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Abstract - N

The current research introduces a generalized Volterra type of fractional integral equations defined on two dimen-
sions and aims to investigate the sufficient conditions for the existence of solutions of these equations by employing
nonlinear analysis method such as fixed point theorem of Petryshyn connected with the measure of noncompact-
ness in the space of continuous functions on two close intervals. In fact, we show that under weaker conditions, the
existence results contain special cases achieved from similar studies. Further, to find the solutions of the problem
of two variables, the successful iterative technique is formulated numerically. Of course, some provided examples
confirm that our established results are effective.
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1. INTRODUCTION

The research of fractional calculus, nowadays, is a topic of importance for many researchers in the field of non-
linear analysis [18, 28]. Particularly, differential equations (DEs) and integral equations (IEs) appear in numerous
practical problems including engineering [31, 36], physics [12], mechanics [13], modeling [1, 4, 34] and additional areas
with the aid of fractional order [9, 29,-32]. These problems often are the theory of neutron transport, the theory of
gases [21], radioactive transfer theory ([10]), and the theory of water wave [33]. While we are witnessing, there exist
various powerful attempts to employ the theory of measure of noncompactness (MNC) in the recent investigation of
the existence of solutions of fractional integral equation (FIEs) [8, 15, 16, 23, 41, 42]. Abdi-mazraeh et al. introduced
the operational matrices of integral and fractional integral using the flatlet oblique multiwavelets and utilized to reduce
the solution of the Abel integral equations of the first and the second kinds to the solution of algebraic equations [2].
Chefnaj et al. studied the existence and uniqueness of solutions to fractional integro-differential equations involving
the ¢-Caputo fractional derivative with nonlocal conditions [11]. Nemati introduced a new generalization of fractional-
order Bernoulli wavelets as new basis functions and used them to provide a numerical solution for Hammerstein-type
fractional integro-differential equations with a weakly singular kernel [37].

In this research, we discussed theoretically the existence of solution for the nonlinear 2D-Volterra FIE, which is
formulated in terms of condensing operators on J2, := [0,¢&] x [0, d] with the tools of MNC, by

r h
I(r,h,u,g, u,
2(r, h):Q(r,h,m /0 /0 (Tiu)l,flj;ﬂjg)@; dg du, w (r, b, 2(H(r, h)))), (1.1)

Received: 30 October 2025; Accepted: 01 September 2026.
* Corresponding author. Email: manochehr.kazemi@iau.ac.ir.



2 M. SINGH, M. KAZEMI, AND M. E. SAMEI

where (r,h)Gsz,0<sl,52§1,Q€C’(J2d><IR2) mEC(szXR) B,¢: JCdHJCd,JGC( deR) with
ch —{(r,h,u,g)Esz:Ogugrgé,oggghgg}.

Moreover, we apply the successive approximations method to solve numerically the nonlinear Fredholm FIE (6.1) via
two variables and present an example to check our results.
In 2019, Das et al. studied the following 2D IE,

r h
z(nh)—A<r,h>+ﬂ(r,h,z<r,h>, / / :(nh,u,g,zm,g))dgdu), (r.h) € 12, (1.2)

withé=1,d=1 [14]. Maleknejad et al. investigated the 2D Volterra FIE is given by,

I(r,h,u,g,z(u,
z(r,h) = A(r,h) + F(sl)r(sz)/ / gl dgdu,  (rh) € 2, (1.3)

In [32], they discussed the existence result for the 2D Fredholm FIE of the form,

I(r,hu,g,z(u
2(r,h) = A(r,h) + s / / ez qgqu, (rh) € J2 (1.4)

Mishra et al. in [35], discussed the existence result for 2D Volterra FIE is expressed by,

r,h,z(r I(r,h,u,g,z(u ~
2(r,h) = A(r, h) + qr(:;)r(éf;»/ / A a) g du, (rh)€ Ry x [0,d]. (1.5)

Further, famous 2D [Es of Fredholm and Hammerstein type in [39], have the forms,

2(r,h) = A(r, h) + // (r, b, g, 2(u, 9)) dg du, (1.6)

z(r,h) = A(r,h) + /0 /0 p1 (ryh,u, g) p2 (u, g,z(u, g)) dg du, (1.7)

for (r,h) € J?, with & = d = 1. Tt should see that Volterra FIE (1.1) is more general than Eqs. (1.2)~(1.7). In fact,
if consider w(r, h,z) = z(r,h), ¢(r,h) = B(r,h) = (r,h), s1 = s2 = 1, and Q(r,h,z,w) = A(r,h) + Qi (r, h,w, z),
then FIE (1.1) can be reduced to 2D [E (1.2). If Q(r, h,z,w) = A(r,h) + z, and B(r,h) = (r,h), then 2D Volterra
FIE (1.3) is obtained from FIE (1.1). Further, FIE (1.1) can be converted to Volterra FIE (1.5) whenever Q(r, h,z,w) =
A(r,h) + z-w, and B(r,h) = (r,h). Again, if we put Q(r,h,z,w) = A(r,h) + z, 8(r,h) = (r,h), and s; = sq, then
FIE (1.1) can be reduced to Fredholm IE (1.6).

With the aforementioned research generalization approach, in the current article, we study the solvability of Volterra
FIE (1.1) based on the fixed point theorem (FPT) of Petryshyn [40] which has been introduced as a extension of
Darbo’s FPT [8]. However, various authors have established excellent achievements to solve multiple functional IEs by
checking the conditions of Darbo’s FPT [3, 17, 27], here, we have a special look to the weak conditions in Petryshyn’s
FPT for solving the proposed problem (1.1). Comparing the proposed FPT to Schauder and Darbo’s FPTs, that it
enables us to skip demonstrating closed, convex and compactness properties on the investigated operators. Also, the
bounded condition (A2) of Theorem 3.1 shows that the “sub-linear condition” that has been discussed by different
researchers [32, 39] (see e.g. condition (H3) in [35] and condition (2) in [14]) does have not a important role.

In addition to, the successfully approximation solution, by mixing quadrature formula with the FP method to solve
FIE (1.1), is presented. We have always seen that, finding a numerical solution for most FIEs is impossible. Hence,
it is why more emphasis is placed on valuable researches using numerical methods for the solutions and approximate
solutions of fractional-order IEs [6, 7, 22, 24, 26]. We utilize the midpoint rule to find the approximate solutions of
FIE (1.1).

In the sequel, Section 2 contains some auxiliary concepts and preliminary definitions that are applied in the sequel.
The main discussion in the Sections 3 and 5 are related to state and to prove an existence theorem and uniqueness of
the solution for the mentioned 2D-Volterra FIE (1.1), respectively well done, relating to condensing operators using
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FPT of Petryshyn. In Section 4, we introduce some examples that prove the importance of this kind of nonlinear
FIE. In Sections 6 and 7, we introduce numerical method and convergence analysis with applications that prove the
importance of our study. Finally, we conclude the article in Section 8.

2. PRELIMINARIES
For a subset Y of Real Banach space &, the MNC of Hausdorff [8] and Kuratowski [30] are given by,
My (Y) = inf {E > 0 : there is a finite &-net for Y in L’E},
My (Y) = inf{a S0:Y= iglAi’ diam(A;) < &, i = 12n}
in which, a finite d-net for Y means that a set {zl, 22, ..., zn} C € such that B, (€, z1), Be(€, 22), ..., Be(€, z,) over

Y. These MNC satisfy for any bounded set Y C € in My (Y) < My (Y) < 2Mg (Y). We denote open ball having z as
a center with radius 7, and closed convex hull of a set Y, by B(z,7) and coY, respectively.

Theorem 2.1 ([40]). ForY,Y C €, we have,
a) My (Y) =0 if and only if Y is pre-compact;
b)YCV = DJTH(Y) <My (Y);
¢) Myr(e0Y) = My (Y); \
d) smH(Y UY) = max {Mg(Y),Mu(Y)};
e) mH ) |9|9ﬁH( ), 0 eR;
£) My (Y +Y) <M (Y) + M (Y).

The indicator modulus of continuity of a function z € C' (J zd) is formulated as
w(z,0) :sup{|z(r,h) —2(mW)| s i€ [0, by ke [0,d),|r— ¥, |h—h| < a}

in Banach space (C'(J2)), | - ||) with ||z|| = sup {|z(r,h)| : r € [0,&], h € [0,d]}. The general characteristics are also
defined as w(Y, o) = sup {w(z,0) : z € Y}, and wo(Y) = lim,_,ow(Y,o). One can found that wy(Y) is a regular MNC
in C(J2,) [8].

Definition 2.2 ([38]). Consider G € C(€&, &) such that it satisfies the following condition: if for every bounded subset
Y C €, G(Y) is bounded and M (GY) < kM (Y), 0 < k < 1. If M (GY) < Mi(Y), for every My (Y) > 0, then G
is called condensing or densifying mapping.

Theorem 2.3 ([40]). Assume that G : B — E is a condensing mapping which for some z € 0B, fulfill the boundary
condition G(z) = kz, then k < 1.. Then @ # Fix(G) C B,.
3. MAIN RESULTS

In this part, we seriously study the existence of solution for FIE (1.1) with the following assumptions,
A1: There exist c1,c2,c3 > 0 withj cacs < 1 such that,

|Q(r,h,z,\w) fQ(r,h,i,WH < cl|z - z)| +02|w f\M,
|m(7", h,W) - m(T,h,W)| < C3|W 7“;“/}7

A2: There exists 7 > 0 such that 2 satisfies the bounded condition as form,

. 2 =51 d~52j* =851 d~523*
sup {|Q(r,h,z,w)| s (rh) el we[-T1,7],z€ [— g p(slc+1)r(52+1)}} <,

where J* = sup{|J(T, h,u,g,z)’ :V(r,h,u,g) € ch, ze|- T,T]}.

Theorem 3.1. Under the assumptions (A1)-(A2), for z € J?;, FIE (1.1) has at least one solution in €.

(&)
ENE



Proof. The proof is examined in several steps.
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Step 1. First, we show that an operator G : B, — € is formulated by

(rihu,9,2(B(w,9)))

@20 =0(rh ke [ [

(r—u)!=*1(h—g)t—°2

dg du, o (r, h, z(p(r, h)))> .

is continuous on the ball B;. For ¢ > 0 and z,z € B, with Hz - 2” < o, we have,

3(r,hyu,9,2(8(u,9)))

|(G2)(r,h) — (G2)( rh\_' (m,r(sl )//

(r,h,u,g,2(8(

’l"ulslhg)l EP)

dg du, m(r h, z(o(r, h))))

u,9)))

Q(r h,F 91)1‘(92 / /

r—w)1—*1 (h—

A(r;hyu,9,2(8(w,9)))

dg du, m(r h, z(o(r, h)))

g)l s9

AN —

(r,h,u,9,2(8(

(,,, ul glh g)l EP)

dg du,w(r, h,z(¢(r, h)) )

u,9)))

—Q(Thvrsl)r(52//

(r=w) =1 (h=g) 2

A(r,hyu,9,2(8(u,9)))

dg du, w(r, h, 2(¢(r, h)))

‘ (’” h, & sl)r(SZ)/ /

r—w)i—1 (h—

A(r,h,u,9,2(6(

g)t—e2

dg du, m(r h,z(o(r, h))))

u,9)))

_Q(rh,Fsl)F(SQ//

< cafw(r, b, 2(¢(r, b)) — o (r, b, 2(6(r,

[3(r,hyu,g,2(8(u,9))) =

(r—u)t=*1(h—g)' =2

dg du, m(r h, z(o(r, h))))‘
)|

3(r-h 0,289l g dyy

+01F(31)F(32)//

< 0203|Z( T, h))

S (CgCg)HZ — 2” + cl F(81 &1 452

+1)F(52+1)

where

W(J,U) = sup{}.‘l(r, h,u,g,z) fj(r,h,u,g,‘z)| : (T’hvuag) € jzda Z,i € [7

From uniform continuity of 3(r, h,u; g, z) on the set jgd X [—7, 7], respectively, we infer that w(J,

Hence, from above estimate G € C (B,.).

— 2((r,h))| + GG Y
w(3, o),

(r—u)!=*1(h=g)'~>2

&S1452

(d,0)

77, Iz - 2]l < o}.

o) = 0as o — 0.

Step 2. Now, we examine the condensing mapping G. Select a fixed ¢ > 0 and z € Y. For (r1, h1), (r2, ha) € J?;

with 71 — 7y < 0, hy — hy < 0, we get

I(r2,ha,u,g9,2(8(u,9)))

2 pho
|(GZ)(7’2,}L2) — (GZ)(Tl,h1)| = ‘Q(TQ,}LQ, m/ /
0 0

(ra—

A(ri,hi,u,9,2(8(w,9)))

dg du, (7’2, ha, z($(r2, h2))))

u)1 =51 (hg—g)1 =52

r1 pha
1
— Q(Tl, hl, TsiTss / /

(ri—u)t=

I(r2,ha,u,g,2(8(u,9)))

ERl (h _ )1—32

dg du, v (r1, hy, z((r1, hl)))) ‘

= ‘Q<T27h27 1"(81)1"(32)/ /

(ra—

A(ri,hi,u,g,2(8(u,9)))

dgdu m(TQ,hQ, Tg,hg )

u)l s1 hz g)l EP)

1
— Q(TQ, hg, 7F(51)F(32) /0 /0

(r1—u)'=*1(h1—g

I(r1,ha,u,9,2(8(u,9)))

)1—52

dgdu,m(?"z,hz, 7"2,]12 )’

T1 h1
1
+ ‘Q(TQ,hQ, Ts:Ts5 / /
0 0

(r1—u)t=

"t (R —g)ims dg dU, m(TQ, ho, Z((ZS(T'Q, hQ))))
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h1
(r1,h1,u,g9, u,
—9(7’2vh2vr(51>r<52 /O /O GENVER e dgd“»m(?“hhhzw(ﬁ,hl))))‘
h1
I(r u,g,z(B(u,
192, e / [ At agdumo (1200001, 11) )

h1
(r1,h1,u, ,
/O A 80,2 00)) dg du7m(n7hhz(¢(n,h1>)))‘

_Q(Thhlv T(s1 F(s2
" 3ra o 2(5(.9)
1 T2,h2,u,9,2(P(U,g
mA /0 (7‘2 u)l Sl(hz g)l ED) dgdu

1 / / " 3 0. 2(Bg)) dg du
T(s1)I(s2) o Jo (ri—u)!=s1(h1—g)t~52

¢(r2,h2))) — w(r2, ho, z(¢(r1, h1)))]

r1,h1))) = (ry, ha,z(¢(r1, b)) | + wi(€2, 0)

/ / {:m,hz, w02(B(u.g) sk nga(Be)) | 4o g,

(re—u)t=s1(hy—g)t =52 (ri—u)t=s1(h1—g)t =2

I(re,ha,u,g9,2(8(u,9))) I(r,ha u,9,2(8(u,g)))
" /7’1 /hl (r2 2u)i sz(h 75‘(1] = dg du +/ x/hl Tzrzu % g1g ha 73)‘? D) dgdu

T2
I(r z
[ s
+ cocs|z(@(r2, ha)) — 2(p(r1, h1)) | +wi(R, o) + cows (1, 0)

<C1FSI)F(52// 3 s BP0 g2 (B g

e

<c

+ 2| (ro, ha, z

(
(¢

/_\ Py

+ ca|w(r2, he, z

< CLFGD ) 1“(@1)1“(92

(ra=u)'=*1(hy—g)' "2

h1
‘HHW/ / 3 (r1, b1, u, g,2(B(u, 9)))] (,_z_u)l,sll(hz_g)HQ
I(r2,h2,u,9,2(B(u,9)))
~ T g |99 4t ey 52>/ / Gy A dg du
1 [A(r2,ha,u,9,2(8(u,9)))|
+ 1 F(SI)F(SZ)/O /h1 (T2ju)?7sl(h279)1752 dgdu

T2 hl
1 [A(r2,h2,u,9,2(B(u,9)))|

o [(s1)T(s2) /7“ A (szu)?*sl(}mfg)l*SZ dg du

1
+ caes |2(p(r2, he)) — z(B(r1, h1)) | + wi(Q,0) + cawi (W, 0)
< aTwi(o) [(re=r) _ 3t [(he=h)®2 _ h3?
— T(s1)[(s2) S1 S1 S2 S2
+ 1 I |:ri1hf2 - ((Tz—rl)sl —r;l ) ((hz—h1)32 —h;2 >:|

I(s1)T(s2) | sis2 s1 S2

4 ¢ I [(rrrl)‘*l(hrhl)w+(hthl)sz[rilf(rrn)”]

I's1T'so S182 5182

n (ra—r1)°t [h5? — (h2—h1)*2]

] + cocswr(z, w1 (d,0)) + w1 (Q, 0) + cowr (10, 0)

8182
c13*wi(3,0)r b2 1 J* So /1S y
S Tt T TEF e [th + (r2 = r1)" (h3* — (ha — h1)™)

+ 1y (hy — h1)* — 75 h252} + WM[ H(s2 = 51)% + (r2 —11)™ (h3?
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— (hg — h1)52)] + c2cswi (z,w1(9, 0)) + w1 (R, 0) + cowi (1w, 0)

1w (J,O’)Tslhsz c1J* 178 s 1
< }‘(51}F1)F(521+11) + F(51+1)F(82+1) |:( 7'2)3 h22 + h12 (’I"Q - Tl)s

+ 75" (ha — h1)* } + 41‘(51—}-61)%(52—&-1) [TSI(hZ —h1)™ + h3*(r2 — 7”1)81}

+ cacswi (z, w1 (¢, 0)) + w1 (2, 0) + cows (0, 0)

c13* w1 (3,0)E°1d%2 1 I* s1 js2 782 81 | =81 .82
S T +D(s2+0D) TG+ +D) |© A +d*0% + o

+ Wﬁm |:0810'S2 + 6252 0'81:| + Co2C3W1 (Za w1 (¢7 U)) + w1 (Q7 U) + CoWw1q (m7 U)'

By choosing,

wi(to,0) = sup ‘mrhz rhz ’ : ‘rfﬂga, |hfh|§0,ze[f7',7']},

: |r—f‘|§a, |h—i1|§a7

13,0 —sup{‘] r,h,u,g,z :l(r h,u g,z)| ‘7‘—1‘"| §0,|h—h| <o, (r,h,u,g) €lJ?, z€ [—T,T]},
—sup{|Q (r,h,y,z,w) Q(hhy,z,w)
T

5514523 5514523
wel[-77],z¢ [ T(s1+ 1) (5271) r<31+1>r<sz+1>} }

the above relations deduce that,

T wi(d, )~s1gs2 7+ - ~
wi(GY,0) < Cll“(sﬁl)lf(;ﬂ) + P(S1+Cll)r(sz+1) [USldSQ +d7o" 4@ ]

+ W-}*(Sz*‘l)[ ¢t o2 4 d*2o Sl} + cacawr (Y, w1(¢7 o)) +w1(Q70) + cowi (10, 0).
Taking limit as 0 — 0, w1 (GY,0) < cacgwi(Y), i.e. My (GY) < cacs My (Y), which explains that G is a densifying

mapping.
Step 3. Now, let z € 9B, and if Gz = kz then, we get ||Gz|| = k||z|]| = k7 and by assumption (A2),

|GZ(T h‘)‘ - ’ (T h’ T(s1)T(s2) F(sz) / / (i(ruhlugllgzﬁ(,:)? )22 dg du m(?“ h Z(¢(T, h))))‘ <,

for each (r,h) € J?,, hence ||Gz|| < 7 ie., k < 1. O

Corollary 3.2. Assume that Q € C(Jgd X RZ), Je C’(jzd X R) with jid which is defined in FIE (1.1), ¢, 8 : J2; — J2,
and let the following hypothesis hold,

A3: The exist c1,co with co < 1 such that |Q(r,h,z,w) —Q(r, h,‘z,W)‘ <
A4: There exists T > 0 such that Q satisfies the following bounded condition

sup {|Q(r, h,z,w)| @ (1 h) € J2,w e [-7,7], z € [_ 123" 123" } } <

T'(s1+1)I'(s2+1)7 I'(s1+1)'(s2+1)

If Q(r, hyz,w) = Q(r, h, z,w) and w(r, h,w) = z(r, h), then the following IE,

I(r,h,u,g,z s
z(r,h) = 9(7‘ b TG / / G dg du, 2(6(r, h)))» (3.1)

under (A3) and (A4) has at least one solution in C(J2),

Proof. The proof is similar to Theorem 3.1, so we omit the proof. |
Corollary 3.3. Assume that Q € C(J%, xR), w € C(J2,;xR), I € C’(jgd x R) with J2, which is defined in FIE (1.1),
¢, 8: 3%, — J2, and let the following hypothesis hold,
AS5: There exist non-negative constants cq,co with ¢; < 1 such that
‘Q(r, h,z) — Qr, h,z| < c1]z — 2|, }m(r,h,w) — to(r, h,\W)’ < cz}w —w|;

(=)=
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AG6: There exists T > 0 such that Q) satisfies the following bounded condition

. 2 g1 gy &1 gra1”
Sup {\m(r,h,w) +Q(rh2)| : (rh) €03, 2 € {_ T(s1 D) (52 1) r(sfﬂ)r(szﬂ)] } ST

If Q(r, h, z,w) = (7, h,w) 4 Q(r, h, z) then the following IE,

2(r.h) = w(r, h 2(6(r, h>>)+9(r b TG / / e e dgdu), (3.2)

under (A5) and (A6) has at least one solution in C'(JZ,).

Proof. The proof is similar to Theorem 3.1, so we leave it to the readers. O

4. ILLUSTRATIVE EXAMPLES
In the first example, we check Theorem 3.1 when fractional order s; of FIE changes.
Example 4.1. In view of the proposed problem (1.1), consider the following 2D Volterra FIE,

z(r,h) = fhexp (—"3") + 4r(s:J)r1iL(1/z)

T g sin(a(u.g))+ 25 tan = (Ll
x/ / e g)1£21+\< 1) dgdu+ 5tz (ﬁ, \/E), (4.1)

for 51 € {3, . 9} Here, we study the solution in C(Jgd) with ¢ = d = We have sy = % o(r,h) = (\f \f)
B(u,g) = (u,g) and for each (r,h), (u,g) € J2;, Qr,h,z,w) = Shexp ( — =% )—l—z—i—w,

A(rhoug.2(B(u.g))) _ i
= T 1/2)/ / St dgdu, w=w(rh,z) = 3z,

I(r,hyu, g,2(B(u, g))) = =t (%usm (z(u, g)) + 2449 tan ! (%)) :

such that |I(r,h,u,g,z)| < 1[1 + |z|]] and |w(r, h,z)| < [z|]. One can easy understand that (A1) holds. We review
the correctness (A2)d. Let ||z|| <7, 7 > 0, then by choosing 7 = 0.65, we can easily verify

2(r, )] = |hosp (~252) + g2z (VA V)

+h Gusin(z(u,g))+ 242 tan ! (L52)
s71>r<1/z>/ / a1 g)l/;* 22 dg du

_|_

0.5481, s1 =2/3,
< 3+ 57 Farparem (LH7) & 05393, sp =34, > <. (4.2)
0.5250, s1 = 8/9,
Hence (A2) holds. Figs. 1a, 1b and 1c¢ show the 3D plot of Ineq. (4.2) for s = %, %,
These numerical results are shown in Table 1. Thus, Theorem 3.1 implies FIE (4.1) has at least one solution in C (J zd).

% whenever 7 = 0.65, respectively.

In the next example, Theorem 3.1 is examined when fractional order sy of FIE changes.

Example 4.2. Consider the following nonlinear 2D Volterra FIE,

uex —m ln u \ zZ\u
z(r,h) = 4SIH(1+r+h) e / / guexe )oin(vitu) +y1+z(ug) dgdu

+ GFRTAT )T (sa) (r W5 (h—g)i—=2

+ 4:3:?;% sin (z(r, b)) +

m In (1+ |z(r, h)|), (4.3)
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TABLE 1. Numerical results in Example 4.1 for different values of s = %, %, %.
(r, h) Ineq. (4.2)

81 = 2/3 81 = 3/4 81 = 3/9
(0.00, 0.00) 0.0000  0.0000  0.0000
(0.00,0.10) 0.0000  0.0000  0.0000
(0.00, 0.20) 0.0000  0.0000  0.0000
(0.10,0.30) 0.0219  0.0218  0.0218
(0.10, 0.40) 0.0281  0.0280  0.0279
(0.10, 0.50) 0.0338  0.0336  0.0334
(0.10,0.60) 0.0388  0.0386  0.0383
(0.10, 0.70) 0.0433  0.0430  0.0426
(0.10, 0.80) 0.0473  0.0469  0.0463
(0.10,0.90) 0.0508  0.0503  0.0496
(0.10,1.00) 0.0539  0.0532  0.0523
(0.40, 0.20) 0.0574  0.0571  0.0567
(0.40,0.30) 0.0834  0.0829  0.0822
(0.40, 0.40) 0.1074  0.1067  0.1057
(0.40, 0.50) 0.1204  0.1284  0.1270
(1.00, 0.70) 0.4178  0.4126 ~  0.4043
(1.00,0.80) 0.4637  0.4574  0.4473
(1.00,0.90) 0.5070  0.4995  0.4874
(1.00, 1.00) 0.5482  0.5394 0.5250

111
for So € {17375

(r,h) € J2,, ¢(r,h) = B(r,h) = (r,h), Qr,h,z,w) = %sin (1+T+h) +z+w,

I(r,h,u,g9,2(B(u,9)))
I‘(2/5 32)/ / (r— u)3/g(h g)1q52 dgduv

w=1o(r,h,z) = 43_"57) sin(z) + 1+r2+h In(1 + |z|),

}. Here, we study the solution in C(JE )7 with ¢ = d = 1. These data show s; = %7 and for every

and

I(r h,u, g, 2(Bu, g))) = (i)figﬁ) (guexp( 9+“) sin (Vg +u) ++/1+ Z(u,g)) ,

such that |I(r,h,u,g,z)| < 5[5 + /1 +|z|] and |w(r, h,2)| < 1 + §|z|. Clearly, assumption (A1) holds. We check
the assumption (A2). Suppose that ||z|| <7, 7 > 0. Then by choosing 7 = 2.73, we obtain

exp(rh) / / 2 uexp 9+u ) sm( g+u)+\ /1+z(u,g) d du

1
4 sin (1+7‘+h> + (r+h+4)T'(2/5)L(s2) (r u)%/5(h—g)1—=2

|2(r, k)| =

+ exp(r)  ain (Z(T, h))

4+vr+h

T 2+h ln(1+|z(r h)|)’

0.5481, so = 1/4,
<3+ 357+ ey (3 TVI+HT) & 05393, sy =1/ o <7 (4.4)
0.5250, so =1/2,
Indeed (A2) holds. Figs. 2a, 2b and 2¢ show the 3D plot of Ineq. (4.4) for s5 = %, %, % whenever 7 = 2.73, respectively.
These numerical results are shown in Table 2. By satisfying all assumption of Theorem 3.1, one can conclude that
FIE (4.3) has at least one solution in C'(J?,).

(=)=
E)NE



CMDE Vol. *, No. *, * pp. 1-21 9

(C) 51 =8/

FIGURE 1. Representaion of Ineq. (4.2) for Volterra FIE (4.1) with three different values of s; in
Example 4.1 when 7 = 0.65.

5. UNIQUENESS OF THE SOLUTION

Presently, we will address and prove the uniqueness of the solutions.

Theorem 5.1. Consider the assumptions of Theorem 3.1 with the following hypothesis,
AT: There exists by > 0 such that |J(r,h,u,g,z) — J(r,h,u,g,i)| < bl|z — 2| for z,z € B,, where B, is as in
Theorem 3.1;
AR8: With characterized c1,ca,c5 and T in hypothesis (A1), assume that,

A:CQC,?,"‘ClblF(Sl cld? < 1.

TG+ D (s21+1)

Then FIE (1.1) has a unique solution z in B;.
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(C) s2 =1/2

FIGURE 2. Representaion of Ineq. (4.4) for Volterra FIE (4.3) with three different values of sy in
Example 4.2 when 7 = 2.73.

Proof. For two various solutions of FIE (1.1), z,z € B,, we have

‘z - 2| = |(Gz)(r, h) — (Gz)(r, h)’
— ‘Q(rhw /O ' /0 ' Alrehing 2 B0g)) dg du, w(r, b, 2(¢(r, h))))
—Q(r, hy Ty /O ' /0 ' ot g B dg du, v (r, b, 2(¢(r, h)))>
< ‘Q(rhw /O ' /0 ' Alhwg 20 dg du, w(r, b, 2(¢(r, h))))

r h
I(r,h,u,g,2(B(u, N
- (’)”, hv m A /O (r(_u)kflz(%_(g)‘ll})f)sg dg dua o (Ta h7 Z(¢(T7 h))))
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TABLE 2. Numerical results in Example 4.2 for different values of sy = %, %, %
(r, h) Ineq. (4.2)

= 1/4 8o = 1/3 Sg = 1/3
(0.00, 0.00) 0.3104  0.3104  0.3104
(0.00,0.10) 0.2899  0.2899  0.2899
(0.00, 0.20) 0.2750  0.2750  0.2750
(0.10,0.10) 0.4258  0.4048  0.3708
(0.10,0.20) 0.4450  0.4279  0.3969
(0.10, 0.30) 0.4558  0.4421  0.4153
(0.10, 0.40) 0.4628  0.4522  0.4296
(0.20, 0.40) 0.5608  0.5464  0.5158
(0.20, 0.50) 0.5784  0.5675  0.5424
(0.20,0.60) 0.5934  0.5859  0.5662
(0.20,0.70) 0.6067  0.6023  0.5880
(0.70,0.00) 0.3053  0.3053  0.3053
(0.70,0.10) 0.6187  0.5757  0.5062
(0.70,0.20) 0.7311  0.6932  0.6249
(0.70,0.30) 0.8275  0.7947  0.7307
(1.00, 0.70) 1.4932  1.4757 © 1.4255
(1.00, 0.80) 1.6417  1.6317  1.5932
(1.00,0.90) 1.8002  1.7988  1.7744
(1.00, 1.00) 1.9704  1.9790  1.9714

h
I(r,h,u,g, u, N
+]92 h, D(s1) F(Sz) T( u)t— bgl (Elﬁ(g)?))s)Q dg du, m(r’ h, 2(¢(r, h)))
0 0 )

r h
I(r,h,u,g,2(B(u
(r h, s O /0 2rhog 29 dg du, v (r, h, 2((r, h))))‘
< CQ{m(r h, z(p(r, ))) (7" h, z(p(r, h)))’

+ e e / / 3 Bl ) =300 g B g

< caca 2600 ) ~ 2| + xSz 2

< eacs + ety mr e | Nz - 21

This implies ||(Gz)(r, h) — (GZ)(r, h) z||. Thus the defined operator G is a contraction, and hence Banach
contraction principle guarantees that G has a unique FP which is the solution of FIE (1.1). O

6. NUMERICAL METHOD

At present, we apply the successive approximations method to solve the following nonlinear FIE of two variables,

g pd
I(r,h,u,g,z(u,
z(r,h) = Q(r, h, m/{) /0 (5_;)1_519(3(_9)%)252 dg du, w(r, h, z(r, h))) (6.1)

Consider a uniform partition D = (A, Ay) of J?, with

Ar: O=rg<ri <ro<---<rp_1<7r,=4¢,
Ao : 0:h0<h1<h2<"'<hn,1<hn:d,
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¢, 0g = % We proved the continuity G on the ball B, in proof

1
n

with T, = iél, hj = j(SQ, Z,] = 0,...,71, where 61 =
of Theorem 3.1 with a FP, z in B, that is,

[SH

¢ J ™h,u,g,z(U,
z(r,h) = (Gz)(r,h) = Q(T, h, m/o /0 (Eii)isf’(;(ﬁgfﬁzsz dg du,w(r, h, z(r, h))) (6.2)

Now, we use a FP technique on G for zy(r, h) = f(r,h) € B, and the points r; = id1, h; = joa,

241(r05) = (G2an)(5.h) = s e

I(rs, ) ,
/ / C(ru I Slngg()u1 921 dg du, v (ri, hj, zp (73, hj)>> (6.3)
Now, by using a composite midpoint rule to approximate the double integral on J?, for n equally distant points in (6.3)
numerically and assessment zps(r;, h;). The suitable estimation of this words shows to the necessity to calculate the

double integrals in J%;. To do this, we utilize the combined midpoint quadrature rule to computation the integrals for
points u, = pd1, g4 = ¢d2, p,¢=0,1,...,n

& pd 1 n— .
3(rishj,u,g,20 (u,9)) do dutd (rs, J7up-q— 2 gat+ 2 72M(up+ L 0L B) A
[, [ e ag Zz_: Z (o~ 2) @ 3D 65

Then the below mentioned iterative process, acquired by calculating the corresponding double integral with the

quadrature equation provides the approximate solution of (6.3) in point (r; h;) € J%;, 4,5 =0,...,n,
zo(ri, hy) = f(ris hy),
ZM(TZ,h ) = Q| ri, hy _ 018s Z Zn 1 J(n,hj,uer L Gat 2,20 1(up+ - ,gq+52))

7 T(s:)I(s2) (e~ (upt )T (A (gt 2)) T2 7 (6.5)

m(Ti7hjiM1(Ti7hj))>, M e N.
Theorem 6.1. Assume that all hypotheses of Theorem 3.1 satisfy. The error estimation between the approrimate
solutions (zpyr) men of (6.3) and the exact z* is given by
% M s s
||Z —ZMH S 1A_7A||Zl —20”, A—C2C3+Clblm- (66)
Proof. First, we see that
‘ZMO”, h) —z*(r,h) | = | (Gzpr—1)(r,h) — (Gz*)( )’

A(r;hyu,g,20 1 (u,9))
F(Sl 52)/ / (c u1 quvoll 19)1 so dgdu

_ 1 I(r,h,u,9,2" (u,9))
F(sl)r(SQ)/()/O owios1(d_g)—o 09 du

—|—Cg’l‘0(7“ h, zp— 1(7“ h)) — m(r,h,z*(r,h))’

[3(r,h,u,g,200 1 (u,9)) =3 (1, h,u,g,2* (u,9)) |
L(s1 F(82 / / (éviul)l_sl(d-fg)l—sz dgdu

—|—6263’ZM 1(ryh) — z*(r, h)}
< %IZMA(T, h) —z*(r, h)’ + ch;»,‘zM_l(r, h) —z*(r, h)‘

SAHZM,

<Cl
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Also, we have,
o = 2ncr]| < [l = 2| + flzas — zarca|. 9

Combining (6.7) and (6.8), we have

Moreover,

HZM - ZM*IH = ’(GZMfl)(T‘, h) - GZM,Q)(T, h)‘

%}ZM—NT; h) — Z]\/[_g(’l“7 h)‘ + CQC3|ZM_1(7”, h) — ZM_Q(T, h)’

2~ 2] < xlew — 2| ©9)

IN

= Allzaios - 2nal|.
By induction, we get
HZM — ZM,1H S AHZMfl - ZM,QH § s S AM_1H21 - ZoH. (610)

From (6.9) and (6.10), we obtain ||z* — zy|| < % |21 — z0]- O

7. CONVERGENCE ANALYSIS

Now, we investigate the convergence of the iterative proposed method to the solution of (6.2). Let K and J,
respectively on J?; and J2, x R be bounded functions, for all (r,h) € J%, and z € C(J2;). We define

ngd(r? h’) (KJZ7€) = sup {‘K(ulagl)j(rah7u17gl7z(ulagl))

(u1,91),(u2,92)€32,

- K('U;Q,gg):‘(’r,h,Ug,gg,Z(UQ,gz))‘ : |U1 - gl|7 |U2 - 92| < 5}7

szd(JZ,E) = sup { J(Tl,hl,Ul,gl,Z(ul,g:[))

(u1,91),(u2,92)€32,
—3(7“2,/12,“279272(112792))‘ Dlur = gils Jug — gaf < 5}7

and

wa(d,e) = sup {‘j(T,h,m,gl,Z(Uag)) _j(r’hvu%gz’z(u’g))‘ e = 1], Juz — gl SE}'
(u1,91),(uz,92)€J2,

The following corollary is the classical midpoint rule with a new error bound.

Lemma 7.1. Let 9 : jid X R = R be a 2D integrable bounded mapping. Then, the following inequality holds:

¢ pd . ~ .3
[ [ ot dgdu v (nn g 8) | < cdag o (054 4)
0 0

where ¢ (r, h,u, g) = K(u,9)I(r,h,u,g,2(u,9)) = K1z and K (u,g) = L forO<u<éand0<g<d.

T (e—u)l—s1(d—g)t—s2”’

Proof. The proof is similar to Corollary 2.5 in [25] and the proof is omitted. |

Lemma 7.2. Let z € C(J2), K € C(J?;) and 1€ C(J%; x R). Then

wyz (r,h) (KJz,8) < Mgwyz (1z,6) + T wyz (1, h) (K, 6), Y (r,h) € J%,. (7.1)
Let zp € C(J%)) be a sequence defined in 6.3, then
wye, (T2ar, 0) < SR w1 (3,6) + cobrws (10,8) + w2(3,8),  8:= 0y + 6. (7.2)
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Proof. For all (r,h), (u,g), (', g') € sz7 we get
‘K(u,g)](nh,u,g,z(u,g)) (r hou', g, z(u g))’
< |K u,g J(r h,u, g,z(u, g)) —K(u,g)](r,h,u’,g’,z(u’,g'))‘
+ |K(u, 9)3(r by g 2(u/ g')) = K(u',g")I(r, o' g z(u, g))|
< |K(u,9)||3(r, h,u,g,2(u, g)) = I(r,h, ', ¢’ 2(u, g"))]
Jr}:lrhugzug HKug K(u’,g’)|,
Taking supremum from the above inequality, we get the following result,
wyz (r,h) (KJz,8) < Mgwyz2 (1z,6) + T wjz (1, h) (K, 6), (7.3)
where, Mg = max(, g2, {K(u,g) U= up + %1, g =gq+ %’, p,g=0,1,2,....n— 1}. Therefore, Ineq. (7.1), is
obtained. For each (r1,h1), (r2, ha) € J2;, and M € N, we have,

|2a141(r1, ha) = Zarsa (12, h2)| = |Gz (ry, ha) — GZM(TQ’hQH
I(r1,h1,u,9,20m—1(u,9))
F(sl)F 52)/ / (e¢—u)l—s1 é/lg)l so dgdu

(r2;h2,u,9,20 -1 (4,9))
F(sl)F 52)/ / (c ul sq d 9)1 so dgdu

+ea|w(r, b, 2y 1(7’1»h1)) — 1 (rayha, zar—1(r2, ho))|

<C1

(w1 (d=g)

I(r1,h1,u,9,2 u —I3(r2,ha,u,g,20—1(u,
- F(52)/ / [3(r1.h g 2 10,0 =32 b0,z 10D 40y + ey (10, 6)

< a0 (3,60) + cawn (1w, 8), (7.4)
and
|3(r, hyua, g1, zar—1(ua, 1)) — A(r, by ug, gos zar=1(uz, g2)) |
< |A(r, hour, gryza—1(ur, g1)) — I(r, houa, g1, zar—1(uz2, g2)) |
+ |3(7‘ hyui, 91,201 (uz, g2 ) J(T hyuz, g2,z - 1(“2,92))|
< bi|za=1(u1, 91) — zar—1(uz, g2)| + w2 (3, 6). (7.5)
Thanks to Egs. (7.4) and (7.5), Ineq. (7.2) is obtained. O

Theorem 7.3. Consider the Eq. (1.1) with the hypotheses of Theorem 3.1 and condition (A7). If

b < 1,

_ &d
T = 23 + 7017

*

then the iterative procedure (6.3) converges to the unique solution of Eq. (1.1), z*, and its error estimate is as follows,

l2* = 2ull < {51121 = 2ol + 25 0(6), where,
1n(6) = MxgA(l — eacz)wi (3, 6) + Mg Aw: (w,6) + Mg Aws(3d,0) + AT'wyz (r, h)(K6).
Proof. From (6.3) and (6.5), for M =1, one can get,

1 ¢ I(ri,hj,u,g,20(u,g))
Q<ri’hj’1W1W/ / (e— u)lj Slg(}d Og)lg - dgdu, m(rﬂhﬂ’zo(r“h )))

notnod ’I" hj,u + g + Z (u + gq+ 2))
619 i 0 ) _
-0 Tza i T 811F2(82 Z Z . 2 )(i slz(d (9:-‘1- 22))01 5o 7m(7“iahj710(7‘iahj)) .

7=0 p=0 cup+

‘21(7“1‘, hj) — z1(r, hj)’ <
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Thus, there exist ¢1,co and c3 such that

_ I(rs, ,9,Zo (u,
[21(rss 1) = 21073, )| < 1l i / / i dedu

—1n-1
516y Z Z r“ J,uer 2 ,gq+52 ,Zo(up+ 3 ,gq+62))|

T T(s1)T(s2) C up+ )1 Sl(d (gq+52))1 52

+C2|dgdu (Tza ]720 7"1, )) - (Ti,hj,io(’/‘i,hj))‘

n—1 n—1 1 j( ( )
rishj,u,g,20(u,9
<ol e [ et aga.
q=0 p=0
n—1 n—-1 5o sy
_ 816 Z Z (ri, ]»up+ 3 9at 2 7o (up+ 3 : Gat % ))|
1—s 1—s
T T(s1)[(s2) prr s ) 1( (g + )) 2
+ cacslzo(ri hy) — (7“1, )\

—1n-1
<ch 51)F s2) Z Z

— (rp —rp—1)(hgq — hg—1)

c1(rp—rp—1)(hg—hqg—1) ) [
< =t F(pSll)F(SqQ) = (w[rp—lvrp][hq—hhq] (K:IZO7 ?1 + 72)) .
0

- I(rihju,g,f(u,g))
/ / (Efu)liﬁ ((]J,g)lq—sz dgdu

J('f'uh]vup"!‘ < :9q+ 2 7f(up+ -5 agq+62 ))
e (upt ) T (A (90+2)) 2

3 =
|

|
—
—

Q
Il
=
=
Il

Hence,
|21(ri, hy) = 21(ri, hy)| < 5rieheg {W[OVE][OJ] (Klzo, 01 + 62)}'
Now, from (6.3), (6.5) and by the triangle inequality; for M = 2, we obtain,

c pd
I(ri,hj,u,g,z1(u,g))
Q(Thhﬂ"r(slfr(m / / o g) 2 dgdu,m(riv’ljll(”vhﬂ))

n—1 n—1 5o - 5
T77 7up+ 7gq+ sZ1 up+ 7gq+ 2 —
_Q<T“ 72 T(sq F(sz) Z Z (e- y h ) (- (( +522))1 52>)’m(ri7hj’zl(ri’hj)))’

quO

A(ri,hy,u.g,21 (u,9))
r(gl)r 92)/ / (o= u)l - dlg)l 2 dgdu

n—1n—1

5o 5
5152 J n,hj,uer 2 9qt+ 5 ,Z1(up+ 5 9q+ 22)) ‘
T'(s2) : : : :

‘12(7“1‘, hj) = z2(rs, hj)’ <

<cy

F( T—s1 5 T—sy
I 2 2 ™ ) (i (ot )

— —1
6102 s nz J i, J7uP+ 2 79<1+672721(up+571’gq+672))
T(s1)T(s2) ’U«p+ )1 o (‘i—(g‘l+672))1752

+c1

q=0 p=0
n—1 n—1 5
5102 j( h7,up+ 2 9r1+ (“P"' 2 9q+ 2)) ‘

:

~ TGT(s2) —~ = ( (u,,+ ))1 sl(d" ( ))1 ED)

+ 2|t (ri, hj, z1(ris hy)) — v (ri, by, z(ri, b ))‘

Q

n—1 n—1 1
A(rishy,u,9,21(w,9))
< LTI (52) F(S1)F(Sz) Z Z / / (é_u)lisl(c’l'—g)1*52 dg du
q=0 p=0
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5,6, 20uhs unt F g0t F 21 (1t 00 %))
(e (a3 (0t %)

n—1 n—1

+c b Z Z T1 hj “p+ 2 9q+ 3 11(u +%’QQ+%))
LT(s1)T(s2) q=0 p=0 (- “zﬂL )1 QI(d7(94+572))1_52

J("'L;hgvup"l' P) agq+622 al (up"l‘ 5 7gq+522))

(e=(ut3) " (d(9a+%))
< St [woanag (K1, )]

+%MK|11(T2',}I]) Zl(TZ,h )’+6203|Zl T’z,hj) Zl(Ti,hj)’,

+ 6203|Zl(7'i, hj) — 21(7"1', hj)’

which implies that,
[22(ris ) = 2371, )| < il g 0 g (K321, 0)]
+ |eacs + mpsdrm s 2y (i hy) = 21(ris )|
3cied
< 2F(51+11)F(32+1) [W[o,a][o,i] (KJZ1,5)}
+ [6263 + %} |Zl(Ti7hj) - z1(7'1'7}7’]4)|'
So, by (7.3), we have the following result
|z2(ri, hy) — 22(73, hy)| < MgAwyz (Jz1,6) + Adwyz (r,h)(K,0) + Y||z1 — 71,
where A = ﬁm. By induction, for M € N, M > 3, we obtain
1zar(ris hy) = Zaa (i, hy)| < M Awyz (Jzar—1,6) + A*wyz (r,h)(K,0) + Yl[zar—1 — Za—1]|
Taking supremum for (r, h) € Iy from the above inequality, we have,
HZM —zpm || < MKA<Mch>d(JZM_1, 0) + TWJid(jZM_Q’ )+ -+ Tm_lw‘]id(JZo, 5))
+ AT wye (r,h)(K, ) [1 + Y+t T’"‘l].

By (7.6), (7.7) and Lemma 7.2, we see that,

3

m—1
wi(3,0) > T+ MicAw (w,6) > T
=0 l

c1by 61 d*
F(Sl + 1)F(82 + 1)

lzar — zar || < MgA

I
=)

m—1 m—1
+ Mg Aws(3,0) ZT —|—A3wJ2 r,h)(K,0) ZTZ
1=0 1=0

By (7.8) since T < 1, we obtain,
|lzar = Zar || € MgA(L = cae3)wi(3,0) 72 + M Aw: (w0, 0) 125
+ MgAws(1,6) 15 + A]*ind (r,h)(K,6) 15
Finally,

lzar = 2| < 5 [MiA(L = caca)on(3,6) + MicAwr (w,6) + MicAwn(1,6) + AT'wyz (r, h) (K, )],

(7.8)

(7.9)

(7.10)

Notice that A < T < 1, so from Inegs. (6.6), (7.10) and ||z* — zp|| < ||2* — zam || + ||zar — Zas]], it is concluded that

Z)r converges to z* and the desired error estimate is obtained.

(=)=
E)NE

O
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Algorithm of the approach. The iterative procedure (6.5) gives the following algorithm of computation for the
solution of FIE (1.1). For checking the error of the method, we consider,

Algorithm 1 Tterative procedure (6.5) to estimate FIE (1.1).

Require: Input the values ¢, CZ, s1, S2, €,n and the functions €, J, w.
1: 51 — 6/71 and 52 — d~/n
2: for ¢ =0 to n do
for j =0ton do
4 f — io(ﬁ,h]‘) by (65)
5 M + 1.
6 end for
7: end for
8
9

: for i =0 ton do
for j =0ton do

10: Compute zs (ri,hj) by (6.5).

11: A+ ‘ZM(Ti,hj) —2M_1(Ti,hj)|.
12: if A < ¢ then

13: Print M.

14: Print zy, (ri, hj) and 7, j.

15: end if

16: M <+ M +1.

17:  end for

18: end for

Ensure: z), (n-, hj) .

llen oo == max{|z*(ri,hj) > iM(ri,hj)| D1, ) = 1,2,...,n},

with z* and zp; are is the exact and approximate solutions respectively, of FIE (1.1), which is obtained from Picard
sequence (6.5). The experimental rate of convergence for the below mentioned example is also estimated according
to [6, Chapter 2] which is introduced as,

o]

=)

where p,, estimates the convergence rate. The tolerance ¢ = 10715 is chose to stop the iterations, i.e., FP iterations
stop when HZM — ZMAH < e. All numerical results are computed by using Maple 17.

2o
Ratio = - ij pn = log, <
e

Example 7.4. The following nonlinear FIE,

1
Mdgd% (7.11)

290597(r+h)2D(5
Z(ry h) = /r2 + h + ]. - ( - ) ( /6) (1—71.)3/5(1—9)1/3

1
1403948(1+(r+h)2)I'(9/10) + 20(1+(r+h)2)L(2/5)(2/3) /O 0

for (r,h) € J2,, with é = 1, d = 1, has unique exact solution z(r,h) = r2 + h + 1. FIE (7.11) is especial case of
FIE (1.1). Clearly, (A1) of Theorem 3.1 holds. We need to check that assumption (A2) holds. Let ||z|| < 7, 7 > 0,
then

)

|2 200597(r+h)?T(2) r ) ()
|Z(T7 h)| =T + h + 1 - 1403948(1+(T+h)2)r(1—90) + 20(1+(7’+h)2)F % % (1 u)3/5 = g)1/3 dg du
290597T(2) 2
< [3 14039487 () + 200 (Z)r(3) <7
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for every J2,. Hence (A2) holds if 7 € [4.4605, 11.558]. Indeed, all essentials of Theorem 3.1 are fulfill. We choose

_ 9 290597(r+h)°T(2)
Zo(r,h) =r"+h+1- 1403948(1+(r+h)2)I () €7l
In this level, for the grid points (r;, h;), for ¢, = 1,2,...,5, we compute the absolute error. These obtained numerical

results (error between exact and approximate value of z(r, h)) with n = 10, 20,40 are shown in Table 3. The results
in Tables 3 and 4 confirm the convergence of Algorithm 1, that is, e; ; — 0 when 1, 2 — 0. One can see that ||e, |00
is decreasing by factor of approximately 2 whenever n is doubled. Further, the curves in Fig. 3, show approximate
value of z(r, h) for n = 10, 20, 40 respectively.

TABLE 3. Numerical results in Example 7.4 for different values of n = 10, 20, 40.

(r,h) Exact solution € j
m =10 m =20 m = 40
(0.1,0.1) 1.11 2.956461 x 10~5 1.479930 x 105  7.404133 x 10~
(0.3,0.3) 1.39 1.182585 x 10~ 5.919716 x 10~°  2.961631 x 10~°
(0.5,0.5) 1.75 2.660816 x 10~% 1.331935 x 10~  6.663672 x 10~°
(0.7,0.7) 2.19 4.730339 x 10~*  2.367884 x 10~* 1.184652 x 10~ 4
(0.9,0.9) 2.71 7.391155 x 1074 3.699819 x 10~* ' 1.851019 x 10~
P e

= === Exact solution

——dhe— Approximate, n = 10
—#— Approximate, n = 20
—@— Approximate, n = 40

.10~

0.5

0.4
0.6 h
- 0.8

0.2

FIGURE 3. Exact and approximat solutions of nonlinear Volterra FIE (7.11) via error estimate e, for
m = 10, 20,40 in Example 7.4.

TABLE 4. Summery of numerical results for FIE (7.11) when n = 10, 20,40 in Example 7.4.

n| M [lem || oo Ratio Pn

10 | 11 2.956462 x 10~3 — -
20 | 12 1.479927 x 103 1.9977  0.9983
40 | 12 7.404076 x 10~4 1.9988  0.9991
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8. CONCLUSION

We try to examine the existence results for the solution of FIE (1.1) in various Banach function spaces, e.g., Sobolev,
Orlicz, Holder, etc. The importance of defending the existence result in the research of this is one of the advantages
of researchers. So far, several approaches have been devised for this idea. This research is based on a more general
form of FIE, which involves some other relevant works as well. In the suggested method, FPT of Petryshyn and the
concept of MNC with more limited conditions were applied. The fact that, the Trapezoidal and Simpson rules can not
be applied to approximate integrals that are not defined in the first and the endpoints of the integration. Therefore,
in Section 6, we employed the midpoint rule to investigate the approximate solutions of nonlinear FIE (1.1) which it
can consider in the future works to extend them numerically [5, 19, 20, 43].
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