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Abstract

This article explores new integral solutions for generalized Mittag-Leffler function, I-function, general class of
polynomials and incomplete I-function. To show the significance and applicability of our findings, we examine

certain circumstances involving significant special functions. The findings obtained are very general in nature and

may be used to drive a wide variety of interesting fractional integration operators and their applications.
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1. Introduction

The incomplete I-functions [1–3, 8] are exceptionally assists in deriving novel and previously outcomes due to its
widespread use in Scientific discipline and Technology . The Mittag-Leffler function contribute significantly to solution
of fractional differential equation, modeling anomalous diffusion processes, viscoelasticity and memory-dependent
system. The I-function [9, 10] being a very general class of special functions, unifies and extends many well-Known
functions especially the hypergeometric function, Fox H- function [7]. Due to its general nature, it has been widely
used in soling complex integral transforms and differential equations arising in mathematical physics and engineering
problems.

1.1. I-Function. I-function provides a highly general framework that unifies a wide variety of special function, con-
sisting the Fox H- function [11], Meijer G- function and several hypergeometric type functions. The I-function was
developed by Saxena and it’s generalisation of Fox’s H-function [7]. The illustration and analytical expression of the
I-function [9, 10] are as follows.

I
m′

i,n
′
i

p′i,q
′
i,r

′ [z] = I
m′

i,n
′
i

p′i,q
′
i,r

′
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z

∣∣∣∣∣ (tj , τj)1,n′
i
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}
=

m′∑
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∞∑
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(−1)kϕ′ (ηh,k)
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zηh,k , (1.1)
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∏m′
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∏n′

i
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and

ηh,k =
bh + k

βh
.
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1.2. Incomplete I-Function. The incomplete I- functions established through Bansal and Kumar [1] are defined as

(Γ)Ie,fgl,hl,s
(z) = (Γ)Ie,fgl,hl,s

[
z

∣∣∣∣ (V1, A1, x) , (Vj,Aj)2,f (Vjl,Ajl)f+1,gl
(Wj , Gj)1,e (Wjl,Gjl)e+1,hl

]
=

1

2πi

∫
Ω

K(ξ, x)z−ξdξ , (1.2)

where K(ξ, x) =
Γ(1−V1−A1ξ,x)

∏e
j=1 Γ(Wj+Gjξ)

∏f
j=2 Γ(1−Vj−Ajξ)∑s

l=1

[∏hl
j=e+1 Γ(1−Wjl−Gjlξ)

∏gl
j=f+1 Γ(Vjl+Ajlξ)

] .
and

(γ)Ie,fgl,hl,s
(z) = (γ)Ie,fgl,hl,s

[
z

∣∣∣∣ (V1, A1, x) , (Vj,Aj)2,f (Vjl,Ajl)f+1,gl
(Wj , Gj)1,e (Wjl,Gjl)e+1,hl

]
=

1

2πi

∫
Ω

L(ξ, x)z−ξdξ , (1.3)

where

L(ξ, x) =
γ (1− V1 −A1ξ, x)

∏e
j=1 Γ (Wj +Gjξ)

∏f
j=2 Γ (1− Vj −Ajξ)∑s

l=1

[∏hl

j=e+1 Γ (1−Wjl −Gjlξ)
∏gl
j=f+1 Γ (Vjl +Ajlξ)

] .

For convergence and other conditions see the work by Bansal and Kumar [1].

1.3. Generalized Extended Mittag-Leffler Function (GEMLF). The general class of polynomials provides an
effective tool for generating broader families of integral representations. It enables the derivation of unified results
containing several class polynomial systems as special cases. Choudhary et al. [4] studied the generalized extended
Mittag-Leffler function (GEMLF) is described as.

EΨ;γ
v,ω (z;α, β, λ) =

∞∑
l=0

Bβ,λ
α (Ψ + l, γ −Ψ)

B(Ψ, γ −Ψ)

(γ)lz
l

Γ(vl + ω)
, (1.4)

where Re(γ) > 0,Re(Ψ) > 0, Re(ω) > 0,Re(v) > 0,Re(α) > 0,min(Re(γ − l),Re(Ψ + l))Re(B),Re(λ)) > 0, in
Eq. (1.4) Bβ,λ

α (x, y) represents the generalized Beta type function [1] for further specification and characteristics of
GEMLF, refer to the work of Choudhary et al. [4].

1.4. General Class of Polynomials (GCP). The general class of polynomials (GCP) [11] is formulated as.

SMN (z) =

[N/M ]∑
r=0

(−N)Mr

r!
ζN,rz

r(N = 0, 1, 2, . . .). (1.5)

In Eq. (1.5) r represents an arbitrary positive integer and ζN,r(N, r ≥ 0) indicate the arbitrary constants.

2. Main Results

In the current section we explored the four significant theorems on the multiplecation of the I-function, generalized
extended Mittag-Leffler (ML) function, the general class of polynomials and the incomplete I-function. The result
obtain in the present section are explored in the form of many significant formulas for the generalized extended ML
function, I-function, general class of polynomials and incomplete I-function in form of several simpler special functions
arising in science and technology problems.

Theorem 2.1. The following integrals is obtained in this section.∫ 1

0

∫ 1

0

(
1− x

1− xy
y

)σ (
1− y

1− xy

)ρ(
1− xy

(1− x)(1− y)

)
EΨ,γ
v,ω

[
κ1

(
1− x

1− xy
y

)α1
(

1− y

1− xy

)β1
]

I
m′

i,n
′
′

p′i,q
′
i,r

′

[
κ2

(
1− x

1− xy
y

)α2
(

1− y

1− xy

)β2
]
SMN

[
κ3

(
1− x

1− xy
y

)α3
(

1− y

1− xy

)β3
]

(Γ)Ie,fgl,hl,s

[
κ4

(
1− x

1− xy
y

)α4
(

1− y

1− xy

)β4
]
dxdy
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=

[N/M ]∑
r=0

m′∑
h=1

∞∑
l,k=0

Bβ,λ
α (Ψ + l, γ−Ψ) (γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!
ζN,r (κ1)

l
(κ2)

ηh,k (κ3)
r

×(Γ) Ie,f+2
gl+2,hl+1,s

 k4Z
(α4+β4)

(V1, A1, x) , (1− σ − α1l − α2ηh,k − α3r;α4)
(1− ρ− β1l − β2ηh,k − β3r;β4) (Vj , Aj)2,f (Vjl, Ajl)f+1,gl

(Wj , Gj)1,e (Wjl, Gjl)e+1,hl
(1− σ − ρ− (α1 + β1) l

− (α2 + β2)m− (α3 + β3) r); (α4 + β4)

 ,

where all the parameters are real/complex numbers satisfying the convergence conditions.
Provided that:

Re

(
σ + 1 + α1l + α2ηh,k + α3r + α4

Wj

Gj

)
> 0,Re

(
ρ+ 1 + β1l + β2ηh,k + β3r + β4

Wj

Gj

)
> 0,

|argk4| ≤
1

2
Tπ, T > 0,

where j = 1, 2, . . . , e; (ρ, σ, α1, β1, α2, β2, α3, β3, α4, β4) > 0, and |k3| < 1.

Proof. We have

EΨ,γ
v,ω

[
κ1

(
1− x

1− xy
y

)α1
(

1− y

1− xy

)β1
]

I
m′

′,n
′
i

p′i,q
′
i,r

′

[
κ2

(
1− x

1− xy
y

)α2
(

1− y

1− xy

)β2
]

× SMN

[
κ3

(
1− x

1− xy
y

)α3
(

1− y

1− xy

)β3
]

(Γ)Ie,fgl,hl,s

[
κ4

(
1− x

1− xy
y

)α4
(

1− y

1− xy

)β4
]

=
∞∑
l=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

{
κ1

(
1− x

1− xy
y

)α1
(

1− y

1− xy

)β1
}l

×
m′∑
h=1

∞∑
k=0

(−1)kϕ′ (ηh,k)

βhk!

{
κ2

(
1− x

1− xy
y

)α2
(

1− y

1− xy

)β2
}ηh,k

×
[N/M ]∑
r=0

(−N)Mr

r!
ζN,r

{
κ3

(
1− x

1− xy
y

)α3
(

1− y

1− xy

)β3
}r

× 1

2πi

∫
Ω

K(ξ, x)

{
κ4

(
1− x

1− xy
y

)α4
(

1− y

1− xy

)β4
}−ξ

. (2.1)

Eq. (2.1) Multiplying by
(

1−x
1−xyy

)σ (
1−y
1−xy

)ρ (
1−xy

(1−x)(1−y)

)
and integrating w.r.t. x and y over the interval [0,1],

we obtain the required integral representation. Since the series involved are uniformly convergent under the given
conditions, the order of integration and summation can be exchanged. We obtain∫ 1

0

∫ 1

0

(
1− x

1− xy
y

)σ (
1− y

1− xy

)ρ (
1− xy

(1− x)(1− y)

)
× EΨ,γ

v,ω

[
κ1

(
1− x

1− xy
y

)α1
(

1− y

1− xy

)β1
]
I
m′

′,n
′
i

p′i,q
′
i,r

′

[
κ2

(
1− x

1− xy
y

)α2
(

1− y

1− xy

)β2
]
SM
N

[
κ3

(
1− x

1− xy
y

)α3
(

1− y

1− xy

)β3
]

× (Γ)Ie,fgl,hl,s

[
κ4

(
1− x

1− xy
y

)α4
(

1− y

1− xy

)β4
]
dxdy

=

∫ 1

0

∫ 1

0

(
1− x

1− xy
y

)σ (
1− y

1− xy

)ρ (
1− xy

(1− x)(1− y)

)
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∞∑
l=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

{
κ1

(
1− x

1− xy
y

)α1
(

1− y

1− xy

)β1
}l

m′∑
h=1

∞∑
k=0

(−1)kϕ′ (ηh,k)

βhk!

{
κ2

(
1− x

1− xy
y

)α2
(

1− y

1− xy

)β2
}ηh,k [N/M ]∑

r=0

(−N)Mr

r!
ζN,r

{
κ3

(
1− x

1− xy
y

)α3
(

1− y

1− xy

)β3
}r

× 1

2πi

∫
Ω

K(ξ, x)

{
κ4

(
1− x

1− xy
y

)α4
(

1− y

1− xy

)β4
}−ξ

dξdxdy

=

[N/M ]∑
r=0

m′∑
h=1

∞∑
l,k=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!
ζN,r (κ1)

l (κ2)
ηh,k (κ3)

r 1

2πi

∫ +i∞

−i∞
K(ξ, x) (κ4)

−ξ dξ

×

[∫ 1

0

∫ 1

0

(
1− x

1− xy
y

)σ+α1l+α2ηh,k+α3r−α4ξ
(

1− y

1− xy

)ρ+β1l+β2ηh,k+β3r−β4ξ
(

1− xy

(1− x)(1− y)

)
dxdy

]

=

[N/M ]∑
r=0

m′∑
h=1

∞∑
l,k=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!
ζN,r (κ1)

l (κ2)
ηh,k (κ3)

r

×(Γ) Ie,f+2
gl+2,hl+1,s

 k4Z
(α4+β4)

(V1, A1, x) , (1− σ − α1l − α2ηh,k − α3r;α4)
(1− ρ− β1l − β2ηh,k − β3r;β4) (Vj , Aj)2,f (Vjl, Ajl)f+1,gl

(Wj , Gj)
,
1,e (Wjl, Gjl)e+1,hl

(1− σ − ρ− (α1 + β1) l

− (α2 + β2)m− (α3 + β3) r) ; (α4 + β4)

 .

□

Theorem 2.2. The following result holds.∫ 1

0

∫ 1

0

(
1− x

1− xy
y

)σ (
1− y

1− xy

)ρ(
1− xy

(1− x)(1− y)

)
EΨ,γ
v,ω

[
κ1

(
1− x

1− xy
y

)α1
(

1− y

1− xy

)β1
]

I
m′

i,n
′
i

p′i,q
′
i,r

′

[
κ2

(
1− x

1− xy
y

)α2
(

1− y

1− xy

)β2
]
SMN

[
κ3

(
1− x

1− xy
y

)α3
(

1− y

1− xy

)β3
]

×(γ) Ie,fgl,hl,s

[
κ4

(
1− x

1− xy
y

)α4
(

1− y

1− xy

)β4
]
dxdy

=

[N/M ]∑
r=0

m′∑
h=1

∞∑
l,k=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!
ζN,r (κ1)

l
(κ2)

ηh,k (κ3)
r

×(γ) Ie,f+2
gl+2,hl+1,s

 k4Z
(α4+β4)

(V1, A1, x) , (1− σ − α1l − α2ηh,k − α3r;α4)
(1− ρ− β1l − β2ηh,k − β3r;β4) (Vj , Aj)2,f (Vjl, Ajl)f+1,gl

(Wj , Gj)
,
1,e (Wjl, Gjl)e+1,hl

(1− σ − ρ− (α1 + β1) l

− (α2 + β2)m− (α3 + β3) r)); (α4 + β4)

 .

where all the parameters are real/complex numbers satisfying the convergence conditions.
Provided that:
Re

(
σ + 1 + α1l + α2ηh,k + α3r + α4

Wj

Gj

)
> 0,Re

(
ρ+ 1 + β1l + β2ηh,k + β3r + β4

Wj

Gj

)
> 0,

|arg k2| < 1
2Tπ, T > 0, |arg k3| < 1

2T, π, T
′ > 0 where j = 1, 2, . . . , e; (ρ, σ, α1, β1, α2, β2, α3, β3, α4, β4) > 0 and

|k3| < 1.
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Proof. We have

EΨ,γ
v,ω

[
κ1

(
1− x

1− xy
y

)α1
(

1− y

1− xy

)β1
]
I
m′

i,n
′
i

p′i,q
′
i,r

′

[
κ2

(
1− x

1− xy
y

)α2
(

1− y

1− xy

)β2
]

SMN

[
κ3

(
1− x

1− xy
y

)α3
(

1− y

1− xy

)β3
]

(γ)Ie,fgl,hl,s

[
κ4

(
1− x

1− xy
y

)α4
(

1− y

1− xy

)β4
]

=
∞∑
l=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

{
κ1

(
1− x

1− xy
y

)α1
(

1− y

1− xy

)β1
}l

×
m′∑
h=1

∞∑
k=0

(−1)kϕ′ (ηh,k)

βhk!

{
κ2

(
1− x

1− xy
y

)α2
(

1− y

1− xy

)β2
}ηh,k

×
[N/M ]∑
r=0

(−N)Mr

r!
ζN,r

{
κ3

(
1− x

1− xy
y

)α3
(

1− y

1− xy

)β3
}r

× 1

2πi

∫
Ω

L(ξ, x)

{
κ4

(
1− x

1− xy
y

)α4
(

1− y

1− xy

)β4
}−ξ

dξ. (2.2)

Eq. (2.1) Multiplying by
(

1−x
1−xyy

)σ (
1−y
1−xy

)ρ (
1−xy

(1−x)(1−y)

)
and integrating w.r.t. x and y over the interval [0,1],

we obtain the required integral representation. Since the series involved are uniformly convergent under the given
conditions, the order of integration and summation can be interchanged. We get

=

∫ 1

0

∫ 1

0

(
1− x

1− xy
y

)σ (
1− y

1− xy

)ρ(
1− xy

(1− x)(1− y)

)
EΨ,γ
v,ω

[
κ1

(
1− x

1− xy
y

)α1
(

1− y

1− xy

)β1
]

× I
m′

i,n
′
i

p′i,q
′
i,r

′

[
κ2

(
1− x

1− xy
y

)α2
(

1− y

1− xy

)β2
]
SMN

[
κ3

(
1− x

1− xy
y

)α3
(

1− y

1− xy

)β3
]

×(γ) Ie,fgl,hl,s

[
κ4

(
1− x

1− xy
y

)α4
(

1− y

1− xy

)β4
]
dxdy

=

∫ 1

0

∫ 1

0

(
1− x

1− xy
y

)σ (
1− y

1− xy

)ρ(
1− xy

(1− x)(1− y)

)

×
∞∑
l=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

{
κ1

(
1− x

1− xy
y

)α1
(

1− y

1− xy

)β1
}l

×
m′∑
h=1

∞∑
k=0

(−1)kϕ′ (ηh,k)

βhk!

{
κ2

(
1− x

1− xy
y

)α2
(

1− y

1− xy

)β2
}ηh,k

×
[N/M ]∑
r=0

(−N)Mr

r!
ζN,r

{
κ3

(
1− x

1− xy
y

)α3
(

1− y

1− xy

)β3
}r

× 1

2πi

∫
Ω

L(ξ, x)

{
κ4

(
1− x

1− xy
y

)α4
(

1− y

1− xy

)β4
}−ξ

dξdxdy

=

[N/M ]∑
r=0

m′∑
h=1

∞∑
l,k=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!
ζN,r (κ1)

l
(κ2)

ηh,k (κ3)
r 1

2πi

∫ +i∞

−i∞
L(ξ, x)(κ4)

−ξ
dξ
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×

[∫ 1

0

∫ 1

0

(
1− x

1− xy
y

)σ+α1l+α2ηh,k+α3r−α4ξ
(

1− y

1− xy

)ρ+β1l+β2ηh,k+β3r−β4ξ ( 1− xy

(1− x)(1− y)

)
dxdy

]

=

[N/M ]∑
r=0

m′∑
h=1

∞∑
l,k=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!
ζN,r (κ1)

l
(κ2)

ηh,k (κ3)
r

×(γ) Ie,f+2
gl+2,hl+1,s

 k4Z
(α4+β4)

(V1, A1, x) , (1− σ − α1l − α2ηh,k − α3r;α4)
(1− ρ− β1l − β2ηh,k − β3r;β4) (Vj , Aj)2,f (Vjl, Ajl)f+1,gl

(Wj , Gj)
,
1,e (Wjl, Gjl)e+1,hl

(1− σ − ρ− (α1 + β1) l

− (α2 + β2)m− (α3 + β3) r)); (α4 + β4)

 .

□

Theorem 2.3.∫ ∞

0

∫ ∞

0

ϕ(u+ v)(u)σ−1(v)ρ−1Eψ,γ
v,ω

[
κ1(u)

α1(v)β1
]
I
m′

i,n
′
i

p′i,q
′
i,r

′

[
κ2(u)

α2(v)β2
]
SMN

[
κ3(u)

α3(v)β3
]

×(Γ) Ie,fgl,hl,s

[
κ4(u)

α4(v)β4
]
dudv

=

[N/M ]∑
r=0

m′∑
h=1

∞∑
l,k=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!
ζN,r (κ1)

l
(κ2)

ηh,k (κ3)
r

×
∫ ∞

0

ϕ(z)zσ+ρ+(α1+β1)l+(α2+β2)ηh,k+(α3+β3)r−(α4+β4)ξ−1dξ

× (Γ)Ie,f+2
gl+2,hl+1,s

 κ4Z
(α4+β4)

(V1, A1, x) , (1− σ − α1l − α2ηh,k − α3r;α4)
(1− ρ− β1l − β2ηh,k − β3r;β4) (aj , Aj)2,f (Vjl, Ajl)f+1,gl

(Wj , Gj)1,e , (Wjl, Gjl)e+1,hl
(1− σ − ρ− (α1 + β1) l

− (α2 + β2)m− (α3 + β3) r)); (α4 + β4)

 .

where all the parameters are real/complex numbers satisfying the convergence conditions.
Provided that:

Re
(
σ + α1l + α2ηh,k + α3r + α4

Wj

Gj

)
> 0;Re

(
σ + α1l + α2ηh,k + α3r + α4

(
aj−1
Aj

))
< 0.

Re
(
ρ+ β1l + β2ηh,k + β3r + β4

Wj

Gj

)
> 0;Re

(
ρ+ β1l + β2ηh,k + β3r + β4

(
aj−1
Aj

))
< 0.

|argk4| < 1
2Tπ, T > 0, where j = 1, 2, . . . , e; (ρ, σ, α1, β1, α2, β2, α3, β3, α4, β4) > 0.

Proof. We have

EΨ,γ
v,ω

[
κ1(u)

α1(v)β1
]
I
m′

i,n
′
i

p′i,q
′
i,r

′

[
κ2(u)

α2(v)β2
]
SMN

[
κ3(u)

α3(v)β3
]
(Γ)Ie,fgl,hl,s

[
κ4(u)

α4(v)β4
]

=
∞∑
l=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

{
κ1(u)

α1(v)β1
}l m′∑
h=1

∞∑
k=0

(−1)kϕ′ (ηh,k)

βhk!

{
κ2(u)

α2(v)β2
}(ηh,k)

×
[N/M ]∑
r=0

(−N)Mr

r!
ζN,r

{
κ3(u)

α3(v)β3
}r × 1

2πi

∫
Ω

K(ξ, x)
{
κ4(u)

α4(v)β4
}−ξ

dξ.

(2.3)

Multiplying both sides of Eq. (2.3) by ϕ(u + v)(u)σ−1(v)ρ−1 and integrating w.r.t. u and v over the interval [0,
∞], we obtain the required integral representation. Since the involved series are uniformly convergent under the given
conditions, the order of integration and summation may be interchanged. We obtain

=

∫ ∞

0

∫ ∞

0

ϕ(u+ v)(u)σ−1(v)ρ−1EΨ,γ
v,ω

[
κ1(u)

α1(v)β1
]
I
m′

′,n
′
i

p′i,q
′
i,r

′

[
κ2(u)

α2(v)β2
]
SMN

[
κ3(u)

α3(v)β3
]

× (Γ)Ie,fgl,hl,s

[
κ4(u)

α4(v)β4
]
dudv
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=

∫ ∞

0

∫ ∞

0

ϕ(u+ v)(u)σ−1(v)ρ−1
∞∑
l=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

{
κ1(u)

α1(v)β1
}l

×
m′∑
h=1

∞∑
k=0

(−1)kϕ′ (ηh,k)

βhk!

{
κ2(u)

α2(v)β2
}ηh,k

[N/M ]∑
r=0

(−N)Mr

r!
ζN,r

{
κ3(u)

α3(v)β3
}r

× 1

2πi

∫
Ω

K(ξ, x)
{
κ4(u)

α4(v)β4
}−ξ

dξdudv

=

[N/M ]∑
r=0

m′∑
h=1

∞∑
l,k=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!
ζN,r (κ1)

l
(κ2)

ηh,k (κ3)
r

× 1

2πi

∫ +i∞

−i∞
K(ξ, x) (κ4)

−ξ
dξ

×
[∫ 1

0

∫ 1

0

ϕ(u+ v)(u)σ+α1l+α2ηh,k+α3r−α4ξ−1(v)ρ+β1l+β2ηh,k+β3r+β4ξ−1dudv

]

=

[N/M ]∑
r=0

m′∑
h=1

∞∑
l,k=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!
ζN,r (κ1)

l
(κ2)

ηh,k (κ3)
r

×
∫ ∞

0

ϕ(z)zσ+ρ+(α1+β1)l+(α2+β2)ηh,k+(α3+β3)r−(α4+β4)ξ−1dξ

× (Γ)Ie,f+2
gl+2,hl+1,s

 k4Z
(α4+β4)

(V1, A1, x) , (1− σ − α1l − α2ηh,k − α3r;α4)
(1− ρ− β1l − β2ηh,k − β3r;β4) (Vj , Aj)2,f (Vjl, Ajl)f+1,gl

(Wj , Gj)
,
1,e (Wjl, Gjl)e+1,hl

(1− σ − ρ− (α1 + β1) l

− (α2 + β2)m− (α3 + β3) r) ; (α4 + β4)

 .

□

Theorem 2.4.∫ ∞

0

∫ ∞

0

ϕ(u+ v)(u)σ−1(v)ρ−1Eψ,γ
v,ω

[
κ1(u)

α1(v)β1
]
I
m′

i,n
′
i

p′i,q
′
i,r

′

[
κ2(u)

α2(v)β2
]
SMN

[
κ3(u)

α3(v)β3
]

×(γ) Ie,fgl,hl,r

[
κ4(u)

α4(v)β4
]
dudv

=

[N/M ]∑
r=0

m′∑
h=1

∞∑
l,k=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!
ζN,r (κ1)

l
(κ2)

ηh,k (κ3)
r

×
∫ ∞

0

ϕ(z)zσ+ρ+(α1+β1)l+(α2+β2)ηh,k+(α3+β3)r−(α4+β4)ξ−1dξ

(γ)Ie,f+2
gl+2,hl+1,s

 κ4Z
(α4+β4)

(V1, A1, x) , (1− σ − α1l − α2ηh,k − α3r;α4)
(1− ρ− β1l − β2ηh,k − β3r;β4) (aj , Aj)2,f (Vjl, Ajl)f+1,gl

(Wj , Gj)1,e , (Wjl, Gjl)e+1,hl
(1− σ − ρ− (α1 + β1) l

− (α2 + β2)m− (α3 + β3) r) (α4 + β4)

 .

where all the parameters are real/complex numbers satisfying the convergence conditions.
Provided that:
Re

(
σ + α1l + α2ηh,k + α3r + α4

Wj

Gj

)
> 0;Re

(
σ + α1l + α2ηh,k + α3r + α4

(
aj−1
Aj

))
< 0.

Re
(
ρ+ β1l + β2ηh,k + β3r + β4

Wj

Gj

)
> 0;Re

(
ρ+ β1l + β2ηh,k + β3r + β4

(
aj−1
Aj

))
< 0.

|argk4| < 1
2Tπ, T > 0, where j = 1, 2, . . . , e; (ρ, σ, α1, β1, α2, β2, α3, β3, α4, β4) > 0.



Unco
rre

cte
d Pro

of

8 JAGDEV SINGH AND ARUN SAHU

Proof. We have

EΨ,γ
v,ω

[
κ1(u)

α1(v)β1
]
I
m′

i,n
′
i

p′i,q
′
i,r

′

[
κ2(u)

α2(v)β2
]
SMN

[
κ3(u)

α3(v)β3
]
(γ)Ie,fgl,hl,s

[
κ4(u)

α4(v)β4
]

=
∞∑
l=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

{
κ1(u)

α1(v)β1
}l m′∑
h=1

∞∑
k=0

(−1)kϕ′ (ηh,k)

βhk!

{
κ2(u)

α2(v)β2
}ηh,k

×
[N/M ]∑
r=0

(−N)Mr

r!
ζN,r

{
κ3(u)

α3(v)β3
}r × 1

2πi

∫
Ω

L(ξ, x)
{
κ4(u)

α4(v)β4
}−ξ

dξ.

(2.4)

Multiplying both sides of Eq. (2.4) by ϕ(u + v)(u)σ−1(v)ρ−1, integrating w.r.t. u and v Over the interval [0,∞],
we obtain the required integral representaion. Since the involved series are uniformly convergent under the given
conditions, the order of summation and integration may be interchanged. We obtain

=

∫ ∞

0

∫ ∞

0

ϕ(u+ v)(u)σ−1(v)ρ−1EΨ,γ
v,ω

[
κ1(u)

α1(v)β1

]
I
m′

′,n
′
i

p′i,q
′
i,r

′

[
κ2(u)

α2(v)β2

]
SM
N

[
κ3(u)

α3(v)β3

]
×(γ) Ie,fgl,hl,s

[
κ4(u)

α4(v)β4

]
dudv

=

∫ ∞

0

∫ ∞

0

ϕ(u+ v)(u)σ−1(v)ρ−1
∞∑
l=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

{
κ1(u)

α1(v)β1

}l

×
m′∑
h=1

∞∑
k=0

(−1)kϕ′ (ηh,k)

βhk!

{
κ2(u)

α2(v)β2

}ηh,e
[N/M ]∑
r=0

(−N)Mr

r!
ζN,r

{
κ3(u)

α3(v)β3

}r

× 1

2πi

∫
Ω

L(ξ, x)
{
κ4(u)

α4(v)β4

}−ξ

dξdudv

=

[N/M ]∑
r=0

m′∑
h=1

∞∑
l,k=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!
ζN,r (κ1)

l (κ2)
ηh,k (κ3)

r 1

2πi

∫ +i∞

−i∞
L(ξ, x) (κ4)

−ξ dξ

×
[∫ ∞

0

∫ ∞

0

ϕ(u+ v)(u)σ+α1l+α2ηh,k+α3r−α4ξ−1(v)ρ+β1l+β2ηh,k+β3r+β4ξ−1dudv

]

=

[N/M ]∑
r=0

m′∑
h=1

∞∑
l,k=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!
ζN,r (κ1)

l (κ2)
ηh,k (κ3)

r

×
∫ ∞

0

ϕ(z)zσ+ρ+(α1+β1)l+(α2+β2)ηh,k+(α3+β3)r−(α4+β4)ξ−1dξ

×(γ) Ie,f+2
gl+2,hl+1,s

 k4Z
(α4+β4)

(V1, A1, x) , (1− σ − α1l − α2ηh,k − α3r;α4)
(1− ρ− β1l − β2ηh,k − β3r;β4) (Vj , Aj)2,f (Vjl, Ajl)f+1,gl

(Wj , Gj)
,
1,e (Wjl, Gjl)e+1,hl

(1− σ − ρ− (α1 + β1) l

− (α2 + β2)m− (α3 + β3) r) ; (α4 + β4)

 .

□

Theorem 2.5.∫ 1

0

∫ 1

0

f(uv)(1− u)σ−1(1− v)ρ−1vσEΨ,γ
v,ω

[
κ1(1− u)α1(1− v)β1vα1

]
I
m′

′,n
′
i

p′i,q
′
i,r

′

[
κ2(1− u)α2(1− v)β2vα2

]
× SMN

[
κ3(1− u)α3(1− v)β3vα3

](Γ)
Ie,fgl,hl,s

[
κ4(1− u)α4(1− v)β4vα4

]
dudv

=

[N/M ]∑
r=0

m′∑
h=1

∞∑
l,k=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!
ζN,r (κ1)

l
(κ2)

ηh,k (κ3)
r

×
∫ 1

0

f(ξ)(1− ξ)σ+ρ+(α1+β1)l+(α2+β2)ηh,k+(α3+β3)r−(α4+β4)ξ−1dξ
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(Γ)Ie,f+2
gl+2,hl+1,s

 κ4Z
(α4+β4)

(V1, A1, x) , (1− σ − α1l − α2ηh,k − α3r;α4; 1)
(1− ρ− β1l − β2ηh,k − β3r;β4) (Vj , Aj)2,f (Vjl, Ajl)f+1,gl

(Wj , Gj)1,e , (Wjl, Gjl)e+1,hl
(1− σ − ρ− (α1 + β1) l

− (α2 + β2)m− (α3 + β3) r) ; (α4 + β4)

 ,

where all the parameters are real/complex numbers satisfying the convergence conditions.
Provided that:
Re

(
σ + 1 + α1l + α2ηh,k + α3r + α4

Wj

Gj

)
> 0,Re

(
α+ 1 + α1l + α2ηh,k + α3r + α4

Wj

Gj

)
> 0.

Re
(
ρ+ β1l + β2ηh,k + β3r + β4

Wj

Gj

)
> 0.

|argk2| ≤ 1
2Tπ, T > 0, where j = 1, 2, . . . , e; (ρ, σ, α1, β1, α2, β2, α3, β3, α4, β4) > 0.

Proof. We have

EΨ,γ
v,ω

[
κ1(1− u)α1(1− v)β1(v)α1

]
I
m′

i,n
′
i

p′i,q
′
i,r

′

[
κ2(1− u)α2(1− v)β2(v)α2

]
× SMN

[
κ3(1− u)α3(1− v)β3(v)α3

]
(Γ)Im,npl,ql,s

[
κ4(1− u)α4(1− v)β4(v)α4

]
=

∞∑
l=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

{
κ1(1− u)α1(1− v)β1(v)α1

}l
×

m′∑
h=1

∞∑
k=0

(−1)kϕ′ (ηh,k)

βhk!

{
κ2(1− u)α2(1− v)β2(v)α2

}ηh,k

×
[N/M ]∑
r=0

(−N)Mr

r!
ζN,r

{
κ3(1− u)α3(1− v)β3(v)α3

}r
× 1

2πi

∫
Ω

K(ξ, x)
{
κ4(1− u)α4(1− v)β4(v)α4

}−ξ
dξ. (2.5)

Multiplying both sides of Eq. (2.5) by f(uv)(1− u)σ−1(1− v)ρ−1(v)σ and integrating w.r.t. u and v over the interval
[0,1], we obtain the required integral representation. Since the involved series are uniformly convergent under the
given conditions, the order of summation and integration may be interchanged. We obtain∫ 1

0

∫ 1

0

f(uv)(1− u)σ−1(1− v)ρ−1(v)σEΨ,γ
v,ω

[
κ1(1− u)α1(1− v)β1vα1

]
I
m′

′,n
′
i

p′i,q
′
i,r

′

[
κ2(1− u)α2(1− v)β2vα2

]
× SMN

[
κ3(1− u)α3(1− v)β3vα3

]
(Γ)Ie,fgl,hl,s

[
κ4(1− u)α4(1− v)β4vα4

]
dudv

=

∫ 1

0

∫ 1

0

f(uv)(1− u)σ−1(1− v)ρ−1(v)σ
∞∑
l=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

{
κ1(1− u)α1(1− v)β1(v)α1

}l
×

m′∑
h=1

∞∑
k=0

(−1)kϕ′ (ηh,k)

βhk!

{
κ2(1− u)α2(1− v)β2(v)α2

}ηh,k

[N/M ]∑
r=0

(−N)Mr

r!
ζN,r

{
κ3(1− u)α3(1− v)β3(v)α3

}r 1

2πi

∫
Ω

K(ξ, x)
{
κ4(1− u)α4(1− v)β4(v)α4

}−ξ
dξdudv

=

[N/M ]∑
r=0

m′∑
h=1

∞∑
l,k=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!
ζN,r(κ)

l (κ2)
ηh,k (κ3)

r

× 1

2πi

∫ +i∞

−i∞
K(ξ, x) (κ4)

−ξ
dξ
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[∫ 1

0

∫ 1

0

f(uv)(1− u)σ+α1l+α2ηh,k+α3r−α4ξ−1(1− v)ρ+β1l+β2ηh,k+β3r+β4ξ−1vσ+α1l+α2ηh,k+α3r−α4ξdudv

]

=

[N/M ]∑
r=0

m′∑
h=1

∞∑
l,k=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!
ζN,r(κ)

l (κ2)
ηh,k (κ3)

r

×
∫ 1

0

f(ξ)(1− ξ)σ+ρ+(α1+β1)l+(α2+β2)ηh,k+(α3+β3)r−(α4+β4)ξ−1dξ

(Γ)Ie,f+2
gl+2,hl+1,s


κ4Z

(α4+β4)

(V1, A1, x) , (1− σ − α1l − α2ηh,k − α3r;α4)

(1− ρ− β1l − β2ηh,k − β3r;β4) (Vj , Aj)2,f (Vjl, Ajl)f+1,gl

(Wj , Gj)1,e , (Wjl, Gjl)e+1,hl
(1− σ − ρ− (α1 + β1) l

− (α2 + β2)m− (α3 + β3) r) ; (α4 + β4)


.

□

Theorem 2.6.∫ 1

0

∫ 1

0

f(uv)(1− u)σ−1(1− v)ρ−1vσEΨ,γ
v,ω

[
κ1(1− u)α1(1− v)β1vα1

]
I
m′

′,n
′
i

p′i,q
′
i,r

′

[
κ2(1− u)α2(1− v)β2vα2

]
× SMN

[
κ3(1− u)α3(1− v)β3vα3

]
(γ)Ie,fgl,hl,s

[
κ4(1− u)α4(1− v)β4vα4

]
dudv

=

[N/M ]∑
r=0

m′∑
h=1

∞∑
l,k=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!
ζN,r(κ)

l (κ2)
ηh,k (κ3)

r

×
∫ 1

0

f(ξ)(1− ξ)σ+ρ+(α1+β1)l+(α2+β2)ηh,k+(α3+β3)r−(α4+β4)ξ−1dξ

(γ)Ie,f+2
gl+2,hl+1,s

 κ4Z
(α4+β4)

(V1, A1, x) , (1− σ − α1l − α2ηh,k − α3r;α4)
(1− ρ− β1l − β2ηh,k − β3r;β4) (Vj , Aj)2,f (Vjl, Ajl)f+1,gl

(Wj , Gj)1,e , (Wjl, Gjl)e+1,hl
(1− σ − ρ− (α1 + β1) l

− (α2 + β2)m− (α3 + β3) r) ; (α4 + β4)

 .

where all the parameters are real/complex numbers satisfying the convergence conditions.
Provided that:

Re
(
σ + 1 + α1l + α2ηh,k + α3r + α4

Wj

Gj

)
> 0,Re

(
α+ 1 + α1l + α2ηh,k + α3r + α4

Wj

Gj

)
> 0.

Re
(
ρ+ β1l + β2ηh,k + β3r + β4

Wj

Gj

)
> 0.

|argk2| ≤ 1
2Tπ, T > 0, where j = 1, 2, . . . , e; (ρ, σ, α1, β1, α2, β2, α3, β3, α4, β4) > 0.

Proof. We have

EΨ,γ
v,ω

[
κ1(1− u)α1(1− v)β1(v)α1

]
I
m′

i,n
′
i

p′i,q
′
i,r

′

[
κ2(1− u)α2(1− v)β2(v)α2

]
× SMN

[
κ3(1− u)α3(1− v)β3(v)α3

]
(γ)Im,npl,ql,s

[
κ4(1− u)α4(1− v)β4(v)α4

]
=

∞∑
l=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

{
κ1(1− u)α1(1− v)β1(v)α1

}l
×

m′∑
h=1

∞∑
k=0

(−1)kϕ′ (ηh,k)

βhk!

{
κ2(1− u)α2(1− v)β2(v)α2

}ηh,k
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[N/M ]∑
r=0

(−N)Mr

r!
ζN,r

{
κ3(1− u)α3(1− v)β3(v)α3

}r 1

2πi

∫
Ω

L(ξ, x)
{
κ4(1− u)α4(1− v)β4(v)α4

}−ξ
dξ. (2.6)

Eq. (2.6) Multiplying by f(uv)(1−u)σ−1(1−v)ρ−1(v)σ and integrated w.r.t. u and v over the interval [0,1], we obtain
the required integral representation. Since the involved series are uniformly convergent under the given conditions,
the order of summation and integration can be interchanged. We obtain∫ 1

0

∫ 1

0

f(uv)(1− u)σ−1(1− v)ρ−1(v)σEΨ,γ
v,ω

[
κ1(1− u)α1(1− v)β1vα1

]
I
m′

′,n
′
i

p′i,q
′
i,r

′

[
κ2(1− u)α2(1− v)β2vα2

]
× SMN

[
κ3(1− u)α3(1− v)β3vα3

]
(γ)Ie,fgl,hl,s

[
κ4(1− u)α4(1− v)β4vα4

]
dudv

=

∫ 1

0

∫ 1

0

f(uv)(1− u)σ−1(1− v)ρ−1vσ
∞∑
l=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

{
κ1(1− u)α1(1− v)β1vα1

}l
×

m′∑
h=1

∞∑
k=0

(−1)kϕ′ (ηh,k)

βhk!

{
κ2(1− u)α2(1− v)β2vα2

}ηh,k

[N/M ]∑
r=0

(−N)Mr

r!
ζN,r

{
κ3(1− u)α3(1− v)β3vα3

}r
× 1

2πi

∫
Ω

L(ξ, x)
{
κ4(1− u)α4(1− v)β4vα4

}−ξ
dξdudv

=

[N/M ]∑
r=0

m′∑
h=1

∞∑
l,k=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!
ζN,r(κ)

l (κ2)
ηh,k (κ3)

r

× 1

2πi

∫ +i∞

−i∞
L(ξ, x) (κ4)

−ξ
dξ

×
[∫ 1

0

∫ 1

0

f(uv)(1− u)σ+α1l+α2ηh,k+α3r−α4ξ−1(1− v)ρ+β1l+β2ηh,k+β3r+β4ξ−1vσ+α1l+α2ηh,k+α3r−α4ξdudv

]

=

[N/M ]∑
r=0

m′∑
h=1

∞∑
l,k=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!
ζN,r(κ)

l (κ2)
ηh,k (κ3)

r

×
∫ 1

0

f(ξ)(1− ξ)σ+ρ+(α1+β1)l+(α2+β2)ηh,k+(α3+β3)r−(α4+β4)ξ−1dξ

(γ)Ie,f+2
gl+2,hl+1,s

 κ4Z
(α4+β4)

(V1, A1, x) , (1− σ − α1l − α2ηh,k − α3r;α4)
(1− ρ− β1l − β2ηh,k − β3r;β4) (Vj , Aj)2,f (Vjl, Ajl)f+1,gl

(Wj , Gj)1,e , (Wjl, Gjl)e+1,hl
(1− σ − ρ− (α1 + β1) l

− (α2 + β2)m− (α3 + β3) r) ; (α4 + β4)

 .

□

Theorem 2.7.∫ 1

0

∫ 1

0

(
1− x

1− xy
y

)α+σ (
1− y

1− xy

)β (
1

(1− x)

)
p(α,β)n

[
1− 2κ1

(
1− x

1− xy
y

)α1
(

1− y

1− xy

)β1
]

× EΨ,γ
v,ω

[
κ2

(
1− x

1− xy
y

)α2
(

1− y

1− xy

)β2
]
I
m′

i,n
′
i

p′i,q
′
i,r

′

[
κ3

(
1− x

1− xy
y

)α3
(

1− y

1− xy

)β3
]

SMN

[
κ4

(
1− x

1− xy
y

)α4
(

1− y

1− xy

)β4
]

(Γ)Ie,fgl,hl,s

[
κ5

(
1− x

1− xy
y

)α5
(

1− x

1− xy
y

)β5
]
dxdy



Unco
rre

cte
d Pro

of

12 JAGDEV SINGH AND ARUN SAHU

=

[N/M ]∑
r=0

m′∑
h=1

∞∑
l,k=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)
ζN,r

(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!

(−η)k′(α+ β + n+ 1)(1 + α)n
n!(1 + α)k′k′!

× 2F1 [−n, α+ β + n+ 1; 1 + α;κ1]

(Γ)Ie,f+2
gl+2,hl+1,s

 κ5Z
(α5+β5)

(V1, A1, x) , (1− α− σ − α1k
′ − α2l − α3ηh,k − α4r;α5)

(−β − β1k
′ − β2l − β3,h,k − β4r;β5) (Vj , Aj)1,f (Vjl, Ajl)f+1,gl

(Wj , Gj)1,e , (Wjl, Gjl)e+1,hl
(−α− σ − ρ− (α1 + β1) k

′

− (α2 + β2) l − (α3 + β3)m)− (α4 + β4)r) ; (α5 + β5)

 .

where all the parameters are real/complex numbers satisfying the convergence conditions.
Provided that:
Re

(
α+ σ + α1k

′ + α2l + α3ηh,k + α4r + α5
Wj

Gj

)
> 0,

Re
(
β + β1k

′ + β2l + β3ηh,k + β4r + β5
Wj

Gj

)
> 0,

|argk5| < 1
2Tπ, T > 0, where j = 1, 2, . . . , e; (ρ, σ, α1, β1, α2, β2, α3, β3, α4, β4) > 0.

Proof. We have

p(α,β)n

[
1− 2κ1

(
1− x

1− xy
y

)α1
(

1− y

1− xy

)β1
]
EΨ,γ
v,ω

[
κ2

(
1− x

1− xy
y

)α2
(

1− y

1− xy

)β2
]

I
m′

′,n
′
i

p′i,q
′
i,r

′

[
κ3

(
1− x

1− xy
y

)α3
(

1− y

1− xy

)β3
]

SMN

[
κ4

(
1− x

1− xy
y

)α4
(

1− y

1− xy

)β4
]

× (Γ)Ie,fgl,hl,s

[
κ5

(
1− x

1− xy
y

)α5
(

1− y

1− xy

)β5
]

=
∞∑
k′=0

(−η)k′(α+ β + n+ 1)k′(1 + α)n
n!(1 + α)k′k′!

(κ1)
k′
(

1− x

1− xy
y

)α1k
′ (

1− y

1− xy

)β1k
′

×
∞∑
l=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

{
κ2

(
1− x

1− xy
y

)α2
(

1− y

1− xy

)β2
}l

×
m′∑
h=1

∞∑
k=0

(−1)kϕ′ (ηh,k)

βhk!

{
κ3

(
1− x

1− xy
y

)α3
(

1− y

1− xy

)β3
}ηh,k

[N/M ]∑
r=0

(−N)Mr

r!
ζN,r

{
κ4

(
1− x

1− xy
y

)α4
(

1− y

1− xy

)β4
}r

× 1

2πi

∫
Ω

K(ξ, x)

{
κ5

(
1− x

1− xy
y

)α5
(

1− y

1− xy

)β5
}−ξ

dξ. (2.7)

Eq. (2.7) is multiplied by
(

1−x
1−xyy

)α+σ (
1−y
1−xy

)β (
1

(1−x)

)
and integrating w.r.t. x and y over the interval[0,1],we

otained required integral representaion. Since the involved series are uniformly convergent under the given condi-
tions,interchanging the order of integration and summation. We get∫ 1

0

∫ 1

0

(
1− x

1− xy
y

)α+σ (
1− y

1− xy

)β (
1

(1− x)

)
p(α,β)n

[
1− 2κ1

(
1− x

1− xy
y

)α1
(

1− y

1− xy

)β1
]

×EΨ,γ
v,ω

[
κ2

(
1− x

1− xy
y

)α2
(

1− y

1− xy

)β2
]
I
m′

i,n
′
i

p′i,q
′
i,r

′

[
κ3

(
1− x

1− xy
y

)α3
(

1− y

1− xy

)β3
]



Unco
rre

cte
d Pro

of

CMDE Vol. *, No. *, *, pp. 1-15 13

SMN

[
κ4

(
1− x

1− xy
y

)α4
(

1− y

1− xy

)β4
]

(Γ)Ie,fgl,hl,s

[
κ5

(
1− x

1− xy
y

)α5
(

1− x

1− xy
y

)β5
]
dxdy

=

[N/M ]∑
r=0

m′∑
h=1

∞∑
l,k=0

ζN,r
(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

(−η)k′(α+ β + n+ 1)(1 + α)n
n!(1 + α)k′k′!

× (κ1)
k′
(κ2)

l
(κ3)

ηh,k (κ4)
r 1

2πi

∫ +i∞

−i∞
K(ξ, x) (a5)

−ξ
dξ

×

[∫ 1

0

∫ 1

0

(
1− x

1− xy
y

)α+σ+α1k
′+α2l+α3ηh,k+α4r−α5ξ ( 1− y

1− xy

)β+β1k
′+β2l+β3ηh,k+β4r−β5ξ ( 1

(1− x)

)
dxdy

]
.

=

[N/M ]]∑
r=0

m′∑
h=1

∞∑
l,k=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)
ζN,r

(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!

(−η)k′(α+ β + n+ 1)(1 + α)n
n!(1 + α)k′k′!

× 2F1 [−n, α+ β + n+ 1; 1 + α;κ1]

(Γ)Ie,f+2
gl+2,hl+1,s

 κ5Z
(α5+β5)

(V1, A1, x) , (1− α− σ − α1k
′ − α2l − α3ηh,k − α4r;α5)

(−β − β1k
′ − β2l − β3,h,k − β4r;β5) (Vj , Aj)1,f (Vjl, Ajl)f+1,gl

(Wj , Gj)1,e , (Wjl, Gjl)e+1,hl
(−α− σ − ρ− (α1 + β1) k

′ − (α2 + β2) l

− (α3 + β3)m)− (α4 + β4)r) ; (α5 + β5)

 .

□

Theorem 2.8.∫ 1

0

∫ 1

0

(
1− x

1− xy
y

)α+σ (
1− y

1− xy

)β (
1

(1− x)

)
p(α,β)n

[
1− 2κ1

(
1− x

1− xy
y

)α1
(

1− y

1− xy

)β1
]

×EΨ,γ
v,ω

[
κ2

(
1− x

1− xy
y

)α2
(

1− y

1− xy

)β2
]
I
m′

i,n
′
i

p′i,q
′
i,r

′

[
κ3

(
1− x

1− xy
y

)α3
(

1− y

1− xy

)β3
]

SMN

[
κ4

(
1− x

1− xy
y

)α4
(

1− y

1− xy

)β4
]

(γ)Ie,fgl,hl,s

[
κ5

(
1− x

1− xy
y

)α5
(

1− x

1− xy
y

)β5
]
dxdy

=

[N/M ]∑
r=0

m′∑
h=1

∞∑
l,k=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)
ζN,r

(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!

(−η)k′(α+ β + n+ 1)(1 + α)n
n!(1 + α)k′k′!

×2F1 [−n, α+ β + n+ 1; 1 + α;κ1]

(γ)Ie,f+2
gl+2,hl+1,s

 κ5Z
(α5+β5)

(V1, A1, x) , (1− α− σ − α1k
′ − α2l − α3ηh,k − α4r;α5)

(−β − β1k
′ − β2l − β3,h,k − β4r;β5) (Vj , Aj)1,f (Vjl, Ajl)f+1,gl

(Wj , Gj)1,e , (Wjl, Gjl)e+1,hl
(−α− σ − ρ− (α1 + β1) k

′ − (α2 + β2) l

− (α3 + β3)m−) (α4 + β4)r) ; (α5 + β5)

 .

where all the parameters are real/complex numbers satisfying the convergence conditions.
Provided that:

Re
(
α+ σ + α1k

′ + α2l + α3ηh,k + α4r + α5
Wj

Gj

)
> 0,

Re
(
β + β1k

′ + β2l + β3ηh,k + β4r + β5
Wj

Gj

)
> 0,

|argk5| < 1
2Tπ, T > 0, where j = 1, 2, . . . , e; (ρ, σ, α1, β1, α2, β2, α3, β3, α4, β4) > 0.
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Proof.

p(α,β)n

[
1− 2κ1

(
1− x

1− xy
y

)α1
(

1− y

1− xy

)β1
]
EΨ,γ
v,ω

[
κ2

(
1− x

1− xy
y

)α2
(

1− y

1− xy

)β2
]

I
m′

′,n
′
i

p′i,q
′
i,r

′

[
κ3

(
1− x

1− xy
y

)α3
(

1− y

1− xy

)β3
]
SMN

[
κ4

(
1− x

1− xy
y

)α4
(

1− y

1− xy

)β4
]

× (γ)Ie,fgl,hl,s

[
κ5

(
1− x

1− xy
y

)α5
(

1− y

1− xy

)β5
]

=
∞∑
k′=0

(−η)k′(α+ β + n+ 1)k′(1 + α)n
n!(1 + α)k′k′!

(κ1)
k′
(

1− x

1− xy
y

)α1k
′ (

1− y

1− xy

)β1k
′

×
∞∑
l=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

{
κ2

(
1− x

1− xy
y

)α2
(

1− y

1− xy

)β2
}l

×
m′∑
h=1

∞∑
k=0

(−1)kϕ′ (ηh,k)

βhk!

{
κ3

(
1− x

1− xy
y

)α3
(

1− y

1− xy

)β3
}ηh,k

×
[N/M ]∑
r=0

(−N)Mr

r!
ζN,r

{
κ4

(
1− x

1− xy
y

)α4
(

1− y

1− xy

)β4
}r

× 1

2πi

∫
Ω

L(ξ, x)

{
κ5

(
1− x

1− xy
y

)α5
(

1− y

1− xy

)β5
}−ξ

dξ. (2.8)

Eq. (2.7) is multiplied by
(

1−x
1−xyy

)α+σ (
1−y
1−xy

)β (
1

(1−x)

)
and integrating w.r.t. x and y over the interval [0,1], we

otained required integral representaion. Since the involved series are uniformly convergent under the given conditions,
interchanging the order of integration and summation. We get∫ 1

0

∫ 1

0

(
1− x

1− xy
y

)α+σ (
1− y

1− xy

)β (
1

(1− x)

)
p(α,β)n

[
1− 2κ1

(
1− x

1− xy
y

)α1
(

1− y

1− xy

)β1
]

×EΨ,γ
v,ω

[
κ2

(
1− x

1− xy
y

)α2
(

1− y

1− xy

)β2
]
I
m′

i,n
′
i

p′i,q
′
i,r

′

[
κ3

(
1− x

1− xy
y

)α3
(

1− y

1− xy

)β3
]

SMN

[
κ4

(
1− x

1− xy
y

)α4
(

1− y

1− xy

)β4
]

(γ)Ie,fgl,hl,s

[
κ5

(
1− x

1− xy
y

)α5
(

1− x

1− xy
y

)β5
]
dxdy

=

[N/M ]∑
r=0

m′∑
h=1

∞∑
l,k=0

ζN,r
(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)

(−η)k′(α+ β + n+ 1)(1 + α)n
n!(1 + α)k′k′!

× (κ1)
k′
(κ2)

l
(κ3)

ηh,k (κ4)
r 1

2πi

∫ +i∞

−i∞
L(ξ, x) (a5)

−ξ
dξ

×

[∫ 1

0

∫ 1

0

(
1− x

1− xy
y

)α+σ+α1k
′+α2l+α3ηh,k+α4r−α5ξ ( 1− y

1− xy

)β+β1k
′+β2l+β3ηh,k+β4r−β5ξ ( 1

(1− x)

)
dxdy

]

=

[N/M ]∑
r=0

m′∑
h=1

∞∑
l,k=0

Bβ,λ
α (Ψ + l, γ −Ψ)(γ)l

B(Ψ, γ −Ψ)Γ(vl + ω)
ζN,r

(−1)kϕ′ (ηh,k)

βhk!

(−N)Mr

r!

(−η)k′(α+ β + n+ 1)(1 + α)n
n!(1 + α)k′k′!

× 2F1 [−n, α+ β + n+ 1; 1 + α;κ1]
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(γ)Ie,f+2
gl+2,hl+1,s

 κ5Z
(α5+β5)

(V1, A1, x) , (1− α− σ − α1k
′ − α2l − α3ηh,k − α4r;α5)

(−β − β1k
′ − β2l − β3,h,k − β4r;β5) (Vj , Aj)1,n (Vjl, Ajl)n+1,gl

(Wj , Gj)1,e , (Wjl, Gjl)e+1,hl
(−α− σ − ρ− (α1 + β1) k

′ − (α2 + β2) l

− (α3 + β3)m)− (α4 + β4)r) ; (α5 + β5)

 .

□

3. Special Case

1. On specializing the values of various parameters involved in Theorems 2.1 to 2.8, then similar results can be
obtained by Chaurasia and Shekhawat [5].

2. On giving some particular values of various parameters involved in Theorems 2.1 to 2.8, then similar results can
be computed by Chaurasia and Singh [6].

4. Conclusions

In this paper, advanced results in integral calculus were established by using combination of the GEMLF, incomplete
I-function, GCP, and I-function. At the end of our work, we emphasise that the results investigated can be utilised
to create a variety of beneficial properties and outcomes of the GEMLF, incomplete I-function, GCP, and I-function.
Furthermore, we may reach a number of intriguing and important conclusions by carefully selecting special values for
the individual specification in the generalised extended Mittag-Leffler function, incomplete I-function, general class of
polynomials, and I-function. Consequently, it is concluded that we reached in this work would immediately provide a
significant number of special function insights, including various results discovered in natural science.
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