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Drought is one of the most significant hydro-climatic hazards affecting water resources, agriculture, and
ecosystems worldwide. Traditionally, drought assessment has often been conducted using univariate
indices such as the Standardized Precipitation Index (SPI) for meteorological drought or the Standardized
Runoff Index (SRI) for hydrological drought. However, drought events are inherently complex phenomena
resulting from the interaction of multiple hydro-climatic variables. Therefore, multivariate approaches have
gained increasing attention in recent years. Copula functions provide a powerful statistical framework for
modeling the dependence structure between variables such as precipitation and runoff. Moreover, many
traditional drought analyses assume stationarity in hydrological time series, while growing evidence
suggests that climate change and anthropogenic influences have introduced non-stationary behavior in
hydrological processes. Ignoring non-stationarity may lead to biased estimation of drought characteristics
and associated risks. Accordingly, the main objective of this study is to evaluate and compare the
performance of stationary and non-stationary copula models in the analysis of compound meteorological—
hydrological drought in the Minab Dam watershed, located in Hormozgan Province, Iran.

Materials and Methods

Monthly precipitation data from 15 rain gauge stations and runoff data from the Bernetin hydrometric
station were used in this study. Meteorological and hydrological drought conditions were first quantified
using the SPI and SRI indices. To analyze the joint behavior of precipitation and runoff deficits, the Joint
Drought Index (JDI) was derived using copula functions. Several probability distributions including
Generalized Gamma, exGaussian, Generalized Inverse Gaussian, and Pearson Type VI were tested to model
the marginal distributions under both stationary and non-stationary frameworks. Parameter estimation was
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carried out using the maximum likelihood method, and model performance was evaluated using the Akaike
Information Criterion (AIC) and Bayesian Information Criterion (BIC).

To characterize the dependence structure between precipitation and runoff, five copula families—Gaussian,
Frank, Plackett, Gumbel, and Clayton—were examined in both stationary and time-varying
(non-stationary) forms. In the non-stationary framework, copula parameters were modeled as functions of
time. Subsequently, drought event characteristics such as duration, severity, magnitude, peak intensity, and
frequency were extracted using run theory. Transition probabilities between drought classes were also
investigated, and bivariate return periods of compound drought events were estimated under AND and OR
scenarios.

Results and Discussion

The results showed that for precipitation data, the Generalized Gamma distribution provided the best fit
under the stationary framework with an AIC value of approximately 3489, whereas for runoff data the
Generalized Inverse Gaussian (GIG) distribution under the non-stationary framework performed best with
an AIC of about 2289. Among the dependence models, the non-stationary Gaussian copula showed the best
overall performance with an AIC value of approximately —1336, indicating a better representation of the
evolving dependence structure between precipitation and runoff.

The analysis of drought index time series revealed that the non-stationary framework captured larger
variability and more pronounced extreme events compared with the stationary approach. In some drought
periods, the JDI values in the non-stationary model decreased to around —4.5, whereas the stationary model
estimated values close to —3. This suggests that the stationary assumption may underestimate the intensity
of severe drought events.

The analysis of drought characteristics further indicated that the number of drought events identified by the
JDI increased from 11 events in the stationary model to 16 events in the non-stationary model, while the
mean drought duration decreased from about 26 months to nearly 15 months. Similarly, the number of
hydrological drought events (SRI) increased from 10 to 13 in the non-stationary framework. In addition,
the maximum drought severity for SRI increased from 1.44 in the stationary model to 2.24 in the
non-stationary model. These findings demonstrate that the non-stationary approach can detect more
frequent but shorter drought events with stronger intensity.

Transition probability analysis between drought categories also showed a higher likelihood of transitions
toward more severe drought states under the non-stationary framework. Furthermore, the estimation of
bivariate return periods revealed that considering non-stationarity leads to shorter return periods for
compound drought events. For example, under a severe threshold level, the joint return period decreased
from approximately 50 years in the stationary model to about 32 years in the non-stationary model,
indicating a higher risk of extreme compound droughts than previously estimated.

Conclusion

Overall, the results highlight the importance of incorporating non-stationary copula models in multivariate
drought analysis. The non-stationary framework provides a more realistic representation of the evolving
dependence between precipitation and runoff and improves the identification of extreme compound drought
events. In contrast, stationary models may underestimate drought severity and associated risks. The findings
suggest that integrating multivariate drought indices such as JDI with non-stationary dependence models
can significantly enhance drought risk assessment and water resource management, particularly in regions
experiencing climate variability and change. Future research may extend this framework by incorporating
additional hydro-climatic variables and developing spatial-temporal copula models to provide a more
comprehensive understanding of compound drought dynamics.

Keywords: Compound Drought; Non-Stationary Copula; Joint Drought Index (JDI); SPI and SRI;
Rainfall-Runoff Dependence.
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Table 1. Descriptive statistics of precipitation and runoff data
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Distribution

Probability Distribution Function (PDF)

Parameter

Generalized Gamma
(GG)

f(x) =

v
SR (v

ex-Gaussian (exGAUS) f(x) = %exp ( o _ ﬂ) @ (

2v? \Y

Generalized Inverse f(x) = (u/c)”
Gaussian (GIG) 2K, (VIo)
Pearson Type VI (PE) f(x) =

oB(wv) \o.

H=lexp[—(x/0)"], x>0

-

xV"lexp [—%(px + O'/X)] , x>0

X—H
o

p—-1
(X)) @+ 5, x>0

w: location parameter; o: scale parameter; v: shape
parameter

p: mean of the normal component; o: standard
deviation of the normal component; v: exponential
parameter

w: scale parameters; v: shape parameter; K,: modified
Bessel function

p: shape parameters; o: scale parameter; B(-): beta
function
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Table 4. Introduction of the stationary copula functions used.

Copula Function Parameter
Gaussian C(ug,up) = @ (P71 (uy), P (up)) p: Correlation Coeficient
Plackett Cluy, uy) = 1+(8—1) (ug +uz)—/[1+(8—1) (us +u,)>—48(8—1)u,u, 6 > 0: Correlation Parametr

LE2) = 2(8-1)
Frank 1 (e™®u1-1)(e7Ou2-1) 0: Correlation Parametr
C(ul, llz) = — Eln [1+ T
Gumbel C(uy, up) = exp{—[(=Inuy)® + (=Inu,)®]1/® 8 = 1: admissible parameter range
Clayton Cluy,up) = (ur® +uz® —1)-1/8 6 > 0: lower-tail dependence
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Table 5. Fitting of marginal distributions with constant parameters to precipitation and runoff values

Parameters Criteria
Variables Models mu sigma nu AlIC BIC

GG 22.7 0.667 1.5489 3489.184 3501.485

Rainfall exGAUS 4.768 3.41 15.58 3523.574 3535.875

GIG 20.31 21.19 1.8789 3495.523 3507.824

PE 19.63 13.84 1.62 3610.813 3623.114

GG 5.58 1.06 0.97 2439.26 2451.56

exGAUS 0.27 1.15 4.57 247522 2491.62

Runoff
GIG 5.66 78.10 0.89 2439.34 2451.63
PE 3.21 6.17 0.76 274731 2759.60
Sllgy g ook polie p Ll glasdls slagajof (Ajln -7 Jgux
Table 6. Fitting of non-stationary marginal distributions to precipitation and runoff values
Parameters Criteria

Variables Model mu sigma nu AlIC BIC
GG exp(2.810 + 0.01457t — 8.552 X 1075t2 1.319 X 1077¢3) 0.49 3.57 344197 3491.66
_ exGAUS  10.48 — 0.1180¢ + 0.0005995¢2 — 8.844 x 1077¢3 1.81 16.07 3491.66 3516.26
anfal GIG exp(2.915 + 0.0044t — 3.68 x 10752 + 6.375 x 1078¢3) 13.76  1.94  3485.23 3501.83
PE 18.73 + 0.08872t — 6.779 X 10~ *t% + 1.196 X 1076¢3 13.56  1.83  3601.52 3621.52
GG exp(1.938 + 0.01435t — 1.145 x 107 %t2 1.872 x 1077¢3) 0.85 143  2290.12 2313.20
exGAUS  4.385 — 0.025¢ + 3.401 X 107°¢t2 — 3.204 x 10710¢3 0.30 4.6 2319.10 2343.70
Runolt GIG 5.467 — 0.03413¢ + 6.183 x 10752 — 2.568 x 1078¢3 0.66 4.47  2289.60 2311.25
PE 6.221 4 0.04633t — 4.403 x 10™*t2 4+ 7.759 x 1077¢3 5.27 0.71 257620 2588.90
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Fig. 2. Goodness —of-fit plots of stationary and non-stationary marginal distribution functions for precipitation data (left) and
runoff data (right).
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Fig. 3. Diagnostic plot of dependence symmetry in the stationary copula (right) and the non-stationary copula (left).
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Table7. Results of fitting stationary and non-stationary copula functions to the data.

Type Copula Family Parameter AIC BIC KS(g;;glue Cvl\Elszzl)alue
Gaussian p=0.7204 -325.08 -320.98 0.16 (0.86) 0.27 (0.087)
Plackett Symmetric o=10.23 -300.57 -296.47 0.00 (1.11) 0.04 (0.20)
Stationary Frank o=6.063 -307.78 -303.68 0.00(1.21) 0.01 (1.18)
Gumbel a=1.901 -287.5 -283.399 0.02 (1.16) 0.04 (0.20)
Asymmetric
Clayton o=2.268 -143.696  -139.596 0.00(1.66) 0.00 (0.62)
Gaussian logit(6)) = 1.077 — 0.0022 t ~1336.15 134436 021 (1.21) 0.30 (0.87)
Plackett Symmetric 0,=1+exp(2.17—0.00002 t) —337.72 —329.52 0.04 (1.41) 0.068 (0.25)
Non- Stationary Frank 0,=6.92—-0.002t —375.87 —367.67 0.00(2.3) 0.02 (2.19)
Gumbel 0= 1+log(1 +exp(0.0312-0.0021)) —17639  —168.19  0.03 (1.84) 0.06 (0.42)
Asymmetric
Clayton 0,=—1+exp(1.160—0.001 1) 27221 —264.08  0.00(2.53) 0.00 (0.97)
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Fig. 5. Comparison of JDI, SPI and SRI in the statinnary (a) and non-stationary (b) cases.
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Table 8. Trends of JDI, SPI and SRI in the time-invariant and time-varying cases

Index Model Z-Kendall Pettitt K Pettitt p-value Change Point Year Ch;ﬁiigqomt Trend
SPI 0.19 8803 0.01 1386 December No trend
SRI Stationary -0.63 10002 0.00 1387 January Decreasing
JDI -1.08 10346 0.00 1377 November Decreasing
SPI 0.01 12052 0.00 1378 January No trend
SRI  Non-Stationary -10.56 35002 0.00 1378 January Decreasing
JDI -5.56 24392 0.00 1378 January Decreasing

Significant at 99%
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Table 9. Descriptive statistics of drought characteristics

Non-Stationary-  Non-Stationary- Non-Stationary- Stationary- Stationary- Stationary- .
DI y SRI Ty SPI Y DI Y SRI Y SPI Y Characteristics stat
16.00 13.00 15.00 11.00 10.00 17.00 Number of droughts
2.11 2.24 1.78 1.97 1.44 1.76 Maximum Severity
74.00 25.00 74.00 108.00 85.00 50.00 Maximum Duration
72.04 29.11 60.96 96.48 65.74 54.35 Maximum Magnitude
-3.34 -3.18 -2.82 -3.35 -3.29 -3.03 Maximum Peak
0.88 0.69 0.78 0.85 0.56 0.74 Mean Severity
15.81 13.23 14.27 26.18 22.60 11.76 Mean Duration
15.72 9.18 12.07 25.88 17.24 10.59 Mean Magnitude
-1.46 -1.17 -1.31 -1.66 -1.19 -1.27 Mean Peak
0.04 0.11 0.32 0.15 0.01 0.09 Minimum Severity
2.00 2.00 2.00 2.00 2.00 2.00 Minimum Duration
0.21 0.58 0.64 0.46 0.02 0.18 Minimum Magnitude
-0.05 -0.29 -0.49 -0.26 -0.02 -0.13 Minimum Peak
400
350
300
)
E 250
§- 200
= 150
100
50
ED SD MD N MW SW EwW
= Non-Stationary SPI 5 15 51 334 30 6 5
Non-Stationary SRI 14 8 21 308 49 17 29
Non-Stationary JDI 14 13 47 329 30 11 2
Stationary SPI 7 16 52 340 18 11 2
= Stationary SRI 14 4 14 365 33 5 11
u Stationary JDI 15 12 43 346 14 7 9

MD . Jb 5 byl N clwgiio Jlo i MW cogocs Jlo 5 SW g jlows Jlo i EW) s o 3 JLasCis ilgl 3 -5 JSCi
(a0 jlons JUnSins ED g agois JUaSins SD (oMo JLasiss

Fig. 6. Frequency of drought in each categoty (EW:Extremly Wet, SW: Severely Wet, MW: Moderately Wet, N: Normal

conditions, MD:Mild Drought, SD: Severe Drought and ED: Extreme Drought )
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Table 10. Frequency and transition probability between successive drought classes for the SPI, SRI and JDI indices under
stationary and non-stationary conditions

Index N—MD (Number) N—MD (Prob %) MD—SD (Number) MD—SD (Prob %) (Sl\]?u;Eg) ?}]?r ;];F;}O))
Non-Stationary SPI 4 0.9 4 0.9 2 0.45
Non-Stationary SRI 3 0.67 1 0.22 3 0.67
Non-Stationary JDI 2 0.45 5 1.12 4 0.9

Stationary SPI 2 0.45 5 1.12 4 0.9
Stationary SRI 5 1.12 2 0.45 4 0.9
Stationary JDI 1 0.22 4 0.9 3 0.67
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Table 11. Comparison of AND and OR return periods under stationary and non-stationary copulas

P (mm) R (m%s) T(S) Risk(S) T(NS) Risk (NS) Ratio (NS/S)
AND
0.3 0.036 2.1 0.476 1.6 0.625 0.76
14.6 6.362 5.4 0.185 42 0.238 0.78
20.6 10.5 10.8 0.093 7.9 0.127 0.73
31.8 7.8 20.2 0.049 13.5 0.074 0.67
535 13.5 50 0.02 32 0.031 0.64
OR
4.46 0.31 2 0.5 1.6 0.625 0.8
8.82 0.94 5 0.2 4.1 0.244 0.82
13.8 442 10 0.1 7.8 0.128 0.78
327 6.97 20 0.05 13.2 0.076 0.66
36.4 7.03 50 0.02 31 0.032 0.62

L) @ L 16 €S 5L 0,90 i Ration (NA/S) Lwn U NS <Ly :S ccaiF 30 0490 :T

T: Return period; S: Stationary; NS: Non- stationary; Ratio: Ratio of the non-stationary return period to the stationary
return period
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Fig. 7. Comparison of conditional return periods in the AND and OR cases for stationary (a) and non-stationary (b) copulas
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  f ( x ) =    ( μ / σ  ) ν  2  K ν (  μ σ )  x  ν − 1 exp ⁡  [ −  1 2 ( μ x + σ / x ) ] ,    x > 0


  ν


   K ν


  f ( x ) =  1  σ B ( μ , ν )    (  x σ )  μ − 1 ( 1 +  x σ  )  − ( μ + ν ) ,    x > 0


  σ


  B ( ⋅ )


  𝜇  ( t ) =  exp ⁡   (   a 0 +   a 1 t +   a 2   t 2 +   a 3   t 3 )


  t


    a  i


    F  X Y  ( x , y ) = C  (   F  X  ( x ) ,   F  Y  ( y ) ; 𝜃 )


  C


  𝜃


  C (  u 1 ,  u 2 ) =  Φ ρ (  Φ  − 1 (  u 1 ) ,  Φ  − 1 (  u 2 ) )


  ρ : Correlation   Coeficient


  C (  u 1 ,  u 2 ) =   1 + ( δ − 1 ) (  u 1 +  u 2 ) −   [ 1 + ( δ − 1 ) (  u 1 +  u 2 )  ] 2 − 4 δ ( δ − 1 )  u 1  u 2  2 ( δ − 1 )


  δ > 0 : Correlation   Parametr


    C (  u 1 ,  u 2 ) = −  1 θ ln ⁡  [ 1 +     (  e  − θ  u 1 − 1 ) (  e  − θ  u 2 − 1 )   e  − θ − 1 ]


  θ


  Correlation   Parametr


  C (  u 1 ,  u 2 ) = exp ⁡ { − [ ( − ln ⁡  u 1  ) θ + ( − ln ⁡  u 2  ) θ  ]  1 / θ


  θ ≥ 1 :  


  C (  u 1 ,  u 2 ) = (  u 1  − θ +  u 2  − θ − 1  )  − 1 / θ


  θ > 0 :  


  t


    a  i


  𝜃  ( t ) =  exp ⁡   (   a 0 +   a 1 t +   a 2   t 2 +   a 3   t 3 )


  P


  R


    u  P


    u  R


    u  P =   F  P  ( P ) ,   u  R =   F  R  ( R ) ;   H  (   u  P ,   u  R ) = C  (   u  P ,   u  R ; 𝜃 )


  C ( ⋅ )


  𝜃


  𝜃  ( t ) =   g  − 1  (   a 0 +   a 1 t +   a 2   t 2 )


    g  − 1 ( ⋅ )


    u  JDI , t = C  (   u  P , t ,   u  R , t ;   𝜃  t )   ,    JDI  t =  Φ  − 1    (   u  JDI , t )


  U =   F  P ( P )


  V =   F  R ( R )


   [ 0 , 1 ]


  C ( u , v ) = Pr ⁡ ( U ≤ u ,   V ≤ v )


  C ( ⋅ )


  𝜽


    P  AND =  Pr ⁡   ( U ≤ u , V ≤ v ) = C  ( u , v ) ;   T  AND =  1  1 −   P  AND


    P  OR =  Pr ⁡   ( U ≤ u  or  V ≤ v ) = u + v − C  ( u , v ) ;     T  OR =  1  1 −   P  OR


 


  u


  v


  Z


  exp ⁡ ( 2 . 810 + 0 . 01457 t − 8 . 552 ×  10  − 5   t 2   1 . 319 ×  10  − 7   t 3 )


  10 . 48 − 0 . 1180 t + 0 . 0005995   t 2 − 8 . 844 ×  10  − 7   t 3


  exp ⁡ ( 2 . 915 + 0 . 0044 t − 3 . 68 ×  10  − 5   t 2 + 6 . 375 ×      10  − 8   t 3 )


  18 . 73 + 0 . 08872 t − 6 . 779 ×  10  − 4   t 2 + 1 . 196 ×  10  − 6   t 3


  exp ⁡ ( 1 . 938 + 0 . 01435 t − 1 . 145 ×  10  − 4   t 2   1 . 872 ×  10  − 7   t 3 )


  4 . 385 − 0 . 025 t + 3 . 401 ×  10  − 5   t 2 − 3 . 204 ×  10  − 10   t 3


  5 . 467 − 0 . 03413 t + 6 . 183 ×  10  − 5   t 2 − 2 . 568 ×  10  − 8   t 3


  6 . 221 + 0 . 04633 t − 4 . 403 ×  10  − 4   t 2 + 7 . 759 ×  10  − 7   t 3

