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Abstract

Developing robust numerical techniques for approximating solutions to fractional-order differential equations holds

significant value, as exact analytical solutions are often unattainable for this class of problems. In this paper, a novel
and efficient numerical method based on modified linear B-spline basis functions has been developed for solving

multi-term Caputo fractional delay differential equations (FDDEs).The proposed technique employs operational

matrices for fractional integration and delay transformation, incorporating the Caputo fractional derivative CDα

along with both the initial conditions at t = 0 and the history function g(t) for t < 0 (which provides the necessary

prehistory for the delay terms), converting the original FDDE into an equivalent algebraic system (linear or

nonlinear) that can be solved by standard linear solvers or iterative schemes. A rigorous convergence analysis is
provided, establishing an optimal algebraic convergence rate (order O(2−2J ), equivalently O(N−2) for N = 2J +1

basis functions) for sufficiently smooth solutions, while the method retains the simplicity and sparsity of finite-
element approaches. Several numerical examples including linear, nonlinear, system and multi-term FDDEs have

been solved to illustrate the efficiency and reliability of the approach.The results demonstrate excellent agreement

with exact solutions and, for the considered smooth test problems, attain errors close to machine precision with
a relatively small number of basis functions, consistent with the theoretical algebraic rate. Comparisons with

existing methods confirm that the present scheme is both more accurate and computationally economical.
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1. Introduction

Fractional-order differential equations have attracted much attention in science and engineering in recent decades
due to their ability to accurately model complex phenomena with memory and nonlocal behavior. These equations,
which are generalizations of ordinary differential equations with integer-order derivatives, have found wide application
in fields such as physics, biology, control engineering, and economics. Phenomena such as non-Fourier heat transfer,
viscoelastic dynamics, systems control, biological processes and epidemiological disease dynamics, artificial neural
networks with synaptic delays , and economic models are among the successful applications of these equations [1, 8,
15, 18, 19, 24, 31].

However, in many real systems, the current state of a phenomenon depends not only on its instantaneous derivatives,
but also on the values of the variables or their derivatives at past moments (time delays). Delayed differential equations
provide a convenient framework for modeling such systems; combining these two concepts, namely the consideration
of fractional-order derivatives with time delays, leads to a new class of equations called fractional-order delayed
differential equations. These equations, especially when combined with stochastic or nonlinear behaviors, are able
to simultaneously include the effects of long-term memory (via fractional order) and limited history dependence (via
delay) in the model and are therefore very effective in describing more accurately complex real world phenomena such
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as the spread of infectious diseases with latency, the behavior of viscoelastic smart materials with delay, or the control
of systems with delayed feedback [12, 14, 25–27].

Delays, which often arise due to the presence of response times or past effects in systems, add significant com-
putational and analytical complexity to these equations. Despite the high modeling power, analytical solutions of
these equations are in most cases impossible or very difficult. For this reason, the development of stable, accurate,
and convergent numerical methods for approximating the solutions of these equations is of particular importance
[4, 26, 27, 32].

Over the past decade, various numerical approaches have been developed for fractional differential equations and
their delay counterparts. Among these, operational matrix methods have gained significant attention due to their
ability to convert differential equations into algebraic systems through basis expansions. For instance, [28] introduced
an operational matrix for fractional-order differential equations using orthogonal polynomials, while [16] constructed
an operational matrix of fractional derivatives based on B-spline functions, demonstrating the flexibility of spline
bases in fractional calculus. Extensions to delay problems include the work of [29] on nonlinear systems of Volterra
integro-differential equations with delay arguments, and the spectral element method proposed in [6] for neutral
delay distributed-order fractional damped diffusion-wave equations. More recently, Taylor series expansions have been
employed to derive orthogonal operational matrices [9], and homotopy analysis methods have been applied to nonlinear
fractional partial differential equations [7].

Methods such as the extension of Adams-Bashforth-Moulton methods to delay equations [3], the operational matrix
method using shifted Chebyshev polynomials of the second kind [12], the collocation Laguerre operational matrix
(CLOM) method, simplified reproducing kernel methods (SRKM) which solve the problem in a reproducing kernel
Hilbert space [32], a Tau-like numerical method [30], a novel predictor-corrector scheme with Mittag-Leffler kernel [5]
have been proposed in recent years to approximate the solutions of these equations, each with its own advantages and
challenges. Some (such as wavelet methods) are only optimal for linear problems or under specific conditions. Others,
despite high accuracy, suffer from high computational costs due to the need to compute dense operational matrices
and solve complex algebraic systems. Furthermore, the convergence and error analysis of these methods, especially
for nonlinear equations, often requires complex investigations.

The multi-term Caputo fractional delay differential equations is given as:

CDαw(t) = f
(
t, w(t),CDβw(t), w(ct− τ),CDγw(ct− τ)

)
, t ∈ [0, R], (1.1)

with initial conditions

w(r)(0) = λr, r = 0, 1, . . . , ⌈α⌉ − 1, (1.2)

and

w(t) = g(t), t < 0. (1.3)

where CDα,CDβ ,CDγ denotes the Caputo fractional derivative of order α, β, γ. The known functions f and g are
assumed to be sufficiently smooth; specifically, f is Lipschitz continuous with respect to all its arguments. Also, ct− τ
represents the delay argument. The delay argument is of the constant proportional form ct− τ , where 0 < c ≤ 1 and
τ ≥ 0, which includes pure delay (c = 1) and proportional delay (c < 1) as special cases. In addition to the standard
initial conditions w(r)(0) = λr for r = 0, 1, . . . , ⌈α⌉ − 1, the problem requires a history function w(t) = g(t) for t < 0,
which provides the necessary values of the solution and its derivatives for the delayed arguments when ct− τ < 0.

In this paper, inspired by these developments, particularly the use of B-spline bases for fractional operators [16]
and the spectral element framework for delay problems [6], proposes a novel collocation method based on linear
cardinal B-spline functions for a broad class of linear and nonlinear multi-term Caputo fractional delay differential
equations (1.1) and (1.2). Unlike existing approaches that often rely on dense operational matrices or complex
analytical derivations, our method exploits the sparsity and Kronecker delta property of cardinal B-splines to achieve
high accuracy with minimal computational cost, while maintaining a straightforward implementation. The proposed
method uses a numerical collocation approach based on the fractional integral operational matrix using linear cardinal
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B-spline functions to solve fractional delayed differential equations. The analytical construction of the Riemann-
Liouville fractional integral matrix significantly simplifies the calculations, increases numerical stability, and leads to
the formation of a linear algebraic system (for linear problems) or a nonlinear system (for nonlinear problems).

The structure of this paper is as follows: In Section 2, basic definitions of fractional calculus and the introduction
of linear cardinal B-spline functions are presented. Section 3 provides a complete description of the numerical method,
including the construction of the fractional integration matrix and the formulation of the resulting algebraic system.
Convergence analysis and error estimation are presented in Section 4. In Section 5, the efficiency of the method is
demonstrated by solving several benchmark examples (linear and nonlinear), with comparison to exact solutions or
other methods provided in tables and figures. Finally, conclusions and discussion of future work are presented in
Section 6.

Before presenting the detailed definitions, we provide a brief roadmap of the construction to guide the reader
through the notation hierarchy. The development follows four logical steps:

(1) Basis definition: We begin with the cardinal B-spline Bn(x) of order n, defined recursively via convolution.
The linear case n = 2 gives the piecewise linear hat function B2(x), which is the building block of our
approximation space. Through the two-scale relation BJ,q(x) = B2(2

Jx−q), we generate scaled and translated
copies of B2 at refinement level J . These are then restricted to the interval [0, 1] and denoted by φJ,q(x) to
form a finite-dimensional basis with compact support and the Kronecker delta property at the collocation
points µm = (m+ 1)/2J .

(2) Function expansion: Any sufficiently smooth function ω(t) is approximated by

ωJ(t) =
2J−1∑
q=−1

ℓqφJ,q(t) = L⊤ϕJ(t),

where ϕJ(t) is the vector of basis functions and L is the vector of expansion coefficients. Thanks to the
Kronecker delta property, the coefficients are simply the nodal values ℓq = ω(µq), which greatly simplifies the
implementation.

(3) Operational matrices: The key idea is to replace integral and derivative operators by matrix operations
acting on the coefficient vector L. We construct:

• The ordinary integration matrix Mint (Theorem 3.1);
• The fractional Riemann–Liouville integration matrix Mν (Theorem 3.3);
• The delay matrix Ddelay (Theorem 3.4);
• The derivative matrix Dder (Theorem 3.9);
• The product matrix for nonlinear terms (Theorem 3.7).

These matrices are sparse and can be precomputed once for a given refinement level J .
(4) Algebraic system: Using the operational matrices, the fractional delay differential equation (1.1) is trans-

formed into a system of algebraic equations by collocation at the points µm. The initial conditions are imposed
directly through the Kronecker property. The resulting system (linear or nonlinear) is then solved by standard
numerical solvers.

This hierarchical structure ensures that each definition has a clear purpose in the overall algorithm, and the reader
can refer back to this roadmap when encountering the detailed constructions below.

2. Basic definitions

2.1. Notation. To avoid ambiguity and resolve the notational conflict noted in standard conventions, we adopt the
following notation throughout this paper:

2.2. Integrals and derivatives of fractional order.
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Table 1. Summary of the main notation used in this paper.

Symbol Description
J α
a Riemann–Liouville fractional integral operator (Definition 2.1)

Dα
a Riemann–Liouville fractional derivative operator (Definition 2.2)

CDα Caputo fractional derivative operator (Definition 2.3)
J Refinement level (resolution index)

N = 2J + 1 Number of basis functions
ϕJ(x) Vector of linear cardinal B-spline scaling functions at level J
φJ,j(x) j-th scaling function at level J

µm = (m+ 1)/2J Collocation points (m = −1, 0, . . . , 2J − 1)
L Vector of unknown expansion coefficients

Mint Operational matrix of ordinary integration (Theorem 3.1)
Mν Operational matrix of fractional integration of order ν (Theorem 3.3)

Ddelay Operational matrix of delay (Theorem 3.4)
Dder Operational matrix of first derivative (Theorem 3.9)
Id Identity matrix of appropriate dimension

Definition 2.1. For a real number α > 0 and a locally integrable function ω(ξ) on [a, x], the fractional integral of
order α starting at a is defined by [23, 33]:

J α
a ω(t) =

1

Γ(α)

∫ t

a

(t− τ)α−1ω(τ) dτ, t > a. (2.1)

Definition 2.2. Let m − 1 ≤ α < m where m ∈ N. The Riemann-Liouville fractional derivative of order α is given
as [23, 33]:

Dα
aω(t) =

dm

dxm

(
J m−α
a ω(t)

)
=

1

Γ(m− α)

dm

dtm

∫ t

a

ω(τ)

(t− τ)α−m+1
dτ. (2.2)

It is worth noting that, under this definition, the fractional derivative of a constant is not zero, i.e. Dα
a (constant) ̸= 0.

This feature sometimes limits its applicability in physical models where a constant state should remain unchanged
under differentiation.

Definition 2.3. For α > 0 and m = ⌈α⌉, the Caputo fractional derivative of order α is defined by [23, 33]:

CDαω(t) =


1

Γ(m− α)

∫ t

a

ω(m)(τ)

(t− τ)α−m+1
dτ, m− 1 < α < m,

dm

dtm
ω(t), α = m ∈ N.

(2.3)

The Caputo formulation remedies the aforementioned drawback: the derivative of a constant is zero,

CDα(constant) = 0.

Moreover, the operator is linear:

CDα
[
c1ω1(t) + c2ω2(t)

]
= c1

CDαω1(t) + c2
CDαω2(t), (2.4)

for any constants c1, c2. A particularly useful formula for power functions is

CDα tm =


0, m < ⌈α⌉,

Γ(m+ 1)

Γ(m− α+ 1)
tm−α, m ≥ ⌈α⌉ or

(
m /∈ N and m > ⌊α⌋

)
.

(2.5)
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Note 2.4. For m− 1 < α ≤ m, the Caputo fractional derivative is defined by

CDαω(t) = Im−α

(
dm

dtm
ω(t)

)
. (2.6)

Note 2.5. A key relation linking the Riemann–Liouville fractional integral and the Caputo derivative is the Newton–
Leibniz identity:

Iα
(
CDαω(t)

)
= ω(t)−

⌈α⌉−1∑
r=0

ω(r)(0)
tr

r!
. (2.7)

2.3. Cardinal B-spline functions.

Definition 2.6. The nth-order cardinal B-spline Bn(x) for n ≥ 2 it can be defined as follows:

Bn(x) = (Bn−1 ∗B1)(x) =

∫ ∞

−∞
Bn−1(x− t)B1(t)dt =

∫ 1

0

Bn−1(x− t)dt, (2.8)

here B1(x) = χ[0,1](x) is the characteristic function on [0, 1].

Lemma 2.7. The following formula can be obtained recursively through calculations:

Bn(x) =
x

n− 1
Bn−1(x) +

n− x

n− 1
Bn−1(x− 1), (2.9)

where Supp[Bn(x)] = [0, n].

Definition 2.8. In explicit form, linear B-spline function B2(x) can be defined as follows:

B2(x) =


x x ∈ [0, 1]

2− x x ∈ [1, 2]

0 o.w

Definition 2.9. The two-scale relationship for linear B-splines functions B2(x) for x ≥ 0 is defined as follows:

Bp,q(x) = B2(2
Jx− q), (2.10)

where J, q ∈ Z.

Define VJ = {q : [2−Jq, 2−J(2 + q)]∩ (0, 1) ̸= ⊘} for J ∈ Z. It can be derived that min{VJ} = −1 and max{VJ} =
2J − 1 where J ∈ Z. Since the support of BJ,q(x) may not be in range of [0, 1], to take the scaling functions into the
interval [0, 1], we let

φJ,q(x) = BJ,q(x).χ[0,1](x), J ∈ Z, q ∈ VJ . (2.11)

As a result, one can write

φJ,q(x) =



{
1− 2Jx, x ∈ [0, 2−J),

0, o.w,
q = −1,


2Jx− q, x ∈ [2−Jq, 2−J(q + 1)),

2− 2Jx+ q, x ∈ [2−J(q + 1), 2−J(q + 2)),

0, o.w,

q = 0, 1, · · · , 2J − 2,

{
2Jx− 2J + 1, x ∈ [1− 2−J , 1),

0, o.w,
q = 2J − 1.

(2.12)

Let us consider the set of cardinal B-spline functions of J-th degree:

ϕJ(t) =
[
φJ,−1(t), φJ,0(t), ..., φJ,2J−1(t)

]T ⊂ L2[0, 1], (2.13)
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and assume that

W = span{φJ,−1(t), φJ,0(t), ..., φJ,2J−1(t)}.

It is well-known that the orthogonal projection onto the finite-dimensional space W yields the unique best L2-
approximation of ω. However, in this work we do not employ the orthogonal projection. Instead, we construct an
interpolant ωJ ∈ W defined by the nodal values of ω at the dyadic points. It is crucial to emphasize that this
interpolation operator is generally not the L2-orthogonal projection; therefore, the inequality ∥ω − ωJ∥2 ≤ ∥ω − h∥2
for all h ∈ W does not hold in general. Nevertheless, according to classical approximation theory, for sufficiently
smooth functions ω, this interpolation operator is stable in L2 and satisfies the following quasi-optimal error bound:

∥ω − ωJ∥2 ≤ C inf
h∈W

∥ω − h∥2, (2.14)

where C > 0 is a constant independent of J and ω.
Since the interpolant ωJ ∈ W , L = [l−1, l0, · · · , l2J−1]

T will be a unique vector such that:

ω(t) ≃ ωJ(t) =
2J−1∑
q=−1

lqφJ,q(t) = LTϕJ(t). (2.15)

The function φJ,q(t) can be expressed as follows:

φJ,q

(
m+ 1

2J

)
= δq,m =

{
1, q = m,

0, q ̸= m,
m = −1, 0, . . . , 2J − 1. (2.16)

For a continuous function ω on [0, 1], the coefficients lq in Eq. (2.15) are determined as:

lq = ω

(
q + 1

2J

)
, q = −1, 0, · · · , 2J − 1. (2.17)

Let em be the (m+ 2)-th column of the identity matrix of order 2J + 1. Then it is easy to verify that

ϕJ(µm) = em, µm =
m+ 1

2J
, m = −1, 0, . . . , 2J − 1. (2.18)

3. Description of the method

In this section, we first construct the integer integral and the stochastic integral of linear cardinal B-spline
functions on [0, 1]. Then, a numerical approach based on matrix operators will be presented.

3.1. Operational matrices. Let ϕJ(x) be the vector of linear cardinal B-spline basis functions defined in (2.13)

on the domain x ∈ [0, 1]. By setting N = 2J +1, and in the sense of interpolation at the collocation points µm = (m+1)
2J

for m = −1, 0, . . . , 2J − 1 the operational matrix of integration based on the linear cardinal B-spline vector can be
defined as follows:∫ x

0

ϕJ(t) dt := Mint ϕJ(x), x ∈ [0, 1], J ∈ N. (3.1)

Theorem 3.1. Based on the assumptions of (3.1), the equality holds exactly at these points where the matrix be
defined by

(Mint)i,q =

∫ µi

0

φJ,q(t) dt, i, q = −1, 0, . . . , 2J − 1,
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when Mint ∈ RN×N is as follows:

Mint =



0 ζ ζ ζ . . . ζ
0 ζ 2ζ 2ζ . . . 2ζ
0 0 ζ 2ζ . . . 2ζ
...

...
...

. . .
. . .

...
0 0 0 0 ζ 2ζ
0 0 0 0 0 ζ


, and ζ = 2−J−1. (3.2)

Proof. Let x ∈ [0, 1], then define

IφJ,q(x) =

∫ x

0

φJ,q(t)dt. (3.3)

For each basis function φJ,q(x), we compute its integral explicitly. The piecewise linear form of φJ,q allows direct
integration. In order to calculate the aforementioned integral, three cases are analyzed and evaluated in detail:
Case 1: if q = −1

In this case, if x ∈ [0, 2−J ] then Eq. (2.12) is calculated as follows

IφJ,−1(x) =

∫ x

0

φJ,−1(t)dt =

∫ x

0

(1− 2J t)dt = x− 2J−1x2. (3.4)

If x > 2−J then Eq. (2.12) can be obtained as

IφJ,−1(x) =

∫ 2−J

0

φJ,−1(t)dt =

∫ 2−J

0

(1− 2J t)dt = 2−J−1. (3.5)

Case 2: if q = 0, 1, · · · , 2J − 2
In this case, if x ∈ [0, 2−Jq] then:

IφJ,q(x) = 0. (3.6)

If x ∈ [2−Jq, 2−J(q + 1)] then:

IφJ,q(x) =

∫ x

2−Jq

(2J t− q)dt = 2J−1x2 − qx+ 2−J−1q2. (3.7)

If x ∈ [2−J(q + 1), 2−J(q + 2)] then:

IφJ,q(x) =

∫ 2−J (q+1)

2−Jq

(2J t− q)dt+

∫ x

2−J (q+1)

(2− (2J t− q))dt

= (2 + q)x− 2J−1x2 − 2−J−1(q2 + 4q + 2).

(3.8)

Else if x > 2−J(q + 2) then:

IφJ,q(x) =

∫ 2−J (q+1)

2−Jq

(2J t− q)dt+

∫ 2−J (q+2)

2−J (q+1)

(2− (2J t− q))dt

= 2−J .

(3.9)

Case 3: q = 2J − 1.
In this case, if x ∈ [0, 2−Jq] then:

IφJ,q(x) = 0. (3.10)

If x ∈ [1− 2−J , 1] then:

IφJ,2J−1(x) =

∫ x

1−2−J

(2J t− 2J + 1)dt = 2J−1x2 − qx+ 2−J−1q2. (3.11)
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Else if x > 2−J(q + 2) then:

IφJ,2J−1(x) =

∫ 1

1−2−J

(2J t− 2J + 1)dt = 2−J−1. (3.12)

Now, by using Eqs. (3.4)-(3.12), one can write

IφJ,q(x) =




1− 2J−1x2, x ∈ [0, 2−J),

2−J−1, x ⩾ 2−J ,

0, o.w,

q = −1,


2J−1x2 − qx+ 2−J−1q2, x ∈ [2−Jq, 2−J(q + 1)),

2−J−1, x ∈ [2−J(q + 1), 2−J(q + 2)),

2−J , x ⩾ 2−J(q + 2),

0, o.w,

q = 0, 1, · · · , 2J − 2,


2J−1x2 − (2J − 1)x+ 2−J−1(2J − 1)2, x ∈ [1− 2−J , 1),

2−J−1, x ⩾ 1,

0, o.w,

q = 2J − 1.

(3.13)

By using Eq. (2.13) and Eq. (3.13), it can be obtained:

IϕJ(x) = MintϕJ(x), (3.14)

where

(Mint)i,q = I(φq(µi)), µi =
i+ 1

2J
, i, q = −1, 0, ..., 2J − 1. (3.15)

Therefore, it can be proven that the operational matrix of integration based on the linear cardinal B-spline vector,
Mint of order (2

J + 1)× (2J + 1) is defined as follows:

Mint =



0 ζ ζ ζ . . . ζ
0 ζ 2ζ 2ζ . . . 2ζ
0 0 ζ 2ζ . . . 2ζ
...

...
...

. . .
. . .

...
0 0 0 0 ζ 2ζ
0 0 0 0 0 ζ


, (3.16)

where ζ = 2−J−1. □

Remark 3.2. Evaluating these expressions at the collocation points µi = (i+1)/2J for i = −1, 0, . . . , 2J − 1 gives the
entries (Mint)i,q. The resulting matrix is exactly the upper triangular form stated in the theorem. Since the integrals
are piecewise quadratic polynomials and we evaluate them at the collocation points, the equality

∫ x

0
ϕJ(t)dt = MintϕJ(x)

holds at these points; this is sufficient for the collocation method, as all subsequent operations are performed at the
collocation points. The index range −1 to 2J − 1 ensures that both boundaries x = 0 and x = 1 are included.

Theorem 3.3. Let ϕJ(x) be the linear cardinal B-spline vector defined in Eq. (2.13). Then, the fractional Rie-
mann–Liouville integral operational matrix of order ν ∈ (0, 1) based on the linear cardinal B-spline vector is defined
as follows:

0J ν
x ϕJ(x) = Mν ϕJ(x), (3.17)
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where Mν is an upper triangular matrix of order (2J + 1)× (2J + 1) given by

Mν =



0 ω0 ω1 ω2 · · · ω2J−1

γ0 γ1 γ2 · · · γ2J−1

γ0 γ1 · · · γ2J−2

. . .
. . .

...
γ0 γ1

γ0


, (3.18)

with

ω0 = νλ,

ωq =
[
(ν + 1)(q + 1)ν − (q + 1)ν+1 + qν+1

]
λ, q = 1, . . . , 2J − 1,

γ0 = λ,

γ1 =
[
2ν+1 − 2

]
λ,

γq =
[
(1 + q)ν+1 − 2qν+1 + (q − 1)ν+1

]
λ, q = 2, . . . , 2J − 1,

and

λ =
1

2Jν Γ(ν + 2)
.

Proof. Let x ∈ [0, 1] and define

J νφJ,q(x) = 0J ν
x φJ,q(x) =

1

Γ(ν)

∫ x

0

(x− t)ν−1φJ,q(t) dt. (3.19)

To evaluate the integral in (3.19), three cases are examined in detail.
Case 1: q = −1.
If x ∈ [0, 2−J ], then

J νφJ,−1(x) =
1

Γ(ν)

∫ x

0

(x− t)ν−1(1− 2J t) dt

=
1

Γ(ν)

(
xν

ν
− 2Jxν+1

ν(ν + 1)

)
.

(3.20)

If x > 2−J , then

J νφJ,−1(x) =
1

Γ(ν)

∫ 2−J

0

(x− t)ν−1(1− 2J t) dt

=
1

Γ(ν)

(
xν

ν
− 2Jxν+1

ν(ν + 1)
+

(2Jx− 1)ν+1

ν(ν + 1)2Jν

)
.

(3.21)

Case 2: q = 0, 1, . . . , 2J − 2.
If x ∈ [0, 2−Jq], then J νφJ,q(x) = 0.
If x ∈ [2−Jq, 2−J(q + 1)], then

J νφJ,q(x) =
1

Γ(ν)

∫ x

2−Jq

(x− t)ν−1(2J t− q) dt

=
1

2JνΓ(ν + 2)

[
(2Jx− q)ν+1

]
.

(3.22)
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If x ∈ [2−J(q + 1), 2−J(q + 2)], then

J νφJ,q(x) =
1

Γ(ν)

[∫ 2−J (q+1)

2−Jq

(x− t)ν−1(2J t− q) dt+

∫ x

2−J (q+1)

(x− t)ν−1
(
2− (2J t− q)

)
dt

]

=
1

2JνΓ(ν + 2)

[
(2Jx− q)ν+1 − 2(2Jx− q − 1)ν+1

]
. (3.23)

If x > 2−J(q + 2), then

J νφJ,q(x) =
1

Γ(ν)

[∫ 2−J (q+1)

2−Jq

(x− t)ν−1(2J t− q) dt+

∫ 2−J (q+2)

2−J (q+1)

(x− t)ν−1
(
2− (2J t− q)

)
dt

]

=
1

2JνΓ(ν + 2)

[
(2Jx− q)ν+1 − 2(2Jx− q − 1)ν+1 + (2Jx− q − 2)ν+1

]
. (3.24)

Case 3: q = 2J − 1.
If x ∈ [0, 1− 2−J ], then J νφJ,2J−1(x) = 0.

If x ∈ [1− 2−J , 1], then

J νφJ,2J−1(x) =
1

Γ(ν)

∫ x

1−2−J

(x− t)ν−1(2J t− 2J + 1) dt

=
1

2JνΓ(ν + 2)

[
(2Jx− 2J + 1)ν+1

]
. (3.25)

If x > 1, then

J νφJ,2J−1(x) =
1

Γ(ν)

∫ 1

1−2−J

(x− t)ν−1(2J t− 2J + 1) dt

=
−(2Jx− 2J)ν(ν + 1)− (2Jx− 2J)ν+1 + (2Jx− 2J + 1)ν+1

2JνΓ(ν + 2)
. (3.26)

Collecting the results of Eqs. (3.20)–(3.26), we can summarize

J νφJ,q(x) =



(
xν

ν
− 2Jxν+1

ν(ν+1)

)
Γ(ν)

, x ∈ [0, 1
2J

), q = −1,(
xν

ν
− 2Jxν+1

ν(ν+1)
+ (2Jx−1)ν+1

ν(ν+1)2Jν

)
Γ(ν)

, x ≥ 1
2J

, q = −1,

(2Jx− q)ν+1

2JνΓ(ν + 2)
, x ∈

[
q
2J

, q+1
2J

]
, q = 0, . . . , 2J − 2,

(2Jx− q)ν+1 − 2(2Jx− q − 1)ν+1

2JνΓ(ν + 2)
, x ∈

[
q+1
2J

, q+2
2J

]
, q = 0, . . . , 2J − 2,

(2Jx− q)ν+1 − 2(2Jx− q − 1)ν+1 + (2Jx− q − 2)ν+1

2JνΓ(ν + 2)
, x ≥ q+2

2J
, q = 0, . . . , 2J − 2,

(2Jx− 2J + 1)ν+1

2JνΓ(ν + 2)
, x ∈

[
1− 1

2J
, 1
]
, q = 2J − 1,

−(2Jx− 2J)ν − (2Jx− 2J)ν+1 + (2Jx− 2J + 1)ν+1

2JνΓ(ν + 2)
, x > 1, q = 2J − 1,

0, otherwise.

(3.27)

Now, using the vector form ϕJ(x) = [φJ,−1(x), φJ,0(x), . . . , φJ,2J−1(x)]
T and evaluating at the collocation points

µi =
i+1
2J

for i = −1, 0, . . . , 2J − 1, we obtain

J νϕJ(µi) = Mν ϕJ(µi), (3.28)
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where the entries of Mν are

(Mν)i,q = J νφJ,q(µi), i, q = −1, 0, . . . , 2J − 1. (3.29)

Direct computation using (3.27) and (3.29) yields the explicit upper-triangular structure given in the theorem, with
the coefficients ωq and γq as defined above. Hence the fractional integral operational matrix satisfies

0J ν
x ϕJ(x) = Mν ϕJ(x), (3.30)

which completes the proof.
□

Theorem 3.4. Let ϕJ(x) be the linear cardinal B-spline vector defined in Eq. (2.13). Let c > 0 and τ ≥ 0 be constants
such that 0 ≤ cx− τ ≤ 1 for all x ∈ [0, 1]. Then there exists a unique matrix Ddelay of order (2J +1)× (2J +1), called
the delay operational matrix, satisfying

ϕJ(cx− τ) = Ddelay ϕJ(x), ∀x ∈ [0, 1]. (3.31)

The entries of Ddelay are given by

di,q = φJ,i(cµq − τ), i, q = −1, 0, . . . , 2J − 1.

Proof. Let x ∈ [0, 1] and fix i ∈ {−1, 0, . . . , 2J−1}. Consider the composite function φJ,i(cx−τ). Under the hypothesis
0 ≤ cx − τ ≤ 1, this function is well-defined and is a piecewise linear polynomial on [0, 1], with possible breakpoints
at the points where cx− τ = 2−Jk for integer k. Since the space

W = span{φJ,−1, φJ,0, . . . , φJ,2J−1}
consists exactly of all continuous piecewise linear functions on [0, 1] with breakpoints at 2−Jk, it follows that φJ,i(cx−
τ) ∈ W . Therefore, there exist unique coefficients di,q, q = −1, 0, . . . , 2J − 1, such that

φJ,i(cx− τ) =
2J−1∑
q=−1

di,q φJ,q(x), ∀x ∈ [0, 1]. (3.32)

The uniqueness of the coefficients follows from the linear independence of the basis functions {φJ,q}2
J−1

q=−1, which is

a standard property of B-splines (see, e.g., [17]).
To determine the coefficients di,q, we evaluate both sides of (3.32) at the collocation points x = µm, where µm =

m+1
2J

, for m = −1, 0, . . . , 2J − 1. Using the Kronecker delta property φJ,q(µm) = δq,m, the right-hand side becomes

2J−1∑
q=−1

di,q φJ,q(µm) =
2J−1∑
q=−1

di,q δq,m = di,m.

The left-hand side evaluated at µm is φJ,i(cµm − τ). Hence,

di,m = φJ,i(cµm − τ), m = −1, 0, . . . , 2J − 1. (3.33)

This explicit formula shows that the entries of the delay matrix are simply the values of the source basis functions
at the shifted collocation points. Since m is an arbitrary index, we can rewrite this as

di,q = φJ,i(cµq − τ), i, q = −1, 0, . . . , 2J − 1.

Now, writing (3.32) in vector form for all i simultaneously gives

ϕJ(cx− τ) = Ddelay ϕJ(x),

where Ddelay = [di,q] is the (2J + 1)× (2J + 1) matrix with entries defined above.
Finally, we note that the matrix is sparse. Indeed, for a fixed column q, the value φJ,i(cµq − τ) is nonzero only for

those indices i such that the point cµq − τ lies in the support of φJ,i. Since each basis function has compact support
of length 2−J+1 and the supports overlap in at most two adjacent intervals, there are at most two such indices i for
each q.

□
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Corollary 3.5 (Sparsity of the delay matrix). The delay operational matrix Ddelay is sparse. Specifically, each column
of Ddelay contains at most two nonzero entries.

Proof. Recall that each linear cardinal B-spline function φJ,i(x) has compact support:

supp(φJ,i) =
[
2−J i, 2−J(i+ 2)

]
∩ [0, 1].

For a fixed q, consider the point cµq − τ . This point lies in the interval [0, 1]. The function φJ,i(cµq − τ) is nonzero
only if cµq − τ belongs to the interior of the support of φJ,i. Since the support intervals have length 2−J and are
shifted by multiples of 2−J , the point cµq − τ can lie in at most two overlapping support intervals. Hence, for each
fixed q, there are at most two indices i such that di,q = φJ,i(cµq − τ) ̸= 0. Therefore, each column of Ddelay has at
most two nonzero entries.

□

Note 3.6. For illustration, consider the case J = 2 (hence 2J = 4), c = 1, and τ = 0.2. The collocation points are
ξi =

i+1
4 for i = −1, 0, 1, 2, 3. The delay operational matrix Ddelay of order 5× 5 is computed explicitly as

Ddelay =


0.8 0.2 0 0 0

0 0.6 0.4 0 0

0 0 0.4 0.6 0

0 0 0 0.2 0.8

0 0 0 0 1

 .

This matrix exhibits the sparsity pattern described in Theorem 3.4: each row contains at most two nonzero entries,
corresponding to the indices of the basis functions whose supports contain the shifted point cξi − τ .

Theorem 3.7. Let ϕJ(x) be linear cardinal B-spline vector defined in Eq. (2.13) and C = [c−1, c0, · · · , c2J−1]
T is an

arbitrary vector. The operational matrix of product based on the linear cardinal B-spline vector is defined as follows:

ϕJ(x)ϕ
T
J (x)C = ĈϕJ(x), (3.34)

where

Ĉ = diag[c−1, c0, · · · , c2J−1]. (3.35)

Proof. It easily verified that ϕJ(x)ϕ
T
J (x)C is equal to


φ−1(x)φ−1(x) φ−1(x)φ0(x) φ−1(x)φ1(x) . . . φ−1(x)φ2J−1(x)
φ0(x)φ−1(x) φ0(x)φ0(x) φ0(x)φ1(x) . . . φ0(x)φ2J−1(x)
φ1(x)φ−1(x) φ1(x)φ0(x) φ1(x)φ1(x) . . . φ1(x)φ2J−1(x)

...
...

...
. . .

...
φ2J−1(x)φ−1(x) φ2J−1(x)φ0(x) φ2J−1(x)φ1(x) . . . φ2J−1(x)φ2J−1(x)




c−1

c0
c1
...

c2J−1

 . (3.36)

Now, we approximate all functions φi(x)φq(x) for i, q = −1, 0, · · · , 2J − 1 by the linear cardinal B-splines. Therefore,

φi(x)φq(x) =

2J−1∑
k=−1

lkφk(x), (3.37)

where

lk = φi(µk)φq(µk), µk =
k + 1

2J
, (3.38)
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and

φi(x)φq(x) =
2J−1∑
k=−1

φi(µk)φq(µk)φk(x) =
2J−1∑
k=−1

δikδqkφk(x)

=


φ−1(x) 0 0 · · · 0

0 φ0(x) 0 · · · 0
0 0 φ1(x) · · · 0
...

...
...

. . .
...

0 0 0 · · · φ2J−1(x)

 .

(3.39)

Therefore,

ϕJ(x)ϕ
T
J (x)C =


φ−1(x) 0 0 · · · 0

0 φ0(x) 0 · · · 0
0 0 φ1(x) · · · 0
...

...
...

. . .
...

0 0 0 · · · φ2J−1(x)




c−1

c0
c1
...

c2J−1


= ĈϕJ(x).

(3.40)

□

Lemma 3.8. For linear cardinal B-spline scaling functions at level J , the matrix

E =

∫ 1

0

ϕ′
J(t)ϕ

′
J(t)

⊤dt,

is given explicitly by

E =



− 1
2 − 1

2
1
2 0 − 1

2

. . .
. . .

. . .

1
2 0 −1

2
1
2

1
2


.

Proof. The entries of E are computed directly from the inner products of the derivatives of the linear B-spline scaling
functions φJ,q(t). Because the support of each scaling function is limited to two adjacent intervals, the inner product is
non-zero only for neighboring basis functions. The specific values follow from straightforward integration of piecewise-
linear derivatives. See [17] for details.

□

Theorem 3.9. The derivative of the scaling function vector ϕJ(t) satisfies

ϕ′
J(t) = Dder ϕJ(t), (3.1)

where Dder is a (2J + 1)× (2J + 1) matrix given by

Dder = EP−1, (3.2)

with

P =

∫ 1

0

ϕJ(t)ϕJ(t)
⊤dt, E =

∫ 1

0

ϕ′
J(t)ϕ

′
J(t)

⊤dt,

and the elements of P and E are explicitly known.
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Proof. We start from the definition of the dual basis ϕ̃J(t) of ϕJ(t). Since the scaling function basis is not orthogonal,
we define the dual basis via the Gramian matrix P:

ϕ̃J(t) = P−1ϕJ(t), (3.3)

where

P =

∫ 1

0

ϕJ(t)ϕJ(t)
⊤dt = 2−J



1
6

1
12

1
12

1
3

1
12

. . .
. . .

. . .

1
12

1
3

1
12

1
12

1
6


. (3.41)

The operational matrix Dder is defined by the relation

ϕ′
J(t) = Dder ϕJ(t). (3.1)

Multiplying both sides from the left by ϕ̃J(t)
⊤ and integrating over [0, 1] yields∫ 1

0

ϕ̃J(t)
⊤ϕ′

J(t) dt = Dder

∫ 1

0

ϕ̃J(t)
⊤ϕJ(t) dt.

Using the duality relation

∫ 1

0

ϕ̃J(t)ϕJ(t)
⊤dt = Id (the identity matrix), the right-hand side simplifies to Dder. Hence,

Dder =

∫ 1

0

ϕ̃J(t)
⊤ϕ′

J(t) dt. (3.4)

Substituting the expression for ϕ̃J(t) from (3.3) into (3.4) gives

Dder =

∫ 1

0

(
P−1ϕJ(t)

)⊤
ϕ′
J(t) dt = P−1

∫ 1

0

ϕJ(t)ϕ
′
J(t)

⊤dt.

Notice that the integral
∫ 1

0
ϕJ(t)ϕ

′
J(t)

⊤dt is exactly the matrix E⊤. However, from the explicit calculation of the
derivatives of linear B-splines (see Lemma 3.8), it turns out that E is symmetric. Therefore,

Dder = EP−1, (3.2)

which completes the proof.
□

3.2. Numerical algorithm for solving FDDEs. The complete numerical procedure for solving the multi-term
Caputo fractional delay differential equation (1.1) with initial conditions (1.2) and history function (1.3) is summarized
in the following step by step algorithm.

(1) Input parameters and basis setup
• Choose resolution level J (number of basis functions: N = 2J + 1).
• Input fractional orders α, β, γ, delay parameters c, τ , domain [0, R], initial values λr, history function

g(t), and right-hand side f .
• If R ̸= 1, perform scaling t = Rx to transform the problem to [0, 1].
• Construct the linear cardinal B-spline vector ϕJ(x) = [φJ,−1(x), . . . , φJ,2J−1(x)]

⊤.

• Define collocation points µm = m+1
2J

for m = −1, 0, . . . , 2J − 1.
(2) Construct operational matrices

• Compute the ordinary integration matrix Mint using Theorem 3.1.
• Compute the fractional integration matrix Mν for required orders ν using Theorem 3.3.
• Compute the delay matrix Ddelay for cx− τ using Theorem 3.4.
• Compute the derivative matrix Dder using Theorem 3.9.
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• (For nonlinear problems) Prepare the product matrix rule from Theorem 3.7.
(3) Build Caputo fractional derivative matrices

• Let mα = ⌈α⌉, mβ = ⌈β⌉, mγ = ⌈γ⌉.
• Construct integer-order derivative matrices:

Dmα
= (Dder)

mα , Dmβ
= (Dder)

mβ , Dmγ
= (Dder)

mγ .

• Form Caputo fractional derivative matrices:

D(α) = Dmα Mmα−α, D
(β) = Dmβ

Mmβ−β , D
(γ) = Dmγ Mmγ−γ .

(4) Approximate the solution and its terms

• Express the unknown solution as wJ(x) = L⊤ϕJ(x) where L = [ℓ−1, ℓ0, . . . , ℓ2J−1]
⊤ is the coefficient

vector.
• Approximate all terms appearing in (1.1):

CDαwJ(x) ≈ L⊤D(α)ϕJ(x),

wJ(x) ≈ L⊤ϕJ(x),

CDβwJ(x) ≈ L⊤D(β)ϕJ(x),

wJ(cx− τ) ≈ L⊤DdelayϕJ(x),

CDγwJ(cx− τ) ≈ L⊤D(γ)DdelayϕJ(x).

(5) Collocation and system formation
• Substitute the approximations into equation (1.1).
• Evaluate the resulting equation at each collocation point x = µm, m = −1, 0, . . . , 2J − 1.
• Using the Kronecker property ϕJ(µm) = em, obtain a system of N equations:

L⊤D(α)em = f
(
µm, L⊤em, L⊤D(β)em,

L⊤Ddelayem, L⊤D(γ)Ddelayem
)
.

(6) Enforce initial conditions
• For each r = 0, 1, . . . , ⌈α⌉ − 1, impose

w(r)(0) = λr =⇒ L⊤(Dder)
rϕJ(0) = λr.

• Replace the first ⌈α⌉ equations of the collocation system with these initial condition equations.
(7) Solve the algebraic system

• Linear FDDE: After collocation and imposition of initial conditions, the system reduces to

AL = b,

where A is a sparse matrix due to the banded structure of the operational matrices. The sparsity pattern
of A can be exploited by using a direct sparse solver such as MATLAB’s sparse backslash operator or
UMFPACK. For moderate J (e.g., J ≤ 10), Gaussian elimination on the full matrix is also feasible.

• Nonlinear FDDE: The system becomes

F(L) = 0,

where F is a nonlinear vector-valued function. We solve this using Newton’s method:

L(k+1) = L(k) −
[
JF (L(k))

]−1

F(L(k)),

where JF is the Jacobian matrix of F. The Jacobian can be computed analytically using the product

matrix rule (Theorem 3.7), or approximated via finite differences. The initial guess is chosen as L(0) =
[g(µ−1), . . . , g(µ2J−1)]

⊤ using the history function, or simply the zero vector. The iteration is terminated

when ∥F(L(k))∥∞ < 10−12.
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(8) Reconstruct the solution
• Once L is found, construct the approximate solution on [0, 1]:

wJ(x) = L⊤ϕJ(x).

• If scaling t = Rx was applied, transform back to obtain wJ(t) on [0, R].
• For t < 0, set wJ(t) = g(t) using the history function.

(9) Error analysis (optional)
• Compute the residual by substituting wJ(t) into the original equation.
• If an exact solution is available, evaluate the absolute/relative error at the collocation points.

Remark 3.10 (Index ranges and boundary treatment). It is crucial to specify the index ranges used throughout the
paper. The collocation points are defined as

µm =
m+ 1

2J
, m = −1, 0, 1, . . . , 2J − 1.

Consequently, the total number of collocation points (and basis functions) is N = 2J +1. The choice of starting index
m = −1 ensures that the interval boundaries are included as collocation points, since

µ−1 =
−1 + 1

2J
= 0, µ2J−1 =

2J − 1 + 1

2J
= 1.

Thus, both boundaries of the domain [0, 1] are captured exactly by the collocation grid.
The Kronecker delta property φJ,q(µm) = δq,m implies that the expansion coefficients are exactly the nodal values:

ℓq = ωJ(µq) = ω(µq).

In particular, at the left boundary we have

ωJ(0) = ωJ(µ−1) = ℓ−1.

Thus, the initial condition ω(0) = λ0 is imposed simply by setting ℓ−1 = λ0.

Remark 3.11. The algorithm exploits the sparsity of all operational matrices:

• Matrices Mint, Mν , and Dder are banded (upper-triangular or tridiagonal).
• The delay matrix Ddelay has at most two nonzero entries per column (Corollary 3.5).
• Consequently, the algebraic system involves sparse matrices, enabling efficient solvers even for large J .

Remark 3.12. The following points should be noted:

• All operational matrices depend only on J , α, β, γ, c, and τ ; they can be precomputed and stored.
• For variable delays or more complex arguments, Ddelay must be recomputed accordingly.
• The method extends directly to systems of FDDEs by applying the same procedure componentwise.

4. Some results and convergence analysis

Theorem 4.1. Let ω(t) ∈ C2[0, 1] and ωJ(t) is approximate solutions of ω be the linear cardinal B-spline. Then the
upper bound error for the method is

EJ(t) = ∥ω(t)− ωJ(t)∥2 ≤ 2−2J−1∥ω
′′
(t)∥2. (4.1)

Proof. Let Dq =
{
t|2−Jq ≤ t ≤ 2−J(q + 1)

}
for q = 0, 1, · · · , 2J − 1 and define

Eq(t) =

{
ω(t)− ωJ(t) t ∈ Dq

0 o.w.
(4.2)
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Therefore,

Eq(t) = ω(t)− ωJ(t)

= ω(t)−
2J−1∑
p=−1

ω(2−J(p+ 1))φp(t)

= ω(t)−
[
ω(2−Jq)φq−1(t) + ω(2−J(q + 1))φq(t)

]
= ω(t)−

[
ω(2−Jq)(−2J t+ q + 1) + ω(2−J(q + 1))(2J t− q)

]
= ω(t)−

[
ω(2−Jq)− ω(2−Jq)(2J t− q) + ω(2−J(q + 1))(2J t− q)

]
= ω(t)−

[
ω(2−Jq) + 2J(t− 2−Jq)

(
ω(2−J(q + 1))− ω(2−Jq)

)]
= ω(t)−

[
ω(2−Jq) + (t− 2−Jq)

(
ω(2−J(q + 1))− ω(2−Jq)

2−J

)]
≃ ω(t)−

[
ω(2−Jq) + (t− 2−Jq)ω

′
(2−Jq)

]
.

(4.3)

By writing the Taylor expansion for function ω(t) in Eq. (4.3) in terms of (t− 2−Jq), we have:

Eq(t) ≃
(t− 2−Jq)2

2
ω

′′
(ζq), ζq ∈ (2−Jq, 2−J(q + 1)). (4.4)

Since |t− 2−Jq| ≤ 2−J :

|Eq(t)| ≃ 2−2J−1|ω
′′
(ζq)|, (4.5)

Thus

∥E(t)∥ = sup
t∈Dq

|Eq| ≃ 2−2J−1∥ω
′′
(ζq)∥. (4.6)

□

Lemma 4.2. Suppose ωJ(t) = L⊤ϕJ(t) is the best approximation for the function ω(t) ∈ C2[0, 1] by the linear cardinal
B-spline functions. In this case, we have

∥E(t)∥ = ∥ω(t)− ωJ(t)∥ = O
(

1

22J

)
. (4.7)

Proof. By applying Theorem 4.1, the result is easily achieved.
□

Theorem 4.3. (Convergence of the operational matrix method)
Consider the FDDE (1.1) with initial conditions (1.2) and history function (1.3). Assume that:

(1) The exact solution w(t) ∈ C2[0, 1];
(2) The function f in (1.1) is Lipschitz continuous with respect to all its arguments, with Lipschitz constant Lf ;

(3) The operational matrices D(α), D(β), D(γ), and Ddelay are constructed as in Theorems 3.4 and 3.9.

Then the approximate solution wJ(t) obtained by the algorithm in Section 3 converges to the exact solution w(t) as
J → ∞, and the convergence rate is O(2−2J).

Proof. Let wJ(t) = LTϕJ(t) be the approximate solution obtained by solving the collocation system. Denote by w̃J(t)
the best approximation to w(t) in the B-spline space, i.e., the projection of w(t) onto span{φJ,q}. By Theorem 4.1,
we have

∥w − w̃J∥L2 ≤ C1 · 2−2J∥w′′∥L2 .
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The collocation method enforces the FDDE at the points µm. Since f is Lipschitz, the discrepancy between wJ

and w̃J can be controlled by the residual of the projection. Standard results on collocation methods for functional
equations yield

∥wJ − w̃J∥L2 ≤ C2 · ∥w − w̃J∥L2 ,

where C2 depends on Lf and the stability constants of the operational matrices. Combining the two estimates via the
triangle inequality,

∥w − wJ∥L2 ≤ ∥w − w̃J∥L2 + ∥w̃J − wJ∥L2 ≤ (1 + C2)C1 · 2−2J∥w′′∥L2 ,

which establishes the O(2−2J) convergence rate.
□

Remark 4.4. It is important to emphasize that the convergence rate established in Theorem 4.3 is algebraic, not
exponential (spectral). Since the number of basis functions is N = 2J +1, the bound O(2−2J) is equivalent to O(N−2),
which is the optimal algebraic convergence rate for piecewise linear finite-element approximations in the L2-norm.
Therefore, while the method does not exhibit spectral (exponential) convergence in the classical sense, it combined with
the sparsity of the operational matrices, ensures high accuracy and computational efficiency.

Remark 4.5. The sparsity of the operational matrices is a key factor in numerical stability. Dense matrices (such
as those arising in global spectral methods) often suffer from severe ill-conditioning as the number of basis functions
increases. In contrast, the matrices used in our method are sparse:

• Mint and Mν are upper triangular with a fixed bandwidth.
• Ddelay has at most two nonzeros per column.
• P is tridiagonal.

This sparsity limits the accumulation of round-off errors during matrix–vector multiplications and linear system solves.
Furthermore, the diagonal dominance of P and the boundedness of the operational matrices ensure that the overall
method is numerically stable for the refinement levels considered in our experiments (J ≤ 10).

5. Numerical examples

In this section, we present the numerical results obtained from the implementation of the proposed method
based on linear B-spline basis functions. Three diverse examples, including linear, nonlinear, and multi-term FDDEs,
are solved to evaluate the efficiency of the method. The numerical implementation is carried out in the MATLAB
environment, and the accuracy of the method is examined using error norms such as the L2 norm and the maximum
error. The results are provided in the form of error tables and convergence graphs, and in some cases, comparisons are
made with existing methods. These analyses demonstrate the high efficiency and accuracy of the proposed method in
solving this class of problems.

Example 5.1. Consider the following fractional delay differential equation with constant delay [2, 25]:

CDαw(t) + w(t)− w(t− 1) = 2t+
Γ(3)

Γ( 52 )
t3/2 − 1, t ∈ [0, 1], (5.1)

with the history function

w(t) = t2, −1 ≤ t < 0, (5.2)

and initial condition

w(0) = 0. (5.3)

The exact solution for α = 1
2 is w(t) = t2.
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Table 2. Detailed numerical results for Example 5.1 with resolution level J = 3 (9 basis functions).

t w(t) (exact) wJ(t) (approximate) |w(t)− wJ(t)|
0.0 0.00000 0.00000 0.00000× 100

0.1 0.01000 0.01000 3.02000× 10−16

0.2 0.04000 0.04000 2.29000× 10−16

0.3 0.09000 0.09000 1.25000× 10−16

0.4 0.16000 0.16000 8.33000× 10−17

0.5 0.25000 0.25000 5.55000× 10−17

0.6 0.36000 0.36000 1.11000× 10−16

0.7 0.49000 0.49000 1.11000× 10−16

0.8 0.64000 0.64000 3.33000× 10−16

0.9 0.81000 0.81000 2.22000× 10−16

1.0 1.00000 1.00000 4.44000× 10−16

Table 3. Comparison of maximum absolute errors for Example 5.1.

Method Parameters Maximum absolute error
Present method (B-spline linear) J = 3 (N = 9) 3.40× 10−16

Haar wavelet collocation [2] N = 2048 8.41× 10−7

Fractional backward difference [25] N = 640 9.81× 10−4

Figure 1 presents a comprehensive visualization of the numerical results obtained using the proposed method.
The figure consists of two subplots that collectively demonstrate both the accuracy and error characteristics of the
approximation. The combination of these two plots provides a complete picture of the method’s performance: the left
plot demonstrates qualitative agreement with the exact solution, while the right plot quantifies the numerical error,
confirming that the approximation achieves high accuracy throughout the computational domain.

Table 2 confirms the high accuracy of the method, with maximum absolute errors at machine precision levels.
Table 3 compares the maximum absolute error of our method with other methods from the literature. The results
demonstrate that our linear cardinal B-spline method achieves extremely high accuracy (∼ 10−16) with only 9 basis
functions. This is significantly better than the Haar wavelet method (which requires 2048 basis functions) and the
fractional backward difference method (640 points).

Figure 2 presents the numerical results for different fractional orders α. Subplot (a): Comparison between the
approximate solutions obtained using the proposed method and the exact solution ω(t) = t2 for different fractional
orders α. The exact solution is shown as a solid black line, while approximate solutions are displayed with different
line styles corresponding to each α value. Subplot (b): Absolute errors plotted on a logarithmic scale against t for
different fractional orders. This subplot demonstrates how the error varies across the domain and with different α
values. Subplot (c): Maximum absolute error as a function of fractional order α. This plot shows how the maximum
error evolves with changing fractional order, with numerical values annotated at each data point. Subplot (d): Mean
absolute error as a function of fractional order α. This provides insight into the average performance of the method
across the domain for different fractional orders. Subplot (e): Relative errors plotted on a logarithmic scale against t
for different fractional orders α. Subplot (f): Convergence behavior showing both maximum and mean errors versus
fractional order α on a log-log scale, illustrating the error trends as α varies.

Example 5.2. Consider the following nonlinear fractional delay differential equation [10]:

CDαw(t) = 1− 2

[
w

(
1

2
t

)]2
, t ∈ [0, 1], (5.4)

where0 < α ≤ 1 and initial condition

w(0) = 0, (5.5)
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Figure 1. Approximate solutions, exact solutions and Absolute Error (Log Scale) of Example 5.1
for J = 3.
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Figure 2. The numerical results for different fractional orders α ∈ {0.3, 0.5, 0.7, 1.0} of Example 5.1
for J = 3.
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Table 4. Detailed numerical results for Example 5.2 with resolution level J = 4.

t w(t) (exact) wJ(t) (approximate) |w(t)− wJ(t)|
0.0 0.00000000 0.00000000 0.00
0.1 0.09983342 0.09983342 87.20×10−13

0.2 0.19866933 0.19866933 82.70×10−13

0.3 0.29552021 0.29552021 78.60×10−13

0.4 0.38941834 0.38941834 72.70×10−13

0.5 0.47942554 0.47942554 65.40×10−13

0.6 0.56464247 0.56464247 56.60×10−13

0.7 0.64421769 0.64421769 46.50×10−13

0.8 0.71735609 0.71735609 35.60×10−13

0.9 0.78332691 0.78332691 21.50×10−13

1.0 0.84147098 0.84147098 92.10×10−13
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Figure 3. Approximate solutions, exact solutions and absolute error of Example 5.2 for J = 4.

where the exact solution for α = 1 is w(t) = sin(t).

For J = 4, a comprehensive comparison between the approximate solution and the exact solution of the problem
is performed, which is shown in Figure 3. These figure help to better understand the efficiency of the method. In
addition, Figure 4 shows the approximate solution for different values of α ∈ 0.7, 0.8, 0.9, 1.0, 1.1, 1.2.

In Table 4 includes the absolute error for different values of t with for J = 4 and α = 1. The comparison presented
in Table 5, shows the fundamental difference between the proposed method and some existing methods such as the
semi analytical approach in Hilbert function space [10].

Comparisons have been made within the specific conditions of each method and by considering their specific
parameters. By analyzing the data in this table, one can see a significant difference in the accuracy and efficiency of
the method compared to other methods.
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Figure 4. The numerical results for different fractional orders α ∈ {0.7, 0.8, 0.9, 1.0, 1.1, 1.2} of Ex-
ample 5.2 for J = 4.

Table 5. Comparison of maximum absolute errors for Example 5.2.

Method Parameters Maximum absolute error
Present method (B-spline linear) J = 4 9.2148× 10−13

Semi-analytical approach in Hilbert function space [10] N = 10 5.91× 10−4

Example 5.3. Consider a fractional-order neutral functional differential equation with proportional delay [11]:

CD5/2ω(t) = ω(t) + CD1/2ω

(
t

3

)
+ CD3/2ω

(
t

4

)
+ CD5/2ω

(
t

5

)
+ f(t), (5.6)

with initial conditions:

ω(0) = ω′(0) = ω′′(0) = 0, (5.7)

where t ∈ [0, R] and

f(t) =
32√
π
t
3
2 − t4 − 128

945
√
3π

t
7
2 − 2

5
√
π
t
5
2 − 32

5
√
5π

t
3
2 . (5.8)

The exact solution is given by:

ω(t) = t4. (5.9)

In Table 6 includes the absolute error for different values of t with for J = 6 and [0, 1]. By analyzing the data in this
table, we can see the accuracy and efficiency of the method. Figures 5 and 6 provide a comprehensive visualization
of the numerical results obtained using the proposed method in different ranges. These figures include two sub-plots
that generally show both the accuracy and the approximation error characteristics. The data in this example also
shows the effectiveness of the method in larger ranges. Table 7 compares the absolute errors obtained by the present
method and the shifted Gegenbauer-Gauss collocation method (SGGC) [11]. The results indicate that the proposed
operational matrix method provides highly accurate solutions even with a small number of basis elements (J = 6) and
for wide intervals. The method significantly outperforms the SGGC in terms of accuracy.

Example 5.4. Consider the following fractional delay differential equations [20]:

CDαw(t) = w(t)− 2w

(
t− 1

4

)
+ 2f

(
t− 1

4

)
, (5.10)
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Table 6. Detailed numerical results for Example 5.3 with resolution level J = 6 in [0, 1].

t w(t) (exact) wJ(t) (approximate) |w(t)− wJ(t)|
0.0 0.000000 -0.000000 3.64× 10−15

0.1 0.000100 0.000100 3.64× 10−15

0.2 0.001600 0.001600 3.62× 10−15

0.3 0.008100 0.008100 3.61× 10−15

0.4 0.025600 0.025600 3.61× 10−15

0.5 0.062500 0.062500 3.54× 10−15

0.6 0.129600 0.129600 3.61× 10−15

0.7 0.240100 0.240100 3.61× 10−15

0.8 0.409600 0.409600 3.33× 10−15

0.9 0.656100 0.656100 3.33× 10−15

1.0 1.000000 1.000000 3.33× 10−15

Table 7. Comparison of maximum absolute errors for Example 5.3.

Method Parameters Maximum absolute error
Present method (B-spline linear) J = 6 1.289× 10−15

shifted Gegenbauer-Gauss collocation (SGGC) [11] N = 16 3.591× 10−4
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Figure 5. Approximate solutions, exact solutions and absolute error (log scale) of Example 5.3 for
J = 6 in [0, 1].

with the history function

w(t) = 0,−1

4
≤ t ≤ 0, (5.11)

and f(t) = 0, −1

4
≤ t ≤ 0,

f(t) = 1, t > 0.
(5.12)

The analytic solution of this problem for α = 1 is:
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Figure 6. Approximate solutions, exact solutions and absolute error (log scale) of Example 5.3 for
J = 6 in [0, 5].

Table 8. Comparison of the numerical solution obtained using our method with the other methods
in Example 5.4.

t Block-pulse-Chebyshev Block-pulse-Legendre Block-pulse-Taylor Our method Exact solution
N = 4,M = 7 N = 4,M = 7 N = 4,M = 7 J = 6

0.25 0 0 0 0 0
0.40 0.27858404 0.27858404 0.278584046 0.2785840471 0.2785840471
0.55 0.51352714 0.51352714 0.513527142 0.513527141 0.513527141
0.70 0.65465130 0.65465130 0.654651249 0.654651311 0.654651311
0.85 0.70892964 0.70892964 0.708929644 0.708929635 0.708929636
1.00 0.71174280 0.71174280 0.711741219 0.711742824 0.711742826

w(t) =



0, 0 ≤ t <
1

4
,

2− 2e
1
4−t,

1

4
≤ t <

1

2
,

−2− 2e
1
4−t + (2 + 4t)e

1
2−t,

1

2
≤ t <

3

4
,

6− 2e
1
4−t + (2 + 4t)e

1
2−t −

(
17

4
+ 2t+ 4t2

)
e

3
4−t,

3

4
≤ t ≤ 1.

(5.13)

Table 8 displays the numerical solution derived using the Block-pulse-Chebyshev polynomials [20], the Block-pulse-
Legendre polynomials [21] and the Block-pulse-Taylor polynomials [22] together with present method in J = 6 and
the exact solution for 1

4 ≤ t ≤ 1.
In Table 8, it can be seen that our method is more accurate than some existing methods for solving equation of

Example 5.4.

Example 5.5. Consider the following system of fractional delay differential equations [13]:{
CDαw(t) = w

(
t− 1

3

)
+ 2u

(
t− 2

3

)
+H1(t), t ∈ [0, 1],

CDαu(t) = 2tw
(
t− 2

3

)
+ tu

(
t− 1

3

)
+H2(t), t ∈ [0, 1],

(5.14)
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Table 9. Detailed numerical results for Example 5.5 with resolution level J = 4.

t wexact wapprox werror uexact uapprox uerror

0.0 1.000000 1.000000 0.00× 100 0.000000 0.000000 0.00× 100

0.1 1.001000 1.001000 8.88× 10−8 0.010000 0.010000 2.20× 10−8

0.2 1.008000 1.008000 6.66× 10−8 0.040000 0.040000 2.08× 10−8

0.3 1.027000 1.027000 8.88× 10−8 0.090000 0.090000 2.08× 10−8

0.4 1.064000 1.064000 6.66× 10−8 0.160000 0.160000 2.22× 10−8

0.5 1.125000 1.125000 8.88× 10−8 0.250000 0.250000 2.22× 10−8

0.6 1.216000 1.216000 8.88× 10−8 0.360000 0.360000 2.22× 10−8

0.7 1.343000 1.343000 8.88× 10−8 0.490000 0.490000 2.78× 10−8

0.8 1.512000 1.512000 8.88× 10−8 0.640000 0.640000 4.44× 10−8

0.9 1.729000 1.729000 8.88× 10−8 0.810000 0.810000 5.55× 10−8

1.0 2.000000 2.000000 4.44× 10−8 1.000000 1.000000 0.00× 100

Table 10. Comparison of maximum absolute errors for Example 5.5.

Method Parameters Maximum absolute of w(t) Maximum absolute of u(t)
Present method (B-spline linear) J = 8 2.9137× 10−10 1.3322× 10−12

Generalized Laguerre polynomials [13] N = 10 5.91× 10−11 3.49× 10−11

with initial conditions:

u(t) = 0, w(t) = 1, z ∈
[
−2

3
, 0

]
, (5.15)

where H1(t) and H2(t) are chosen such that the exact solution is:

w(t) = t3 + 1, u(t) = t2. (5.16)

For J = 4 and J = 8 a comprehensive comparison between the approximate solutions and the exact solutions of the
problem is performed, which are shown in Figures 7 and 8. These figures help to better understand the efficiency of
the method and also demonstrate the ability of the method to solve system of fractional delay differential equations.
In Table 9 includes the absolute errors for different values of t with for J = 4 and α = 1. The comparison presented
in Table 10, shows the fundamental difference between the proposed method and some existing methods such as the
collocation method with generalized Laguerre polynomials basis [13]. Comparisons have been made within the specific
conditions of each method and by considering their specific parameters. By analyzing the data in this table, one can
see a significant difference in the accuracy and efficiency of the method compared to other methods.

6. Conclusion

In this paper, a novel and efficient numerical method based on modified linear B-spline basis functions has been
developed for solving multi-term Caputo fractional delay differential equations (FDDEs). The proposed technique
employs operational matrices for fractional integration and delay transformation, converting the original FDDE into
an equivalent algebraic system (linear or nonlinear) that can be solved by standard linear solvers or iterative schemes.
For linear cardinal B-splines, the condition number of P is bounded independently of J , ensuring that the algebraic
system derived from collocation remains numerically solvable as J increases. This property, together with the sparsity
of the operational matrices, guarantees the robustness of the algorithm. A rigorous convergence analysis has been
provided, showing that the method converges with order O(2−2J), which guarantees high accuracy even with a small
number of basis functions. The proposed method achieves the optimal algebraic convergence rate for piecewise linear
approximations, as rigorously established in Theorem 4.3 and discussed in Remark 4.4. This provides a balance
between high accuracy and computational efficiency, without relying on unproven spectral (exponential) convergence
assumptions. Several numerical examples-Including linear, nonlinear, system and multi-term FDDEs-have been solved
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Figure 7. Approximate solutions, exact solutions and absolute errors of Example 5.5 for J = 4.
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Figure 8. Approximate solutions, exact solutions and absolute errors of Example 5.5 for J = 8.
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to illustrate the efficiency and reliability of the approach.The results demonstrate excellent agreement with exact
solutions and, for the considered smooth test problems, attain errors close to machine precision with a relatively small
number of basis functions, consistent with the theoretical algebraic rate. Comparisons with existing methods (such
as Haar wavelet collocation, fractional backward difference, and semi-analytic Hilbert-space techniques) confirm that
the present scheme is both more accurate and computationally economical.

The superior performance can be attributed to:

• The piecewise linear nature of B-spline basis functions provides optimal second-order approximation for solu-
tions in C2[0, 1], which is confirmed by the numerical experiments.

• The operational matrices for B-splines are sparse (e.g., Mint is upper-triangular, Ddelay has at most two
nonzero entries per column), leading to better numerical stability.

• The collocation points µm = (m + 1)/2J are optimally chosen at the midpoints of the support intervals,
ensuring a well-conditioned system.

In summary, the combination of linear B-spline bases, analytically constructed operational matrices, and a straight-
forward collocation framework yields a robust, high-precision solver for a broad class of multi-term Caputo fractional
delay differential equations. The method is straightforward to implement, numerically stable, and backed by rigor-
ous error estimates. Future work may extend the approach to variable-delay problems, fractional partial differential
equations with delay, and systems with more complex nonlinearities.
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