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Abstract

This work presents the development and numerical analysis of a computational approach for solving an air pollution
model formulated as a free-boundary problem. The numerical scheme employs the Variable Space Grid technique
in conjunction with an explicit finite-difference discretization for the one-dimensional one-phase formulation. The
obtained numerical results demonstrate strong agreement with the corresponding exact solutions and exhibit the
anticipated convergence behavior as the spatial grid is progressively refined.
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1. INTRODUCTION

This study is concerned with the numerical treatment of a free-boundary problem that arises in the context of air
pollution modeling [3]. The governing system is given by

g§+v%=g—2g+s(x,t), 0<t<T, 0<z<o(t), (1.1)
c(x,0) = h(x), (1.2)
c((t),t) =0, 0<t<T, (1.3)
c(0,t) = () 0<t<T, (1.4)
$(0) =b >0, (1.5)
cx(z/f() t)y=-¢'(t), 0<t<T. (1.6)

In this system, the function ¢(z, t) represents the concentration of a pollutant at spatial coordinate = and time ¢. The
parameter v denotes the wind speed, while D represents the diffusion coefficient, and s(z, t) accounts for the emission
source. The unknown curve x = (t) defines the moving interface that separates the contaminated domain from
the clean one. The initial concentration profile h(z) is assumed to have compact support and satisfies 0 < h < M.
Furthermore, the source term and boundary functions are supposed to fulfill the required regularity assumptions.
The well-posedness of the solution pair (¢(z,t), ¢(t)) to (1.1)—(1.6) has been rigorously proved in [6] by means of the
Friedman—Rubinstein integral representation combined with Banach’s fixed-point theorem. In particular, it was shown
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that, provided h, g, and s are continuously differentiable, the system (1.1)—(1.6) possesses a unique solution for all
finite times, and the concentration satisfies

0 <c(x,t) <M, c(,t) has bounded support. (1.7)

When the data possess additional smoothness, the solution inherits improved regularity. More precisely, if h and g
are of class C'* and s is sufficiently regular, then c(-,t) becomes continuously differentiable and the free boundary v (t)
is differentiable with respect to time [6].

Air pollution continues to pose a serious environmental threat, especially in densely populated and industrial regions
where human activities and weather conditions aggravate the accumulation of contaminants. Key contributing factors
include urban sprawl, industrial production, traffic emissions, and regional wind patterns, all of which significantly
degrade air quality and endanger both human health and ecosystem stability [8-10]. Consequently, a thorough
understanding and reliable forecasting of pollutant dispersion are crucial for devising effective control policies and
enhancing environmental protection.

Owing to the inherently time-dependent nature of atmospheric pollutant transport, the boundaries of the affected
zone are not stationary but shift continuously. In this work, we present a free-boundary formulation for an air pollution
model, following the ideas introduced in [1, 4]. A broad spectrum of mathematical and numerical techniques has been
developed for free-boundary problems, including those of Stefan type [2, 6, 7]. The free-boundary approach offers
a notable benefit in that it allows the contamination front to evolve dynamically over time, thereby yielding more
realistic predictions of pollutant spread under varying environmental conditions.

2. NUMERICAL METHOD: VARIABLE SPACE GRID (VSG) APPROACH

For the numerical solution of the one-dimensional free-boundary problem (1.1)—(1.6), we adopt the Variable Space
Grid (VSG) technique, in which the total number of spatial subintervals N between the fixed boundary at z = 0 and
the moving interface is kept fixed throughout the computation. Thus, the moving boundary always coincides with the
N-th grid node. Let z;(t) denote the position of the i-th grid point. Differentiating c¢(x;(t),t) with respect to time

=

yields [5]

de
ot

e
Oz

dr; Oc

a ot

Differentiating c(z;(t),t) with respect to time yields

@ _ @ dx; Oc

dt |, Oz ey At O]
Since % = If(;)z// (t), after dropping subscripts for notational convenience, the original advection-diffusion equation
(1.1) is rewritten as

oc i oc 0?c

— = t)y—v)| —+D—. 2.1

ot (w(t)w() ”) 9z T o 21)
Note that here % on the left-hand side denotes the time rate of change of ¢ following the moving node x;(t).

Oc Ty oc 0%

— = t)y—v| —+D—. 2.1

ot (w(t)”’() ”) oz "V on (2.1)

The grid spacing is defined by
t
Ax(t) = % (2:2)

which varies over time as a consequence of the movement of the free boundary.

(=)=
E)NE
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At the moving interface = (t), the spatial derivative is approximated using a three-point backward difference
scheme [2]:

dc 3ey —4den—1 +cen—o 9
i = + O(Az?). (2.3)
O |, y(r) 2Ax
An explicit finite-difference discretization of (2.1) is expressed as
kax™ ! k kD
c¢+1:c¢+(m—l;})( i = O + 7 (Ol — 207 + Gy (2.4)
where
lm
OF m el ), W m () o =i ta=totmk = P oA
W — Vo
Uy =b, V[, = dv =" " > 1.
0 ,Uo=0, and ¥,, A , m>
The boundary condition imposed at = 0 becomes
Co" = g(tm)-
Consequently, the explicit scheme can be written as
" m kx?! - kv m m kD -
C¢+1:Ci'+(h\1,_h)(i+1— i71)+h72( i =207 + Cy), (2.5)
fori=1,...,N-1,m=0,1,2,..., with C}} =0.
The update rule for the free boundary is derived from (2.3):
k
Vi1 = Wy + 55— (3CR —4CR_1 +CR_y), Yo =b. (2.6)

The grid spacing is then updated accordingly:
Ql)m+1
N

The well-posedness of the continuous problem (1.1)—(1.6) is guaranteed by the theoretical findings reported in [3].
In the subsequent section, we analyze the convergence and stability properties of the numerical scheme defined by

(2.5)-(2.6).

hmgr = (2.7)

3. CONVERGENCE AND STABILITY

A fundamental aspect of any numerical method is the proof of its convergence. Accordingly, we begin by examining
the convergence of the scheme proposed in this work. By selecting the grid points as Cj,, = ¢;jm — €] and applying
Taylor expansions, we derive from (2.5) the following expression:

e; +1 _ et + ( 2é¢mm _ %) (ejJrl — ejil) —|—r(ej+1 —2ej" + ej71> + keg's(x;,tm)

R[(5) (st + 11 - (222)($g+@2ht) (k;z;im PO (2) i @) — (o )]

which can be rearranged as

m—+1 __ o
e = (1—2r)el" + (7’—1— i, o

J
+k[(g§)(%t +01k) - (gg)(m]Jr@zht) (k;gi’” 2h>(gc)(x]+@3ht )+ 525, )

k!
€ 11[}m k’l}) (eﬁl — 6?11> + keEnS(xjatm)
(3.1)

(&)
ENE
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k
where r = 72 and the constants satisfy —1 < O3 < 1, 0 < ©1,03 < 1. Provided that the time step satisfies the

2
ﬁfor each step with indices h,k,7 =1,...,N —1 and m = 0,1,..., we may

condition k < %2 and h <

write

kx™! kv kx™l, ko
J rm ¥ m J
Shioy, Qh)le]“' +(rt Shi,,  2h

e < (1 -2+ (r+ Y le |+ kM; + kN (3.2)

Let ER™ denote the maximum absolute error |e]*| over the entire spatial grid at the m-th time level. Furthermore, let
M, represent the maximum value of the bracketed terms in (3.2) over all indices j and m, and let N7 be the maximum
of |ef*s(xj,tm)|. Consequently, we obtain
ER™ < ER™ + kM, + kN;
< ER™ '+ kM + kM + kNy
= ER™ ' 4 2k(M; + Ny)
<...< ER"+mk(M; + Ny).

(3.3)

From (3.3), it follows that ER™ < ER®+mk(M;+ Ny). Since the initial values of ¢ and C coincide, we have ER® = 0.
In the limit A — 0 with & = rh?, the quantity M; tends to

2oy okal, m
G- (G) - G =) G
Given that ¢, ¥, and M; are bounded, we conclude that ER™ = 0.

From the bound [C]* — ¢*| < ER™ for m = 0,1,..., it follows that under the condition k <

as h — 0, the numerical solution C converges to the exact solution c.
To establish the convergence of ¥, to 1,,, we employ the update relation (2.6) and introduce the representations
Vi1 = Yme1 — €41 and ¢y, = ¢y, — €. This yields

2h?
W for all m,

k
Vbt = €y = Y — €l — 3 (3CR = 3R — ACR_y +4ef_y + Ry — i),
and therefore
k
i1 = €+ Pmi1 — Y F <3CN 3ey —4cy_y t4deN_q o — eK/L—2>~

By expanding the terms using Taylor series, we obtain

3k +ﬁem —ﬁem
on N T QR ON=1 T o N2 (3.4)

Zkh (3cN o+ 4h(%) (x5 — Ogh, t™) + 2 — zh(%)(m — Osh, tm)),

Emy1 = €p +EU' (" + O5k) —

In (3.4), since 0 < Ogh, O7h < h, for sufficiently small step sizes h we have Og ~ O, which allows us to simplify the
expression as

dc 3k k k
/ _ 1(4m e _ m em o em
em+1—em—|—k[z/) (t +®5k)+(ax>(w1\z Ogh, t )} 2h€N+ 5, EN-1 7 57 EN-
Consequently, taking absolute values leads to
m Jc
sl < leful + K|[1 (7 + 058+ (52) (o — @b, t™)] |+ SrIeR |+ ol + o Rl (3.5)

(=)=
E)NE
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Let J] denote the maximum value of the bracketed expression in (3.5). Then we have

3k k _k Ak
|em+1\<\em|+kﬂ+( +ﬁ+2h> Ep = len| + k[ [+ Em

4k
lem—1|+ 2k H to Em

IA

4k
<...<lel k —ERy.
< _|60|+m H+h 0

Since the initial data for (¢, c) and (¥, C') are identical, we have e, = 0 and ERy = 0. As k — 0, the quantity []
approaches (w’ + %|I:¢(t)) . Because (1, ¢) is a solution of the original problem (1.1)-(1.6), in the joint limit A — 0
and k — 0, we obtain [] — 0, and hence |e],, ;| — 0. This confirms that ¥ converges to 1.

3.1. Stability. We now examine the stability of the difference equation (3.6) for the case F'(v) = v using the von
Neumann approach. The difference equation under consideration is

m m k/U 7”/ m m m -
gl = ¢ (wmfjw %)( "o )+r( -+ (T 1) j=1,...N—-1, m=012,... (3.6)
By substituting the Fourier mode (" = Amei%  with 2 = —1, into the difference equation (3.6), we obtain
Am+1€i0(j+1) _ AmeiGj + ( rh "l/)/ - ]{I’U) (Am 0(j+1) Ameiﬂ(j71)>
2m " 2h (3.7)
+ T(Amew(j“) —2A™eM7 4 Amew(j’l)).
This leads to
m+1 _ Am m m 160 m _—i0 m 10 m m _—i0
A fA+(w5w )(A Ae)+r<Ae 2A+Ae),
which can be rewritten as
m i 60 0 0
{ (Twﬁ &My, )( e ) +rEe? —2+e¢ )}
— { 1—2r+ {2}“/} gmw }( % —z9) +T‘(619+€_10)}
(3.8)
{1—2r+2rcos9+z[ o f’”l/} }sin@}
kv
_ _ _ A em / My .
_{ 1—2r(1 cos&)—l—z[wmgj Uy, h}smﬂ},
Consequently, the modulus of A is given by
2 2
|A| = (1 —2r(1 — cos 9)) + [Tg ol ] sin? 0
2 2
- (1 — 4rsin? Q) [75 e } sin2 6,
Z ) }Z” - (3.9)
_ . .20 Ky KU . 2
= (1 4r sin 2) + [th h] sin” 6,

o\2 k2 2
= (1 — 47" Sin2 5) + ﬁ (Nwl — 'U) Sin2 6,
We now establish that the von Neumann stability condition is satisfied for |A| provided that k < = , where § =

2
(%Wn ) Under this condition, we may write k < “Hﬁ’ or equivalently k;( 7z + 8 — ) < 2. For all values

(&)
ENE
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of 0, it follows that

|A|l = (1 — 4rsin® 2)2 + :—2(%1/);1 —v)2sin26‘ <1

4. NUMERICAL RESULTS

In this section, we present two test examples to demonstrate the accuracy of the proposed numerical scheme in
comparison with the corresponding exact solutions.

Example 4.1. Consider the following one-phase free-boundary problem modeling air pollution:

%4_ &_D&
ot " Yor T T on

c(0,t) =t, t>0,

t>0, 0<z<qt),

c(x,0) = _—x, v >0,
v

(4.1)
c(o(t),t) =0,

—v%c(d(t),t) = %, t>0, 0<x<ot),

$(0) = 0.

The associated exact solution is given by

o(a,t) = 2\/;7“ [exp (—W) —exp (%) exp (—@—Z#)] - % +t, o(t) = ot

where v denotes the wind speed (or convection velocity) and D represents the adhesion and permeability coefficient
of the contaminated medium.
Figure 1 is generated using the following parameter values:

h=10"% k=105 v=1, 017<t<1, D=1, error=10"".

TABLE 1. Variable space grid: Values of the temperature distribution as predicted by the numerical
(explicit finite-difference) and exact solutions at a final time of ¢y = 1. N is the number of spatial
subintervals, between the fixed boundary at x = 0 and the moving interface.

|2/ [ N=10[ N=20] N=40 | N =80 [ Exact
00 [ 17223 [ 172 [ 1.7194 | 1.7191 | 1.7191
0.1 || 1.4613 | 1.4602 | 1.4599 | 1.4598 | 1.4604
0.2 || 1.2257 | 1.2253 | 1.2253 | 1.2254 | 1.2263
0.3 || 1.013 | 1.0131 | 1.0133 | 1.0134 | 1.0145
0.4 || 0.82088 | 0.82125 | 0.82149 | 0.82163 | 0.82285
0.5 || 0.64736 | 0.64782 | 0.64808 | 0.64822 | 0.64941
0.6 || 0.49057 | 0.49101 | 0.49124 | 0.49138 | 0.49248
0.7 || 0.34887 | 0.34921 | 0.3494 | 0.3495 | 0.35047
0.8 || 0.22074 | 0.22097 | 0.22109 | 0.22116 | 0.22197
0.9 || 0.10486 | 0.10496 | 0.10502 | 0.10505 | 0.10569
10 | 00 0.0 0.0 0.0 0.0
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Example 4.2. We now consider a free-boundary problem describing pollutant emission and transport, in which the
source term exhibits negative growth:

de ¢ B¢ 1,
- — = —— — — Tt t
6t+v8x 52 2C >0, 0<x<o(t),

c(0,t) =e" =1, t>0,

c(aU,O):e_Tm—l7 v >0, (4.2)
c(o(t),t) =0,
2 d¢
— v, (9(t),t) = e t>0, 0<z<o(t),
$(0) =0
016
0.14
oi2r
oir
EBD&
@
006
004 -
002 i‘ 4
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FiGURE 1. Error diagram of exact and approximate solution with accuracy of 1073.
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This problem admits the following exact solution:
c(x,t) = exp (t - %) -1, ¢() =t

Using the finite-difference scheme, Figure 2 displays the error between the exact and numerical solutions at the
moving boundary.

Table 1 presents the numerical results for the concentration distribution and the interface position at the final time
ty = 1. The results are in excellent agreement with the exact solution, and the expected convergence behavior is
observed as the spatial grid is refined. For instance, at t; = 0.5, the percentage error decreases from 0.2 x 1072%
when N = 40.

5. CONCLUSION

In this work, we have conducted a thorough investigation of a numerical approach applied to an air pollution model
formulated as a one-phase free-boundary problem. The findings highlight the critical role of selecting an appropriate
numerical technique for accurately simulating phase-change phenomena, which has significant implications for various
fields, including materials science, cryogenics, and geophysics. Our results confirm the capability of the finite-difference
method to effectively capture the dynamic evolution of the moving boundary that characterizes this class of air pollution
models.
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