with y = 2, c = 40 and k1 = 1 as can be seen in Figure 2B.
When α(t) = sin(t), solution (4.4) possesses infinitely many periodic solitons each occurring at t = kπ, k ∈ Z as shown
in Figure 3. The contour plots, in spherical coordinates, and the density plots are shown in Figure 4 to Figure 6.
The contours in Figure 4 are plotted in the interval −π ≤ x, y ≤ π, those in Figure 5 are plotted in the intervals
−π

2 ≤ x ≤ π
2 ,−π ≤ y ≤ π while those in Figure 6 are plotted on −π ≤ x ≤ π,−π

2 ≤ y ≤ π
2 . The intervals for all

the plots in Figure 7 to Figure 9 is [−π, π] for both x and y. Maple 2023 was used to generate all figures in this
manuscript.

1Complex values are excluded.
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(A) 3D profile of u when x = 20, c = 100, k1 = 100. (B) 3D profile of v when y = −100, c = −41, k1 = 66, k3 = 1.

Figure 3. Periodic solitons of solution (4.4) when α(t) = sin t.

(A) plot of u for t = 1. (B) plot of v for t = 1.

Figure 4. Contour plots of solution (4.4) for α(t) = t2, c = −2, k1 = 1
2 , k3 = 1.

(A) plot of u for t = 8. (B) plot of v for t = 8.

Figure 5. Contour plots of solution (4.4) for α(t) = t3, c = −2, k1 = 1, k3 = 1.
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(A) plot of u for t = 1. (B) plot of v for t = 1.

Figure 6. Contour plots of solution (4.4) for α(t) = tan t, c = −2, k1 = 1
2 , k3 = 1.

(A) plot of u for t = 1. (B) plot of v for t = 1.

Figure 7. Density plots of solution (4.4) for α(t) = t2, c = −2, k1 = 1
2 , k3 = 1.

(A) plot of u for t = 8. (B) plot of v for t = 8.

Figure 8. Density plots of solution (4.4) for α(t) = t3, c = −2, k1 = 1, k3 = 1.
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(A) plot of u for t = 1. (B) plot of v for t = 1.

Figure 9. Density plots of solution (4.4) for α(t) = tan t, c = −2, k1 = 1
2 , k3 = 1.

7. Conclusions

The Lie symmetry group, a powerful and versatile method, has been used to carry out an extensive analyses on the
MS system. Similar work have been carried out by authors of [21], but results obtained in this article is completely
different from theirs. For clarity, the entire analysis carried out in [21] was based on 11-dimensional Lie algebra which
were used mainly for obtaining (up to) 2-dimensional group classifications and reduced equations. The authors also
stated clearly in the last paragraph of [21] that: “Although, exact solutions corresponding to every reduction in Table 2
and reduction for every element in Θ2 could have been written in this work, but we have only preferred to concentrate
on Lie symmetry analysis and multi-dimensional group classifications of...”
In this work, the goals of the research are to find the complete Lie algebra of the MS system, identify a closed
subalgebra and classify it using alternative method, construct explicit nontrivial invariant solutions and conservation
laws for the MS system. All the aforementioned objectives were successfully achieved. We have shown that the MS
system possesses infinite vector fields (Xi : i = 1, .., 7) which are not closed in general even when the arbitrary functions
are taken to be first order polynomials. When the arbitrary function are quadratic polynomials, the MS system are
spanned by Lie algebra Aj : j = 1, 2, ..., 24. The entire infinite Lie algebra (Xk : k = 1, ..., 7) were used to construct
infinitely many, nontrivial analytic and special function solutions to the MS system. We further established how some
of the Aj could lead to invariant solutions (4.23)-(4.29) of the MS system that can not be deduced directly from those
obtained via the Xi. Two-level application of the Lie group method was used to obtained the invariant solutions to
the MS system presented in this research work. That is, the obtained reduced equations are also subjected to the Lie
group method. This way, although tedious, made it possible to solve all of them successfully. Finally, we employed the
invariance and multiplier approach to established first order multipliers for the MS system and used them to construct
nontrivial conservation laws which are infinite with respect to the time-independent variable.
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