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Abstract . 3

This paper presents the Interpolating Element-Free Galerkin (IEFG) method for the numerical solution of an
optimal control problem constrained by an elliptic variational inequality. The proposed approach is an indirect
approach: the optimality system is derived via a Lagrangian formulation, leading to mixed complementarity
conditions that are solved numerically using a meshfree scheme based on moving least squares approximation
with Kronecker-delta property. The method is mesh-free and can be used with irregular node distributions and
even in irregular domains. To verify the reliability of the proposed scheme, its convergence properties are also
numerically investigated and several numerical tests for the optimal control problem are carried out using the
developed method. The computational results illustrate the accuracy and robustness of the approach.
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1. INTRODUCTION

The mathematical theory of elliptic variational inequalities was initially developed to deal with equilibrium problems.
However, this type of inequality appears in the description of many scientific phenomena. Mostly, contact problems
such as the obstacle problem [4] and the Signorini problem [7] can be explained as an inequality involving an elliptic
function that holds for all possible values of a given variable, usually belonging to a convex set. This is an elliptic
variational inequality [12, 28].

An optimal control problem is a mathematical optimization problem that seeks to find a control function that
minimizes (or maximizes) a performance criterion, subject to the dynamics of a system described by differential
equations (or variational inequalities) and possibly additional constraints. Formally, consider a system whose state y
evolves according to a differential equation (or variational inequality) parameterized by a control function u. The goal
is to find w that minimizes a cost functional of the form [22]:

Fly,u] :/QL(X,y(X),u(X))dX.

The state y is linked to the control w through a state equation (e.g., a partial differential equation or a variational
inequality). The problem may also include constraints on the state or control, such as y < z (obstacle constraint),
box constraints on u, or boundary conditions.

Optimal control problems arise in a wide range of scientific and engineering disciplines. Classical examples include
trajectory optimization (finding the path of a rocket that minimizes fuel consumption), structural design (determining
the shape of a beam that minimizes deformation under load), economics (optimizing investment strategies over time),
and biomedical engineering (designing optimal drug delivery protocols). For recent developments in numerical methods
for optimal control problems, see [10, 15, 22, 23, 29, 31].
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More specifically, there are many examples of optimal control problems governed by variational inequalities. In
contact mechanics, these problems model the optimal shaping of elastic bodies in contact with rigid obstacles. In
financial mathematics, they appear in optimal stopping problems such as American option pricing. In biomedical
engineering, they are used for optimal therapy design in cancer treatment. For a comprehensive review, see [5, 12, 14].

Most of these optimal control problems do not have analytical solutions. Therefore, the development of efficient
numerical techniques for treating such problems has attracted considerable attention in recent years. Although the
majority of classical approaches rely on finite difference and finite element schemes [18], the advent of meshless methods
has introduced a promising alternative for researchers working in this area.

Meshfree strategies avoid the need for a predefined mesh over the computational domain and can be applied on both
structured and unstructured node distributions. These methods typically offer simpler implementation procedures and
exhibit a natural capability for extension to higher-dimensional settings.

The element-free Galerkin (EFG) method is formulated on a global weak form, where the moving least-squares
(MLS) approximation is used to construct both trial and test functions. It was initially proposed by Belytschko et
al. in 1994 [6] to solve boundary value problems. In this technique, the weak form integral equation of the problem
is extracted and applied on subdomains that are not necessarily regular. Then, the shape functions of the moving
least squares method are used as the test and trial functions in the Galerkin method to solve this weak form. Using
an appropriate numerical integration scheme, the weak formulation is converted into a system of algebraic equations,
whose solution provides the numerical approximation to the desired field variables [13].

However, a known drawback of MLS basis functions is that they do not satisfy the Kronecker-delta property, which
prevents the direct imposition of essential boundary conditions. To address this difficulty, the interpolating moving
least-squares (IMLS) approximation was introduced, providing basis functions that do satisfy the Kronecker-delta
condition. When MLS functions are replaced by their interpolating counterparts, the resulting scheme is commonly
known as the interpolating element-free Galerkin (IEFG) method [2]. In this paper, we focus on presenting a mesh-free
numerical method to solve the optimal control problem of an elliptic variational inequality. To this end, a combination
of the IEFG method with an efficient algorithm for solving this problem, known as the active set algorithm, has been
employed. The main objective of this paper is to demonstrate that the IEFG method, a globally weak-form method,
can be effectively applied to optimal control of variational inequalities, similar to its successful applications in solving
PDEs.

Recent developments in meshfree methods for optimal control problems include the works of [3, 9, 26]. The
interpolating moving least squares approach has been extended to various settings in [8, 25]. For optimal control
of variational inequalities, the active-set strategy has been successfully combined with finite elements [14, 16] and
wavelet methods [19]. The present work contributes to this literature by introducing a meshfree IEFG framework that
combines the geometric flexibility of meshfree methods with the theoretical guarantees of the active-set approach.

1.1. Notation and Function Spaces. Throughout this paper, we denote by  C R2? a bounded domain with
Lipschitz boundary I" = 9. The following function spaces are used:

L2(Q): the space of square-integrable functions with norm ||v||z2 = ([, v2dx)'/2.

H(Q): the Sobolev space of functions in L?(Q) with first-order weak derivatives in L?(£).
H}(2): the subspace of H!(2) with vanishing trace on T'.
H=1(Q): the dual space of H}(Q).

The inner product on L?(2) is denoted by (-,-) and the bilinear form b(-,-) : H3(2) x H}(Q) — R is defined as
b(y,v) = [, Vy - Vvdx.

2. PROBLEM STATEMENT AND ITS OPTIMALITY CONDITIONS

Let W be a real Hilbert space with dual space W* and inner product (-, ). Let b(+,-) be a bounded and continuous
bilinear form on W x W and K be a closed convex subset of W. If b is coercive then there exists a linear operator
associated with the bilinear form b, i.e., b(v,s) = (Bv, s)w. Let U,q be a set of admissible control functions. By
considering y as the state function belonging to W and u € U4 as the control function, an optimal control problem
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governed by an elliptic variational inequality has the following form:
Min Fly, u]
over (y,u) € W X Ugq (2.1)
s.t.b(y,y—w) < (g+u,y—w)y, YweK W
where F is an objective functional and g € U4 is a known function.
2.1. The Specific Problem Considered in This Paper. The above problem is the general form. In more practical
cases, we consider the state function belongs to H} () where Q is the computational domain with variable x. The set

of admissible control is L*(Q). Also, y, € H} () is the target function to which the state function should be as close
as possible. Now, the objective functional F is usually considered as follows [17]

Flvou o= Tl + Sl = 5 [ (= Pax+5 [ wiax.

2 2
From now on, by defining the elliptic form b(-,-) = (V-, V-), we consider an elliptic variational inequality
(Vy,V(y—w)) < (gt uy—w), YweK,, (2.2)
K. ={yec H} Q) | y(x) < 2(x) a.e. in Q}, (2.3)

as the constraint of the optimal control problem (2.1). Thus, the optimal control problem considered in this paper is
formulated as follows, and for convenience, we will refer to it as (P) throughout the rest of the paper.
Min Fly,u] = T[y] +wSlul
over (y,u) € Hy () x L*(Q) (P)
s.t. (Vy,Viy—w)) < (g +u,y—w), YweK,.
2.2. Optimality Conditions for the Regularized Problem. Now, we focus on deriving the optimality conditions
for the optimal control problem (P) using the method described in [14]. This approach is based on introducing
appropriate Lagrange multipliers for the problem.
First, we need the strong form of problem (2.2)-(2.3). It is worthy to note that if y € H?(f2) is a solution of the
elliptic variational inequality (2.2)-(2.3) then it satisfies the following complementarity problem [19]
— Ay <g-+u, (2.4)
Y=<z
(Ay+g+u)(ly—=z)=0.
The latter problem is the strong form of the considered variational inequality.

The complementarity conditions indicate that the analytical solution of (2.2)-(2.3) divides the domain € into two
parts, which are called the active and inactive sets, respectively [11]:

A={xeQ]yx) =z2x) N —Ay(x) <g(x) +ux)}, (2.7)
Ni={xeQ| - Ay(x) = g(x) +u(x) A y(x) <z(x)}. (2.8)
Note that the boundary between these parts is unknown and emerges as part of the solution. Also, the non-
smoothness of state and control functions along this unknown free boundary is expected.
Introducing the Lagrange multiplier A allows the complementarity system (2.4)—(2.6) to be written in the equivalent
form [16]
—Ay+A=u+g, (2.9)
A =max{0, A+ n(y — 2)}, (2.10)
where 7 is a positive real constant. Although this reformulation removes the explicit inequality constraints, the term

max{-} still introduces a non-differentiability, meaning that the optimal control problem (P) remains non-regular and
requires a suitable smoothing strategy.
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Following [19], we employ the smooth approximation

1
0, r < 5,
e 1,1 -1 1
max.{0,z} = § §2° + 3r+ g, << g,
1
T, xzﬂ.

0, r < 52,
2c
D(x): +0.5 1 < L
c cx+0.5, 5 <z< 4,
1, x>—21.
C

Thus, we can define the regularized version of (P) as
Min Fly, u]
st. —Ay+A=u-+g, (Pc)
A =max.{0, A +n(y —2)}.
The regularized problem (Pc) admits a unique solution (y.,u.), and as ¢ — oo these solutions possess weak cluster
points (y*,u*) that solve the original optimal control problem (P).

To derive the first-order optimality conditions for (Pc), by considering o, and (. as Lagrange multipliers [10], the
Lagrangian functional is defined as

‘C[ya u, )‘7 a, B] = 'F[yv U] - (Ay —Atu+ 9, ac) + (maxc{ov A+ 77(9 - Z)} - )‘7 ﬁc)

Taking variations with respect to all variables yields

—Ay+A-—u—g=0,

A —max {0, A+ n(y—2)} =0,

Y —yg — Dac+nDc(A+n(y — 2))Be =0,

e+ (De(A+n(y —2)) —1)B. =0,

wu — e = 0.
Let a* and 8* denote weak limits of (a.) and (5.), respectively. Then, according to [14], they satisfy

— Ay X —ut—g=0,

A* — max{0,\" + n(y* —2)} =0,

y* =g — A" +xa(X+n(y" —2))8" =0,

o + (xa(N +n(y* —2)) —1)B" =0,

wut —a* =0,

where x4 represents the indicator function of the set .A. Using the definition of the indicator function x4 and
eliminating the auxiliary variables, the optimality conditions for the original problem (P) reduce to [14]

A—Ay—u—g=0, (2.11a)
A —max{0,A\+n(y — 2))} =0, (2.11b)
y—ys—wAu=0, inN, (2.11¢)
u=0, inA. (2.11d)

The numerical implementation presented in the next section is based on the optimality system (2.11).
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3. INTERPOLATING ELEMENT-FREE GALERKIN METHOD

Meshfree methods approximate solutions using a set of scattered nodes without requiring a structured mesh. The in-
terpolating element-free Galerkin (IEFG) method uses IMLS shape functions that satisfy the Kronecker-delta property,
enabling direct imposition of Dirichlet boundary conditions. In this section, we introduce the element-free Galerkin
(EFG) and interpolating element-free Galerkin (IEFG) methods. To do this, it is necessary to first introduce the
moving least squares (MLS) [27] and the interpolating moving least squares (IMLS) shape functions.

Let 2 = {x;},)/, and 5, = {xl}i\ﬁl be the sets of selected nodes in the computational domain €2 and on its boundary
I, respectively. Their union is = = {x;}}Y.; where N = N; + Nj.

3.1. Moving Least Squares (MLS) Shape Functions. Given a set of known function values f = {f; = f(x;)}/*,
defined on the point set =, a local approximation f at a point x can be constructed in the form:

M
%) == 2 (%) -alx) = 3 ailx) 4i(%), (3.1)
=1

where {¢;} represent spatial basis functions, typically selected as monomials in multiple variables.
In this formulation, X € = denotes a point located within the local influence domain of the node x;. The extent of
this domain is governed by a compactly supported radial weight function w;(x).
Within the moving least squares (MLS) framework, the unknown coefficients {a;(x)} are determined through the
minimization of the following weighted residual functional:
2

{ak x)} Zwl Z ak (bk Xl - fil - (3.2)

The minimization of the functional (3.2) with respect to the coefficient vector a(x) requires the satisfaction of the
stationary condition derived from the first variation. This yields the following linear system [25]:

(A'Q(x) A) a(x) = A' Q). (3:3)

wherein A denotes an N x M matrix with entries Ay = dm(x,) forn=1,...,N and m = 1,..., M. Furthermore,
Q(x) represents a diagonal weighting matrix defined by Q;;(x) = w;(x).
Upon solving (3.3) for a(x) and inserting the result into the local approximation (3.1), the expression becomes:

fx,%) = ¥(%)- (A'Q(x)A) " A'Q(x)T. (3.4)
The MLS shape functions are formally defined as the row vector
S(x) = (S1(x),...,Sn(x)) = ¥ (x) (A’ Q(x) A)_l A Q(x). (3.5)

Consequently, the moving least squares approximation (3.4) of the function f admits the compact representation:

f(x) =8(x) f—ZSz (3.6)

When the MLS shape functions are employed as both trial and test functions within a conventional Galerkin
formulation, the resulting numerical scheme is termed the element-free Galerkin (EFG) method. However, since these
functions do not have the Kronecker-delta property, the resulting approximation does not possess the interpolation
property at the desired points, and Dirichlet boundary conditions cannot be imposed directly.

3.2. Interpolating Moving Least Squares (IMLS) Shape Functions. To enforce interpolation properties, a
singular radial basis function is introduced as the weight function from this point onward [1]:

_ - _ <
wl(x) — HX Xl” ) ||X Xl“ =T, (37)
0, Otherwise.
[c ][]
(0] ¢
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N
Equipping the space with the discrete inner product (f, g),, = Z wi(x) f1 g1, induces the corresponding norm || f||w =
1=1
(f, P
Assuming ¢ (x) = 1, the first orthonormal basis element is constructed as
b'q 1
Bia(x) = 22X (3.8)

w N '
[ 1]l SN wn(x)
Applying the Gram-Schmidt orthogonalization procedure to the set {ds,...,da} relative to By x yields, for k =
2,..., M,
S dn(x)w(x)
= .
2= wi(x)

Considering D(x) = [Byx(x1)] i=1,...8 and B'(x) = [Byx(x)],_; ,; and defining the constituent matrices L(x) =
k=2,...M

Df(x) Q(x) and R(x) = L(x) D(x), the orthogonality condition between B; x and {Bgx}IL, leads to the following
interpolating approximation [1]:

f(x) ~ fu(x) = V(%) f + B (x) R} (x) L(x) f, (3.10)
where V(x) = [v(x)],_,  y with

Bi(X) = 61(x) — (@, Bix)yy Bix(x) = dp(x) — (3.9)

wi(x)
St wi(x)
The approximation (3.10) motivates the definition of the interpolating moving least squares (IMLS) shape functions:
S(x) == (S1(x),...,5n(x)) = V(x) + B'(x) R (x) L(x). (3.11)
Consequently, (3.10) admits the compact form:

v (x) =

N
fu(x) =S(x)f =Y Sk(x) fi. (3.12)
k=1

Property 1. The IMLS shape functions-defined in (3.11) satisfy Sj(x;) = 0;; for all x;,x; € Z, where &;; is the
Kronecker delta. This property enables the direct imposition of essential boundary conditions in the IEFG method [1].

These IMLS shape functions are now suitable for adoption as both trial and test functions in a conventional Galerkin
weak formulation. Their Kronecker-delta property facilitates the direct and straightforward imposition of essential
boundary conditions. The resulting numerical scheme is referred to as the interpolating element-free Galerkin (IEFG)
method.

Theorem 3.1. Let y € HPT1(Q) with p > 1. Let y;, be the IMLS approzimation defined in (3.12) using a basis of
degree p and a nodal fill distance h = max; minj; ||x; — x;||. Then there exists a constant C' > 0, independent of h,
such that

ly = ynlle < ChP  yllmors, (VY —yn)llze < ChPyllmoss.
For the proof, see [2/, 50].

4. IMPLEMENTATION

It should be noted that while the following iteration, named the active set, is conceptually independent of the
discretization, the standard active-set update formulas have been adapted and rewritten specifically for the IMLS-
based spatial approximation. Therefore, the name IEFG reflects the fact that the entire solution process, including
the active-set update, is carried out within the interpolating element-free Galerkin framework.

(=)=
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Solving (2.11a) for the Lagrange multiplier A and inserting the result into Equation (2.11b) produces the condition:
Ay+u+g=max{0, Ay+u+g+n(y—=2)}.

This reformulation naturally motivates an iterative algorithm for the coupled system (2.11a)—(2.11b). The scheme
updates the solution as follows:

AyFHD) 4 (BHD 4 g — max {0, Ay +u®) 4 g+ (y(kﬂ) - Z)} . (4.1)

Thus, to construct a viable numerical scheme for the optimal control problem (P), we employ the iterative equation
(4.1) together with the optimality conditions (2.11¢)-(2.11d). The proposed algorithm operates by iteratively identi-
fying active and inactive point sets, imposing the corresponding optimality conditions on each set, and subsequently
refining this classification.

Let (y(k),u(k), /\(k)) denote the numerical approximations obtained at the k-th iteration. Utilizing the partition
defined in (2.7)—(2.8) and the Lagrangian formulation (2.10), the updated active and inactive sets are determined by
the following criteria:

AFD — {x €Q ‘ 2B (x) 4+ (y(k) (x) — z(x)) > 0} , (4.2)

NEFD - {x €Q ‘ AR (x) + 1 (y(k) (x) — Z(X)) < O} . (4.3)
Taking into account relations (2.11d) and (4.2), the update rule at a point x € A*+Y) is governed by:

Ay*D (x) = Ay® () + u® () + 7 (55 (x) - 2()) (4.4)

Conversely, for points in the inactive region x € N1 Equation (2.11c) together with the condition )\(k“)(x) =0
leads to the system:
—Ay*H (x) — o) (x) = g(x), (4.5)
YD () = ga(x) — w Aul+D () = 0. (4.6)
The state and control functions are approximated using the IMLS representation given in (3.12):
y D () = gD (x) = S(x) -y F,
u ) (x) ~ 0*F ) (x) = S(x) - ulF Y,

Now, to derive the weak formulation, we start from the strong form of the equations on each subdomain. Multiplying
(4.5) by a test function v € HJ(Q) and integrating over N'**1) and applying the divergence theorem (Green’s formula)
to the first term gives:

/ vy . Vo dr /(Vy(k'H) ‘n)vds — / uF Dy dy = / gvdx. (4.7)
NktD) r N (k+1) N (k+1)

where I" is the obtained boundary between active and in active sets. In the same manner, multiplying by the same
test function v and integrating over A®*1 from (4.4) yields:

/ vy Vo da + /(Vy(kH) ‘n)vds + 77/
A+ r

yF Dy dy = / (—Ay™ —u®) 4 pz)vda. (4.8)
A(k+1) A(k+1)

Now, adding Equations (4.7) and (4.8), the boundary integrals on I" cancel out, yielding the unified weak form over
the entire domain Q:

/ Vy* D . Vo de + 77/ y* Dy do — / kg dy = / fvdz, (4.9)
Q A(k+1) N (k+1) Q

where the right-hand side function f is defined piecewise as:

fx) = 4 AP — a0 Fn(x), x e AT,
), x € NOHD,
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Moreover, multiplying (4.6) by v and integrating on A (k+1) and using Green formula with vanishing u on the
boundary I' gives:

w/ Vu** . v dx + / y kg dx = / Yqv dx. (4.10)
NG D) N Got 1) N Ge1)

Employing the IMLS shape functions from (3.12) as test functions (v = S;) on (4.9) and (4.10) yields the discretized
linear system:

(H+7L)y —Ma=F, (4.11)
My +wHa =G, (4.12)

where the matrices appearing in the above equations are assembled from the following integrals:

Hij = / VSl(X) . VS] (X) dX, (413)
Q
Lij = / SZ(X)S] (X) dX, (414)
Ak+1)
N (et1)
Furthermore, the load vectors on the right-hand side are given by:
F; = / f(x)S;(x) dx, (4.16)
Q
G, = / ya(x)S;(x) dx. (4.17)
N et1)

Since the optimality condition (2.11d) imposes u = 0 on the active set A, and the boundary 92 is typically contained
in A (or its closure), the control u satisfies homogeneous Dirichlet boundary conditions. These are imposed directly
through the IMLS shape functions, which vanish on the boundary nodes due to the Kronecker-delta property.

Algorithm 1: IEFG algorithm for optimal control of elliptic variational inequality.

Input: Initial guess y(©, (9, X(©); parameters n and K yax.
Output: Optimal state y*, control ©*, and Lagrange multiplier \*.
k + 0;

repeat

Update active/inactive sets using (4.2)-(4.3):

AEFD — {x | AK) 4 (y®) — 2) > 0},

NEFD) — 2\ A+,

Assemble matrices H, L*+1) M*+1) using IMLS shape functions from (4.13)-(4.15);
Assemble the right-hand side vectors F**1) and G*+1 from (4.16)-(4.17);

Solve the linear system (4.11)-(4.12) for y*+1) and u*+1):

H + gL+ MG [y D) Fe+1)
M(E+1) wH u*+) ) — g+ |-
Update A*TD = max{0, \*) + p(yF+D) — 2)};
k+—k+1;

until N+ = NE) or k> Koo
return y* =yt gy = kD \x = \(k+D)

(=)
BEE
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The initial guess for starting algorithm can be obtained by solving unconstrained optimal control problem min F[y, u]
subject to 0y = u+f for (3@, u(®) and choosing \(?) = max{0, Ay(® +u( 4 f}. This provides a physically meaningful
starting point.

Moreover, the stopping criterion AN'*+1) = A/(%) indicates that the inactive point set remains unchanged between
two successive iterations. We should note that the convergence behavior of the algorithm depends on the satisfaction of
strict complementarity conditions. In fact, if strict complementarity conditions hold in the problem, then the algorithm
will reach the desired stopping condition in a finite number of steps, and the obtained solution is the optimal solution
[16]. However, if this condition does not hold, the algorithm will enter a loop after a few steps; in this case, we stop
the algorithm and accept the resulting solution as a near-optimal solution [14].

5. NUMERICAL ILLUSTRATIONS

This section is devoted to the numerical solution of some test cases for the optimal control problem governed by
an elliptic variational inequality, as formulated in (P). The simulations employ the TEFG method described in the
previous section.

For the radial weight function defined in (3.7), the support radius r is selected proportionally to the fill distance h.
The fill distance is given by: h = sup,cq ming,e= [|X; — x||2. Specifically, we set r = Sh with § in the range of 2 to 3
[13].

All computations of this section were performed using MATLAB on a desktop computer equipped with a 3.2 GHz
Intel Core i5 processor and 8 GB of RAM.

Example 5.1. In the first example, to validate the proposed numerical framework, a standard benchmark with a
known analytical solution is analyzed. The problem is an instance of the variational inequality-constrained optimal
control formulation (P), set on the square domain Q = [—1,1]2.

The prescribed data for this benchmark are constructed to yield a tractable closed-form solution. The desired state
function is as follows

200 —0.5)2(1 — x5), 0<2 <0.5,
ya(w1,22) = { 172 (21 (1~ 2) =

2001‘2($1 — 1)($1 — 05)2(1 — 1‘2), 05 <z < 1,

and the source term g is defined piecewise along the coordinate xy:

400(z1(z1 — 0.5)2 —@p(3z1 — 1)(1 — z2)), 0 <z <0.5,
g('Tlva) =
—200(331 — 05), 0.5 <z <1.

In this case, the obstacle is set to z(x1,22) = 0, and the control regularization parameter is w = 100.
One can verify by direct substitution that the pair (y*,v*) with «* =0 and

“( ) ya(z1,22), 0< w1 <0.5,
T1,T2) =
Y b 0, 0.5 <z <1,

satisfies the first-order optimality system. Consequently, this pair constitutes the unique minimizer, and the corre-
sponding optimal cost evaluates to F* = 25/504.

Table 1 presents the Lo-norm errors associated with the numerically computed optimal state and control functions
on irregular mesh across varying nodal spacing h, using a scaling factor of § = 2.5 for the support radius. The
corresponding absolute error in the approximated objective functional value is also included. To generate the scattered
points, we perturb a uniform n x n Cartesian grid on the unit square [0, 1]? by adding a small random displacement to
the interior points, while keeping the boundary points fixed. The perturbation magnitude is controlled by a parameter
€, defined relative to the grid spacing h. Specifically, for each interior point, we add independent random perturbations
8k ~ U(—¢h,eh) for k = 1,2, and clip the resulting points to remain within [0,1]2. This yields a set of n? slightly
irregular points. In our experiments, we set ¢ = 0.15.To further illustrate the point distribution, Figure 1 shows the

(&)
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10 M. KHAKSAR-E OSHAGH

considered scattered points for A = 0.05 (n = 400). The numerical results demonstrate that the proposed method
successfully handles such irregular configurations, highlighting its effectiveness beyond structured grids.

T T T T T T T T T T
1 © ©¢ © © ¢ © © © © © © © © © © © © © o o
e o 0 © 0 ® o o0 © © e 0© ° , o 0 0 , o
0.9 © e 0o o ® o © o 0 © o° °° ©° 5 o 0 0
© o ® © 0° o o © o0 o ° © 0 4 0 ° o © o
08" ¢ © 4 o6 © 4 6 6 © © 6 o 0 06 ©® o 06 ©° o
e © ° 6 o ° o g0 o © 0 o o 00 o o o
07 6 4 © 06 6 46 © ©® o © 0 00 o 00 . . o
© o ® o © ® 0o © 00 ° o o0 o ° o ©° o
06F o o o 4 o e © 0 0 ©° o © , o ° 0 ° o o o
. © © 0606 o © o6 ©® 06 © o ©° o © 0o 0 4 © o
& 05 e e o oo © 0o ® o © 0 © o 45 © o o o o
oal © o 0o o © ° o ° 0 0 o ° 00 o4 ° ° o
© o ®0 o0 °° ° 4 o0 00 o006 ° oo
03 © o © o0 © 0 ¢ o © 0 0 ° o o o ° o o ° o
© o 0 060 0 ° o0 o °° ° 4 °0e ©° o 0 o
02 ® e o © © e 0 ° o © 0 o © ©° o ° ° o oo
© oo ®06 © 0 0o © o © 00 , 0 ©° o o © o
01F © e©® © ®6 o ® o © 0 o © 40 o o0 o o
© o © © ©® 0o 5 0 © 4, © g 060 06 © 0 0 © o
OF © © ¢ © © © © © © © © © © © © © © o o o
| | | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Ty

FIGURE 1. The used scattered points on [0,1]? for h = 0.05 and € = 0.15.

The empirical convergence rate, reflecting the method’s order of accuracy, is computed using the formula:
log(h1) — log(ha)

where E("1) and E("2) denote the numerical errors obtained for the discretization parameters hi and hy, respectively.

Also, Figure 2 shows the obtained optimal state and control functions for A = 0.01 with regular grid in the domain.
The free boundary separating the active and inactive sets is precisely located at ;1 = 0.5. Since the node distribution
is structured and the interface aligns exactly with the grid line 7y = 0.5, the presented numerical solution captures
the kink in the state function and the jump in its normal derivative across this interface accurately. This confirms the
ability of the IEFG method to resolve the free boundary with high precision when the interface is aligned with the
discretization.

Order =

TABLE 1. The computational order of error for Example 5.1.

state control objective functional
h Loy error order Ly error order absolute error order
0.2 2.8436e-02 - 1.0629e-02 — 2.5410e-02 —
0.1 8.1520e-03 1.8025 3.0277e-03 1.8117 6.9467¢-03 1.8710
0.05 2.2254e-03 1.8731 8.2882e-04 1.8691 1.8737¢-03 1.8904
0.02 3.9231e-04 1.8942 1.4598e-04 1.8952 3.2638e-04 1.9073
0.01 1.0466e-04 1.9062 3.8647e-05 1.9173 8.5918e-05 1.9255

The observed convergence rates of approximately 1.8-1.9 are slightly lower than the ideal rate of 2.0 for quadratic
IMLS basis functions. This reduction is due to the limited global regularity of the solution caused by the presence of
the free boundary (the interface between the active and inactive sets). At this interface, the solution is continuous but
its derivative has a jump. Consequently, the solution belongs to the fractional Sobolev space H3/2~¢(Q) for any € > 0,
an
BE
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FIGURE 2. Optimal state function (left) and optimal control function (right) for Example 5.1. The
obtained free boundary at x; = 0.5, is in complete agreement with the analytical solution.

but not to H2(Q) nor even H3/2(Q). This loss of regularity is a classical result in the theory of obstacle problems (see,

, [21]). Standard approximation theory predicts a convergence rate of O(h™®(®+1.5)) for functions with regularity
H*, where p is the polynomial degree. With p = 2 and s ~ 1.5, the theoretical expected rate is O(h'®), The observed
convergence rate is therefore consistent with the theoretical expectation and, in fact, exceeds the worst-case bound of
O(h3/?=¢), confirming the effectiveness of the IEFG method.

Moreover, we compare the proposed IEFG method with two of our previously published numerical methods for the
same class of optimal control problems, namely the wavelet collocation method [20] and the pseudo-spectral method
[18]. Table 2 summarizes the results for the same discretization parameter, N = 40 nodes in each dimension, for all
three methods. In general, the pseudo-spectral method achieves the highest accuracy, but it requires a structured grid.
The wavelet method offers comparable accuracy with lower CPU time but is more complex to implement, especially
for irregular domains. In contrast, the IEFG method provides a good balance: competitive accuracy, moderate
computational cost, and flexibility for complex geometries and irregular meshes.

TABLE 2. Comparison of IEFG method with wavelet collocation [20] and pseudo-spectral [18] methods
for Example 5.1.

Method State CPU Available for
Lo error time (s) irregular mesh & domain
Pseudo-spectral (2017) 8.21e—7 45 No
Wavelet collocation (2018) 6.17e—6 23 No
IEFG (present) 1.25e—4 12 Yes

Example 5.2. The second test case involves solving the two-dimensional elliptic variational inequality-constrained
optimal control problem (P) on the computational domain € = [0,1]2. The data for this problem are defined by the
affine desired state yq4(x1, x2) = bx1+x2—1, the quadratic obstacle function z(x1,x2) = 4(x1(x1 —1)+ao(ze 71)) +1.5,
and a constant source term g(z1,z2) = 0.1. The regularization coefficient in the cost functional is set to w = 0.1.
The numerical approximations for the optimal state and control functions computed using the IEFG method with
a nodal spacing of h = 0.05 are shown in Figure 2. The state function is zero on the boundary (due to homogeneous
Dirichlet conditions) and rises in the interior, remaining below the quadratic obstacle z(x1, z2). The control function
is non-zero only in the inactive region.
Furthermore, the corresponding Lagrange multiplier field A(x) is visualized in Figure 2. The spatial distribution
of X effectively identifies the active set (where A > 0 and y = z) and the inactive set (where A = 0 and y < 2),
an
BE
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0. Lagrange function
-02
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04
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1
. state function

control function

F1GURE 3. The state, control and Lagrangian functions for Example 5.2.

TABLE 3. Convergence of the obtained objective functional values for Example 5.2.

h  Fly*,u*] approximated iterations CPU active
error time(s) mnodes ratio

0.10 3.38762  5.187¢ — 03 5 3.71 0.212

0.05 3.39166  1.153e —03 7 3.12 0.173

0.02 3.39253  2.407e — 04 12 6.23 0.159

0.01  3.39278 3.118e — 05 21 25.41 0.145

demonstrating the capability of the IEFG formulation to accurately resolve the contact dynamics inherent in the
variational inequality.

Table 3 reports the obtained values for Fly, u] along with the number of iterations of the algorithm to solve the
problem on the regular mesh with different values of h. Since an exact solution is not available, the solution obtained
from solving the problem with the finite element method with N = 1002 reported in [14] is considered as the reference
solution and the the approximated error of the IEFG method is reported. Also, in this table, the ratio of nodes that
are in the active region to the total number of nodes is reported.

6. CONCLUSION

This paper developed a meshless computational framework for solving elliptic variational inequality-constrained
optimal control problems. The proposed methodology utilizes interpolating moving least squares (IMLS) shape func-
tions to construct an interpolating element-free Galerkin (IEFG) formulation. The first-order optimality system for
the control problem was derived via a regularization technique, and an iterative active-set algorithm was introduced
for its numerical solution.

The numerical experiments include two test cases. For the first example, the convergence rates of approximately
1.8-1.9 are observed, which is consistent with the reduced regularity of the solution at the free boundary. The second
example demonstrates the applicability of the method to problems without an analytical solution. A comparison
with our previously published wavelet collocation and pseudo-spectral methods shows that the IEFG approach offers
competitive accuracy while providing greater geometric flexibility, especially for irregular domains. The obtained
results confirm that the IEFG-based approach is computationally efficient and yields accurate approximations for this
class of nonlinear optimal control problems governed by variational inequalities.

Future work will focus on extending the proposed IEFG method to optimal control problems governed by time-
dependent variational inequalities, where the active set evolves over time and requires efficient tracking strategies.
Moreover, the extension to three-dimensional problems is another important direction, particularly for realistic engi-
neering applications such as contact mechanics and optimal design in complex geometries. In such cases, the meshless
nature of IEFG is expected to offer significant advantages over conventional grid-based methods.

(=)=
E)NE
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