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Abstract

In this paper, we discuss the ψ-Hilfer fractional differential equation of type B belonging to [0, 1] and order 1 < α <

2 involving the Ψ−Riemann-Liouville fractional integral of order 0 < F < 1 with periodic boundary conditions.
The existence and uniqueness of the solution are proven using Leray-Schauder’s and Banach fixed-point theorems.

We also analyze the stability of our solutions; Ulam-Hyers and Ulam-Hyers-Rassias theorems are present. The

problem with periodic integral boundary conditions is crucial because they provide rich mathematical challenges
and help us better understand and optimize systems that exhibit periodic behavior with global constraints. For

instance, in optimization, integral constraints represent total resources, such as energy or cost, while periodic
integral boundary conditions help optimize cyclical systems, like minimizing energy over repeating cycles. In

control theory, they model systems where output must meet total requirements (e.g., fuel consumption) over

a period, with periodic conditions capturing the system’s repetitive nature. Finally, an illustrative example is
provided to elucidate the theorems presented in this article.
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1. Introduction

Fractional differential equations (FDEs) are useful tools for modeling and studying natural phenomena. It can be
used to describe ion channel relaxation, cellular behavior, and the dynamics of biological networks using fractional
relaxation equations in biophysics [4]. In general, fractional derivatives can be defined as fractional integral operators
whose kernel functions are different. There are many fractional derivatives, for example, Riemann-Liouville, Caputo,
Hadamard, Katugampola, and Hilfer. As well as along with the Caputo and Riemann-Liouville fractional derivative
(RLFD) operators, the Hilfer fractional derivative (HFD) operator is comprised of [15]. HFD equations are general-
izations of classical FDEs, which define fractional derivatives with HFD operators. Compared to RLFD, an improved
kernel is used in this operator. The concept of HFD equations was developed from exploring and investigating chaos
in the physical world and new physical phenomena [20].

Kilbas et al. [13] introduced fractional operators of functions relating to each other. An additional fractional
operator, the Caputo operator, was introduced by Almeida [2]. There are several applications of the operator in the
papers [1, 23]. A fractional differentiable operator could be proposed that will unify the above operators and will be
able to overcome the wide number of definitions while proving that solutions exist and are unique. Thus, the solution
consists of working with general fractional operators. For instance, Ψ−Hilfer fractional operators and RLF operators
concerning another function (integration) [11, 19, 21, 22]. Consequently, the fractional differential operator, or Hilfer
derivative, of a function on another function was defined by Vanterler and Capelas de Oliveira [20]:

HDα,B;ψ
a+ f (x) = I

B(κ−α);ψ
a+

(
1

ψ′ (x)

d

dx

)κ
I
(1−B)(κ−α);ψ
a+ f (x) , (1.1)
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where κ− 1 < α < κ, κ = [α] + 1for α /∈ N and κ = α, for α ∈ N .
Furthermore, recent research has been conducted on FDEs to determine whether Ulam-Hyers (UH) stable solu-

tions exist. Guo et al. [10] examined the infinite delay between one and two for the existence and stability under
UH conditions of the problem consisting of RLF neutral functional stochastic differential equations. Wang et al. in
[24] presented the non-instantaneous differential inclusions containing Caputo derivatives to study the generalized
UH stability. More recently, Vanterler et al. [18] investigated UH and Ulam-Hyers-Rassias (UHR) stabilities of the
solution of the delay FDEs containing Hilfer derivatives, then developed by Benchohra et al. [3], established that
implicit FDEs with RLFDs can have solutions in finite dimensions and are stable, and Kumar et al. [14] studied. An
integral impulse with a noninstantaneous fractional differential equation is stable and exists. Very recently, Elsayed
et al. [7] determined whether the differential equations with Hilfer-Katugampola fractional derivatives have boundary
value concerns and if they are stable. For more types of stabilized boundary value problems with HFD, see [3, 12, 23].

In [5], it was Bouriah et al.’s approach to such nonlinear pantograph fractional equations with Ψ−CFDs:{
cDα;ψφ (v) = ψ(ϑ, φ(ϑ), φ (εϑ)), ϑ ∈ E := [0, θ],

φ (0) = φ (θ) ,
(1.2)

where cDα;ψ denotes the ψ−CFDs with order 0 < α < 1, ε ∈ (0, 1), and continuous function
ψ : E ×R×R→ R .

According to the ψ−RLFI, the authors of [8] examined some recent findings for the ψ−Hilfer fractional pantograph-
type differential equation.

In [6], Chohri et al. investigated some existing results for exponential fractional derivative solutions to nonlinear
periodic problems{

cDF
k1+φ (ϑ) = g

(
ϑ, φ (ϑ) , cDµ

k1+
φ (ϑ)

)
, ϑ ∈ E := [k1, k2] ,

φ (k1) = φ (k2) and cD1
k1+

φ (k1) =
cD1

k1+
φ (k2) ,

(1.3)

where 0 < µ ≤ 1, g : E × R × R → R is a continuous function, and cDF
k1+

andcDµ
k1+

are the Caputo exponential
fractional derivatives of order 1 < F ≤ 2.

In [17], Vanterler da et al. initiated the study on UHRS using the ψ-Hilfer operator as the follows problem:{
HDα,B;ψ

a+ y (v) = f
(
v, y (v) ,HDα,B;ψ

k1+
y (v)

)
,

I1−γ;ψa+ y (a) = ya,
(1.4)

where HDα,B;ψ
a+ (.) is the ψ-HFD [20] and I1−γ;ψa+ (.) is the RLFI of order 1−γ, γ = α+B (1− α) , concerning function

f
(
v, y (v) ,HDα,B;ψ

k1+
y (v)

)
.

In this paper, we address the Ulam stability and existence of a solution for the Ψ−Hilfer fractional differential
equations problem, which is inspired by the previously mentioned papers.

{
HDα,B;ψ

0+ x (v) = P
(
v, x (v) , IF;ψ0+ x (v)

)
, v ∈ J = [0, T] ,

x (0+) = x (T) , and I2−η;ψ0+ x (0+) = I2−η;ψ0+ x (T) ,
(1.5)

where HDα,B;ψ
a+ (.) is the ψ- HFD [17] of order 1 < α < 2, 0 < F < 1 and type 0 ≤ B ≤ 1 , and P

(
., x (.) , IF;ψx (.)

)
∈

C (J ×R×R) and I2−η;ψa+ (.) is the ψ-RLFI of order 2 − η, η = α +B (2− α). The novelty of this work lies in the
analysis of the problem by Eq. (1.5) under periodic integral boundary conditions, which are not only mathematically
challenging but also highly relevant to real-world applications. Such conditions naturally arise in various fields, includ-
ing physics, engineering, biology, and control theory, where systems often exhibit cyclical or repetitive behavior subject
to global constraints. Unlike classical boundary conditions, periodic integral constraints capture total quantities such
as energy, cost, or fuel consumption over a full cycle, making them particularly suitable for modeling and optimizing
systems with repeating dynamics. For example, in optimization problems, they represent global resource limits, while
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in control theory, they enforce periodic performance requirements across cycles. By addressing such boundary condi-
tions, this study contributes to a deeper understanding of the interplay between periodicity and integral constraints,
which has been relatively unexplored in existing literature [16].

The paper is organized as follows: Section 2 introduces the necessary elements. Section 3 presents existence and
uniqueness results for the problem by Eq. (1.5), based on Leray-Schauder’s and Banach’s fixed point theorems, and
Section 4 studies the Ulam-Hyers and Ulam-Rassias stability for the problem by Eq. (1.5). Finally, Section 5 offers
some illustrative examples that demonstrate the effectiveness of the major results. At the end, we will discuss the
conclusion in section 6.

2. Preliminaries

Let J = [0, T ]. We consider the space C(J) of all continuous functions on J , where ψ ∈ C2(J) is an increasing
function satisfying ψ′(v) ̸= 0 for all v ∈ J . This space is equipped with the norm ∥x∥C := maxv∈J |x(v)|. Therefore,
we define the weighted function ψ̃T (v) = ψ(T ) − ψ(v), v ∈ J. For η = α + B(2 − α) ∈ (1, 2), the weighted space

C2−η;ψ(J) consists of all functions x : [0, T ] → R such that
(
ψ̃T (v)

)2−η
x(v) ∈ C(J), equipped with the norm

∥x∥C2−η;ψ :=

∥∥∥∥(ψ̃T (v)
)2−η

x(v)

∥∥∥∥
C

= max
v∈J

∣∣∣∣(ψ̃T (v)
)2−η

x(v)

∣∣∣∣ . (2.1)

The space (C2−η;ψ(J), ∥ · ∥C2−η;ψ ) is a Banach space. Note that the weight
(
ψ̃T (v)

)2−η
cancels the singularity at

v = T arising from the left-sided boundary condition. Also given that 1 < α < 2 and η = α + B(2 − α) ∈ (1, 2), we
set:

X =
{
x ∈ C2−η;ψ(J) :

HDα,B;ψ
0+ x ∈ C(J), IF ;ψ

0+ x ∈ C(J)
}
, (2.2)

furnished with the norm ∥x∥X = ∥x∥C2−η;ψ + ∥HDα,B;ψ
0+ x∥C + ∥IF ;ψ

0+ x∥C . Explicitly, this norm is given by:

∥x∥X = max
v∈J

∣∣∣∣(ψ̃T (v)
)2−η

x(v)

∣∣∣∣+max
v∈J

∣∣∣HDα,B;ψ
0+ x(v)

∣∣∣+max
v∈J

∣∣∣IF ;ψ
0+ x(v)

∣∣∣ .
A few definitions are reviewed from Vanterler et al. [20] and Kilbas et al. [13]. Now, let x ∈ L1 (J) . Afterwards, the
function x is ψ −RL fractional integral of order α > 0 (α ∈ R) defined by

Iα;ψσ+ x (v) =

∫ v

σ

ψ′ (ρ)

Γ (α)

(
ψ̃ρ (v)

)α−1

x (ρ) dρ. (2.3)

Let x ∈ Cκ (J) . The order of the function x is κ− 1 < α < κ, here κ = 2, type 0 ≤ B ≤ 1, the ψ−HFD gives.

HDα,B;ψ
a+ f (v) = I

B(1−α);ψ
σ+

(
1

ψ′
d

dv

)κ
I
(1−B)(1−α);ψ
σ+ f (v) . (2.4)

An equivalent form is derived for the right-sided ψ−HFD [17]. The above-defined ψ− HFD can be expressed as follows:

HDα,B;ψ
a+ f (v) = Iγ−α;ψa+ Dγ;ψ

a+ f (v) . (2.5)

Using γ = α+B (κ− α), and where Iγ−α;ψa+ (.) is the ψ−RLFI, and the ψ−RLFD is Dγ;ψ
a+ (.) [12]. In this case, we are

looking at the ψ− HFD for κ = 1.

Lemma 2.1. [13] Assume that ε, F > 0 and ρ > κ. Subsequently, (a) Iα;ψσ+ Iε;ψσ+Υ(v) = Iα+ε;ψρ+ Υ(v) ; (b) Iα;ψσ+

(
ψ̃ (v)

)F−1

=

Γ(F)
Γ(α+F)

(
ψ̃ (v)

)α+F−1

;



Unco
rre

cte
d Pro

of

4 B. S. FARIS AND A. S. RAFEEQ

(c) HD
α,B;ψ
σ+

(
ψ̃σ (v)

)κ−1

= 0 ; (d) HD
α,B;ψ
σ+

(
ψ̃σ (v)

)ρ−1

= Γ(ρ)
Γ(ρ−α)

(
ψ̃σ (v)

)ρ−α−1

.

Lemma 2.2. [20] If x ∈ Cκ (J) , κ− 1 < α < κ and 0 ≤ B ≤ 1, then

(i) Iα;ψσ+ HD
α,B;ψ
σ+ x (v) = x (v)−

κ∑
j=1

(ψ̃(v))
η−j

Γ(η−j+1) x
[κ−j]
ψ I

(1−B)(κ−α)
σ+ x (σ) .

(ii) HD
α,B;ψ
σ+ Iα;ψσ+ x (v) = x (v) .

Definition 2.3. [3] If cf > 0 is a real number, then the equation is Ulam-Hyers stable for all ε > 0 and all solutions

x ∈ C2−η;ψ(J) (with
HDα,B;ψ

0+ x ∈ C(J)) of the inequality∣∣HDα,B;ψx (v)− P
(
v, x (v) , IF;ψx (v)

)∣∣ ≤ ε, v ∈ J. (2.6)

There exists a solution z ∈ C2−η;ψ(J) (with
HDα,B;ψ

0+ z ∈ C(J)) of Eq. (1.5) such that

|x (v)− z (v)| ≤ cfε, v ∈ J. (2.7)

Definition 2.4. [3] In relation to φ ∈ C (J, R+), the equation is Ulam-Hyers-Rassias stable. If cf > 0 is a real

number, then for every ε > 0 and every solution x ∈ C2−η;ψ(J) (with
HDα,B;ψ

0+ x ∈ C(J)) of the inequality∣∣HDα,B;ψx (v)− P
(
v, x (v) , IF;ψx (v)

)∣∣ ≤ εφ (v) , v ∈ J, (2.8)

there exists a solution z ∈ C2−η;ψ(J) (with
HDα,B;ψ

0+ z ∈ C(J)) of Eq. (1.5) such that

|x (v)− z (v)| ≤ cfεφ (v) , v ∈ J. (2.9)

Theorem 2.5. [9] (Banach Fixed Point Theorem(BFPT)). Assume that E is the Banach space and D is a non-empty
closed subset. Consequently, there is a unique fixed point in any contraction relating T to D.

Theorem 2.6. [9] (Leray–Schauder(LS) alternative). In a Banach space χ, there exists a closed and bounded convex
set in O and in O within Ω, there exists an open set with the property O is an element of O. T : Ō → Ω which is a
function that is continuous as well as a compact mapping. Consequently, one of the following circumstances holds true.

(i) T is the fixed point in Ō exists.

(ii) To have x = N Tx, there exist x ∈ ∂O and N ∈ (0, 1) .

3. Existence results

Here, using LS alternative, we demonstrate that HFDE has at least one unique solution. The problem and integral
equation are equivalent according to the subsequent lemma.

Lemma 3.1. Let 0 < F < 1 and let IF ;ψ
0+ be the ψ-Riemann-Liouville fractional integral of order F . For any functions

x, x̄ ∈ C2−η;ψ(J) (the weighted space for Problem (1.5) defined with ψ̃T (v) = ψ(T )−ψ(v)), the following estimates hold:

(i) For all v ∈ J = [0, T ],∣∣∣IF ;ψ
0+ x(v)

∣∣∣ = ∣∣∣∣ 1

Γ(F )

∫ v

0

ψ′(s)
(
ψ(v)− ψ(s)

)F−1
x(s) ds

∣∣∣∣ ≤
(
ψ(v)− ψ(0)

)F
Γ(F + 1)

max
s∈[0,v]

|x(s)|.

Consequently, in terms of the infinity norm,
∥∥∥IF ;ψ

0+ x
∥∥∥
C
≤
(
ψ(T )−ψ(0)

)F
Γ(F+1) ∥x∥C , where ∥ · ∥C = maxv∈J | · |.
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(ii) For all v ∈ J ,∣∣∣IF ;ψ
0+ x(v)− IF ;ψ

0+ x̄(v)
∣∣∣ ≤ (

ψ(v)− ψ(0)
)F

Γ(F + 1)
max
s∈[0,v]

|x(s)− x̄(s)|.

Hence, ∥∥∥IF ;ψ
0+ x− IF ;ψ

0+ x̄
∥∥∥
C
≤
(
ψ(T )− ψ(0)

)F
Γ(F + 1)

∥x− x̄∥C .

(iii) In the weighted space C2−η;ψ(J) with the weight ψ̃T (v) = ψ(T )− ψ(v), the following estimate holds:

∥∥∥IF ;ψ
0+ x

∥∥∥
C2−η;ψ

≤
(
ψ(T )− ψ(0)

)F
Γ(F + 1)

∥x∥C2−η;ψ ,

where ∥x∥C2−η;ψ = maxv∈J

∣∣∣(ψ̃T (v)
)2−η

x(v)
∣∣∣ .

Proof. The proof is directly. □

Lemma 3.2. An equivalent way to represent the problem is through the integral equation

x (v) =
(ψ (T)− ψ (v)) (ψ (v)− ψ (0))

η−2

Γ (η) Γ (2− η + α) (ψ (T)− ψ (0))

T∫
0

ψ′ (v) (ψ (T)− ψ (v))
1−η+α

P
(
v, x (v) , IF;ψ0+ x (v)

)
dv

− 1

Γ (α)

(ψ (v)− ψ (0))
η−2

(ψ (T)− ψ (0))
η−2

T∫
0

ψ′ (v) (ψ (T)− ψ (v))
α−1

P
(
v, x (v) , IF;ψ0+ x (v)

)
dv

+
1

Γ (α)

v∫
0

ψ′ (s) (ψ (v)− ψ (s))
α−1

P
(
s, x (s) , IF;ψ0+ x (s)

)
ds, v ∈ [0, T].

(3.1)

Proof. Since HDα,B;ψ
0+ x (v) = P

(
v, x (v) , IF;ψ0+ x (v)

)
, applying to both sides of the Eq. (1.5) the fractional integral

Iα;ψ0+ , and by applying Lemma 2.2–(i), we get

x (v) =
2∑
j=1

(
ψ̃ (v)

)η−j
Γ (η − j + 1)

x
[κ−j]
ψ I

(1−B)(κ−α)
σ+ x (σ) + Iα;ψ0+ P

(
v, x (v) , IF;ψ0+ x (v)

)
. (3.2)

Because (1−B) (2− α) = 2− η, this gives

x (v) =
1

Γ (η)
(ψ (v)− ψ (0))

η−1

(
1

ψ′ (v)

d

dv

)2

I2−η;ψ0+ x (v)|v=0

+
1

Γ (η − 1)
(ψ (v)− ψ (0))

η−2

(
1

ψ′ (v)

d

dv

)
I2−η;ψ0+ x (v)|v=0 + Iα;ψ0+ P

(
v, x (v) , IF;ψ0+ x (v)

)
=

1

Γ (η)
(ψ (v)− ψ (0))

η−1
HD

η−1,B;ψ
0+ x (v)|v=0

+
1

Γ (η − 1)
(ψ (v)− ψ (0))

η−2
HD

η−2,B;ψ
0+ x (v)|v=0 + Iα;ψ0+ P

(
v, x (v) , IF;ψ0+ x (v)

)
.

Assume that

C0 = HD
η−1,B;ψ
0+ x (v)|v=0, C1 = HD

η−2,B;ψ
0+ x (v)|v=0.
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We arrive at the relation

x (v) =
1∑
i=0

Ci
Γ (η − i)

(ψ (v)− ψ (0))
η−(i+1)

+ Iα;ψ0+ P
(
v, x (v) , IF;ψ0+ x (v)

)
. (3.3)

When considering the boundary condition x (0) = x (T), in this case, Eq. (3.1) becomes

C0

Γ (η)
(ψ (T)− ψ (0))

η−1
+

C1

Γ (η − 1)
(ψ (T)− ψ (0))

η−2
+ Iα;ψ0+ P

(
T, x (T) , IF;ψ0+ x (T)

)
= 0. (3.4)

And from another boundary condition I2−η;ψ0+ x (0+) = I2−η;ψ0+ x (T), we get

I2−η;ψ0+ x (v) =
C0

Γ (2)
(ψ (v)− ψ (0)) + C1 + I2−η+α;ψ0+ P

(
v, x (v) , IF;ψ0+ x (v)

)
.

I2−η;ψ0+ x (0+) = C1 ,

I2−η;ψ0+ x (T) =
C0

Γ (2)
(ψ (T)− ψ (0)) + C1 + I2−η+α;ψ0+ P

(
T, x (T) , IF;ψ0+ x (T)

)
.

It follows from the previous expressions that

C0 =
−Γ (2)

(ψ (T)− ψ (0))
I2−η+α;ψ0+ P

(
T, x (T) , IF;ψ0+ x (T)

)
. (3.5)

To determine C1, Eq. (3.5) in Eq. (3.4) , we obtain

C1 =
Γ (2)

(η − 1)
I2−η+α;ψ0+ P

(
T, x (T) , IF;ψ0+ x (T)

)
− Γ (η − 1)

(ψ (T)− ψ (0))
η−2 I

α;ψ
0+ P

(
T, x (T) , IF;ψ0+ x (T)

)
. (3.6)

Substitute equations (3.5) and (3.6) in equation (3.3), gives the following:

x (v) =
(ψ (T)− ψ (v)) (ψ (v)− ψ (0))

η−2

Γ (η) (ψ (T)− ψ (0))
I2−η+α;ψ0+ P

(
T, x (T) , IF;ψ0+ x (T)

)
− (ψ (v)− ψ (0))

η−2

(ψ (T)− ψ (0))
η−2 I

α;ψ
0+ P

(
T, x (T) , IF;ψ0+ x (T)

)
+ Iα;ψ0+ P

(
v, x (v) , IF;ψ0+ x (v)

)
, v ∈ [0, T] .

(3.7)

The proof is completed.
Motivated by applying Lemma (3.2), we present the functional A1, that is described as follows:

(A1x) (v) =
(ψ (T)− ψ (v)) (ψ (v)− ψ (0))

η−2

Γ (η) Γ (2− η + α) (ψ (T)− ψ (0))

T∫
0

ψ′ (v) (ψ (T)− ψ (v))
1−η+α

P
(
v, x (v) , IF;ψ0+ x (v)

)
dv

− 1

Γ (α)

(ψ (v)− ψ (0))
η−2

(ψ (T)− ψ (0))
η−2

T∫
0

ψ′ (v) (ψ (T)− ψ (v))
α−1

P
(
v, x (v) , IF;ψ0+ x (v)

)
dv

+
1

Γ (α)

v∫
0

ψ′ (s) (ψ (v)− ψ (s))
α−1

P
(
s, x (s) , IF;ψ0+ x (s)

)
ds, v ∈ [0, T].

(3.8)

□

Theorem 3.3. Assume that the functions are continuous and satisfy the conditions:

(K1) The function P : J ×R×R→ R be such that

P (., x (.) , w (.)) ∈ C2−η;ψ (J) for any x, w ∈ C2−η;ψ (J) .
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(K2) There exist constants L > 0 and M < 1 such that

|P (v, x, w)− P (v, x̄, w̄)| ≤ L |x− x̄|+M |w − w̄| . (3.9)

(K3) There are functions p1, p2, p3 ∈ C ([0,T] , R+) ,

p∗1 = sup
v∈[0,T]

p1 (v) , p
∗
2 = sup

v∈[0,T]

p2 (v) and p∗3 = sup
v∈[0,T]

p3 (v) < 1,

such that

|P (v, x (v) , w (v))| ≤ p1 (v) + p2 (v) |x (v)|+ p3 (v) |w (v)| , for all x, w ∈ R.

For any x, w, x̄, w̄ ∈ R and v ∈ J, where w (.) = IF;ψ0+ x (.) and w̄ (.) = IF;ψ0+ x̄ (.) are ψ−Riemann-Liouville frac-
tional integral of order 0 < F < 1, from Γ (η) Γ (3− η + α) ≥ Γ (α+ 1), gives

max
v∈[0,T]

{[(
(ψ (T)− ψ (0))

Γ (η) Γ (3− η + α)
+

1

Γ (α+ 1)

)
(ψ (v)− ψ (0))

η−2
(ψ (v)− ψ (0))

2−η+α

+
1

Γ (α+ 1)
(ψ (v)− ψ (s))

α

]
(K)

}
≤ ΩK < 1 ,

(3.10)

where Ω = 3
Γ(α+1) (ψ (T))

α+1
, and K =

(
L+ M(ψ(T))F

Γ(F+1)

)
. Then, Eq. (1.5) for the ψ−HFDEs has a unique solution.

Proof. Let’s set r ≥ ΩP∗
1

1−Ω N , where N = P ∗
2 +

P∗
3 (ψ(T))F

Γ(F+1) , and show that A1Gr ⊆ Gr, when

Gr =
{
x (v) ∈ C2−η;ψ ([0, T]) , HDα,B;ψ

0+ x (v) ∈ C ([0, T]) exists : ∥x∥ ≤ r
}
,

∥A1x∥C2−η;ψ
≤ max
v∈[0,T]

{
Λ(ψ (v)− ψ (0))

η−1

Γη Γ (2− η + α)

T∫
0

ψ′ (v) (ψ (T)− ψ (v))
1−η+α | P (v, x (v) , w (v))| dv

+
1

Γ (α)

(ψ (v)− ψ (0))
η−2

(ψ (T)− ψ (0))
η−2

T∫
0

ψ′ (v) (ψ (T)− ψ (v))
α−1 | P (v, x (v) , w (v))| dv

+
1

Γ (α)

v∫
0

ψ′ (s) (ψ (v)− ψ (s))
α−1

∣∣∣ P (s, x (s) , IF;ψ0+ x (s)
)∣∣∣ ds


≤ Ω

(
P ∗
1 + ∥x∥C2−η;ψ

(
P ∗
2 +

P ∗
3 (ψ (T))

F

Γ (F+ 1)

))
≤ Ω(P ∗

1 + rN) ≤ r.

It is sufficient to demonstrate that A1 : Gr → Gr is a contraction. Let start with A1 which is defined in Eq. (3.8),
that is A1Gr ⊆ Gr. Given x (v) ∈ Gr, we have the map v → A1x (v) in class C2 and

HDα,B;ψ
0+ A1x (v) = P

(
v, x (v) , IF;ψ0+

)
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is continuous. Now, let x (v) , x̄ (v) ∈ Gr be arbitrary. Then

∥A1x−A1x̄∥2−η;ψ ≤ max
v∈[0,T]

 (ψ (T)− ψ (v)) (ψ (v)− ψ (0))
η−2

Γ (η) Γ (2− η + α) (ψ (T)− ψ (0))

T∫
0

ψ′ (v) (ψ (T)− ψ (v))
1−η+α |P (v, x (v) , w (v))

− P (v, x̄ (v) , w̄ (v))| dv +
1

Γ (α)

(ψ (v)− ψ (0))
η−2

(ψ (T)− ψ (0))
η−2∫ T

0

ψ′ (v) (ψ (T)− ψ (v))
α−1 |P (v, x (v) , w (v)) −P (v, x̄ (v) , w̄ (v))| dv

+
1

Γ (α)

v∫
0

ψ′ (s) (ψ (v)− ψ (s))
α−1 |P (s, x (s) , w (s))− P (s, x̄ (s) , w̄ (s))| ds


≤ max
v∈[0,T]

 (ψ (T)− ψ (v)) (ψ (v)− ψ (0))
η−2

Γ (η) Γ (2− η + α) (ψ (T)− ψ (0))

T∫
0

ψ′ (v) (ψ (T)− ψ (v))
1−η+α

[L |x (v)− x̄ (v)|+M |w (v)− w̄ (v)|] dv + 1

Γ (α)

(ψ (v)− ψ (0))
η−2

(ψ (T)− ψ (0))
η−2

T∫
0

ψ′ (v) (ψ (T)− ψ (v))
α−1

[L |x (v)− x̄ (v)|+M |w (v)− w̄ (v)|] dv

+
1

Γ (α)

v∫
0

ψ′ (s) (ψ (v)− ψ (s))
α−1

[L |x (s)− x̄ (s)|+M |w (s)− w̄ (s)|] ds} .

By the same way as Lemma (3.1) (ii), we get

∥A1x−A1x̄∥2−η;ψ ≤ max
v∈[0,T]

{
(ψ (T)− ψ (v)) (ψ (v)− ψ (0))

η−2

Γ (η) Γ (3− η + α)
(ψ (T)− ψ (0))

2−η+α
[L |x (v)− x̄ (v)|

+
M(ψ (v)− ψ (0))

F

Γ (F+ 1)
|x (v)− x̄ (v)|

]
+

1

Γ (α+ 1)

(ψ (v)− ψ (0))
η−2

(ψ (T)− ψ (0))
η−2

(ψ (T)− ψ (0))
α

[
L |x (v)− x̄ (v)|+ M(ψ (T)− ψ (0))

F

Γ (F+ 1)
|x (v)− x̄ (v)|

]

+
1

Γ (α+ 1)
(ψ (v)− ψ (s))

α

[
L |x (s)− x̄ (s)|+M

M(ψ (s)− ψ (0))
F

Γ (F+ 1)
|x (s)− x̄ (s)|

]}

≤ max
v∈[0,T]

{[(
(ψ (T)− ψ (v)) (ψ (v)− ψ (0))

η−2

Γ (η) Γ (3− η + α)
+

(ψ (v)− ψ (0))
η−2

Γ (α+ 1)

)
(ψ (T)− ψ (0))

2−η+α

+
1

Γ (α+ 1)
(ψ (v)− ψ (0))

α

] (
L+

M(ψ (v)− ψ (0))
F

Γ (F+ 1)

)}
∥x− x̄∥2−η;ψ ≤ ΩK∥x− x̄∥2−η;ψ.

By establishing the contraction property of A1. A unique solution has been found to the problem Eq.(1.5) based on
the Banach contraction principle.

□

Theorem 3.4. Assume that the following conditions are hold
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(K4)The inequality is satisfied when a real number R > 0,

Ω

(
P ∗
1 + g (R)

(
P ∗
2 +

P ∗
3 (ψ (T))

F

Γ (F+ 1)

))
≤ R,

and also from Γ (η) Γ (3− η + α) ≥ Γ (α+ 1), we get

max
v∈[0,T]

{(
(ψ (T)− ψ (0))

Γ (η) Γ (3− η + α)
+

1

Γ (α+ 1)

)
(ψ (v)− ψ (0))

η−2
(ψ (T)− ψ (0))

2−η+α
+

(ψ (v)− ψ (0))
α

Γ (α+ 1)

}
≤ Ω,

where Ω = 3
Γ(α+1) (ψ (T))

α+1
. Then, the problem Eq. (1.5) at least one solution.

Proof. Define the functional A1 and take consideration for the closed ball BR = {x (v) ∈ C2−η;ψ : ∥x∥ ≤ R}.

Step 1. A1 (BR) ⊆ BR. Given x (v) ∈ BR, we contain the following:

∥A1x∥C2−η;ψ
≤ max
v∈[0,T]

{
(ψ (T)− ψ (v)) (ψ (v)− ψ (0))

η−2

Γη Γ (2− η + α)

T∫
0

ψ′ (v) (ψ (T)− ψ (v))
1−η+α |P (v, x (v) , w (v))| dv

+
1

Γ (α)

(ψ (v)− ψ (0))
η−2

(ψ (T)− ψ (0))
η−2

T∫
0

ψ′ (v) (ψ (T)− ψ (v))
α−1 |P (v, x (v) , w (v))| dv

+
1

Γ (α)
×

v∫
0

ψ′ (s) (ψ (v)− ψ (s))
α−1

∣∣∣P (s, x (s) , IF;ψ0+ x (s)
)∣∣∣ ds


≤ max
v∈[0,T]

{
(ψ (T)− ψ (v)) (ψ (v)− ψ (0))

η−2

Γη

(ψ (T)− ψ (0))
2−η+α

Γ (3− η + α)
[p1 (v) + p2 (v) |x (v)|+ p3(v) |w(v)|]

+
(ψ (v)− ψ (0))

η−2

Γ (α+ 1)
(ψ (T)− ψ (0))

2−η+α
[p1 (v) + p2 (v) |x (v)|+ p3 (v) |w (v)|]

+
(ψ (v)− ψ (0))

α

Γ (α+ 1)
[p1 (s) + p2 (s) |x (s)|+ p3 (s) |w (s)|]

}
.

By the same way as Lemma 3.1–(i), we get

≤ max
v∈[0,T]

{(
(ψ (T)− ψ (v)) (ψ (v)− ψ (0))

η−2

Γ (η) Γ (3− η + α)
+

(ψ (v)− ψ (0))
η−2

Γ (α+ 1)

)
(ψ (T)− ψ (0))

2−η+α

+
(ψ (v)− ψ (0))

α

Γ (α+ 1)

}[
p∗1 + ∥x∥C2−η;ψ

(
p∗2 + p∗3

(ψ (v)− ψ (0))
F

Γ (F+ 1)

)]

≤ Ω

(
P ∗
1 + g (R)

(
P ∗
2 +

P ∗
3 (ψ (T))

F

Γ (F+ 1)

))
≤ R.

Step 2. A1 (BR) is equicontinuous. Let v1, v2 ∈ [0, T] with v1 > v2 and

Q = max
{
P
(
v, x (v) , IF;ψ0+

)
:
(
v, x (v) , IF;ψ0+

)
∈ [0, T]×BR ×BR

}
.
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Then

|A1x (v1)−A1x (v2)| ≤
[
(ψ (T)− ψ (v1)) (ψ (v1)− ψ (0))η−2 − (ψ (T)− ψ (v2)) (ψ (v2)− ψ (0))η−2] Q(ψ (T)− ψ (0))2−η+α

Γ (η) Γ (3− η + α)

+
[
(ψ (v2)− ψ (0))η−2 − (ψ (v1)− ψ (0))η−2] Q(ψ (T)− ψ (0))2−η+α

Γ (α+ 1)

+ [(ψ (v1)− ψ (0))α − (ψ (v1)− ψ (v2))
α − (ψ (v2)− ψ (0))α]

Q

Γ (α+ 1)

+
Q

Γ (α+ 1)
(ψ (v1)− ψ (0))α,

which converges to zero as v1 → v2. A1 (BR) included in a compact set by the Arzela-Ascoli theorem. Lastly, we
show that x (v) = N A1x (v) does not exist in ∂BR and N ∈ (0, 1) . As previously demonstrated, R = ∥x∥C2−η;ψ

<

∥A1x∥C2−η;ψ
≤ R is obtained by assume there exist x (v) and N . Our argument is supported by this contradiction.

Therefore, by using the LS alternative, we can make sure that A1 has a fixed point. The proof consequently becomes
complete because this fixed point represents to the problem’s solution (1.5). □

4. UH and UHR stabilities

In this section, we demonstrate the UH and UHR stabilities for the nonlinear problem, Eq. (1.5), using the Ψ−Hilfer
fractional derivative.

Remark 4.1. As long as there exists a function h ∈ C2−η;ψ (J, R)) (that depends on x), then x ∈ C2−η;ψ (J, R))
solves inequality Eq. (2.6) such that:

i. |h (v)| ≤ ε, ∀v ∈ [0, T ] .
ii. HDα,B;ψx (v)− P

(
v, x (v) , IF;ψx (v)

)
= h (v) , v ∈ [0, T ] .

Remark 4.2. It can be argued that the inequality Eq.(2.8) can be solved by a function x ∈ C2−η;ψ (J, R)) , iff
ς ∈ C2−η;ψ (J, R)) (and only depends on x) is:

i. |ς (v)| ≤ εφ (v) , ∀v ∈ [0, T ] .
ii. HDα,B;ψx (v)− P

(
v, x (v) , IF;ψx (v)

)
= ς (v) , v ∈ [0, T ] .

First, there is the UH stability theorem.

Theorem 4.3. Assume ΩK < 1 and the validity of (K1), (K2), and Eq. (3.10). Consequently, Eq. (1.5) is UH
stable.

Proof. Let ε > 0, and each solution x ∈ C2−η;ψ (J, R). By Remark 4.1, the result is HDα,B;ψx (v)−P
(
v, x (v) , IF;ψx (v)

)
=

h (v) , v ∈ [0, T ] . which implies that

∣∣HDα,B;ψx (v)− P
(
v, x (v) , IF;ψx (v)

)∣∣ ≤ ε, v ∈ J. (4.1)

Let us indicate the unique solution to the problem (1.5) by z ∈ C2−η (J, R) as follows, then z(v), is given by

HDα,B;ψz (v)− P
(
v, z (v) , IF;ψz (v)

)
= h (v) , v ∈ [0, T ] .
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and

z (v) =
(ψ (T)− ψ (v)) (ψ (v)− ψ (0))

η−2

Γ (η) Γ (2− η + α)

T∫
0

ψ′ (v) (ψ (T)− ψ (v))
1−η+α

P
(
v, z (v) , IF;ψ0+ z (v)

)
dv

− 1

Γ (α)

(ψ (v)− ψ (0))
η−2

(ψ (T)− ψ (0))
η−2

T∫
0

ψ′ (v) (ψ (T)− ψ (v))
α−1

P
(
v, z (v) , IF;ψ0+ z (v)

)
dv

+
1

Γ (α)

v∫
0

ψ′ (s) (ψ (v)− ψ (s))
α−1

P
(
s, z (s) , IF;ψ0+ z (s)

)
ds.

Then, we have

∥x− z∥C2−η;ψ
≤ max
v∈[0,T]

{∣∣∣∣x (v)− Λ(ψ (v)− ψ (0))η−1

Γ (η) Γ (2− η + α)

T∫
0

ψ′ (v) (ψ (T)− ψ (v))1−η+αP
(
v, x (v) , IF;ψ0+ x (v)

)
dv

+
1

Γ (α)

(ψ (v)− ψ (0))η−2

(ψ (T)− ψ (0))η−2

T∫
0

ψ′ (v) (ψ (T)− ψ (v))α−1P
(
v, x (v) , IF;ψ0+ x (v)

)
dv

− 1

Γ (α)

v∫
0

ψ′ (s) (ψ (v)− ψ (s))α−1P
(
s, x (s) , IF;ψ0+ x (s)

)
ds

∣∣∣∣∣∣
+

∣∣∣∣Λ(ψ (v)− ψ (0))η−1

Γ (η) Γ (2− η + α)

T∫
0

ψ′ (v) (ψ (T)− ψ (v))1−η+αP
(
v, x (v) , IF;ψ0+ x (v)

)
dv

− 1

Γ (α)

(ψ (v)− ψ (0))η−2

(ψ (T)− ψ (0))η−2

T∫
0

ψ′ (v) (ψ (T)− ψ (v))α−1P
(
v, x (v) , IF;ψ0+ x (v)

)
dv

− 1

Γ (α)

v∫
0

ψ′ (s) (ψ (v)− ψ (s))α−1P
(
s, x (s) , IF;ψ0+ x (s)

)
ds

− Λ(ψ (v)− ψ (0))η−1

Γ (η) Γ (2− η + α)

T∫
0

ψ′ (v) (ψ (T)− ψ (v))1−η+αP
(
v, z (v) , IF;ψ0+ z (v)

)
dv

+
1

Γ (α)

(ψ (v)− ψ (0))η−2

(ψ (T)− ψ (0))η−2

T∫
0

ψ′ (v) (ψ (T)− ψ (v))α−1P
(
v, z (v) , IF;ψ0+ z (v)

)
dv

− 1

Γ (α)

v∫
0

ψ′ (s) (ψ (v)− ψ (s))α−1P
(
s, z (s) , IF;ψ0+ z (s)

)
ds

∣∣∣∣∣∣
 ,

for each v ∈ J, 1 < α < 2, 0 < F < 1 and 0 ≤ B ≤ 1; I
(1−B)(2−α);ψ
0+ x (0+) = I

(1−B)(2−α);ψ
0+ z (0),where

∥∥∥∥x (v)− (ψ (T)− ψ (v)) (ψ (v)− ψ (0))η−2

Γ (η) Γ (2− η + α)

T∫
0

ψ′ (v) (ψ (T)− ψ (v))1−η+αP
(
v, x (v) , IF;ψ0+ x (v)

)
dv

+
1

Γ (α)

(ψ (v)− ψ (0))η−2

(ψ (T)− ψ (0))η−2

T∫
0

ψ′ (v) (ψ (T)− ψ (v))α−1P
(
v, x (v) , IF;ψ0+ x (v)

)
dv
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− 1

Γ (α)

v∫
0

ψ′ (s) (ψ (v)− ψ (s))α−1P
(
s, x (s) , IF;ψ0+ x (s)

)
ds

∥∥∥∥∥∥
≤

(
(ψ (T)− ψ (v)) (ψ (v)− ψ (0))η−2

Γ (η) Γ (3− η + α)
+

(ψ (v)− ψ (0))η−2

Γ (α+ 1)

)
(ψ (T)− ψ (0))2−η+α ∥h (v)∥+ ∥h (v)∥ (ψ (v)− ψ (0))α

Γ (α+ 1)

≤
((

(ψ (T)− ψ (v))

Γ (η) Γ (3− η + α)
+

(1)

Γ (α+ 1)

)
(ψ (v)− ψ (0))η−2(ψ (T)− ψ (0))2−η+α +

(ψ (v)− ψ (0))α

Γ (α+ 1)

)
∥h (v)∥

≤ Ω ε , v ∈ J = [0, T] . (4.2)

Then, we get

∥x− z∥C2−η;ψ
≤ Ω ε +Ω max

v∈[0,T]

{∣∣∣P (v, x (v) , IF;ψ0+ x (v)
)
− P

(
v, z (v) , IF;ψ0+ z (v)

)∣∣∣}
≤ Ω ε+Ω

(
L+

M(ψ (T))
F

Γ (F+ 1)

)
∥x− z∥C2−η;ψ

, v ∈ [0,T],

∥x− z∥C2−η;ψ
(1− ΩK) ≤ Ω ε,

where K = L+ M(ψ(T))F

Γ(F+1) , can be rewritten in the form

∥x− z∥C2−η;ψ
≤ (1− ΩK)

−1
Ω ε.

Then, for Cf = (1− ΩK)
−1

Ω with v ∈ J = [0, T ] .
Based on Eq. (4.2), we may conclude that Eq. (1.5) is stable for Ulam-Hyers.

□

Theorem 4.4. Let us assume that ΩK < 1 and that (K1), (K2), and Eq. (3.10) are appropriate. The condition
and the hypothesis (K4) are satisfied, i.e., λφ > 0 exists and that function φ ∈ C (J, R+) increases such that for each
v ∈ J, gives

Iα;ψ0+ φ (v) ≤ λφφ (v) .

For φ, the Eq. (1.5) is UHR stable.

Proof. Suppose z ∈ C2−η;ψ (J, R) is a solution. By Remark 4.2, the outcome is

HDα,B;ψz (v)− P
(
v, z (v) , IF;ψz (v)

)
= ς (v) , v ∈ [0, T ] .

To the inequality equation:∣∣HDα,B;ψz (v)− P
(
v, z (v) , IF;ψz (v)

)∣∣ ≤ εφ (v) , v ∈ J, and ε > 0. (4.3)

Conversely, let us indicate the unique solution to the problem by x ∈ C2−η;ψ (J, R).

HDα,B;ψ
0+ x (v) = P

(
v, x (v) , IF;ψ0+ x (v)

)
, v ∈ J, 1 < α < 2, 0 < F < 1, 0 ≤ B ≤ 1,

Iα;ψ0+ x (0+) = Iα;ψ0+ z (0+) ,

and

x (v) =
(ψ (T)− ψ (v)) (ψ (v)− ψ (0))

η−2

Γ (η) Γ (2− η + α)

T∫
0

ψ′ (v) (ψ (T)− ψ (v))
1−η+α

P
(
v, x (v) , IF;ψ0+ x (v)

)
dv
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− 1

Γ (α)

(ψ (v)− ψ (0))
η−2

(ψ (T)− ψ (0))
η−2

T∫
0

ψ′ (v) (ψ (T)− ψ (v))
α−1

P
(
v, x (v) , IF;ψ0+ x (v)

)
dv

+
1

Γ (α)

v∫
0

ψ′ (s) (ψ (v)− ψ (s))
α−1

P
(
s, x (s) , IF;ψ0+ x (s)

)
ds.

Applying the operator Iα;ψ0+ on both sides of Eq. (4.3) and using Lemma 2.2, the same steps as in Theorem 5, we get

∥x− z∥C2−η;ψ
≤ Ωλφφ (v) + Ω max

v∈[0,T]

{∣∣∣P (v, x (v) , IF;ψ0+ x (v)
)
− P

(
v, z (v) , IF;ψ0+ z (v)

)∣∣∣} .
This gives

∥x− z∥C2−η;ψ
≤ Ωλφ φ (v) + Ω

(
L+

M(ψ (T))
F

Γ (F+ 1)

)
∥x− z∥C2−η;ψ

.

∥x− z∥C2−η;ψ
(1− ΩK) ≤ Ωλφ φ (v) , (4.4)

where K = L+ M(ψ(T))F

Γ(F+1) . By using Eq. (3.10), we can rewrite Eq. (4.4) as follows:

∥x− z∥C2−η;ψ
≤ (1− ΩK)

−1
Ωλφ φ (v) .

Then, for Cf = (1− ΩK)
−1
λφ with v ∈ J = [0, T] . Finally, from Eq. (4.4) then the problem (1.5) is UHR stable. □

5. Related numerical example

The particular example of ψ−Hilfer fractional derivatives is examined to numerically demonstrate the existence
result. The following example describes one of the valuable applications of the problem (1.5).

Example 5.1. Consider the following nonlinear problem

HDα,B;ψ
0+ x (v) = 2v + e−v

3

+
sin (2v)x (v)

5
+
IF;ψ0+ x (v)

20 + v2
.

With periodic conditions x (0) = x (1) and I2−η;ψ0+ x (0+) = I2−η;ψ0+ x (1) , when α = 1.3, B = 0.5, F = 0.6.

Here P (v, x, IF;ψ0+ x (v)) = 2v + e−v
3

+ sin(2v)x(v)
5 +

IF;ψ
0+ x(v)

20+v2 , we have

|P (v, x1, IF;ψ0+ x1 (v))− P (v, x2, I
F;ψ
0+ x2 (v))| =

∣∣∣∣∣ sin (2v)x1 (v)5
+
IF;ψ0+ x1 (v)

20 + v2
− sin (2v)x2 (v)

5
+
IF;ψ0+ x2 (v)

20 + v2

∣∣∣∣∣
≤ 0.2 |x1 (v)− x2 (v)|+ 0.05

∣∣∣IF;ψ0+ x1 (v)− IF;ψ0+ x2 (v)
∣∣∣ ,

L = max
v∈[0,1]

| sin 2v|
5

= 0.2, M = max
v∈[0,1]

1

20 + v2
≤ 0.05.

Then, we get L = 0.2, M = 0.05. Let W = ΩK when ψ (v) = 2v−1, ψ (v) = sin (v) , and ψ (v) = 0.8(v + 0.1)2, then
calculate W:

ψ (v) =


2v−1, W = 0.6582,

sin (v) , W = 0.4330,

0.8(v + 0.1)2, W = 0.6081.

(5.1)

The following figure shows the different values of v with different functions of ψ (v).
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Figure 1. Different values of v with different functions of ψ (v).

Table 1. Numerical values of W for different choices of ψ(v) and α.

fv
ψ(v) = 2v−1 ψ(v) = sin(v) ψ(v) = 0.8(v + 0.1)2

1 < α < 2 α = 1.3 1 < α < 2 α = 1.3 1 < α < 2 α = 1.3

0.0001 0.1777 0.1306 0.0000 0.0000 0.0000 0.0000
0.1 0.1845 0.1527 0.0031 0.0049 0.0002 0.0004
0.2 0.1930 0.1787 0.0150 0.0172 0.0014 0.0018
0.3 0.2037 0.2090 0.0372 0.0354 0.0052 0.0049
0.4 0.2168 0.2447 0.0701 0.0582 0.0146 0.0112
0.5 0.2329 0.2867 0.1133 0.0848 0.0338 0.0228
0.6 0.2525 0.3362 0.1655 0.1138 0.0692 0.0426
0.7 0.2763 0.3946 0.2249 0.1440 0.1293 0.0757
0.8 0.3053 0.4637 0.2888 0.1736 0.2256 0.1291
0.9 0.3406 0.5456 0.3545 0.2008 0.3733 0.2140

0.9999 0.3839 0.6427 0.4184 0.2238 0.5924 0.3466
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Figure 2. The values of W when 0 < v < 1, 1 < α < 2, F = 0.6 for (a) ψ (v) = 2v−1, (b)
ψ (v) = sin (v), and (c) ψ (v) = 0.8(v + 0.1)2 of the Example 5.1.
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Figure 3. Values ofW when 0 < v < 1, 0 < F < 1, α = 1.3, for (a) ψ (v) = 2v−1, (b) ψ (v) = sin (v) ,
and (c) ψ (v) = 0.8(v + 0.1)2 of the Example 5.1.

Based on these figures, all conditions of Theorems 3.3, 3.4, 4.3, and 4.4 are satisfied. In this case, Theorem 3.3 and
Theorem 3.4 prove that the problem previously existed and had a unique solution. Additionally, Theorems 4.3, 4.4
implies that the problem is UH and UHR stable.

6. Conclusion

In conclusion, this paper provides a thorough examination of generalized boundary value problems for ψ-HFDEs with
periodic integral boundary conditions, establishing the existence and uniqueness of the solutions through an equivalent
fractional integral equation. The use of fractional calculus techniques, BFPT, and LS nonlinear theorem strengthens
the analysis. Additionally, the exploration of UH and UHR stabilities adds further depth to the understanding of the
solutions. The key findings are illustrated through multiple examples, highlighting the practical implications of the
theoretical results research.
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