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Abstract

In this article, we investigate the nonlinear dynamical behavior of the coupled Klein-Gordon-Zakharov system,
which models the interaction between high-frequency electric field oscillations and low-frequency ion-acoustic

waves in plasma. Employing the improved auxiliary equation approach and the improved tanh method, a diverse

range of exact soliton solutions, including localized W-shaped, singular, rational, bell-shaped, kink, and periodic
waveforms, is constructed, each describing different modes of nonlinear wave propagation. The qualitative features

of these solutions are analyzed through contour, two- and three-dimensional graphical representations, emphasizing

the impact of parameter variations, particularly the wave speed, on amplitude, localization, and wave stability.
Also, the accuracy of the derived exact wave solutions is successfully validated through independent numerical

simulations using the finite difference method. A detailed bifurcation analysis based on planar dynamical systems

theory is carried out to reveal multiple equilibrium configurations, such as centers and saddles, related to the
transition between stable and unstable states. Furthermore, the formation of quasi-periodic and chaotic orbitals

under external perturbations is demonstrated, indicating the nonlinear sensitivity of the system. Additionally,
the modulation instability criteria are formulated to assess the stability of the steady-state regimes, and these

theoretical conditions are computationally verified by perturbing the exact soliton. The results provide a detailed

physical understanding of nonlinear plasma wave interactions, contributing to the development of advanced models
for high-energy plasma wave modulation, energy transport, and controlled wave propagation.

Keywords. Exact soliton solutions, Modulation instability, Finite difference method, Bifurcation and chaos, Improved auxiliary equation and

improved tanh methods.
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1. Introduction

Nonlinear differential equations (NLDEs) play a dynamic role in describing complex phenomena observed in var-
ious real-world systems. Many real-world problems in diverse scientific domains such as solid-state physics, optics,
bioinformatics, plasma physics, finance, biological sciences, applied mathematics, signal processing, mechanics and
chemical kinetics are effectively modeled using nonlinear partial differential equations (NLPDEs) [7, 9, 39]. Theo-
retical and experimental investigations of these models have attracted substantial research interest in recent years.
Recent advances in qualitative theory of dynamical systems and exact solution methodologies have further enhanced
the analytical framework for characterizing various complex nonlinear models, including optical pulse propagation
and plasma dynamics [8, 22, 31, 37, 41, 47, 48]. Therefore, several computational and analytical techniques have
been developed to obtain accurate and efficient wave solutions for NLPDEs, which has advanced the understanding
of nonlinear dynamical behavior in multiple disciplines.

Received: 26 November 2025; Accepted: 01 September 2026.
∗ Corresponding author. Email: ali math74@yahoo.com.

1



Unco
rre

cte
d Pro

of

2 T. RAHMAN, M. T. ISLAM, AND M. A. AKBAR

Thus, analytical methods widely applied to derive exact solutions for nonlinear evolution equations include the
improved auxiliary equation method [15], Hirota bilinear scheme [13], inverse scattering transform approach [2], sine-
cosine method [40], rational (G′/G)-expansion approach [16], Jacobi elliptic function expansion technique [25], ex-
tended exp-function process [34], improved tanh scheme [17], Sardar sub-equation approach [32], mapping method
[29], Darboux transformation scheme [26], rational (1/ϕ′)-expansion technique [18], generalized Kudryashov scheme
[10], sine-Gordon expansion approach [43], Painlevé analysis [23], enhanced rational (G′/G)-expansion scheme [19],
unified technique [1], among others. Despite these developments, formulating more robust, flexible, and unifying
mathematical approaches remains a primary focus in contemporary physical research.

The coupled Klein-Gordon-Zakharov (cKGZ) system is an important nonlinear mathematical model that describes
the interaction between low-frequency ion-acoustic waves in plasma and high-frequency electric field oscillations. It
combines the properties of the Klein-Gordon equation, which governs the evolution of fast-varying high-frequency fields,
with the Zakharov equation, which represents the slow dynamics of plasma density fluctuations. The cKGZ system is
expressed as coupled nonlinear equations that model the mutual pairing between the envelope of an electrostatic wave
and the ion density perturbation, which is as follows [14]:

Ξtt − Ξxx + Ξ+ aΞΠ = 0, (1.1)

Πtt −Πxx − b(|Ξ|2)xx = 0, (1.2)

where Ξ(x, t) and Π(x, t) are complex-valued and real-valued functions, respectively; t stands for time and x represents
space in the path of wave propagation, while a and b are non-zero free constants. The coupling captures key physical
processes such as wave modulation, self-interaction, and energy exchange between fast and slow plasma modes. The
cKGZ model has been investigated through some analytical and numerical techniques. For example, exact solutions
have been derived through expansion frameworks, including the extended rational sine-cosine and extended rational
sinh-cosh techniques [14, 42], the exp(−ϕ(ξ))-expansion scheme [11], the extended direct algebraic approach [30]
and the extended sinh-Gordon equation approach [6]. Hyperbolic and trigonometric function approaches, including
the extended tanh [3], the sine-cosine [36], and extended hyperbolic approaches [35], are employed to extract wave
solutions. Other analytical formulations include the generalized Khater method [20], the solitary wave ansatz [38], and
the simplest equation method [27]. In addition to analytical studies, semi-analytical solutions have been constructed
using techniques like the Adomian decomposition and B-spline method [21]. Moreover, recent studies have explored
the bifurcations, dynamic behaviors [45], and orbital stability [12, 24, 44, 46] of the travelling wave solutions for this
stated nonlinear system.

Although the cKGZ system has been previously studied for nonlinear wave interactions, existing literature predom-
inantly focuses on deriving analytic or numerical solutions. Most of these studies emphasize only the construction
of exact soliton solutions without exploring their dynamic stability, bifurcation characteristics, and chaotic behaviors
in detail. Furthermore, the impact of system parameters on wave profiles, amplitude modulation, and transitions
between stable and unstable regimes remains largely unaddressed from the perspective of dynamical systems theory.
The absence of a unified framework combining analytical derivation, bifurcation structure, and chaotic evolution limits
the comprehensive understanding of nonlinear wave propagation and energy exchange mechanisms.

Hence, a detailed analytical and qualitative study is required to bridge the gap between exact wave solutions and
their physical stability characteristics. Therefore, the objective of this study is to conduct an analytical and dynamical
investigation of the nonlinear cKGZ system by utilizing the improved auxiliary equation and improved tanh methods
to derive a broad class of exact soliton solutions. The novelty of this research lies in the integrated analysis; in
comparison to classical approaches that often yield a restricted solution set, the suggested methods systematically
extract a broader class of exact solutions, including localized W-shaped solitons, singular, periodic, kink, dark, bright,
and rational waves, within a single mathematical framework. In addition to constructing these solutions, this study
explores the qualitative dynamics of the system through bifurcation, phase plane, potential energy, and chaos analyses,
highlighting the sensitivity of wave behavior to parameter variations. This is further supplemented by verifications of
modulation instability. This integrated approach provides both theoretical and practical insights into the control and
prediction of nonlinear wave phenomena in related physical systems. Table 1 presents a comparative analysis between
the proposed methodology and existing literature, highlighting the key contributions of this article.
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Table 1. Comparison between the suggested methodology and existing literature for the cKGZ
system.

Key Features Existing Literature [36] Present Work
Methodology Classical tanh, sine-cosine, exp-expansion Improved auxiliary equation and improved tanh

Wave Solutions Limited (solitary/periodic) Diverse (W-shaped, singular, rational, periodic, kink, bright, dark, bell)
Qualitative Dynamics Rarely explored; chaotic behavior absent Comprehensive (bifurcation, phase portraits, chaos)
Stability & Validation Mathematically unverified Modulation instability & FDM validation
Wave Speed Influence Unaddressed or restricted to static parameters Analyzed via 2D projections across varying values of c
External Perturbation Absent (focused solely on autonomous systems) Included to investigate quasi-periodic and chaotic behaviors
Framework Integration Fragmented (isolated analytical or numerical studies) Unified (combining exact solutions, bifurcation, chaos, and FDM)

The arrangement of this article is organized as follows: Section 2 disclosures the improved auxiliary equation
and improved tanh tools. Section 3 applies the mentioned methods to unravel the coupled Klein-Gordon-Zakharov
model. Section 4 provides physical interpretations and graphical representations of the solutions. Section 5 presents
the numerical simulation and verification to computationally establish the accuracy of the derived exact solutions.
Section 6 offers a thorough analysis of bifurcation, phase plane analysis, sensitivity analysis, potential energy function,
and chaotic behavior. Section 7 investigates the modulation instability of Eq. (1.1) and Eq. (1.2), which is further
validated through a computational stability verification. Finally, the study is summarized in Section 8. The roadmap
of the study is illustrated in Figure 1.

2. Outlines of technique

In this study, the nonlinear evolution equation with independent variables x and t is considered as follows:

A(P, Px, Pt, . . . , Pxx, Ptt, Pxt, Pxxx, . . . ) = 0, (2.1)

where A is the function of the dependent variable P and its various partial derivatives. The wave variable P = P (σ),
σ = σ(x, t, . . . ) turns equation (2.1) into an ordinary differential equation with independent variable σ as follows:

B(P, P ′, P ′′, P ′′′, . . . ) = 0, (2.2)

where B stands for a polynomial of P and its several ordinary derivatives with respect to a single independent variable
σ. Eq. (2.2) is integrated one or more times if possible. The essential relations of the instructed schemes are given
below:

2.1. The improved auxiliary equation scheme. In line with the improved auxiliary equation scheme, the shape
of the wave solution is stated as:

P (σ) =

∑m
i=0 giρ

iψ(σ)∑m
i=0 hiρ

iψ(σ)
, (2.3)

where the unknown arbitrary parameters involved are evaluated with the help of some operations. The homogenous
balance procedure serves the value of m, and ρψ(σ) satisfies the subsequent equation:

ψ′(σ) =
1

ln ρ

{
uρ−ψ(σ) + v + wρψ(σ)

}
. (2.4)

Eq. (2.4) ensures several solutions which are documented in [11]. The technique goes through some steps for exploring
solutions of NLPDEs available in the aforementioned study [11].
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Numerical Simulation and 
Verification (Section 5)

Computational Stability Verification
(Section 7.1)

Modulation instability 
(Section 7)

Potential energy function (Section 6.2)

Conclusion 
(Section 8)

Methodology
(Section 2)

Introduction 
(Section 1)

Applications
(Section 3)

Physical Interpretations and
Graphical Representations

(Section 4)

Bifurcation analysis 
(Section 6)

Methodology of improved tanh approach 
(Section 2.2)

Methodology of improved auxiliary
equation scheme (Section 2.1)

Wave solutions of improved tanh approach 
(Section 3.2)

Wave solutions of improved auxiliary 
equation scheme (Section 3.1)

Chaotic behavior (Section 6.3)

Time series analysis (Section 6.4)

Phase plane analysis (Section 6.1)

Figure 1. Flow chart of this study.

2.2. The improved tanh approach. This capable tool defines the wave solution as:

P (σ) =
e0 +

∑m
i=1

(
eiH

i(σ) + fiH
−i(σ)

)
g0 +

∑m
i=1 (giH

i(σ) + hiH−i(σ))
, (2.5)

whose unknown constants are determined hereafter. The value of m is evaluated by applying the homogeneous theme.
The function H = H(σ) satisfies:

H ′(σ) = ϕ+H2(σ), (2.6)

where ϕ is an arbitrary parameter. Eq. (2.6) ensures some solutions, which are documented in Ref. [18]. The main
procedure of the improved tanh method has been conversed in Ref. [18].

Advantages of the utilized methods. The analytical techniques employed in this study, namely the improved
auxiliary equation method and the improved tanh scheme, present several advantages for solving NLPDEs. Both
approaches provide a systematic algebraic procedure to transform coupled PDEs into a system of algebraic equations.
This formulation reduces computational overhead and is compatible with symbolic computation software. Furthermore,
compared to classical techniques, these improved methods offer enhanced flexibility. They generate a broad spectrum
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of exact closed-form solutions, such as localized W-shaped solitons, singular, periodic, kink, antikink, bell, dark, bright,
and rational wave structures, within a single mathematical framework by varying the physical parameters. The derived
exact mathematical solutions facilitate physical interpretations, analysis of asymptotic wave behaviors, and dynamic
evaluations, including the modulation instability and numerical verifications demonstrated in this study.

3. The wave solutions

The assumption. Let us consider the complex travelling wave transformation

Ξ(x, t) = p(x, t) + iq(x, t), (3.1)

where p(x, t) and q(x, t) are real-valued functions. This yields the results

|Ξ|2 = p2 + q2, Ξxx = pxx + iqxx, Ξtt = ptt + iqtt. (3.2)

Utilizing Eqs. (3.1) and (3.2), substituting into Eqs. (1.1) and (1.2), we obtain

ptt + iqtt − (pxx + iqxx) + (p+ iq) + aΠ(p+ iq) = 0, (3.3)

Πtt −Πxx − b(p2 + q2)xx = 0. (3.4)

Separating the real and imaginary components of Eq. (3.3), we get

ptt − pxx + p+ apΠ = 0, (3.5)

qtt − qxx + q + aqΠ = 0. (3.6)

Assuming p(x, t) = q(x, t), then Eqs. (3.4)–(3.6) reduce to

ptt − pxx + p+ apΠ = 0, (3.7)

Πtt −Πxx − 2b(p2)xx = 0. (3.8)

We introduce the wave variables

p(x, t) = P (σ), Π(x, t) = Λ(σ), where σ = k(x− ct), (3.9)

where k and c represent the wave number and velocity, respectively. Applying these variables to Eqs. (3.7) and (3.8),
we obtain

k2(c2 − 1)P ′′ + P + aPΛ = 0, (3.10)

k2(c2 − 1)Λ′′ − 2bk2(P 2)′′ = 0. (3.11)

From Eq. (3.10), we find

Λ(σ) =
k2(1− c2)P ′′

aP
− 1

a
. (3.12)

Integrating Eq. (3.11) twice with respect to σ and setting the constants of integration to zero, we find

Λ(σ) = r +
2bP 2

c2 − 1
, (3.13)

where r stands for the constant of integration. Equating Eq. (3.12) and Eq. (3.13), we obtain

P ′′ +
(1 + ar)

k2(c− 1)
P +

2ab

k2(c− 1)2
P 3 = 0. (3.14)

By the homogeneous balance principle, balancing the highest order derivative term P ′′ and the nonlinear term P 3

gives m = 1. Based on this result, we proceed to construct wave solutions in the next section.
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3.1. The improved auxiliary equation scheme. For m = 1, this method proposes the subsequent expression for
the wave solution:

P (σ) =
g0 + g1ρ

ψ(σ)

h0 + h1ρψ(σ)
, (3.15)

where g1 and h1 are not equal to zero simultaneously, and the included parameters are evaluated accordingly. Inserting
Eq. (2.4) and Eq. (3.15) into Eq. (3.14), we observe a polynomial in ρψ(σ). A system of algebraic equations is produced
after assigning each coefficient of the polynomial to zero. The ensuing parameter values are found by solving the system
of equations with the help of Maple software. To rationalize the mathematical content and maintain the analytical flow
of the paper, we focus on the most representative parameter set (Case I) below. The redundant algebraic constraints
for the other families (Case II and Case III) have been moved to Appendix A.

Case I:

g0 = ± (ar + 1)(2uh1 − vh0)

k(4uw − v2)
√
−ab

, g1 = ± (ar + 1)(vh1 − 2wh0)

k(4uw − v2)
√
−ab

,

c = ∓
√
k2(4uw − v2)− 2(ar + 1)

k
√
4uw − v2

.

These sets of values are inserted into solution (3.15) with the solutions of Eq. (2.4), and therefore illustrious analytic
solutions of the considered model are established. Accordingly, the general wave solutions for this representative case
are:

P (σ) = ± ar + 1

k(4uw − v2)
√
−ab

(
2uh1 − vh0 + (vh1 − 2wh0)ρ

ψ(σ)

h0 + h1ρψ(σ)

)
, (3.16)

Λ(σ) = r +
ar + 1

a(4uw − v2)

(
2uh1 − vh0 + (vh1 − 2wh0)ρ

ψ(σ)

h0 + h1ρψ(σ)

)2

, (3.17)

where σ = k

(
x±

√
k2(4uw−v2)−2(ar+1)

k
√
4uw−v2 t

)
.

Under the conditions v2 − 4uw < 0 and w ̸= 0, we found the solutions as:

Ξ1(σ) = ± (1 + i)(ar + 1)

k(4uw − v2)
√
−ab

h1(v
2 − 4uw)− (vh1 − 2wh0)

√
4uw − v2 tan

(√
4uw−v2

2 σ
)

h1

(
v −

√
4uw − v2 tan

(√
4uw−v2

2 σ
))

− 2wh0

 , (3.18)

Π1(σ) = r +
ar + 1

a(4uw − v2)

h1(v
2 − 4uw)− (vh1 − 2wh0)

√
4uw − v2 tan

(√
4uw−v2

2 σ
)

h1

(
v −

√
4uw − v2 tan

(√
4uw−v2

2 σ
))

− 2wh0

2

, (3.19)

Ξ2(σ) = ± (1 + i)(ar + 1)

k(4uw − v2)
√
−ab

h1(v
2 − 4uw) + (vh1 − 2wh0)

√
4uw − v2 cot

(√
4uw−v2

2 σ
)

h1

(
v +

√
4uw − v2 cot

(√
4uw−v2

2 σ
))

− 2wh0

 , (3.20)

Π2(σ) = r +
ar + 1

a(4uw − v2)

h1(v
2 − 4uw) + (vh1 − 2wh0)

√
4uw − v2 cot

(√
4uw−v2

2 σ
)

h1

(
v +

√
4uw − v2 cot

(√
4uw−v2

2 σ
))

− 2wh0

2

, (3.21)

where σ = k

(
x±

√
k2(4uw−v2)−2(ar+1)

k
√
4uw−v2 t

)
.
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Due to the conditions v2 + 4u2 > 0, w ̸= 0, and w = −u, the solutions are:

Ξ7(σ) = ∓ (1 + i)(ar + 1)

k(v2 + 4u2)
√
−ab

h1(v
2 + 4u2) + (vh1 + 2uh0)

√
v2 + 4u2 tanh

(√
v2+4u2

2 σ
)

2uh0 + h1

(
v +

√
v2 + 4u2 tanh

(√
v2+4u2

2 σ
))

 , (3.22)

Π7(σ) = r − ar + 1

a(v2 + 4u2)

h1(v
2 + 4u2) + (vh1 + 2uh0)

√
v2 + 4u2 tanh

(√
v2+4u2

2 σ
)

2uh0 + h1

(
v +

√
v2 + 4u2 tanh

(√
v2+4u2

2 σ
))

2

, (3.23)

Ξ8(σ) = ∓ (1 + i)(ar + 1)

k(v2 + 4u2)
√
−ab

h1(v
2 + 4u2) + (vh1 + 2uh0)

√
v2 + 4u2 coth

(√
v2+4u2

2 σ
)

2uh0 + h1

(
v +

√
v2 + 4u2 coth

(√
v2+4u2

2 σ
))

 , (3.24)

Π8(σ) = r − ar + 1

a(v2 + 4u2)

h1(v
2 + 4u2) + (vh1 + 2uh0)

√
v2 + 4u2 coth

(√
v2+4u2

2 σ
)

2uh0 + h1

(
v +

√
v2 + 4u2 coth

(√
v2+4u2

2 σ
))

2

, (3.25)

where σ = k

(
x∓

√
k2(4u2+v2)+2(ar+1)

k
√
4u2+v2

t

)
.

For v2 − 4u2 > 0 and w = u, the wave solutions are:

Ξ11(σ) = ∓ (1 + i)(ar + 1)

k(4u2 − v2)
√
−ab

h1(4u
2 − v2) + (2uh0 − vh1)

√
v2 − 4u2 tanh

(√
v2−4u2

2 σ
)

2uh0 − h1

(
v +

√
v2 − 4u2 tanh

(√
v2−4u2

2 σ
))

 , (3.26)

Π11(σ) = r +
ar + 1

a(4u2 − v2)

h1(4u
2 − v2) + (2uh0 − vh1)

√
v2 − 4u2 tanh

(√
v2−4u2

2 σ
)

h1

(
v +

√
v2 − 4u2 tanh

(√
v2−4u2

2 σ
))

− 2uh0

2

, (3.27)

Ξ12(σ) = ∓ (1 + i)(ar + 1)

k(4u2 − v2)
√
−ab

h1(4u
2 − v2) + (2uh0 − vh1)

√
v2 − 4u2 coth

(√
v2−4u2

2 σ
)

h1

(
v +

√
v2 − 4u2 coth

(√
v2−4u2

2 σ
))

− 2uh0

 , (3.28)

Π12(σ) = r +
ar + 1

a(4u2 − v2)

h1(4u
2 − v2) + (2uh0 − vh1)

√
v2 − 4u2 coth

(√
v2−4u2

2 σ
)

h1

(
v +

√
v2 − 4u2 coth

(√
v2−4u2

2 σ
))

− 2uh0

2

, (3.29)

where σ = k

(
x±

√
k2(4u2−v2)−2(ar+1)

k
√
4u2−v2 t

)
.

Under the conditions v = w =M and u = 0, we get the wave solutions:

Ξ18(σ) = ∓ (1 + i)(ar + 1)

kM
√
−ab

(
(h0 − h1)e

Mσ + h0
(h0 − h1)eMσ − h0

)
, (3.30)

Π18(σ) = r − ar + 1

a

(
(h0 − h1)e

Mσ + h0
(h0 − h1)eMσ − h0

)2

, (3.31)

where σ = k

(
x∓

√
k2M2+2(ar+1)

kM t

)
.
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For the assumption u = 0, we found the results as:

Ξ21(σ) = ∓ (1 + i)(ar + 1)

kv
√
−ab

(
(vh1 − wh0)e

vσ − h0
(vh1 − wh0)evσ + h0

)
, (3.32)

Π21(σ) = r − ar + 1

a

(
(vh1 − wh0)e

vσ − h0
(vh1 − wh0)evσ + h0

)2

, (3.33)

where σ = k

(
x∓

√
k2v2+2(ar+1)

kv t

)
.

According to the conditions w = 0, we attain:

Ξ24(σ) = ∓ (1 + i)(ar + 1)

kv2
√
−ab

(
vh1(qe

vσ − p) + q(2uh1 − vh0)

h1(qevσ − p) + qh0

)
, (3.34)

Π24(σ) = r − ar + 1

av2

(
vh1(qe

vσ − p) + q(2uh1 − vh0)

h1(qevσ − p) + qh0

)2

, (3.35)

where σ = k

(
x∓

√
k2v2+2(ar+1)

kv t

)
.

3.2. The improved tanh technique. This method defines the wave solutions as:

P (σ) =
e0 + e1H(σ) + f1H

−1(σ)

g0 + g1H(σ) + h1H−1(σ)
. (3.36)

Eq. (3.14) stands for a polynomial with the usage of the solution (3.36) and Eq. (2.6). Immediately, locate every
term of the polynomial to zero and solve them by employing Maple to generate the succeeding outcomes. To focus
on the illustrative wave dynamics and avoid mathematical redundancy, we select the first two cases to expose the
ensuing solutions in the main text. The algebraic parameter sets for the remaining cases (Case III to Case VI) are
comprehensively listed in Appendix A.

Case I:

e0 = e1 = 0, f1 = ±g0(ar + 1)

2k
√
−ab

, g1 = h1 = 0, ϕ = − ar + 1

2k2(c2 − 1)
.

Case II:

e0 = ∓kh1(c
2 − 1)√
−ab

, e1 = 0, f1 = ∓g0(ar + 1)

2k
√
−ab

, g1 = 0, ϕ = − ar + 1

2k2(c2 − 1)
.

These determined values of free constants are added in Eq. (3.36) and taken together with the solutions of Eq.
(2.6) to make sure analytic solutions are established. Exposing the ensuing solutions for these selected cases yields
the following:

Solution Set 1: According to Case I

P1(σ) = ∓ ar + 1

2k
√
−abH(σ)

, (3.37)

Λ1(σ) = r − (ar + 1)2

2ak2(c2 − 1)H(σ)2
, (3.38)

where σ = k(x− ct).
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For ϕ < 0, the generated solutions are:

Ξ1
1(σ) = ± (1 + i)(ar + 1)

2k
√
abϕ tanh(

√
−ϕσ)

, (3.39)

Π1
1(σ) = r +

(ar + 1)2

2ak2(c2 − 1)ϕ tanh2(
√
−ϕσ)

, (3.40)

Ξ2
1(σ) = ± (1 + i)(ar + 1)

2k
√
abϕ coth(

√
−ϕσ)

, (3.41)

Π2
1(σ) = r +

(ar + 1)2

2ak2(c2 − 1)ϕ coth2(
√
−ϕσ)

, (3.42)

where σ = k(x− ct) and ϕ = − ar+1
2k2(c2−1) .

Under the condition ϕ > 0, the results obtained are:

Ξ3
1(σ) = ∓ (1 + i)(ar + 1)

2k
√
−abϕ tan(

√
ϕσ)

, (3.43)

Π3
1(σ) = r − (ar + 1)2

2ak2(c2 − 1)ϕ tan2(
√
ϕσ)

, (3.44)

Ξ4
1(σ) = ± (1 + i)(ar + 1)

2k
√
−abϕ cot(

√
ϕσ)

, (3.45)

Π4
1(σ) = r − (ar + 1)2

2ak2(c2 − 1)ϕ cot2(
√
ϕσ)

, (3.46)

where σ = k(x− ct) and ϕ = − ar+1
2k2(c2−1) .

Solution Set 2: Due to Case II

P2(σ) = ∓g0(ar + 1) + 2(c2 − 1)k2h1H(σ)

2k
√
−ab{h1 + g0H(σ)}

, (3.47)

Λ2(σ) = r − {g0(ar + 1) + 2(c2 − 1)k2h1H(σ)}2

2ak2(c2 − 1){h1 + g0H(σ)}2
, (3.48)

where σ = k(x− ct).
For ϕ < 0, we attain the solutions:

Ξ1
2(σ) = ± (1 + i){g0(ar + 1)− 2(c2 − 1)k2h1

√
−ϕ tanh(

√
−ϕσ)}

2k
√
−ab{g0

√
−ϕ tanh(

√
−ϕσ)− h1}

, (3.49)

Π1
2(σ) = r − {g0(ar + 1)− 2(c2 − 1)k2h1

√
−ϕ tanh(

√
−ϕσ)}2

2ak2(c2 − 1){g0
√
−ϕ tanh(

√
−ϕσ)− h1}2

, (3.50)

Ξ2
2(σ) = ± (1 + i){g0(ar + 1)− 2(c2 − 1)k2h1

√
−ϕ coth(

√
−ϕσ)}

2k
√
−ab{g0

√
−ϕ coth(

√
−ϕσ)− h1}

, (3.51)

Π2
2(σ) = r − {g0(ar + 1)− 2(c2 − 1)k2h1

√
−ϕ coth(

√
−ϕσ)}2

2ak2(c2 − 1){g0
√
−ϕ coth(

√
−ϕσ)− h1}2

, (3.52)

where σ = k(x− ct) and ϕ = − ar+1
2k2(c2−1) .
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For ϕ > 0, we found the outcomes:

Ξ3
2(σ) = ± (1 + i){g0(ar + 1) + 2(c2 − 1)k2h1

√
ϕ tan(

√
ϕσ)}

2k
√
−ab{g0

√
ϕ tan(

√
ϕσ) + h1}

, (3.53)

Π3
2(σ) = r − {g0(ar + 1) + 2(c2 − 1)k2h1

√
ϕ tan(

√
ϕσ)}2

2ak2(c2 − 1){g0
√
ϕ tan(

√
ϕσ) + h1}2

, (3.54)

Ξ4
2(σ) = ± (1 + i){g0(ar + 1)− 2(c2 − 1)k2h1

√
ϕ cot(

√
ϕσ)}

2k
√
−ab{g0

√
ϕ cot(

√
ϕσ)− h1}

, (3.55)

Π4
2(σ) = r − {g0(ar + 1)− 2(c2 − 1)k2h1

√
ϕ cot(

√
ϕσ)}2

2ak2(c2 − 1){g0
√
ϕ cot(

√
ϕσ)− h1}2

, (3.56)

where σ = k(x− ct) and ϕ = − ar+1
2k2(c2−1) .

The above analytic solutions in exact form possess inordinate significance for describing the solitons in high-
frequency plasma physics. The physical profiles of the furnished solutions have been depicted through 3D, 2D, and
contour sketches to make the dynamic premise of nonlinear waves understandable. The accomplishments of the present
effort due to generality and newness are worth declaring in comparison to references [27, 38].

4. Physical interpretations and graphical representations

Standard periodic waves are regular and repeating over time and space without such disruptions, with a uniform
frequency. Bright solitons are localized regions of increased plasma density, corresponding to wave peaks, and anti-
bell-shaped solitons are localized regions of lower plasma density, corresponding to wave troughs. Kink structures
correspond to helical distortions in magnetic field lines; the energy of the magnetic field is transferred from the magnetic
field to plasma particles, resulting in increased particle motion and localized heating. The anti-kink soliton is the
opposite of this process. Also, the W-shaped soliton is the product of nonlinear dispersive effects that combine localized
density peaks and troughs in one coherent wave structure. In plasma, singular periodic events represent illustrations
when the regular periodicity of the plasma has been disrupted by one event, such as a shock or discontinuity, which
can cause abrupt changes in the plasma parameters.

The graphical representations presented in Figures 2–10 illustrate the diverse physical profiles of the exact soliton
solutions systematically derived via the improved auxiliary equation method. Figure 2 illustrates a singular periodic
soliton corresponding to solution (3.18) using the parameters a = h1 = 5, b = 2, h0 = u = 3, v = 0.25, and
w = k = r = 1 within the interval −10 ≤ x, t ≤ 10 with the 2D profile plotted at t = 0.1. Figure 3 depicts an
anti-bell-shaped soliton obtained from (3.22) for a = b = u = 1, h0 = k = r = 0.5, and h1 = v = 0.25 in the region
−5 ≤ x, t ≤ 5, with the 2D outline shown at t = 0.5. Figure 4 presents a bright soliton for solution (3.23) evaluated at
a = 3.25, b = k = 1, h0 = 0.75, h1 = u = v = 0.25, and r = 0.3 within −5 ≤ x, t ≤ 5, while the 2D graph is extracted
at t = 0.1 for the interval −10 ≤ x, t ≤ 10. Figure 5 characterizes a localized W-shaped soliton derived from (3.27)
with a = h1 = 5, b = h0 = 0.5, u = r = 1, v = 3, w = 2, and k = −0.5 in −5 ≤ x, t ≤ 5, with the 2D plot illustrated
at t = −0.5. Figure 6 is an anti-bell-shaped soliton corresponding to (3.30) for a = 4, b = −1, h0 = M = 2, h1 = 3
and k = r = 1 and during −5 ≤ x, t ≤ 5, with 2D sketches displayed at t = 0.5. Figure 7 demonstrates a W-shaped
soliton from (3.31) under for a = r =M = 1, b = −1, h0 = 2, and h1 = 3 within −2 ≤ x, t ≤ 2, whereas the 2D profile
is represented at t = −0.1 the range −5 ≤ x, t ≤ 5. Figure 8 portrays a bright soliton obtained from (3.33) using
a = 3.5, b = h1 = w = k = r = 1, h0 = 2, and v = 2.5 within −5 ≤ x, t ≤ 5, labelled at t = 0.1 for the 2D profile.
Figure 9 features an anti-kink soliton from (3.34) for a = u = 3, b = 0.25, h0 = h1 = v = n = 2, and k = r = m = 1
within −5 ≤ x, t ≤ 5, with 2D outlines depicted at t = 0.1. Figure 10 exhibits a kink soliton based on (3.35) under
a = v = h0 = 0.75, b = h1 = m = 0.25, u = n = k = 3, and r = 2 in the interval −5 ≤ x, t ≤ 5, with the 2D plot
described at t = 0.5.

Furthermore, the graphical representations presented in Figures 11–16 illustrate the diverse physical profiles of the
exact soliton solutions systematically derived via the improved method: Figure 11 demonstrates an anti-bell-shaped
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soliton from solution (3.41) for a = b = c = 2, and k = r = 1, with 2D plots sketched at t = 0.1. Figure 12 reveals a
bright soliton from (3.42) under a = b = c = 2, and k = r = 1 in −5 ≤ x, t ≤ 5, with 2D sketches captured at t = 0.1.
Figure 13 displays a periodic wave structure from (3.43) obtained for a = b = c = 2, k = 1, and r = −2 in the range
−5 ≤ x, t ≤ 5, with 2D figures plotted at t = 0.01 within −10 ≤ x, t ≤ 10. Figure 14 illustrates an anti-bell-shaped
soliton derived from (3.49) for a = 0.5, b = k = 1, c = g0 = 3, and h1 = r = 2 within −5 ≤ x, t ≤ 5, with 2D graphs
illustrated at t = 0.01 in the interval −10 ≤ x, t ≤ 10. Figure 15 depicts a W-shaped soliton for solution (3.50) under
a = 0.5, b = k = 1, c = g0 = 3, and h1 = r = 2 in −5 ≤ x, t ≤ 5, while 2D outlines are described at t = 0.01
in −10 ≤ x, t ≤ 10. Figure 16 confirms a periodic soliton structure from (3.55) evaluated for a = 0.5, b = g0 = 1,
c = k = 2, h1 = 5, and r = −3 within −5 ≤ x, t ≤ 5, with 2D sketches exhibited at t = 0.1.

These results demonstrate the structural diversity and wave dynamics of the cKGZ system. Transitions among
localized, singular, and periodic waveforms, driven by parameter variations, confirm the impact of nonlinear dispersion
on wave propagation and energy localization within plasmas. In these figures, the 2D cross-sectional profiles are plotted
for multiple values of the wave speed c to demonstrate its specific influence on wave amplitude and spatial localization.

(a) 3D. (b) Contour.
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10

15

20
|c|=0.07
|c|=0.28
|c|=0.39
|c|=0.49
|c|=0.58

(c) 2D.

Figure 2. Singular periodic soliton of (3.18) for a = h1 = 5, b = 2, h0 = u = 3, v = 0.25,
w = k = r = 1.

(a) 3D.
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Figure 3. Anti-bell-shaped soliton of (3.22) for a = b = u = 1, h0 = k = r = 0.5, and h1 = v = 0.25.
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(a) 3D.
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(c) 2D.

Figure 4. Bright soliton of (3.23) for a = 3.25, b = k = 1, h0 = 0.75, h1 = u = v = 0.25, and
r = 0.3.

(a) 3D.
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Figure 5. Localized W-shaped soliton of (3.27) for a = h1 = 5, b = h0 = 0.5, u = r = 1, v = 3,
w = 2, and k = −0.5.

5. Numerical simulation and verification

To verify the analytical solutions, the cKGZ model is numerically integrated using the finite difference method
(FDM) coupled with an ODE solver, selecting the exact W-shaped soliton from solution (3.31) as the test case. Figure
17(a) illustrates the numerical time evolution of this profile from t = 0 to t = 1, where the continuous surface confirms
stable propagation without dispersive radiation. Furthermore, a 2D cross-sectional comparison at t = 1 (Figure 17(b))
validates close agreement between the exact (solid line) and numerical (dashed line) profiles. Finally, the absolute
error, plotted in Figure 17(c), remains bounded at an order of 10−4, verifying the accuracy and reliability of the
derived analytical formulations.

6. Bifurcation analysis

The bifurcation analysis of the dynamical system associated with the nonlinear cKGZ equation provides valuable
insights into the qualitative behavior of its solutions. NLPDEs can be effectively analyzed through dynamical system
approaches [5, 28, 33], which allow the study of stability, equilibrium states, and transition behaviors. The trajectories
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(a) 3D.
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Figure 6. Anti-bell-shaped soliton of (3.30) for a = 4, b = −1, h0 =M = 2, h1 = 3, and k = r = 1.

(a) 3D. (b) Contour.
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Figure 7. W-shaped soliton of (3.31) for a = r =M = 1, b = −1, h0 = 2, and h1 = 3.

(a) 3D. (b) Contour.
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Figure 8. Bright soliton of (3.33) for a = 3.5, b = h1 = w = k = r = 1, h0 = 2, and v = 2.5.
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(a) 3D.
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Figure 9. Anti-kink soliton of (3.34) for a = u = 3, b = 0.25, h0 = h1 = v = n = 2, and
k = r = m = 1.
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Figure 10. Kink soliton of (3.35) for a = v = h0 = 0.75, b = h1 = m = 0.25, u = n = k = 3, and
r = 2.

of the associated dynamical structure can be displayed as simple closed curves, fixed points, or other topologically
equivalent orbits. Variations of the free parameters can significantly affect the physical configuration of the system
by changing equilibrium points, modifying stability properties, and inducing bifurcations. Such analysis increases the
understanding of the nonlinear dynamics of cKGZ systems and helps to predict transitions between different wave
modes and identify regions of stable and unstable behavior.

6.1. The phase plane analysis. In this section, we analyze the phase plane of the cKGZ model. It helps to classify
the system’s behaviors like nodes, saddles, or spirals and analyze nonlinear dynamics intuitively and graphically.

Setting P =M and M ′ = N , Eq. (3.14) can be expressed in the form of a first-order dynamical system as follows:

dM

dσ
= N,

dN

dσ
= −s1M − s2M

3. (6.1)
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Figure 11. Anti-bell-shaped soliton of (3.41) for a = b = c = 2, and k = r = 1.
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Figure 12. Bright soliton of (3.42) for a = b = c = 2, and k = r = 1.

(a) 3D. (b) Contour.
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Figure 13. Periodic wave structure of (3.43) for a = b = c = 2, k = 1, and r = −2.
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(a) 3D.
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Figure 14. Anti-bell-shaped soliton of (3.49) for a = 0.5, b = k = 1, c = g0 = 3, and h1 = r = 2.

(a) 3D. (b) Contour.
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Figure 15. W-shaped soliton of (3.50) for a = 0.5, b = k = 1, c = g0 = 3, and h1 = r = 2.

The Hamiltonian function associated with the planar system (6.1) is:

H(M,N) =
1

2
N2 +

1

2
s1M

2 +
1

4
s2M

4 = h, (6.2)

where s1 = 1+ar
k2(c−1) , s2 = 2ab

k2(c−1)2 , and H is the Hamiltonian function.

The equilibrium points of Eq. (6.1) are found by putting M ′ = 0 and N ′ = 0, on the basis of the dynamical
principle of differential equations. As a result, we attain one equilibrium point as E1(M,N) = (0, 0) when s1s2 > 0.

We found three equilibrium points when s1s2 < 0, namely E1(M,N) = (0, 0) and E2,3(M,N) =
(
±
√
− s1
s2
, 0
)
.

The determinant form of the Jacobian matrix of the dynamical system (6.1) is as follows:

J(M,N) =

∣∣∣∣ 0 1
−s1 − 3s2M

2 0

∣∣∣∣ = s1 + 3s2M
2. (6.3)

The characteristics value of the Jacobian matrix is ±
√
−s1 − 3s2M2 at the position (M,N). At any equilibrium

point E(M,N), the postulate J(M,N) > 0 ensures that the point is a center point, J(M,N) < 0 confirms a saddle
point and J(M,N) = 0 is for a cuspidal point.
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(a) 3D.
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Figure 16. Periodic soliton structure of (3.55) for a = 0.5, b = g0 = 1, c = k = 2, h1 = 5, and
r = −3.

(a) 3D numerical solution.
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Figure 17. Numerical validation of the W-shaped soliton of (3.31): (A) 3D spatiotemporal evolution;
(B) 2D comparison of exact and FDM solutions at t = 1; (C) Absolute error profile.

Case 1: For s1 > 0 and s2 > 0
Taking the value of the parameters as a = b = k = r = 1 and c = 3, we found one equilibrium point E1(0, 0) fixing

a center as shown in Figure 18. We observe that it encompasses only one cluster of periodic orbits acquiring from Eq.
(6.1).

Case 2: For s1 < 0 and s2 < 0
By choosing the numerical value of the arbitrary constants as a = k = r = 1 and b = c = −1, we acquire

one equilibrium point E1(0, 0) representing a saddle point as displayed in Figure 19, which stands for non-closed
trajectories.
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Case 3: For s1 < 0 and s2 > 0
For a = b = k = r = 1 and c = −1, we obtain E1(0, 0) and E2,3(±

√
2, 0) as equilibrium points displayed in Figure

20, where E1 represents a saddle point and E2,3 are center points. The trajectories comprise closed curves surrounding
diverse solutions such as periodic (blue), homoclinic orbits (red) and hyper periodic (green).

Case 4: For s1 > 0 and s2 < 0
With the value of the parameters a = k = r = 1, b = −1 and c = 2, we found three equilibrium points E1(0, 0) and

E2,3(±1, 0) shown in Figure 21, whereas E1 represents a center point and E2,3 represent saddle points and it confirmed
the presence of kink and anti-kink solitons via the relationship of two heteroclinic orbits E2(1, 0) and E3(−1, 0).

(a) 3D.

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5
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(b) Contour plot.

-1 -0.5 0 0.5 1
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0

0.5

1

(c) Phase portrait.

Figure 18. For the conditions s1 > 0 and s2 > 0, the phase portrait with the equilibrium E(0, 0) of
(6.1) for a = b = k = r = 1 and c = 3.

6.2. Potential energy function. The potential function is associated with the dynamical system. With the help of
the potential energy function, we can clearly describe the behavior of the dynamic system of the considered model.
Mainly, the function describes the potential energy of the system, whereas the Hamiltonian function describes the
entire energy of Eq. (6.1). The relation (6.2) is a first integral of the dynamic system (6.1) and can be viewed as the
energy of a particle with an effective potential as:

V (M) =
1

2
s1M

2 +
1

4
s2M

4, (6.4)

where s1 = 1+ar
k2(c−1) and s2 = 2ab

k2(c−1)2 .

In Figure 22, we show the potential energy under different conditions as discussed in subsection 6.1. This helps us
better understand the behavior of the dynamical system in the study.

6.3. Chaotic behavior analysis. Chaotic analysis describes the behaviors of a chaotic system over time with very
small changes in the initial conditions. We can observe vast changes over time due to minor deviations in the initial
conditions or tiny variations in the perturbation term. The perturbation term θ cos(ωt) is introduced into Eq. (6.1)
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Figure 19. The phase portrait of the equilibrium point E(0, 0) of (6.1) under the assumption s1 < 0,
s2 < 0 with a = k = r = 1 and b = c = −1.
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Figure 20. Phase portrait with the condition s1 < 0, s2 > 0, equilibrium points E1(0, 0) and

E2,3(±
√
2, 0) of (6.1) for a = b = k = r = 1 and c = −1.

as follows:

dM

dσ
= N,

dN

dσ
= −s1M − s2M

3 + θ cos(ωt), (6.5)

where θ represents the amplitude and ω is the frequency of the system. By using Eq. (6.5), we can understand the
chaotic behavior of the cKGZ model. Subsequently, the chaotic character of Eq. (6.5) is figured out for numerous
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Figure 21. For (6.1) with a = k = r = 1, b = −1 and c = 2 provides the phase portrait for
equilibrium point E1(0, 0) and E2,3(±1, 0) under s1 > 0, s2 < 0.

particular values of the free parameters with various initial conditions. For better representation, we depict the chaotic
dynamics in 3D and 2D for Case 1 (s1 > 0, s2 > 0) and Case 3 (s1 < 0, s2 > 0) of section 6.1 in Figures. 23 and 24,
respectively.

6.4. Sensitivity analysis. In this section, the sensitive behavior of Eq. (6.5) is analyzed in a wide sense. We consider
the same conditions s1 > 0 and s2 > 0 alongside the fixed values a = b = k = r = 1 and c = 3 as stated in Case 1 of
section 6.1. We also illustrate the sensitive behavior for Eq. (6.5) for various amplitudes and frequencies with different
initial values in Figure 25. Figure 26 depicts sensitive behavior for different values of frequency and amplitude with
several initial conditions and the fixed parameters a = b = k = r = 1 and c = −1, with the assumptions s1 < 0 and
s2 > 0 as maintained in Case 3 of section 6.1, to highlight the changes clearly.

For better graphical representation and understanding, we maintain the same numerical values for some of the
parameters throughout the bifurcation analysis based on the conditions. The initial conditions are the same for the
chaotic behavior analysis and time series analysis (or sensitivity analysis). However, for better visualization, we sketch
the time series plot by taking the time from 0 to 100, whereas we use the time duration 0 to 500 in the chaotic analysis.

7. Modulation instability

In this portion, we establish the modulation instability of the governing cKGZ model, given in Eq. (1.1) and Eq.
(1.2), which is observed as localized high-density regions in plasma waves and refers to the amplification of small
perturbations in a continuous wave or steady-state solution due to the interplay between nonlinearity and dispersion.
Now, consider the perturbed solution of the subsequent type [4]:

p(x, t) = H0 + δW (x, t). (7.1)

Then we can write the solutions as:

Ξ(x, t) = (1 + i)(H0 + δW (x, t)), (7.2)

Π(x, t) = r +
2b(H0 + δW (x, t))2

c2 − 1
, (7.3)
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Figure 22. The effective potential energy of (6.2) with the various conditions.

where H0 represents the steady-state solution, δ ≪ 1, and W (x, t) is an unknown function. Using Eq. (7.2) and Eq.
(7.3) in our considered model Eq. (1.1) and Eq. (1.2) and linearizing with respect to δ, we get:

arδW +
6abH2

0δW

c2 − 1
+ arH0 +

2abH3
0

c2 − 1
+ δW +H0 + δWtt − δWxx = 0, (7.4)

− 2H0bδWx +
4H0bδWtt

c2 − 1
− 4H0bδWxx

c2 − 1
= 0. (7.5)
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Figure 23. For (6.4) with a = b = k = r = 1, c = 3 and various values of θ and ω give diverse
chaotic figures.
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Figure 24. Various chaotic graphs of (6.4) for a = b = k = r = 1, c = −1 and different values of θ
and ω.
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Figure 25. Time series of (6.5) for a = b = k = r = 1, c = 3 and various values of θ, ω and distinct
initial conditions.
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Figure 26. Time series figure for (6.5) with a = b = k = r = 1, c = −1, different values of θ, ω and
various initial conditions.
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Now, consider the solution for the unknown function as:

W (x, t) = ei(kx+µt), (7.6)

where k is the normalized wave number and µ represents the frequency. Substituting the solution into Eq. (7.4) and
Eq. (7.5), we get:

arei(kx+µt) +
6abH2

0e
i(kx+µt)

c2 − 1
+ ei(kx+µt) − µ2ei(kx+µt) + k2ei(kx+µt) = 0, (7.7)

− ikei(kx+µt)(c2 − 1)− 2µ2ei(kx+µt) + 2k2ei(kx+µt) = 0. (7.8)

Simplifying, we attain:

ar +
6abH2

0

c2 − 1
+ 1− µ2 + k2 = 0, (7.9)

− ik(c2 − 1)− 2µ2 + 2k2 = 0. (7.10)

We can rewrite Eq. (7.10) as:

(c2 − 1) =
2k2 − 2µ2

ik
. (7.11)

Now, using Eq. (7.11) and Eq. (7.9), we obtain:

ar +
6iabkH2

0

2(k2 − µ2)
+ 1− µ2 + k2 = 0. (7.12)

Solving Eq. (7.12) for µ, we find:

µ = ± 1√
2

√
1 + ar + 2k2 ±

√
(1 + 2ar + a2r2 − 12iabkH2

0 ). (7.13)

It is evident from Eq. (7.13) that the governing Eq. (1.1) and Eq. (1.2) are stable and unstable under the various
conditions detailed in Table 2.

Table 2. Stability conditions for the wave propagation.

State Condition

Stable Re(µ) > 0, Re(µ) < 0, Im(µ) > 0

Unstable Im(µ) < 0

Marginal Stable µ = 0

In Figure 27, we sketch the modulation instability for the different values of µ. The propagation is marginally
stable (red line) when µ = 0. If µ is a real number, or if Im(µ) > 0, then the propagation is stable. Whereas, the
propagation becomes unstable when µ has a negative imaginary part (Im(µ) < 0).

7.1. Computational stability verification. To visualize the impact of modulation instability on the exact solutions
obtained, we perform a numerical simulation by superimposing a small harmonic perturbation on the steady-state W-
shaped soliton from the solution Eq. (3.31). The perturbed wave profile at any given time t is obtained by computing
the real part of the perturbation from Eq. (7.6):

|Πperturbed| = |Πexact|+ ϵe−Im(µ)t cos(kx+Re(µ)t), (7.14)

where ϵ represents the initial noise amplitude (perturbation parameter), k is the spatial wave number of the noise,
and µ is the modulation frequency. Figure 28 plots the evolution of the perturbed soliton at t = 1. These results
are consistent with the theoretical stability criteria. Specifically, for purely real frequencies (µ = 4,−4) and zero
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Figure 27. Modulation instability plots of (7.13) for a = r = 1 and b =
√
−1.

frequency (µ = 0), the growth factor e−Im(µ)t remains 1. In these cases, the perturbation oscillates as a bounded
harmonic wave across the soliton, thereby preserving its structural stability. Furthermore, for a positive imaginary
frequency (µ = 2i), the factor e−Im(µ)t exponentially decays to zero, restoring the exact soliton profile. In contrast,
for a negative imaginary frequency (µ = −2i), the exponent becomes positive, leading to an exponential growth of
the perturbation. As observed in Figure 28, this unstable regime distorts the localized W-shaped structure. This
computational verification demonstrates that the derived exact solutions satisfy the physical conditions of modulation
instability.

8. Conclusions

The mathematical analysis of the cKGZ system provides a comprehensive understanding of high-frequency electric
field oscillations and low-frequency ion-acoustic wave dynamics and interactions. The improved auxiliary equation and
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Figure 28. Impact of varying modulation frequencies (µ) on the W-shaped soliton at t = 1. The
wave keeps stability for Im(µ) ≥ 0, whereas a negative imaginary frequency (Im(µ) < 0) triggers
rapid structural breakdown.

improved tanh methods yield diverse exact solutions, including localized W-shaped, rational, singular, bright, dark,
kink, anti-kink, bell, anti-bell, and periodic profiles. Additionally, 2D multi-plot projections confirm the sensitivity
of wave amplitude and spatial localization to the wave speed c. Through bifurcation theory, this study identifies key
equilibrium points, such as centers and saddles, that determine the system’s stability structure and transition pathways
between different dynamical regimes. The inclusion of external perturbations reveals the onset of quasi-periodic and
chaotic behaviors, emphasizing the balance between nonlinearity and dispersion inherent in the system. Furthermore,
the physical significance of this research is demonstrated by formulating the modulation instability criteria to assess
the stability of steady-state regimes, which is verified through numerical simulations. From a mathematical physics
perspective, the results bridge nonlinear differential equations and dynamical systems theory to describe realistic
plasma processes. This framework enhances the predictive capability of analytical plasma models and can be extended
to explore related nonlinear systems in optics, fluid dynamics, and condensed matter physics. This study advances
the theoretical foundation for analyzing and controlling nonlinear wave phenomena in complex physical media.
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Appendix A

A.1. Parameter sets for the improved auxiliary equation scheme. Case II:

g0 = ± vh0(ar + 1)

k(4uw − v2)
√
−ab

, g1 = ± 2wh0(ar + 1)

k(4uw − v2)
√
−ab

, h1 = 0,

c = ∓
√
k2(4uw − v2)− 2(ar + 1)

k
√
4uw − v2

.

Case III:

g0 = ∓ (ar + 1)h0

kv
√
−ab

, g1 = 0, h1 =
2wh0
v

, c = ∓
√
k2(4uw − v2)− 2(ar + 1)

k
√
4uw − v2

.

A.2. Parameter sets for the improved tanh technique. Case III:

e0 = 0, e1 = ±
g0
√

(ar + 1)(c2 − 1)

2
√
2abϕ

, f1 = ∓
g0
√
ϕ(ar + 1)(c2 − 1)

2
√
2ab

, g1 = h1 = 0,

k = ±
√
−(ar + 1)

2
√
2ϕ(c2 − 1)

.

Case IV:

e0 = 0, e1 = ±
g0
√

(ar + 1)(c2 − 1)√
2abϕ

, f1 = g1 = h1 = 0, k = ±
√
−(ar + 1)√
2ϕ(c2 − 1)

.

Case V:

e0 = 0, e1 = ±
g0
√
−(ar + 1)(c2 − 1)

2
√
abϕ

, f1 = ∓
g0
√
ϕ(ar + 1)(c2 − 1)

2
√
−ab

, g1 = h1 = 0,

k = ±
√
ar + 1

2
√
ϕ(c2 − 1)

.

Case VI:

e0 = ∓h1k(c
2 − 1)√
−ab

, e1 = ∓kg0(c
2 − 1)√
−ab

, f1 = g1 = 0, ϕ = − ar + 1

2k2(c2 − 1)
.
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