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Abstract

Cancer is a life-threatening disease, and hyperthermia is one of the therapeutic procedures used in cancer treatment.

Understanding and accurately predicting the temperature distribution in biological tissues during hyperthermia
treatment is therefore important. Heat transfer in biological tissue is mathematically modelled using Pennes’

bioheat transfer equation (PBHTE). In this paper, we present a high-order numerical method for solving the

PBHTE with discontinuous thermal properties. Problems with known analytical solutions are considered to verify
the accuracy and convergence order of the proposed method.

The method is subsequently applied to investigate the temperature distribution in a biological tissue consisting of
two regions. The first region represents diseased tissue in which heat is generated during hyperthermia treatment,

while the second represents healthy tissue. The temperature behaviour is examined for both constant and variable

heat generation produced by an external heat source. The influence of blood perfusion on the resulting temperature
distribution is also investigated.

Keywords. Hyperthermia, Pennes’ bioheat transfer equation, Interface, Crank–Nicolson method, Finite difference method, Maximum absolute

error, Temperature, Fourth-order method.
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1. Introduction

Partial differential equations act as a building block for modeling physical phenomena and have vast applications
in the real world. The basic world problems can be categorized into various physical problems, biological problems,
geographical problems, mathematical problems, etc. The exchange of energy is explained by the law of thermodynam-
ics, which says that energy can be exchanged between physical systems as heat and work. The law of conservation of
energy explains that energy can neither be created nor destroyed; it can only be transferred from a region of higher
potential to a region of lower potential. However, this rate of transfer depends on a lot of factors, like the thermal
property of the material through which the heat is flowing, the boundary conditions, and inter-molecular interaction.
The mode of heat transfer could be conduction, convection, or radiation, depending on the molecular interaction.

As all the partial differential equations do not guarantee to have an analytical solution. So the best thing to do is
to try to find a numerical solution that is more accurate to the analytical solution. Due to the advancement of science,
there is vast development of numerical methods in the field of computational mathematics.

Heat transfer in living tissues is a vital topic in mathematical modeling with great practical importance in bio-
engineering. Pennes [12] introduced the parabolic heat transfer equation in biological tissue.

In the paper [16], to test the effects of variations in thermal physical properties on skin temperature and burn
predictions, multiple-layer, variable property finite element model of the heat transfer was discussed. Many authors
[10, 13, 15], discussed thermal wave model of bioheat transfer to investigate the wave like behaviors of heat transfer
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occurred in thermal injury of biological bodies. To predict rise in temperature in biological tissues during hyperthermia
treatment, dual-phase-lag model is studied using a hybrid numerical scheme based on the Laplace transform [9].
Pennes bioheat equation (PBHTE) equation was used to study several typical bioheat transfer processes, which are
often encountered in cancer hyperthermia, laser surgery, thermal comfort analysis, and tissue thermal parameter
estimation [3]. Authors in the paper [18], predicted the temperature response of the biological tissues by using the
space-dependent blood perfusion term in Pennes bioheat equation theoretically.

In isotropic mediums with effective thermal properties, solutions of the Pennes bioheat equation are derived using
Green’s function in the paper [4]. Hyperthermia also plays an important role in fibromyalgia and ankylosing spondylitis
therapy [5]. In hyperthermia the target tissue is heated in the range of 410C−450C [17] approximately. Although the
excess heat is applied for therapeutic purposes, any temperature above the body temperature is considered excessive
and may cause damage to healthy tissue as well. So, it is necessary to study the pattern of temperature in the tissue.
The authors in the paper [14] derived the exact solution of the one-dimensional Pennes bioheat transfer equation for
single-layered biological tissue with the periodic heat flux boundary heating condition on the skin surface. Mohanty
et.al. [11], developed high-order compact difference scheme for a parabolic partial differential equation. In order to
solve partial differential equations with discontinuous coefficients and singular sources, an immersed interface method
was developed in [7, 8].

In this paper, we present a high-order compact finite difference method for the bioheat transfer equation in multi-
layered tissue. We investigate the temperature distribution numerically in the biological tissue. In section 2 of this
paper, we explain the bioheat transfer model that will be our main equation to study the behavior of temperature
in biological tissue. In section 3, we formulate a numerical method in the absence of irregularities. Stability analysis
of the method is done in section 4. In section 5, we extend the numerical formulation to the irregular case. After
that, in section 6 we solve some numerical examples to show the efficacy of the method. In section 7, we explain the
application of the method on the bioheat equation by considering a cancerous tissue embedded in a healthy tissue. At
last, in section 8, we write conclusion of this paper.

2. Bioheat Transfer Model

The Pennes bioheat transfer model [12] is given by the equation

ρC
∂T

∂t
= ∇ · (κ∇T ) + qmet + qper + P, (2.1)

where,

T :: represents temperature (�),
ρ, C, κ :: represents the density (kg/m3), the specific heat (J/(kg.K)), and the tissue thermal conductivity

W/(mK), respectively,
∇ · (κ∇T ):: gives the theal conduction inside the tissue after all the local spots of heat generation are identified,
∂T
∂t :: represents the rate of change of temperature with respect to time,

P :: represents heat generation due to external heat source (W/m3),
qmet:: the heat generation rate, heat generated due to metabolic activity happening in the tissue,
qper:: is the heat transfer rate per unit volume of tissue due to blood perfusion,

and

qper = −ρbCbωb(T − Tb).

Here, (T − Tb) is the difference between local tissue temperature and that of arterial blood. ρb is the mass flow rate
of blood per unit volume of tissue and Cb is the blood-specific heat, ωb is the blood perfusion rate. In our problem,
we will ignore heat generation due to metabolic activity. i.e qmet = 0.

So, the Eq. (2.1) in one dimension becomes

ρC
∂T

∂t
= ∇ · (κ∇T )− ρbCbωb(T − Tb) + P, x ∈ Ω, t > 0. (2.2)
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The boundary conditions are given by

T (x, 0) = T0, for x ∈ Ω, (2.3)

where T0 is the normal body temperature.
Taking Ω = [a, b], at the boundary x = a, the temperature is finite T (a, t) < ∞, for t > 0, and at the boundary

x = b, T (b, t) = T0, for t > 0.

3. Numerical Formulation Away from the Interface

In the case, where there is no irregularity and the solution of the differential equation (2.2) belongs to C6(Ω). We
re-write the differential equation (2.2) as

βTt = ∇(κ∇T )− γT − f(x, t), x ∈ Ω, t > 0, (3.1)

where β = ρC, γ = ρbCbωb, f(x, t) = ρbCbωbTb + P , with appropriate initial and boundary conditions. Here, κ is
assumed to be linear function of x, therefore the Eq. (3.1) can further be re-written as

κTxx + κ′Tx = βTt + γT + f(x, t)

≡ g(x, t, T, Tt), x ∈ Ω, t > 0. (3.2)

The domain Ω = [a, b] has been divided into N sub-intervals [xl−1, xl] of equal length, where xl = a+lh, l = 1, 2, . . . , N .
h = b−a

N is the length of the sub-intervals. Let us assume ∆t to be the time step size and tj = j∆t are the time levels,

j is a non-negative integer. The value of the functions T and f at the grid point (xl, tj) are denoted by T j
l and f j

l ,
respectively.

The following compact scheme gives fourth-order approximations to the second-order derivative Txx at grid point
(xl, tj):

1

h2

(
1 +

δ2x
12

)−1

δ2xT
j
l = T j

xxl
, (3.3)

where,

δxT
j
l = T j

l+ 1
2

− T j

l− 1
2

.

We also use the following approximations for the first derivative Tx:

T j
xl±1

=
1

2h
(2µxδx ± 2δ2x)T

j
l , (3.4)

and

T j
xl

=
T j
l+1 − T j

l−1

2h
− h

20κl
(κl+1T

j
xxl+1

− κl−1T
j
xxl−1

) +
κ′

10κl
δ2xT

j
l , (3.5)

where µxT
j
l =

T j

l+1
2

+T j

l− 1
2

2 .
So, using the approximations from the Eqs. (3.3), (3.4), and (3.5), we obtain the following discretization of the

differential equation (3.1),(
12κl

h2
− 2κ′2

κl
− γ

)
δ2xT

j
l =

(
12 + δ2x − hκ′

2κl
(2µxδx)

)
βT j

t l + 12γT j
l − κ′

2hκl

(
12κl − γh2

)
(2µxδx)T

j
l

+

((
1 +

hκ′

2κl

)
f j
l−1 + 10f j

l +

(
1− hκ′

2κl

)
f j
l+1

)
, (3.6)

for l = 1, 2, . . . , N, j = 1, 2, 3, . . ..
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Next, applying the Crank-Nicolson method in time direction on the Eq. (3.6), we obtain the following discretization
to the partial differential equation (3.1), at the grid point (xl, tj),(

12κl

h2
− 2κ′2

κl
− γ

12

)
δ2xT

j
l + δ2xT

j+1
l

2
= β

(
12 + δ2x − hκ′

2κl
(2µxδx)

)
T j+1
l − T j

l

∆t
+ 12γ

T j
l + T j+1

l

2

− κ′

4hκl

(
12κl − γh2

) (
2µxδxT

j
l + 2µxδxT

j+1
l

)
+

((
1 +

hκ′

2κl

)
f j
l−1 + f j+1

l−1

2
+ 10

f j
l + f j+1

l

2
+

(
1− hκ′

2κl

)
f j
l+1 + f j+1

l+1

2

)
, (3.7)

for l = 1, 2, . . . , N, j = 0, 1, 2, . . ..
The Eq. (3.7) can further be re-written as(

12κl

h2
− 2κ′2

κl
− γ

){
T j+1
l−1 − 2T j+1

l + T j+1
l+1

2
+

T j
l−1 − 2T j

l + T j
l+1

2

}

= β

(
(1 +

hκ′

2κl
)
T j+1
l−1 − T j

l−1

∆t
+ 10

T j+1
l − T j

l

∆t
+ (1− hκ′

2κl
)
T j+1
l+1 − T j

l+1

∆t

)

+ 12γ
T j
l + T j+1

l

2
− κ′

2hκl

(
12κl − γh2

)(T j
l+1 + T j+1

l+1

2
−

T j
l−1 + T j+1

l−1

2

)

+

((
1 +

hκ′

2κl

)
f j
l−1 + f j+1

l−1

2
+ 10

f j
l + f j+1

l

2
+

(
1− hκ′

2κl

)
f j
l+1 + f j+1

l+1

2

)
. (3.8)

The method given by the Eq. (3.8) is of order four for k ∝ h2, according to the Taylor’s theorem. Unconditionally
stability of the difference method (3.8) can be confirmed easily, using Von Neumann stability analysis.

At all time levels, we obtain a tri-diagonal structure of the coefficient matrices that can be solved using the given
initial and boundary conditions.

4. Stability analysis

In this section, we use Von-Neumann stability analysis to examine the stability of our method and try to get deeper
insight into its behavior. Let us consider the homogeneous part of the differential equation. The method given by the
Eq. (3.8), becomes

(
12κl

h2
− 2κ′2

κl
− γ

)(
T j+1
l−1 − 2T j+1

l + T j+1
l+1

2
+

T j
l−1 − 2T j

l + T j
l+1

2

)

= β

(
(1 +

hκ′

2κl
)
T j+1
l−1 − T j

l−1

∆t
+ 10

T j+1
l − T j

l

∆t
+ (1− hκ′

2κl
)
T j+1
l+1 − T j

l+1

∆t

)

+ 12γ
T j
l + T j+1

l

2
− κ′

2hκl

(
12κl − γh2

)(T j
l+1 + T j+1

l+1

2
−

T j
l−1 + T j+1

l−1

2

)
. (4.1)

After re-arranging the terms of the Eq. (4.1),(
A

2
− β(1 + δ)

∆t
− B

2

)
T j+1
l−1 −

(
A+

10β

∆t
+ 6γ

)
T j+1
l +

(
A

2
− β(1− δ)

∆t
+

B

2

)
T j+1
l+1

= −
(
A

2
+

β(1 + δ)

∆t
− B

2

)
T j
l−1 +

(
A− 10β

∆t
+ 6γ

)
T j
l −

(
A

2
+

β(1− δ)

∆t
+

B

2

)
T j
l+1. (4.2)
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A =
12κl

h2
− 2(κ′)2

κl
− γ, (4.3)

δ =
hκ′

2κl
, (4.4)

B =
κ′

2hκl

(
12κl − γh2

)
. (4.5)

Let us consider the trial solution to be,

T j
l = ξjeiklh. (4.6)

where i =
√
−1, ξ is the amplification factor, and k is wave number, and h is the spatial distance.

After substituting the value of the trial solution for T j
l in the Eq. (4.2) we get,(

A

2
− β(1 + δ)

∆t
− B

2

)
ξj+1eik(l−1)h − (A+

10β

∆t
+ 6γ)ξj+1eiklh +

(
A

2
− β(1− δ)

∆t
+

B

2

)
ξj+1eik(l+1)h

=

(
−A

2
− β(1 + δ)

∆t
+

B

2

)
ξjeik(l−1)h +

(
A− 10β

∆t
+ 6γ

)
ξjeiklh −

(
A

2
+

β(1− δ)

∆t
+

B

2

)
ξjeik(l+1)h. (4.7)

After simplification the amplification factor becomes,

ξ =

(
A− 10β

∆t + 6γ
)
+
(
−A− 2β(1+δ)

∆t

)
cos(kh) + i

(
−B + 2 βδ

∆t

)
sin(kh)(

−A− 10β
∆t − 6γ

)
+
(
A− 2β(1−δ)

∆t

)
cos(kh) + iB sin(kh)

. (4.8)

Therefore, we obtain

|ξ|2 =

[(
A− 10β

∆t + 6γ
)
+
(
−A− 2β(1+δ)

∆t

)
cos(kh)

]2
+
[(

−B + 2 βδ
∆t

)
sin(kh)

]2
[(

−A− 10β
∆t − 6γ

)
+
(
A− 2β(1−δ)

∆t

)
cos(kh)

]2
+ [B sin(kh)]

2

=

[
A(1− cos(kh))− β

∆t (10 + 2 cos(kh)) + 6γ
]2

+
[(

2βδ
∆t −B

)
sin(kh)

]2
[
A(1− cos(kh)) + β

∆t (10 + 2 cos(kh)) + 6γ
]2

+
[(

2βδ
∆t +B

)
sin(kh)

]2 . (4.9)

Let

N =

[
A(1− cos(kh))− β

∆t
(10 + 2 cos(kh)) + 6γ

]2
+

[(
2βδ

∆t
−B

)
sin(kh)

]2
,

and

D =

[
A(1− cos(kh)) +

β

∆t
(10 + 2 cos(kh)) + 6γ

]2
+

[(
2βδ

∆t
+B

)
sin(kh)

]2
.

Then,

D −N =
4β

∆t

[
(10 + 2 cos(kh)) {A(1− cos(kh)) + 6γ}+ 2δB sin2(kh)

]
.

Since 10 + 2 cos(kh) > 0, 1− cos(kh) ≥ 0, sin2(kh) ≥ 0, κ > 0, we can clearly see that, as h → 0,

|ξ| ≤ 1. (4.10)

Hence, we observe that our method is unconditionally stable.
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5. Extension of the numerical formulation to the irregular case

Now, we consider the case, when the coefficients get affected due to the presence of an interface between two different
materials. The interface act as the point of discontinuity for the coefficients of the Eq. (3.1). The interface disconnect
the region at point α and separate them into two parts Ω− = [a, α) and Ω+ = (α, b] at time t. Using the concept of
the conservation law, the temperature must be continuous. To maintain that continuity of temperature in the whole
domain, we must have [T ] = 0, as T represents a physical quantity. Here, [T ] represents the jump in T (x) at α:

[T ] = T+ − T−, (5.1)

where T+ denotes the right hand limit of the temperature when x approaches to α and T− denotes left hand limit of
the temperature when x approaches to α.

In addition to this, continuity of heat flux is also applied on the interior of the tissue. So,

[κ∇T ] = 0. (5.2)

Let us assume that the α is situated between grid points xl̄ and xl̄+1, respectively, as the interface may not be
appropriately laying on any of the grid points, as shown in Figure 1. Using Taylor’s expansion about x = α and

xl̄−1 xl̄ xl̄+1

α
h h1 h2

h

Figure 1. Interface α lying between nodes xl̄ and xl̄+1.

neglecting fourth-order terms, we have

Tl = T− − T−
x h1 +

1

2
T−
xxh

2
1 −

1

6
T−
xxxh

3
1, (5.3)

Tl+1 = T+ + T+
x h2 +

1

2
T+
xxh

2
2 +

1

6
T+
xxxh

3
2, (5.4)

Tl−1 = T− − T−
x h3 +

1

2
T−
xxh

2
3 −

1

6
T−
xxxh

3
3. (5.5)

where h1 = α− xl h2 = xl+1 − α and h3 = h+ h2 .
Using Taylor’s expansions for Tt about x = α, we have

Ttl
= T−

t − T−
txh1 +

1

2
T−
txxh

2
1 −

1

6
T−
txxxh

3
1, (5.6)

Ttl+1
= T+

t + T+
txh2 +

1

2
T+
txxh

2
2 +

1

6
T+
txxxh

3
2, (5.7)

Ttl−1 = Tt
− − Tt

−
x h3 +

1

2
Ttxx

−h2
3 −

1

6
Tt

−
xxxh

3
3. (5.8)

As our problem is continuous in time from Eqs. (5.1) and (5.2), we have T+
t = T−

t and (κTtx)
+ = (κTtx)

−.
The presence of interface is affecting the method when we are considering the two sets of grid points xl−1, xl and

xl+1, and xl, xl+1 and xl+2.
From the Eqs. (5.3)-(5.5) and the differential Eq. (3.2), we can write
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Tl+1 = T− +X1T
−
x + Y1, (5.9)

Tl = T− +X2T
−
x + Y2, (5.10)

Tl−1 = T− +X3T
−
x + Y3, (5.11)

where,

X1 =h2 −
h2
2κ

+′

2κ+
+

2h3
2κ

+′2

3!κ+2
, Y1 =

(
h2
2

2κ+
− 2h3

2κ
+′

3!κ+2

)
g+ +

h3
2

3!κ+
g+x , (5.12)

X2 =−

(
h1 +

h2
1κ

−′

2κ− +
2h3

1κ
−′2

3!κ−2

)
, Y2 =

(
h2
1

2κ− +
2h3

1κ
−′

3!κ−2

)
g− − h3

1

3!κ− g−x , (5.13)

X3 =−

(
h3 +

h2
3κ

−′

2κ− +
2h3

3κ
−′2

3!κ−2

)
, Y3 =

(
h2
3

2κ− +
2h3

3κ
−′

3!κ−2

)
g− − h3

3

3!κ− g−x . (5.14)

The following relations can be obtained using the jump conditions and the Taylors’ expansions:

T− =
h1Tl−1 − h3Tl

h1 − h3
, (5.15)

T+ =
κ+h1Tl+1 + κ−h2Tl

κ+h1 + κ−h2
, (5.16)

T+ =
κ+h3Tl+1 + κ−h2Tl−1

κ+h3 + κ−h2
. (5.17)

Also, using Taylors’s expansions we can get the following approximations:

g−x =
g− − gl−1

h3
+O(h2), (5.18)

g−x =
g− − gl

h1
+O(h2), (5.19)

g+x =
gl+1 − g+

h2
+O(h2). (5.20)

Using Eqs. (5.15)-(5.20), we can write Y1 , Y2 and Y3 from Equations (5.12)-(5.14), as:

Y1 =
h2
2

3!κ+

[(
3− 2h2κ

+′

κ+

)
g+ + h2

gl+1 − g+

h2

]

=
h2
2

3!κ+

[(
2− 2h2κ

+′

κ+

)(
β+κ+h1Ttl+1 + κ−h2Ttl

κ+h1 + κ−h2
+γ+κ+h1Tl+1 + κ−h2Tl

κ+h1 + κ−h2
+ f+

)
+ gl+1

]
,

Y2 =
h2
1

3!κ−

[(
3 +

2h1κ
−′

κ−

)
g− − h1

g− − gl
h1

]

=
h2
1

3!κ−

[(
2 +

2h1κ
−′

κ−

)
(β−h1Ttl−1 − h3Ttl

h1 − h3
+ γ−h1Tl−1 − h3Tl

h1 − h3
+ f−) + gl

]
, (5.21)
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and

Y3 =
h2
3

3!κ−

[(
3 +

2h3κ
−′

κ−

)
g− − h3

g− − gl−1

h3

]

=
h2
3

3!κ−

[(
2 +

2h3κ
−′

κ−

)
g− + gl−1

]

=
h2
3

3!κ−

[(
2 +

2h3κ
−′

κ−

)(
β−
(
h1Ttl−1 − h3Ttl

h

)
+γ−

(
h1Tl−1 − h3Tl

h

)
+ f−

)
+ gl−1

]

=
h2
3

3!κ−

[[
1− h1

h

(
2 +

2h3κ
−′

κ−

)](
β−Ttl−1 + γ−Tl−1

)
+
h3

h

(
2 +

2h3κ
−′

κ−

)
(β−Ttl + γ−Tl)

]

+
h2
3

3!κ−

[(
2 +

2h3κ
−′

κ−

)
f− + fl−1

]
Subtracting Eq. (5.9) from Eq. (5.10), we obtain

Tl+1 − Tl = (X1 −X2)T
−
x + Y1 − Y2 (5.22)

Subtracting Eq. (5.10) and from the Eq. (5.11), we get

Tl−1 − Tl = (X3 −X2)Tx + Y3 − Y2 (5.23)

Now, we eliminate T−
x from the Eqs. (5.22) and (5.23) and get

(X2 −X1)Tl−1 + (X1 −X3)Tl + (X3 −X2)Tl+1 = (Y1 − Y2)(X3 −X2)− (Y3 − Y2)(X1 −X2). (5.24)

Simplifying the Eq. (5.24), we obtain the following method for the differential Eq. (3.1) at the grid point (xl̄, tj), for

l = l:

M3Tl−1 +M1Tl +M2Tl+1 = A3β
−Ttl−1 + (A1β

− +A4β
+)Ttl +A2β

+Ttl+1

+A3γ
−Tl−1 + (A1γ

− +A4γ
+)Tl +A2γ

+Tl+1 + F, (5.25)

where,

M1 =X1 −X3,

M2 =X3 −X2,

M3 =X2 −X1,

and

A1 =(X1 −X3)
h2
1

3!κ−

[
1−

(
2 +

2h1κ
−′

κ−

)
h3

h

]
+ (X2 −X1)

h2
3

3!κ−

(
2 +

2h3κ
−′

κ−

)
h3

h
,

A2 =(X3 −X2)
h2
2

3!κ+

[(
2− 2h2κ

+′

κ+

)
κ+h1

κ+h1 + κ−h2
+ 1

]
,

A3 =(X2 −X1)
h2
3

3!κ−

[
1− h1/h

(
2 +

2h3κ
−′

κ−

)]
+ (X1 −X3)

h3
1

3!κ−h

(
2 +

2h1κ
−′

κ−

)
,

A4 =(X3 −X2)
h2
2

3!κ+

[(
2− 2h2κ

+′

κ+

)
κ−h2

κ+h1 + κ−h2

]
,



Unco
rre

cte
d Pro

of

CMDE Vol. *, No. *, *, pp. 1-16 9

and Fl consists of the terms obtained for the forcing function.
Applying CN method in time direction from the Eq. (5.25), we obtain the following scheme, for l = l̄

1

2

(
M3(T

j+1
l−1 + T j

l−1) +M1(T
j+1
l + T j

l ) +M2(T
j+1
l+1 + T j

l+1)
)

= A3β
−T j+1

l−1 − T j
l−1

∆t
+ (A1β

− +A4β
+)

T j+1
l − T j

l

∆t
+A4β

+
T j+1
l+1 − T j

l+1

∆t

+A3γ
−T j+1

l−1 + T j
l−1

2
+ (A1γ

− +A4γ
+)

T j+1
l + T j

l

2
+A4γ

+
T j+1
l+1 + T j

l+1

2

+
F j
l + F j+1

l

2
, (5.26)

The Eq. (5.26) can further be re-written as,

(
M3

2
− A3β

−

∆t
− A3γ

−

2

)
T j+1
l−1 +

(
M1

2
− A1β

− +A4β
+

∆t
− A1γ

− +A4γ
+

2

)
T j+1
l

+

(
M2

2
− A2β

+

∆t
− A2γ

+

2

)
T j+1
l+1 =

(
−A3β

−

∆t
− A3γ

−

2
− M3

2

)
T j
l−1

+

(
−M1

2
− A1β

− −A4β
+

∆t
− A1γ

− +A4γ
+

2

)
T j
l +

(
−A2β

+

∆t
− A2γ

+

2
− M2

2

)
T j
l+1

+
F j
l + F j+1

l

2
, (5.27)

for l = l̄. Following the same approach as in Eq. (5.25), we can derive a scheme for xl̄, xl̄+1 and xl̄+2.
The method obtained by the Eqs. (3.8), (5.27) together with boundary conditions give rise to a tri-diagonal matrix

structure, which can further be solved using Thomas algorithm.

6. Numerical results

In this section, first to show the efficacy of our method, we have considered some examples whose exact solution is
known. We compare the numerical solution obtained with the exact solution and draw some conclusions from it. In
the examples, one can observe that T− = T+ and κ−T−

x = κ+T+
x .

Example 6.1. Let us consider the differential Eq. (3.2), with the initial conditions given by

T (x, 0) =

{
(x− α)3, 0 ≤ x ≤ α,

(x− α)4, α < x ≤ 1.

and the boundary conditions: T (0, t) = −α3e−t, t ≥ 0 and T (1, t) = (1 − α)4e−t, t ≥ 0, where α ∈ (0, 1). The source
function f is given by

f(x, t) =

{
10(x− α)3e−t + 12(x− α)e−t − 10(x− α)3e−t, 0 ≤ x ≤ α,

15(x− α)4e−t + 144(x− α)2e−t − 2(x− α)4e−t, α < x ≤ 1.
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In this example, we choose the coefficients κ, β and γ to be piece wise constants in the domain [0, 1] defined as follows

κ =

{
κ− = 2, 0 ≤ x ≤ α,

κ+ = 12, α < x ≤ 1,

β =

{
β− = 10, 0 ≤ x ≤ α,

β+ = 15, α < x ≤ 1,

γ =

{
γ− = 10, 0 ≤ x ≤ α,

γ+ = 2, α < x ≤ 1.

The exact solution to the above problem is given by

T (x, t) =

{
(x− α)3e−t, 0 ≤ x ≤ α,

(x− α)4e−t, α < x ≤ 1.

We solved the differential equation for two different cases. In the first case, we choose the value of α = 0.2. Here, the
interface falls at a grid point. The maximum absolute errors between the exact and numerical solutions obtained by
the proposed method and the order of convergence are listed in the Table 1 for different grid sizes. Our method gives
fourth-order accuracy for the choice k ∝ h2.

In case, when the interface does not fall at the grid point, let us choose α = 0.201 and list the maximum absolute
errors between the exact and numerical solutions and fourth order of convergence in the Table 2 for different grid sizes.
Figure 2 represents the comparison between analytical solution and the numerical solution at final time t = 1, for

Table 1. Maximum absolute errors obtained for Example 6.1, when the interface falls at a grid point
α = 0.2.

h 1
10

1
20

1
40

1
80

k 1
40

1
160

1
640

1
2560

error 1.999e-01 1.120e-02 6.623e-04 1.863e-05

order - 4.12 4.12 4.53

Table 2. Maximum absolute errors obtained for Example 6.1, when interface falls at a non-grid point
α = 0.201.

h 1
10

1
20

1
40

1
80

k 1
40

1
160

1
640

1
2560

error 1.830e-01 9.400e-03 3.850e-04 1.882e-05

order - 4.28 4.61 4.35

interface lying at α = 0.5. From the figure it can be observed that the numerical solution is in close agreement with
the analytical solution throughout the domain. The agreement near the interface shows that our numerical method
handles the discontinuity in the coefficients effectively. This confirms the accuracy and reliability of our numerical
method.
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Figure 2. Numerical solution and analytic solution of Example 6.1 at final time t = 1 and interface
α = 0.5.

Example 6.2. Let us consider the differential Eq. (3.2). Here, we choose the coefficient κ to be a variable function
of x,

κ =

{
κ− = 1, 0 ≤ x ≤ α,

κ+ = x+ 10, α < x ≤ 1.

with the initial conditions given by

T (x, 0) =

{
(x− α)3, 0 ≤ x ≤ α,

(x− α)4, α < x ≤ 1.

and the boundary conditions: T (0, t) = −α3e−t, t ≥ 0 and T (1, t) = (1 − α)4e−t, t ≥ 0, for α ∈ (0, 1). The source
function f is given by

f(x, t) =

{
20(x− α)3e−t + 6(x− α)e−t − (x− α)3e−t, 0 ≤ x ≤ α,

10(x− α)4e−t + 12(x+ 10)(x− α)2e−t + 4(x− α)3e−t, α < x ≤ 1.

we choose β and γ to be piece wise constants in the domain [0, 1] defined as follows

β =

{
β− = 20, 0 ≤ x ≤ α,

β+ = 10, α < x ≤ 1.

γ =

{
γ− = 1, 0 ≤ x ≤ α,

γ+ = 0, α < x ≤ 1.

The exact solution to the above problem is given by

T =

{
(x− α)3e−t, 0 ≤ x ≤ α,

(x− α)4e−t, α < x ≤ 1.
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In Table 3, we list the maximum absolute errors and order of convergence for α = 0.5 for different grid sizes. When the
interface lies at a non-grid point α = 0.501, the maximum absolute errors and the order of convergence are tabulated
in Table 4. From both the tables, it can be seen that the order of convergence is four.

Table 3. maximum absolute errors and orders obtained for Example 6.2, when interface falls at grid
point α = 0.5.

h 1
10

1
20

1
40

1
80

k 1
40

1
160

1
640

1
2560

error 3.100e-02 1.500e-03 9.962e-05 5.812e-06

order - 4.37 3.91 4.10

Table 4. Maximum absolute errors and orders obtained for Example 6.2, when interface falls at
non-grid α = 0.501.

h 1
10

1
20

1
40

1
80

k 1
40

1
160

1
640

1
2560

error 2.800e-02 1.000e-3 6.322e-05 2.440e-06

order - 4.52 4.25 4.69

Example 6.3. Let us consider the differential equation [1], given by

∂T

∂t
= ∇ · (κ∇T ) + f,

with the initial conditions

T (x, 0) =


x8, 0 ≤ x ≤ α,

1

2

(
1

256
+ x8

)
, α < x ≤ 1.

and the boundary conditions: T (0, t) = 0, t ≥ 0 and T (1, t) = 257
512e

−t, t ≥ 0.
The source function f is given by

f(x, t) =


(
x8 + 56x6

)
e−t, 0 ≤ x ≤ α,(

1

512
+

x8

2
+ 56x6

)
e−t, α < x ≤ 1.

The value of κ in the domain [0, 1] is defined as

κ =

{
κ− = 1, 0 ≤ x ≤ α,

κ+ = 2, α < x ≤ 1.

The exact solution to this problem is given by

T (x, t) =


x8e−t, 0 ≤ x ≤ α,

1

2

(
1

256
+ x8

)
e−t, α < x ≤ 1.
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We choose the location of the interface α = 0.5. We compared the maximum absolute errors and convergence rates
obtained by the proposed method with those of the second order Difference Potentials Method (DPM2) [1], and the
Immersed Interface Method [8]. From the Table 5, it can easily be observed that the present method gives fourth
order of convergence even for coarser time step k.

Table 5. Comparisons of maximum absolute errors and orders for Example 6.3, when α = 0.5.

N Present method order DPM2 error order IIM error order
20 2.642e− 06 – 3.208e− 03 – 3.307e− 03 –
40 2.004e− 07 3.721 8.580e− 04 1.902 8.275e− 04 1.998
80 1.692e− 08 3.566 2.089e− 04 2.038 2.069e− 04 1.999
160 9.217e− 10 4.198 5.127e− 05 2.026 5.173e− 05 1.999

7. Applications

This paper provides a high-order numerical solution to the Pennes bioheat conduction equation. Two tissues have
different thermophysical properties. As the tumors are sites of intense heat activity so the metabolic heat production
and blood perfusion rate will differ from the normal tissue.
The disparity between these values has a significant impact on the hyperthermia treatment. Various parameters affect
the treatment of the cancerous cell like thermal conductivity κ, blood and tissue density ρ, ρb, and specific heat of
blood and tissue C,Cb.The effective thermal diffusivity of the tumour tissue will be slightly higher than that of the
healthy tissue. Let the thickness of the cancerous tissue be 1cm and the thickness of healthy tissue be 2.5cm. The
continuity of temperature is maintained and the continuity of the heat flux, so T−=T+ and κ−T−

x =κ+T+
x .

As the human thermo-regulatory system has the tendency to maintain a regular temperature of 37oC, the initial
temperature T0 will be taken as 37oC and the temperature of blood Tb = 37oC. We take the following data for
healthy tissue and the cancerous tissue respectively [2],
{ρ−, ρ+} = {1.1, 1.0} g/cm3, {C−, C+} = {4.2, 4.2}J/(gC), and {κ−, κ+} = {5.5 × 10−3, 5.0 × 10−3}W/(cmC). We
consider Cb = 4.2J/(gC) and {ω−

b , ω
+
b } = {10−3, 10−3} g/(cm3s).

Firstly, we choose heat generation P as the quadratic polynomial in terms of the spacial variation given by

P = P0 + P1x+ P2x
2,

where P0, P1 and P2 are constants, which takes the following values in our problem,

P0 = 0.1W/cm3, P1 = 0.01W/cm4, P2 = −0.05W/cm5.

The model given by the Eq. (2.2) is solved numerically and Figure 3 is drawn to show the temperature distribution
with along the distance x at different time levels t = 10s, 20s, 30s and 40s. It can be seen from the figure that the
temperature increases with time.

Now, solving numerically by taking P as constant, P = 1.5Wcm3 and Figure 4 is drawn to see the variation in
temperature with respect to distance at different times t = 5s, 10s, 15s, 20s, 25s, 30s. From Figures 3 and 4, we can
see that the temperature in the cancerous tissue, is increasing as the time duration of heating is increased. This can
be observed physically, as longer exposure to external heat allows the tissue to absorb more energy.

Figure 5 shows the variation in temperature for different values of external heat P at time t = 20s. Here we
have chosen different constant values of P as 1.5W/cm3, 1.6W/cm3, 1.7W/cm3, 1.8W/cm3, 1.9W/cm3, 2.0W/cm3,
2.1W/cm3, 2.2W/cm3 and 2.3W/cm3. This shows that the temperature field is strongly influenced by the magnitude of
the heat source. From Figure 5, we can observe the increase in temperature on increasing the power. The temperature
profile at two spatial positions x = 1.25cm and x = 1.5cm at the time t = 40s is shown in Figure 6. In the paper [6],
Klinger has explained how the rate of decrease of the temperature is correlated with the blood perfusion. Figure 7
shows the effect on temperature pattern without perfusion and with perfusion taken as 8 × 10−3g/(cm3s). Here, we
choose P = 1.2W/cm3 and time 40s. From Figure 7, we can see that the perfusion decreases the temperature due to
its ability to balance the relative temperature of the local area. As blood circulation act as sink and carries away the
excess energy from the affected region.
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Figure 3. Temperature distribution at different time levels when the heat generation is P = P0 +
P1x+ P2x

2.

Figure 4. Temperature distribution at different times in case when heat generation is constant P = 1.5Wcm3.

Figure 5. effect of heat generation due to external heat to the temperature dispense.
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Figure 6. temperature profile at two different positions at time=40 seconds.

Figure 7. comparison in temperature profile with and without perfusion

8. Conclusion

In hyperthermia therapy body tissue is heated to kill cancer cells. Extreme heat supplied during the hyperthermia
treatment may damage the healthy tissue surrounding the cancerous tissue. In this paper, the behavior of temperature
in living tissues is studied during hyperthermia treatment using Penne’s bioheat transfer equation. A high-order
compact finite difference numerical method has been developed for the differential equation with piece-wise continuous
coefficients. Some test problems for which the analytical solution are known have been solved to demonstrate the
accuracy and order of convergence of the method. The behavior of temperature with constant and variable heat
generation due to an external heat source is examined. The effect of blood perfusion on temperature patterns is also
studied. Although we cannot control the damage to the healthy tissue completely, we can minimize it to a great extent
by choosing the right amount of heat.
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