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Abstract

In this work, we investigate the efficient solution of a two-dimensional model of avascular tumor growth, described

by a transient system of four partial differential equations, two of which are nonlinear. The main contribution
of this study lies in the strategic combination of the multigrid method with the standard Repeated Richardson

Extrapolation (RRE) technique, aiming to reduce discretization error and enhance computational performance.

The system was discretized using finite differences: central differences for the spatial terms and the Crank-Nicolson
scheme for the temporal discretization. Linearization was performed via Taylor series expansion, and the result-

ing linear system was solved using the red-black Gauss-Seidel iterative method accelerated by multigrid. Code

verification was initially carried out using a manufactured solution with Dirichlet boundary conditions, allowing
accurate error analysis. Subsequently, a realistic setting was simulated, using an initial condition that characterizes

tumor morphology. The results show that the combination of the multigrid method and the RRE technique signifi-
cantly reduced computational time while maintaining a consistently low average convergence factor and producing

highly accurate and reliable solutions, demonstrating the potential of the proposed multigrid-RRE approach for

the accurate and efficient numerical simulation of avascular tumor growth models.
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1. Introduction

In Engineering, there is a growing need to understand natural phenomena, particularly those involving fluid dy-
namics, in which Biomathematics plays a fundamental role. Many of these phenomena are described by mathematical
equations and models, facilitating the understanding of interactions in biological systems [1, 4, 42, 48]. However, real-
world problems often lack known analytical solutions, requiring computational approaches to generate approximate
results.

In this context, Computational Fluid Dynamics (CFD) emerges as a field aimed at simulating thermofluid dynamic
phenomena, seeking to reduce the need for experimental procedures and explore phenomena that are difficult to study
experimentally. The mathematical models used in CFD demand numerical methods capable of providing accurate,
reliable, and efficient solutions [15]. However, discretizing such problems leads to large-scale systems of equations,
which traditional numerical methods often struggle to solve efficiently.

To achieve efficient solutions and significantly improve convergence in solving systems of equations for a wide range
of problems, including elliptic, parabolic, and hyperbolic equations, the multigrid method is employed [5, 49]. This
method uses a grid hierarchy to address the full spectrum of error frequencies, resulting in faster convergence. Its
versatility and effectiveness contribute to the efficient solution of linear systems across several fields, such as fluid
simulation, structural analysis, biomedicine, and other areas of computational modeling [43]. Recent works focusing
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on efficient numerical methods using the multigrid technique include Al-Mahdawi et al. [2], Habibi et al. [17], Malacarne
et al. [23], Ramezani et al. [28], de Oliveira et al. [31], Pinto et al. [32], de la Riva et al. [36], Santiago et al. [43].

Beyond solving linear systems efficiently, it is essential that numerical solutions be accurate, as numerical errors
can compromise the reliability of computational simulations. Controlling or minimizing these errors is critical, and
estimation techniques are applied for this purpose. Discretization error is one of the main sources of numerical
error, and techniques such as mesh refinement and extrapolation are commonly used to mitigate it [25]. Richardson
Extrapolation (RE) [11, 25, 38] is a well-established and computationally inexpensive method in this context. When
applied recursively, it is known as Repeated Richardson Extrapolation (RRE) [38], which can enhance its effectiveness.
Studies exploring the RRE technique include Foltran et al. [14], Leduc [20], Marchi et al. [25], Merga and Chemeda
[27], Rodrigues et al. [39], da Silva et al. [45, 46].

It is worth noting that second-order numerical methods, although widely used due to their simplicity and stability,
require highly refined meshes to achieve satisfactory accuracy, which can increase computational costs. However, the
multigrid method proves effective in accelerating convergence even on such refined meshes, making it a valuable tool
in this context.

This study proposes the integration of the multigrid method with the RRE technique to solve a tumor growth model
described by partial differential equations (PDEs), aiming to combine computational efficiency with solution accuracy.
The distinguishing feature of this approach lies in the strategic combination of these techniques for a physical problem
of biological interest, which is still underexplored in the context of numerical verification. Furthermore, the RRE
technique employed here can be readily adapted to higher-order schemes, as demonstrated by da Silva et al. [45], who
combined RRE with fourth-order schemes for the Poisson equation.

The main objective of this work is to analyze discretization errors and calibrate error estimators. A complementary
article, focused on the biological analysis of the model, including parameter study and variable behavior, is currently
under development.

The proposed model consists of a system of PDEs describing the interactions among tumor cells, extracellular
matrix, matrix-degrading enzymes, and endogenous inhibitors [3, 18, 21]. The system was discretized using the finite
difference method on uniform meshes, applying central differences (CDS) for spatial terms and the Crank-Nicolson
scheme for temporal discretization. Nonlinear terms were linearized using Taylor series expansion [6]. The resulting
linear systems were solved using the red-black Gauss-Seidel iterative method, accelerated with a geometric multigrid
method employing a V -cycle. The RRE technique was applied to estimate and reduce discretization error.

We performed numerical experiments in two scenarios: initially with a problem having a known analytical solution,
to verify the accuracy and robustness of the method; and subsequently with a realistic problem without a known
solution, to assess the reliability of the final results. The outcomes demonstrate the effectiveness of the proposed
integrated approach.

In recent years, several mathematical models of tumor invasion have been proposed and refined [3, 7–9, 12, 16,
18, 19, 47]. However, issues related to numerical verification and the computational efficiency of these models remain
underexplored in the literature. Some studies employ the multigrid method to accelerate the convergence of numerical
solutions in tumor models, such as Ng and Frieboes [29], Wise et al. [50, 51], but do not adopt systematic techniques
for discretization error estimation and reduction, such as RRE. Although the mathematical model considered in this
work is governed by time-dependent equations, the discrete spatial problems arising at each time step exhibit an
elliptic character. This property makes the multigrid method especially attractive, as it is widely regarded as one of
the most efficient techniques for the solution of elliptic partial differential equations. Therefore, employing multigrid
throughout the temporal integration process can substantially reduce computational cost without compromising accu-
racy. Nevertheless, the use of multigrid combined with systematic numerical verification techniques remains relatively
unexplored in the tumor growth modeling literature.

Within this context, the present work seeks to solve a system of equations modeling tumor growth more efficiently,
robustly, and accurately than conventional methods, while maintaining low computational cost.

The paper is organized as follows: Section 2 presents the mathematical and numerical model. Section 3 introduces
the basic concepts of the multigrid method and the error analysis. In Section 4, we discuss the results of numerical
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experiments for two cases: first, a test using an analytical solution; and second, a test involving a realistic problem.
Finally, Section 5 presents the conclusions.

2. Material and methods

2.1. Mathematical model. Developed in Kolev and Zubik-Kowal [18], the mathematical model describes the growth
of generic solid tumors in the avascular stage, aiming to analyze interactions between the tumor and surrounding tissue.
The model comprises four time-dependent partial differential equations (PDEs) for the variables: cancer cell density,
extracellular matrix density (ECM), concentration of matrix-degrading enzymes (MDE), and concentration of tissue
inhibitors of metalloproteinases (TIMP) (known as endogenous inhibitor), denoted as n, f , m, and u, respectively,
and is given by

∂n

∂t
= dn∆n︸ ︷︷ ︸

diffusion

− γ∇ · (n∇f)︸ ︷︷ ︸
haptotaxis

+µ1n(1− n− f)︸ ︷︷ ︸
proliferation

, (2.1)

∂f

∂t
= − ηmf︸︷︷︸

degradation

+µ2f(1− n− f)︸ ︷︷ ︸
renewal

, (2.2)

∂m

∂t
= dm∆m︸ ︷︷ ︸

diffusion

+ αn︸︷︷︸
production

− θum︸︷︷︸
neutralization

− βm︸︷︷︸
decay

, (2.3)

∂u

∂t
= du∆u︸ ︷︷ ︸

diffusion

+ ξf︸︷︷︸
production inhibitor

− θum︸︷︷︸
neutralization

− ρu︸︷︷︸
decay

, (2.4)

in the spatial domain Ω ⊆ R2. The ∆, ∇, and∇· represent, respectively, the Laplacian, the gradient and the divergence
operator, and the time interval (t) considered is (0, tf ). Initial and boundary conditions will be presented in section
4.1 and 4.2.

The model Eqs. (2.1)-(2.4) establish that the migration of tumor cells creates spatial gradients that direct the
migration of invasive cells through a mechanism called haptotaxis, represented by γ. The diffusion constants of the
cancer cell density, matrix-degrading enzymes (MDE), and inhibitor are given, respectively, by dn, dm, and du. The
proliferation rate of tumor cells and the growth rate of the ECM are represented by µ1 and µ2, while η, α, θ, β, ξ,
and ρ are positive constants. The values of all these physical parameters can be seen in Section 4 and Kolev and
Zubik-Kowal [18], López et al. [21], Maganin et al. [22].

2.2. Numerical model. The system of partial differential equations given by Eqs. (2.1)-(2.4) is discretized using the
Crank–Nicolson scheme for time integration [10] and the Finite Difference Method (FDM) with second-order central
differences for spatial discretization. The spatial step sizes in the x- and y-directions are assumed equal, that is,
hx = hy = h. The temporal step size is defined by τ =

tf
Nt−1 , where tf denotes the final simulation time and Nt is

the total number of time levels. The resulting nonlinear algebraic system is subsequently linearized using a first-order
Taylor expansion [44].

Let Nk
i,j , F

k
i,j , M

k
i,j , and Uki,j denote the finite difference approximations to the continuous solutions n(xi, yj , tk),

f(xi, yj , tk), m(xi, yj , tk), and u(xi, yj , tk), respectively. The computational grid is defined by xi = ih, yj = jh, and
tk = kτ , where the indices i and j identify the spatial grid points, and k denotes the time level.

2.2.1. Discretization of the cancer cell density equation. For Eq. (2.1), the Crank–Nicolson scheme is employed for
temporal discretization and second-order central differences are used for spatial discretization. This yields

Nk+1
i,j −Nk

i,j

τ
=

1

2

[
dn∆hN

k+1
i,j − γ

(
∇h ·

(
Nk+1∇hF k+1

))
i,j

+ µ1N
k+1
i,j − µ1

(
Nk+1
i,j

)2
− µ1N

k+1
i,j F k+1

i,j + Snk+1
i,j + dn∆hN

k
i,j − γ

(
∇h ·

(
Nk∇hF k

))
i,j

+ µ1N
k
i,j − µ1

(
Nk
i,j

)2 − µ1N
k
i,jF

k
i,j + Snki,j

]
,

(2.5)
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where the discrete diffusion operator is approximated by

(∇h · (N∇hF ))i,j =
Ni+1,j −Ni−1,j

2h

Fi+1,j − Fi−1,j

2h
+Ni,j

Fi−1,j − 2Fi,j + Fi+1,j

h2

+
Ni,j+1 −Ni,j−1

2h

Fi,j+1 − Fi,j−1

2h
+Ni,j

Fi,j−1 − 2Fi,j + Fi,j+1

h2
.

(2.6)

Since Eq. (2.5) contains the nonlinear term
(
Nk+1
i,j

)2
, a first-order Taylor expansion is employed to linearize the

equation and obtain a linear system at each time level:

(
Nk+1
i,j

)2 ≃ − (
Nk
i,j

)2
+ 2Nk

i,jN
k+1
i,j . (2.7)

Substituting Eq. (2.7) into Eq. (2.5) and rearranging the resulting expression yields

an5N
k+1
i,j = an1

(
Nk+1
i−1,j +Nk+1

i+1,j +Nk+1
i,j−1 +Nk+1

i,j+1

)
− 1

4
an2

[(
Nk+1
i+1,j −N

k+1
i−1,j

)
(
F k+1
i+1,j − F

k+1
i−1,j

)
+
(
Nk+1
i,j+1 −N

k+1
i,j−1

) (
F k+1
i,j+1 − F

k+1
i,j−1

) ]
+ Fnk+1

i,j , (2.8)

where the auxiliary coefficients and source term are defined as

apa =
1

τ
, an1 =

dn
2h2

, an2 =
γ

2h2
, an3 =

µ1

2
, an4 =

1

τ
+

2dn
h2
− µ1

2
,

an5 = an4 + an2
(
F k+1
i,j−1 + F k+1

i,j+1 + F k+1
i−1,j + F k+1

i+1,j − 4F k+1
i,j

)
+ an3

(
2Nk

i,j + F k+1
i,j

)
,

and

Fnk+1
i,j = Nk

i,j

(
an3N

k
i,j + apa

)
+

dn
2h2

(
Nk
i−1,j +Nk

i+1,j +Nk
i,j−1 +Nk

i,j+1 − 4Nk
i,j

)
− γ

8h2[ (
Nk
i+1,j −Nk

i−1,j

) (
F ki+1,j − F ki−1,j

)
+
(
Nk
i,j+1 −Nk

i,j−1

) (
F ki,j+1 − F ki,j−1

)
+ 4Nk

i,j(
F ki−1,j + F ki+1,j + F ki,j−1 + F ki,j+1 − 4F ki,j

) ]
+ an3

(
1−Nk

i,j − F ki,j
)
Nk
i,j +

1

2

(
Snki,j + Snk+1

i,j

)
.

2.2.2. Discretization of the extracellular matrix density equation. For Eq. (2.2), the Crank–Nicolson scheme is employed
for temporal discretization. Since no spatial derivatives are present, only the reaction terms are discretized. The
nonlinear terms are then linearized using a first-order Taylor expansion, yielding

af3F
k+1
i,j = Ffk+1

i,j , (2.9)

where the auxiliary coefficients and source term are defined as

af3 = apa + af1M
k+1
i,j + af2

(
Nk+1
i,j + 2F ki,j − 1

)
,

with

af1 =
η

2
, af2 =

µ2

2
,

and

Ffk+1
i,j = apaF

k
i,j + af2

(
F ki,j

)2 − af1Mk
i,jF

k
i,j + af2F

k
i,j

(
1−Nk

i,j − F ki,j
)
+

1

2

(
Sfk+1

i,j + Sfki,j
)
.
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2.2.3. Discretization of the matrix degrading enzymes equation. For Eq. (2.3), the Crank–Nicolson scheme is employed
for temporal discretization, while the diffusion term is approximated using the standard five-point stencil. Rearranging
the resulting expression yields

am6M
k+1
i,j = am1

(
Mk+1
i−1,j +Mk+1

i+1,j +Mk+1
i,j−1 +Mk+1

i,j+1

)
+ am4N

k+1
i,j + Fm

k+1
i,j (2.10)

where the auxiliary coefficients and source term are defined as

am1 =
dm
2h2

, am2 =
β

2
, am3 =

θ

2
, am4 =

α

2
,

am5 =
1

τ
+

2dm
h2

+
β

2
, am6 = am5 + am3U

k+1
i,j ,

and

Fm
k+1
i,j =apaM

k
i,j + am1

(
Mk
i−1,j +Mk

i+1,j +Mk
i,j−1 +Mk

i,j+1 − 4Mk
i,j

)
+ am4N

k
i,j − am3U

k
i,jM

k
i,j

−am2M
k
i,j +

1

2

(
Smk+1

i,j + Smk
i,j

)
.

2.2.4. Discretization of the tissue inhibitor of metalloproteinases equation. For Eq. (2.4), the Crank–Nicolson scheme
is employed for temporal discretization, while the diffusion term is approximated using the standard five-point stencil.
Rearranging the resulting expression yields

au5U
k+1
i,j = au1

(
Uk+1
i−1,j + Uk+1

i+1,j + Uk+1
i,j−1 + Uk+1

i,j+1

)
+ au3F

k+1
i,j + Fuk+1

i,j , (2.11)

where the auxiliary coefficients and source term are defined as

au1 =
du
2h2

, au2 =
ρ

2
, au3 =

ξ

2
, au4 =

1

τ
+

2du
h2

+
ρ

2
, au5 = au4 + am3M

k+1
i,j ,

and

Fuk+1
i,j =apaU

k
i,j + au1

(
Uki−1,j + Uki+1,j + Uki,j−1 + Uki,j+1 − 4Uki,j

)
+ au3F

k
i,j − am3U

k
i,jM

k
i,j − au2Uki,j

+
1

2

(
Suk+1

i,j + Suki,j
)
.

The discrete equations (2.8)–(2.11) form the resulting large-scale coupled linear algebraic system. The solution
of this system requires an efficient and robust numerical strategy. Therefore, a multigrid method is employed, as
described in the following section.

3. Theory and calculation

3.1. Fundamentals of the multigrid method. The multigrid method is an advanced numerical technique used to
solve linear systems resulting from the discretization of differential equations, particularly in boundary value problems.
Originally proposed by Fedorenko [13], the method aims to accelerate the convergence of classical iterative solvers by
employing a hierarchical grid strategy (fine and coarse).

Conventional iterative methods, such as Gauss-Seidel, exhibit good convergence rates only during the initial itera-
tions, when error components are highly oscillatory (high-frequency Fourier modes). However, as iterations proceed
and the error becomes smoother (dominated by low-frequency Fourier modes), convergence slows significantly [49].

In such cases, the multigrid method stands out as a robust and efficient approach, designed to reduce both high- and
low-frequency errors. According to Briggs et al. [5], smooth error components on a fine grid appear more oscillatory
when observed on coarser grids. Based on this principle, the multigrid method uses a sequence of grids with increasing
coarseness, alternating smoothing steps at each level and approximating solutions on coarser grids. This process
relies on restriction operators, which transfer residuals to coarser levels, and prolongation operators, which interpolate
corrections back to finer grids, thereby accelerating global convergence by addressing the entire error spectrum [5, 49].

Depending on how information is gone through between grid levels, one can adopt either the Correction Scheme
(CS) or the Full Approximation Scheme (FAS). As recommended by Briggs et al. [5], CS is suitable for linear problems,
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Restriction

Prolongation

Ω16h

Ω8h

Ω4h

Ω2h

Ωh

Figure 1. Structure of the V -cycle. The symbol � represents smoothing and the symbol � represents
the exact solution.

whereas FAS is more appropriate for nonlinear ones. Since the tumor model in this study was previously linearized,
only the CS is employed here.

Different strategies for going through the grid hierarchy lead to various cycle types, such as the V -cycle, W -cycle,
and F -cycle. In this study, we adopt the V (ν1, ν2)-cycle, illustrated in Figure 1, using five grid levels with standard
coarsening ratio, where ν1 and ν2 denote the numbers of pre- and post-smoothing steps, respectively.

The V -cycle was chosen for its robustness, ease of implementation, and widespread adoption in problems governed by
PDEs with features similar to the tumor model used. This choice also allowed for more direct control over convergence
parameters, enabling a comparative analysis under varying spatial and temporal discretizations. Moreover, when
properly configured, the V -cycle is among the most computationally efficient multigrid strategies.

In this work, we apply a decoupled, time-stepping formulation in which each equation of the system is solved
independently. As each equation has elliptic structure, the multigrid V -cycle proved to be particularly efficient in
accelerating convergence during each time step.

It is important to note that the main focus of this study was on evaluating the computational efficiency of the
classical multigrid configuration combined with Repeated Richardson extrapolation. The investigation of alternative
cycles, such as the W− or F−cycle or cascadic multigrid, is considered a promising direction and is being explored as
a future extension of this research.

Algorithm 1 is based on the V (ν1, ν2)-cycle for the CS scheme considering a certain grid level l > 1 with grid

spacings h, 2h, 4h, . . . , 2l−1h, where I2
lh

2l−1h and I2
l−1h

2lh are, respectively, the restriction and prolongation operators.

Algorithm 1: MG-V -Cycle(l)

1 if l = Lmax is the coarsest grid level then

2 Solve the system Alv
(l) = f (l) on the coarse grid Ω2l−1h.

3 else

4 Smooth ν1 times Alv
(l) = f (l) on the grid Ω2l−1h.

5 Calculate and restrict the residual f (l+1) = I2
lh

2l−1h(f
(l) −Alv(l)).

6 Solve at the next level MG-V -Cycle(l+1).

7 Correct using interpolation v(l) ← v(l) + I2
l−1h

2lh v(l+1).

8 Smooth ν2 times Alv
(l) = f (l) on the grid Ω2l−1h.

9 end

10 end

3.2. Error analysis.
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3.2.1. Numerical error. The numerical error (E) corresponds to the difference between the exact analytical solution
(Φ) of a variable of interest and its numerical solution (ϕ), that is,

E = Φ− ϕ. (3.1)

In general, the main sources of numerical error are: truncation errors, iteration errors, and rounding errors [24, 35].
When truncation errors are the only source of numerical error considered, meaning that iteration and rounding errors
are neglected or minimized, the numerical error is called discretization error E(ϕ). It can be defined using the Taylor
series expansion as described in [37]

E(ϕ) = c0h
p0 + c1h

p1 + c2h
p2 + c3h

p3 + . . . =
∞∑
V=0

cV h
pV , (3.2)

where the coefficients cV , V = 0, 1, 2, 3, . . . are real numbers obtained as functions of the dependent variable of the
problem and its derivatives, but independent of h. By definition, the true orders (pV ), are the exponents of h, and
they are positive integers following the relationship 1 ≤ p0 < p1 < p2 < p3 . . .. The first true order, p0, is called the
asymptotic order and is denoted by pA.

It is possible to verify a posteriori whether the order of discretization error obtained by the numerical model
coincides with its asymptotic order calculated a priori. This analysis is based on the calculation of the effective order
(pE) when the analytical solution is known; otherwise, it relies on the calculation of the apparent order (pU ). Since
the main objective of this article is to analyze a realistic problem, that is, a problem whose analytical solution is not
known, we will consider only the apparent order, as described by [46]

pU =

log

∣∣∣∣ϕC − ϕSCϕF − ϕC

∣∣∣∣
log(q)

, (3.3)

where ϕF , ϕC and ϕSC are the numerical solutions obtained, respectively, on the fine (hF ), coarse (hC) and super-

coarse (hSC) grids, generated with a refinement ratio q =
hC
hF

=
hSC
hC

. Theoretically, the apparent order tends towards

the asymptotic order with mesh refinement, i.e., pU → pA when h→ 0 [39, 45, 46].
It should be emphasized that all discretizations used in Section 2.2, both the spatial discretization by CDS and the

temporal discretization by Crank-Nicolson, have asymptotic orders pA = 2. Therefore, in this paper, we are dealing
with methods where pA = 2 globally [33, 35].

3.2.2. Repeated Richardson Extrapolation. The method of Repeated Richardson Extrapolation (RRE) [11, 25] is a
numerical post-processing technique used to improve the accuracy of a numerical estimate, especially in iterative
methods.

The main idea of RRE is to perform several iterations of a numerical method and then combine these iterations
in a specific way to obtain a more accurate estimate. When using FDM, for example, this quantity obeys the true
orders (pV ) of the difference equation used to approximate the derivatives of the differential equation, but it can also
be based on equivalent apparent orders [46].

Considering the numerical solution of a particular variable of interest (ϕ), on G distinct grids Ωh1 , Ωh2 , . . .,
Ωhg−1 , Ωhg , . . ., ΩhG generated with a refinement ratio q = hg−1/hg (g = 2, . . . , G), the use of the RRE with m levels
of extrapolation is given by

ϕg,m = ϕg,m−1 +
ϕg,m−1 − ϕg−1,m−1

qpm−1 − 1
, m = 1, . . . , g − 1. (3.4)

These values can be theoretically determined a priori and confirmed through the concept of apparent order pU of
discretization error accuracy [14, 46],

(pU )g,m =
log

(ϕg−1,m−ϕg−2,m

ϕg,m−ϕg−1,m

)
log(q)

. (3.5)
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g m = 0 m = 1 m = 2 m = 3 m = 4

1

2

3

4

5

6

7

8

9

ϕ1,0

ϕ2,0

ϕ3,0

ϕ4,0

ϕ5,0

ϕ6,0

ϕ7,0

ϕ8,0

ϕ9,0
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Figure 2. Practical scheme for the RRE of numerical solution for g = 9 and m = 4.

In Figure 2, we present the representation of RRE to facilitate the understanding of extrapolations. At least three
solutions are required to perform an extrapolation in cases where the analytical solution is unknown (using pU ). The
larger the values of g and m, the lower the discretization error associated with the extrapolated variable (the RRE
algorithm can be consulted in da Silva et al. [45]).

3.2.3. Estimates for the discretization error. When the analytical solution ϕ is unknown, the discretization error cannot
be calculated. Instead, the concept of uncertainty (U) is used. The uncertainty of a numerical solution is determined
by the difference between the estimated analytical solution (ϕ∞) for a variable of interest and its numerical solution
(ϕ), that is,

U(ϕ) = ϕ∞ − ϕ. (3.6)

To estimate the discretization error, Richardson’s error estimator based on the apparent and asymptotic orders was
used because it is widely reported in the literature, serving as a reference estimator [26]. Richardson’s error estimators
are given by:

URi(pU ) =
(ϕF − ϕC)
(qpU − 1)

, URi(pV ) =
(ϕF − ϕC)
(qpV − 1)

, (3.7)

with pU given by Eq. (3.3).
To obtain the discretization error estimate considering the use of RRE, we will use two estimators from the literature:

the Corrected Richardson Estimator (pmc) and ψ∗ Estimator [25, 39]. The discretization error estimate according to
the Corrected Richardson Estimator is given by:

Upmc(ϕg,m) = rpm
ϕg+1,m − ϕg,m

qpm − 1
, (3.8)

where rpm is a correction factor. The discretization error estimate according to the ψ∗ Estimator is given by:

Uψ∗(ϕg,m) =
ϕg,m − ϕg−1,m−1

ψ∗ − 1
, ψ∗ = ψg+1; g = 2, . . . , G− 1. (3.9)
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for g = 2, . . . , G, where

ψ∗ =

{ϕg,m−ϕg−1,m−1

ϕg+1,m+1−ϕg,m
, g = 2, 3, . . . , G− 1

(ϕg−1,m−1−ϕg−2,m−2)
2

(ϕg,m−ϕg−1,m−1)(ϕg−2,m−2−ϕg−3,m−3)
, g = G.

(3.10)

3.2.4. Effectiveness of an error estimate. In cases where the analytical solution Φ is not known, the quality of an
estimate (U) for the numerical error (E) becomes extremely important. To evaluate the quality of the estimate,
we can calibrate estimators in problems where their analytical solution is known. In this case, we can assess the
effectiveness θ(U) of such estimators, which is defined as the ratio between U and E. An ideal error estimate is one
where θ = 1, meaning U = E. However, in realistic situations where U ̸= E, the estimate is considered accurate when
θ(U) ≈ 1 [39, 53].

4. Results and discussion

This section focuses on the verification of numerical solutions and the results obtained from the implementation of
a two-dimensional tumor growth model. It is divided into two parts: in Section 4.1, the model is modified to derive an
analytical solution for the purpose of code verification, using the Method of Manufactured Solutions (MMF). Following
the verification of the code, in Section 4.2 we use the model with initial conditions that reflect a realistic problem.

The simulations were performed on a computer equipped with an Intel(R) Core(TM) i7-7700 3.60 GHz processor,
32 GB of RAM, and a 64-bit Windows 10 operating system. The algorithms were implemented using Microsoft Visual
Studio 2022, Version 17.6.0, and Fortran Compiler 2023.1. Given the aim to investigate discretization errors and fully
utilize the power of the Repeated Richardson Extrapolation (RRE), all real-type variables were defined with quadruple
precision.

The use of RRE requires obtaining numerical solutions for a specific variable of interest across different meshes. In
this study, the variables of interest (N,F,M and U) are evaluated at the central point of the domain at the final time
step, due to the critical importance of this point for clinical analysis.

The numerical solutions were determined using 10 different levels of discretization while maintaining a constant
refinement ratio q = 2. This implies that the spatial (Nx = Ny) and temporal (Nt) discretization is given by
N = Nx = Ny = Nt = 2nm+1, with nm = 2, . . . , 11, resulting in N = 5, 9, 17, . . . , 2049. The solution of the system of
equations, resulting from the discretization using the Finite Difference Method (FDM), is performed using a multigrid
approach, employing the red-black Gauss-Seidel iterative method as the smoother. We adopted the stopping criterion
||r(it)||∞
||r(0)||∞

≤ ε, where r(it) and r(0) are the residuals at the current iteration and the initial estimate, respectively,

with ε = 10−8 as the adopted threshold. The results obtained using the multigrid method employed a V (ν1, ν2) cycle
with ν1 = 0 and ν2 = 2 for pre- and post-smoothing, respectively. The full weighting operator was used for restriction,
bilinear interpolation for prolongation, and a standard coarsening ratio was applied.

The analysis of the apparent orders was conducted using the norm ||Eh||∞. Regarding the number of points in the
spatial and temporal discretizations, we have N = 2nm + 1, where nm, represents the number of mesh levels in the x
and y directions, for the multigrid method. In cases where multiple meshes are not used, this will be referred to as
singlegrid in this paper.

4.1. Numerical test with analytical solution . To derive an analytical solution for code verification and error
analysis, we employed the Method of Manufactured Solutions (MMS) [30]. This method aims to generate an exact
analytical solution without considering the physical reality of the problem. An analytical function is defined and used
as the dependent variable in the partial differential equation (PDE), with all its derivatives calculated analytically.
The PDE is then constructed such that any additional terms that do not satisfy the original PDE are grouped into
a source term. This source term is subsequently incorporated into the original PDE to fully satisfy the new PDE
[34, 40].

For our case (Ω ⊆ R2), we assume the initial condition given by

u(x, 0) = sin (2πx) sin (2πy), (4.1)
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where u = [n, f,m, u], x ∈ Ω, Ω = [0, 0.5] × [0, 0.5], with x = (x, y). The boundary conditions are of the Dirichlet
type, that is

u(xb, t) = 0, (4.2)

with xb ∈ ∂Ω, 0 < t ≤ tf .
The source terms fn, ff , fm and fu, are determined such that Eqs. (2.1)-(2.4) satisfy the analytical solution

u(x, t) = et sin (2πx) sin (2πy), (4.3)

f(x, t) = e−t sin (2πx) sin (2πy), (4.4)

with u = [n,m, u], x ∈ Ω, 0 ≤ t ≤ tf .
Thus, the source terms are given by

sn(x, t) = [(((−8γπ2 + µ1) sin(2πy)
2 + 4γ cos(2πy)2π2) sin(2πx)2

+ 4γ cos(2πx)2π2 sin(2πy)2)e−t + (1 + 8dnπ
2 − µ1 + µ1e

tA)A]et, (4.5)

sf (x, t) = (η + µ2)A
2 + (−1− µ2 + µ2Ae

−t)Ae−t, (4.6)

sm(x, t) = (1 + 8dmπ
2 − α+ β + θAet)Aet, (4.7)

su(x, t) = (1 + 8duπ
2 + ρ+ θAet − ξe−2t)Aet, (4.8)

x ∈ Ω, 0 < t ≤ tf , with A = sin(2πx) sin(2πy). For the verification of the code with the analytical solution, we
consider tf = 0.25 and the physical parameters given in Table 1, as per Kolev and Zubik-Kowal [18], López et al.
[21], Maganin et al. [22]

Table 1. Values of the physical parameters.

Parameters γ dn, dm, du µ1 µ2, α η θ β, ρ ξ
Values 0.01 0.001 0.2 0.1 10 0.05 0.07 0.03

Using the MMS, we will analyze the convergence and computational time (tCPU ) of the singlegrid and multigrid
methods, employing the average convergence factor (ρm) and speed-up (S). Initially, we define the convergence factor
(ρ), given by [49]

ρ(it) =
||r(it)||∞
||r(it− 1)||∞

, (4.9)

where it denotes the number of iterations in the singlegrid method or cycles in the multigrid method.
As a performance measure of the methods, we use the average convergence factor ρm, defined by

ρm = it
√
ρ(1).ρ(2).ρ(3). . . . .ρ(it). (4.10)

According to Trottenberg, Oosterlee and Schuller (2001), when ρm ≈ 1, it indicates a low rate of convergence,
whereas ρm ≈ 0, indicates a high rate of convergence for the iterative methods.

In Figure 3 we can observe the values of ρm for the singlegrid and multigrid methods as the mesh refinement
progresses, considering the process for the 4 variables at the final time. As the mesh is refined, we observe in this
figure that ρm → 1 for the singlegrid case, as expected. For the multigrid case, we have ρm ≈ 0. Therefore, we can
ensure that the multigrid method exhibits good performance regardless of mesh refinement. This indicates that the
method is capable of solving the problem efficiently, requiring less computational effort, even for large-scale problems.

According to Roy, Anand and Donzis [41], the computational effort of a numerical method is evaluated by analyzing
the behavior of the tCPU in seconds (s) as a function of the total number of unknowns in each mesh (N ), such that

N = 4(Nx − 2)(Ny − 2)(Nt − 1), (4.11)

where the factor 4 represents the four variables.
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Figure 3. ρm for the singlegrid and multigrid methods.

Table 2. tCPU and S of the singlegrid and multigrid methods.

nm tCPU (SG) tCPU (MG) S
4 2.34E-02 1.35E-02 1.74
5 2.39E-01 2.57E-02 9.31
6 1.22E+00 1.28E-01 9.53
7 7.69E+00 8.48E-01 9.07
8 7.46E+01 5.35E+00 13.94
9 9.73E+02 5.45E+01 17.86
10 1.26E+04 5.88E+02 21.45
11 2.69E+05 4.39E+03 61.18

One way to compare the computational effort of the singlegrid (SG) and multigrid (MG) methods is by calculating
the ratio between the computational time of the singlegrid (tCPU (SG)) and multigrid (tCPU (MG)). This ratio is
known as speed-up (S), and is given by [49, 52]:

S =
tCPU (SG)

tCPU (MG)
, (4.12)

which can be seen in Table 2.
The speed-up S represents how many times faster the multigrid method is compared to the singlegrid method. For

example, for nm = 11, which corresponds to a spatial mesh of 2049× 2049 nodes and 2049 times steps, the CPU time
for the SG and MG methods to solve the four variables of interest is, 268807 s and 4393.5 s, respectively. This means
the MG method is approximately 61 times faster than the SG method, as shown in Figure 4.

We observe in Figure 4 that for all evaluated numbers of unknowns, the multigrid method is always faster than the
singlegrid method, and this advantage increases as N grows, which is a highly desirable property.

Next, to verify the code using Equation (3.5), the apparent order (pU ) of the discretization error was analyzed
for the variables of interest N , F , M , and U . Based on the results shown in Figures 3 and 4, this analysis will be
performed using only the multigrid method. To isolate the effect of the discretization error and examine its behavior,
we must minimize or even eliminate the influence of other error sources. To achieve this, the iterative process of the
simulations was terminated upon reaching rounding error.

The order pU was evaluated for these variables of the physical problem at the central point of the domain. Using the
RRE technique, as h→ 0, the values of pU are expected to converge to the values of pV at the respective extrapolation
level (m). The results are presented in Figure 5.
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Table 3. Effectiveness of the estimators Uψ∗ and Upmc for the variables N,F,M and U .

h
Variable N Variable F Variable M Variable U

Uψ∗/Em Upmc/Em Uψ∗/Em Upmc/Em Uψ∗/Em Upmc/Em Uψ∗/Em Upmc/Em

6.25E-02 1.01716 1.01597 1.00731 0.99920 1.00516 0.99914 1.00488 0.99933

3.13E-02 0.95700 0.97161 0.98785 0.98707 0.98814 0.98730 1.00066 0.99999

1.56E-02 1.03044 1.00033 1.01460 1.00130 1.01400 1.00095 0.98688 0.98687

7.81E-03 0.97639 0.97671 0.99508 0.99637 0.99218 0.99311 1.00973 0.99634

3.91E-03 1.02560 1.00111 1.00504 1.00137 1.00821 1.00120 1.00500 1.00131

1.95E-03 0.99897 1.00008 0.99879 1.00015 0.99891 1.00011 0.99883 1.00013

9.77E-04 0.99946 0.99955 0.99973 0.99989 0.99961 0.99971 0.99969 0.99982

4.88E-04 1.00053 1.00007 1.00006 0.99995 1.00028 1.00000 1.01840 1.01821

As observed in Figure 5, when there is still no extrapolation (m = 0), pU monotonically approaches the asymptotic
order pA = 2 as h is reduced. Therefore, the approximations of the tumor growth model solutions, resulting from
the discretization of the differential equations, Eqs. (2.8), (2.9), (2.10), and (2.11), produce second-order methods
(p0 = pA = 2), which is consistent with the literature [39, 45, 46]. Furthermore, it can be observed that for when there
is extrapolation, and employing the RRE technique, the values of pU converge to the sequences of the subsequent true
orders, p1 = 4, p2 = 6 and p3 = 8. According to Marchi et al. [25], the true orders follow an arithmetic sequence, and
for additional levels of extrapolation, so they continue as p4 = 10, and so on.

Another alternative way to verify the code is through the analysis of effectiveness of discretization error estimators.
Table 3 presents the calculated effectiveness values θ(U) for the estimators Upmc and Uψ∗. Both estimators demonstrate
high accuracy with θ(U) ≈ 1. However, it is observed that Upmc provides a more consistent approximation compared
to Uψ∗. Therefore, Upmc will be used to generate the graphs presented in Figure 6.

Figure 6 illustrates the results for the discretization error (Eh) and the Repeated Richardson extrapolation error
(Em) with their respective estimators URi and Upmc, considering all variables of the model.

When analyzing the discretization error Eh in Figure 6, it is clearly observable that the use of Repeated Richardson
extrapolation, which generates Em, is extremely effective in reducing this error across all variables. For example, in
the case of variable N , shown in Figure 6(a), for nm = 10, which corresponds to h = 4.8828125 × 10−4, we have
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Figure 6. Discretization error without the use of the RRE (Eh), with its estimate (URi), and with
the use of the RRE (Em) and its estimate (Upmc) versus the spatial discretization h, considering the
variables: (a) N , (b) F , (c) M , and (d) U .

Eh ≈ 10−7, while Em ≈ 10−24. In summary, the application of RRE results in a significant reduction of the error Em
compared to Eh.

We can also observe in Figure 6, that both the estimator chosen for the discretization error without RRE (URi),
and with RRE (Upmc), estimate well, making their use highly recommended in cases where the analytical solution is
not known.

4.2. Numerical test with a realistic problem. In this section, we simulate a realistic problem using the model
described by Eqs. (2.1)-(2.4), considering initial conditions that reflect the characteristics of a tumor for the variable
n. Consequently, variables f , m and u are affected by this initial condition due to the coupling of the models. To
evaluate the influence among the density of tumor cells n, extracellular matrix density f , matrix-degrading enzymes
m and endogenous inhibitor u, we consider that interactions occur in an isolated system. Therefore, the boundary
conditions are of Dirichlet type, given by

n(xb, t) = 0, (4.13)

f(xb, t) = 1, (4.14)
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m(xb, t) = 0, (4.15)

u(xb, t) = 0, (4.16)

for t > 0, xb ∈ ∂Ω, in which ∂Ω represents the boundary of the domain assumed.
Initially, we assume the presence of a tumor nodule in the domain Ω = [0, 1]× [0, 1], with the initial tumor density

centered at the point (0.5, 0.5). This suggests that the tumor has already degraded some of the surrounding tissue in
the assumed domain. The initial conditions are specified [21]

n(x, 0) = exp

(
− c2

ϵ

)
, (4.17)

f(x, 0) = 1− 0.5n(x, y, 0), (4.18)

m(x, 0) = 0.5n(x, y, 0), (4.19)

u(x, 0) = 0, (4.20)

where x = (x, y) ∈ Ω, c is defined by c =
√
(x− 0.5)2 + (y − 0.5)2 and ϵ = 0.01, which corresponds to the density of

cancerous cells.
Unlike the previous section, the problem addressed in this section does not have an analytical solution. To solve

it, we considered the physical parameters presented in Table 1, adopting γ = 10−3, tf = 5 and employed a previously
tested and verified multigrid code, which demonstrated high efficiency.

Figure 7 presents the estimate of discretization error without and with RRE, using the estimators URi and Upmc
which were calibrated in Section 4.1. In both cases, the asymptotic order pA was assumed. We can confirm from this
same figure how the use of the RRE technique significantly reduced the discretization error for this problem, yielding
accurate results. For example, in the variable N , Figure 7(a), for nm = 10, which corresponds to h = 9.76562× 10−4,
Eh ≈ 10−7, while Em ≈ 10−15. Note that the variable F, Figure 7(b), exhibits an atypical behavior, which is justified
by the problem modeling. The extracellular matrix (ECM) degrades rapidly, approaching zero at the central point.
This causes the error estimate to be very small.

Although the primary objective of this work is the numerical verification of the proposed methodology, the computed
solution also allows a qualitative assessment of the biological behavior reproduced by the model. Therefore, to illustrate
the temporal evolution of the interacting variables, Figure 8 presents horizontal cross-sections through the center of
the computational domain at selected time instants.

Figure 8(a) shows that the tumor cell density (N), initially concentrated near the center of the domain, gradually
spreads over time, indicating the progression of the invasion process. Figure 8(b) shows the degradation of the
extracellular matrix (F ) in the regions occupied by tumor cells, resulting in a pronounced reduction of ECM density
near the center of the domain. As shown in Figure 8(c), the concentration of matrix-degrading enzymes (M) increases in
regions with higher tumor cell density, contributing to the degradation of the extracellular matrix. Finally, Figure 8(d)
shows the accumulation of the endogenous inhibitor (U) over time, reflecting its interaction with the matrix-degrading
enzymes.

Overall, the numerical results reproduce the qualitative behavior expected from the biological mechanisms incor-
porated into the mathematical model, providing additional confidence in the reliability of the proposed numerical
methodology. Furthermore, the observed dynamics are consistent with results reported in the literature [18, 21, 22].

5. Conclusion

This study presented an efficient, robust, and accurate method for solving a two-dimensional avascular tumor growth
model. Numerical tests with a known analytical solution and a realistic tumor growth model validated the proposed
approach. The key results of the study are as follows:

• The multigrid method significantly reduced processing time compared to singlegrid, with a consistent average
convergence factor close to zero, indicating high efficiency and robustness.
• The Richardson estimator (URi) provided an excellent approximation of the discretization error for both
analytical and realistic scenarios, ensuring reliable results.
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Figure 7. Estimate of the discretization error without using RRE (URi) and estimate with RRE
(Upmc) versus the spatial discretization h for (a) N , (b) F , (c) M , and (d) U .

• The application of the Multiple Richardson Extrapolation (RRE) technique demonstrated a significant reduc-
tion in discretization error, achieving results with high precision and reliability.
• For cases with a known analytical solution, the Uψ∗ and Upmc estimators were analyzed, with Upmc recom-

mended due to its superior precision. For the realistic problem, Upmc was exclusively used, yielding satisfactory
results.

These findings highlight the computational efficiency and accuracy of the proposed methodology, making it a
promising tool for modeling complex biological systems. Future work will focus on applying the proposed framework
to more detailed biological investigations of tumor growth, including the analysis of variable dynamics and parameter
influence.
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Figure 8. Horizontal cross-sections through the center of the computational domain at t = 0, 5,
10, and 15 for (a) tumor cell density (N), (b) extracellular matrix density (F ), (c) matrix-degrading
enzyme concentration (M), and (d) endogenous inhibitor concentration (U).
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[11] G. Dahlquist and Å. Björck, Numerical Methods in Scientific Computing, SIAM, Philadelphia, 2008.
[12] S. Evje, An integrative multiphase model for cancer cell migration under influence of physical cues from the

microenvironment, Chem. Eng. Sci., 165 (2017), 240–259.
[13] R. P. Fedorenko, The speed of convergence of one iterative process, USSR Comput. Math. Math. Phys., 4 (1964),

227–235.
[14] A. C. Foltran, C. H. Marchi, and L. M. Moura, Verification of numerical solutions of thermal radiation problems

in participating and nonparticipating media, Numer. Heat Transfer Part B Fundam., 84 (2023), 143–165.
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[22] J. Maganin, N. M. L. Romeiro, E. R. Cirilo, and P. L. Natti, Simulation of a mathematical model of tumoral
growth using finite differences, Braz. J. Dev., 6 (2020), 87696–87709.

[23] M. F. Malacarne, M. A. V. Pinto, and S. R. Franco, Performance of the multigrid method with time-stepping to
solve 1D and 2D wave equations, Int. J. Comput. Methods Eng. Sci. Mech., 23 (2022), 45–56.

[24] C. H. Marchi and A. F. C. Silva, Unidimensional numerical solution error estimation for convergent apparent
order, Numer. Heat Transfer Part B Fundam., 42 (2002), 167–188.

[25] C. H. Marchi, M. A. Martins, L. A. Novak, L. K. Araki, M. A. V. Pinto, S. F. T. Gonçalves, D. F. Moro, and I. S.
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