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Abstract

This study examines the existence of positive solutions for iterative system of the 2% order equation, including
¢-point impulsive boundary value problem. The four-functionals fixed-point theorem is utilized to investigate this
solution. Additionally, an example is presented to demonstrate the practical application of the primary findings.
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1. INTRODUCTION

Impulsive differential equations are a type of differential equation that involve abrupt changes or ”impulses” at
certain points in time. Impulsive differential equations are used to model systems that experience sudden changes,
discontinuities, or interactions at specific moments in time. Such systems can be found in various fields, including
physics, engineering, economics, biology, and more. In particular, recent theoretical and applied studies have focused
on impulsive models in complex dynamical systems [27] and optimal control problems [8, 26]. Solving impulsive
differential equations can be more challenging than solving regular differential equations due to the non-smooth
behavior introduced by the impulses. Various techniques, such as the theory of distributions, measure theory, and
numerical methods, are employed to handle impulsive differential equations and study the behavior of solutions. It’s
important to note that impulsive differential equations should be handled with care, as some theoretical challenges
arise due to the non-differentiability of the solutions at the points of impulse. In practice, modeling and analyzing
impulsive systems require a deep understanding of the specific problem and the nature of the impulses involved.

Impulsive differential equations have become a crucial area of research due to their unique and intricate character-
istics compared to traditional differential equations. Consequently, numerous researchers have dedicated their efforts
to exploring the diverse applications of impulsive differential equations, resulting in profound insights and discoveries.
Pertinent literature in this domain includes references such as [2-4, 15, 24, 25] and other notable sources.

Within the literature, significant attention has been devoted to the investigation of 2"?-order impulsive boundary
value problems. To explore this topic further, readers are encouraged to refer to works such as [5-7, 9-14, 16-22].
Additionally, recent works focusing on 2"%-order m-point impulsive boundary value problems can be found in references
such as [5, 13, 14, 20]. Furthermore, systems of 2"%-order impulsive boundary value problems have attracted the interest
of numerous researchers. For comprehensive insights into this area, we recommend referring to publications such as
7,9, 11, 18, 21].

In this study, we examine the following iterative system of the 2"%-order with ¢-point impulsive boundary value
problem (2"¢-order (-point IBVP). This problem is motivated by previous findings and serves as the basis for our
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investigation:
Wi (t) + d;(O)wi(t) + e;(t)wi(t) + hi(t,wit1(t)) =0, teJ=[0,1], t #t,, i =1,2,...,n,
wnt1(t) = wi(t),
Awilt:tp :Izp(wz(tp))v p= 1a27"'7k7
Awﬂt:tp = —Iip(wi(tp)), P = 1, 2, ceey k,
-2 (1.1)
lez(o) - 7-2‘*);(0) = Zﬁjwl(Xj)u
j=1
s
Taw;(1) + Tawi(1) = Z ojwi(X;)-
j=1

where J = [0,1], t #t,, p=1,2,..,k with 0 <t; <ty < .. <t <1 Fori=12..n, Aw|i—y, and Awj|—,
indicate the jump of w;(t) and w}(t) at t = t,, i.e.,

Awili=r, = wi(t)) — wilty), Awili=, = wi(t)) — wilt,),

where wj(t, ), wi(t,)and wi(t;}), w;(t}) represent the left-hand limit and right-hand limit of wj(t) and w;(t) at t = t,,
p=1,2,..,k, respectively.

We assume that the following conditions are provided throughout this paper.
(H1) For j € {1,...,£ =2}, kj,0; € [0,00), x; € (0,1) and 71,79, 73,74 € [0, 00),
For i =1,2,...,n, the function h; € C(J x R,R") where R* = (0, +0c0),
di(t) € C(J,RT), ei(t) € C(J,(~00,0)) such that d;(t) +ei(t) >0 fort € J, i=1,2,..n,

)
H3)
H4) The impulsive functions Iy, I;;, : R — R are continuous and bounded for allp =1,2,...,kandi=1,2,...,n,
) Fori=1,2,...,n, max{X;1, Xi2,..., Xir} < % where

Xip = S‘ilg{fz‘p(u)jip(u)}» (p=1,2,...,k),

with constants Z and W; given by Theorem 3.2.
(H6) The constant V; defined in (2.17) satisfies V; < 0. This is guaranteed if the parameters satisfy the condition:

1—2 -2 -2 -2

Pi
ZHjKij(Xj) ijzi(Xj) s —Zﬁjzi(Xj) m _ijyi(Xj) <0,
j=1 j=1 j=1 g j=1

(H7) For p=1,2,...,k andi =1,2,...,n, the following inequalities hold:

-2 -2
Pi
o) > piwilx) >0, pi— Y kjzi(x;) > 0.
¢ j=1 j=1

Additionally, we assume that for any u > 0:

2i(tp) Lip () + 2} (tp) Lip(u) > 0,

[ V)

(HS8) (T1e; — T3K5) > 0 where parameters are given by condition (H1).

Il
N

J
Remark 1.1. It is important to emphasize that the functions y;(t), z;(t) and the quantities p;, V;, A;, W; are derived
solely from the linear part of the operator and are independent of the solution w. Furthermore, the conditions in (H5)
and (HT7) involving the impulsive functions I;, are imposed on the structure of these functions for all non-negative
arguments u > 0, rather than depending on the specific unknown solution w(t,).
an
BE



CMDE Vol. *, No. *, * pp. 1-16 3

To the best of our knowledge, the study of iterative system of 2"%-order ¢-point ibvps has not been explored in

existing literature.
Compared to previous works, in particular [20], the type of differential equation considered is the more general type
of equation of 2nd order. In fact, it is considered as an iterative system in this study. In the study of [9], this equation
type (without impulsive conditions) is treated as a binary system, even the system in the mentioned study is a discrete
system, not iterative. However, finding the solution of the iterative system is related to finding the solutions in the
previous step. In this sense, it is more comprehensive and difficult. In this study, the 2"?-order impulsive boundary
value problem studied by the authors in [20] is considered as an iterative system. By utilising the fixed point theorem
called four functionals, the necessary criteria for the existence of at least one solution are obtained. Then, the study
is completed with an example.

This paper is structured as follows: In Section 2, we present several definitions and basic lemmas that serve as
fundamental tools for obtaining our main result. In Section 3, we establish and prove our main result using the four
functional fixed point theorem. Finally, in Section 4, we provide an example to illustrate the practical application of
our main result.

2. PRELIMINARIES

In this part, we will start with some basic descriptions in the corresponding Banach spaces and then go on to
supplementary lemmas that will be helpful later.
Let J' = J\{t1,t2,....,tx}. C(J) denote the Banach space of all continuous mapping w(t) : J — R with the norm
lw] = sug lw(t)], PC(J)={w(t):J = R:w(t) € C(J), w(t}) and w(t;) exist and w(t, ) = w(ty), p=1,2,...,k} is
te

also a Banach space with norm ||w||pc = sup |w(t)| and PC*(J) = {w(t) € PC(J) : '(t) € C(J'), W'(tF) and W'(t;)
teJ

exist and w'(t,) = w'(tp), p = 1,2,...,k} is a real Banach space with norm [jw|/pc1 = max{[lw|/pc, ||w'| pc} where
lwllpe = sup|w(®)], [|W']|pc = sup |’ (t)]. Let B = PC(J) MC?(J'). A function (wy(t),...,wn(t)) € B is called a
teJ teJ

solution of the iterative system of 2"%-order (-point ibvp (1.1) provided that it yields the iterative system of 2"?-order
¢-point ibvp (1.1).

Let us begin by examining the case where i = 1 within the iterative system of 2"-order ¢-point ibvp (1.1). This
will enable us to derive the solution w;(t) of the 2"%-order ¢-point ibvp (2.1), thereby allowing us to compute wy, (t)
based on the known value of wy(t). By repeating this process, we can calculate w,_1(t), followed by w,_2(t) and so
on, ultimately arriving at the solution wo(t). As a result, we will obtain the solution (wy (%), ...,wy(t)) for the iterative
system of 2"%-order /-point ibvp (1.1):

We consider the following 2"%-order f-point ibvp:

Let f € C[0,1],
wi(®) + di(t)wi(t) + er(twr(t) + f(¢) =0, te€J=10,1], t #1,,
Awili=t, = Tip(wi(ty)), p=1,2 ..k,
Awi't:tp = _Ilp(wl(tp))a b= 172a"'7k7
=2 2.1)
T1w1(0) — 72w} (0) = Y mjwr (x;), (2.
=1
=2
Tawi (1) + 7awf (1) = D w1 (x;)-
j=1
Lemma 2.1. [23] Let (H1) and (H3) be valid. Let y1 and z1 be the unique solution of boundary value problem:
W)+ OO + Wm0 =0, e )
y1(0) =7,  (0)=7n

(&)
ENE
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and
{zf(t) +di(D)Z () +er(t)(t) =0, t€J, 23)
21(1) = 74, 21(1) = —73
respectively. Therefore,

(i) On (0,1], y1 is strictly increasing on J and y1 > 0;
(ii) On [0,1), z1 is strictly decreasing on J and z; > 0.

Set
t t / : !
p1 = v1(t) thg zigt; ‘ =7121(0) — 722,(0) > 0 with vi(t) = exp (/0 dl(s)ds) , Vted
and
- -2
Z ki (G) o= Y Rz ()
Vi = =t 0—2 o (2.4)
P1 . 4
AP oiv106) = es(0)

Lemma 2.2. Let (H1)-(H8) hold.
If wi(t) € B is a solution of the equation

/ Hi(t, s)ur(s ds+ZW1p (t,5) + 11(DO1(/(5)) + 21 (O ((5)), (2.5)
where
1 Juyi(s)=1(t), s<t,
Hl(t,S) o { (t)zl(s)7 ¢ < . (26)
1 ()v1 () [21 (Ep) Tap (Wi (8)) + 21 (tp) Tip (w1 (tp))], t < 1,
Wipltty) = m{ (01 () T 1 (1)) + 9t T cn (1)), 1y < 1 27
1 k
Kij(xj) = /O Hy(t,8) 1=y, v1(s)f(8)ds + > Wip(t,tp)li=y, (2.8)
-2 -2
. > riK(x) =Y kizxg)
@1(f(3)):71 ]Zé gj;l ) (2.9)
ZQJ'KIJ‘(XJ) _Zszl(Xj)
and
-2 -2
. —Zﬁjyl(Xj) ZHjKlj(Xj)
D) = g =, : (2.10)
Uﬁll) =Y oim(x)) ZQ]KU (X))
j=1

then wy(t) is a solution of the 2™ -order (-point zbvp (2.1).

Proof. The proof of this lemma is provided by Lemma 2 in [20]. O

(=)=
E)NE
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Lemma 2.3. Let (H1)-(H8) hold.
Then for wi(t) € B with f(t) > 0, the solution wy(t) of the 2" -order (-point ibvp (2.1) satisfies w1 (t) is positive for
teld

Proof. Firstly, it is evident that the Green’s function Hi (%, s) remains positive for ¢, s € [0, 1] x [0, 1]. Moreover, under
the condition (H6), both ©1(f) and I'1(f) are positive. Furthermore, since I, (w1 (¢,)) and I1,(wi(t,)) are positive,
this leads to the positivity of W1,(t,t,). Consequently, wy(t) is positive for t € [0, 1]. a

Lemma 2.4. Suppose that (H1)-(HS) are valid. Then the solution wi(t) € B, of the 2"-order {-point ibvp (2.1)
satisfies the inequality wi(t) > 0 fort € J.

Proof. The proof of this lemma is provided by Lemma 6 in [20]. O

Lemma 2.5. Under the assumption that (H1)-(H8) are satisfied, we can deduce that for any t,s € J, we get

OSHl(t,S) S(SlHl(S,S), (211)
where 6, = méx{yl(l)azl(o)}.
min{y; (0), z1 (1)}
Proof. The proof of this lemma is provided by Lemma 4 in [20]. a

Lemma 2.6. Assume that the conditions (H1)-(H8) are valid. Let o € (0,%). Then for any t € [, 1 — o] and s € J,
we have

Hy(t,s) > mHi(s,s), B
where v1 1= min{y; (o), z1(1 —a)}
max{y: (1), z1(0)}
Proof. The proof of this lemma is provided by Lemma 5 in [20]. ]

Consider the set K defined as K = {w(t) € B : w1 (¢) is nonnegative, nondecreasing, and concave on J}. It follows
that K constitutes a cone within PC*(J).

Lemma 2.7. Suppose that the conditions (H1)-(H8) are satisfied. And wi(t) € K, o € (0,3). Then,

min wi(t) > af|wi]pe, (2.13)
tela,1—qa]

where ||wy || pc = sup |wi ()]
teJ

Proof. The proof of this lemma is provided by Lemma 7 in [20]. O

Lemma 2.8. Suppose that the conditions (H1)-(H8) are valid. And wy(t) € K. Then for M > 0,

<M | (t 2.14
rpeafwl( ) < rglea}wl( ), (2.14)

-2
To + ZHij
j=1
£—2 ’
T1 — Zlij
j=1

Proof. This Lemma’s proof is given in [12]. O

where M =1+
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From Lemma 2.8, we obtain

Jwrllpor = max{[lwi|lpe, lwn |}
= max {r?ea}& w1 ()], max |w/1 (t)|}
< max {MI{IE&I}( |w/1(t)|,1{1€a}( |w/1(t)|}
= Mr?ea}(wll(t).
For brevity, we note that
0; = 0;(hi(,wi+1(-)), Ti:=Ti(hi(,wit1(+))).

We note that an n-tuple (wy(t),wsa(t),...,wn(t)) is a solution for the 2"¢-order ¢-point ibvp (1.1)’s iterative system
if and only if

1 1 1
Wl(t)Z/ Hi(t,s1)vi(s1)hs (Sl,/ H2(81,82)U2(82)h2(82,/ Hj(s2,53)v3(s3)hs...
0 0 0
1 k
.. hnfl <3n17/ Hn(snfla Sn)vn(sn)hn(snu Wl(sn))dsn + Z Wnp(snfb tp)
0

p=1

k
+ yn(snfl)@n + Zn(Snl)Fn) d8n71 + Z anl,p(snf% tp)
p=1
k
+ yn71(8n72)@n71 + an(an)Fnl) dsn72 +...+ Z WSp(SZa tp)

p=1

k
+ y3(s2)03 + 23(32)F3) dss + Z Wap(s1,tp) + y2(51)O2 + 22(51)F2>d«91

p=1
k
+ > Wip(t tp) + 11(H)01 + 21 ()T
=
p=1

1 k
wi(t) = /O Hi(t, S)Ui(S)hi(S,wi+1(8))dS + Z Wip(t, tp) + yi(t)G)i + Zi(t)l_‘i, t e J,
(t)

wWn1(t) = wi(t),

where
pi = 112(0) — 7'22;(0), (2.15)
t
v;(t) = exp (/ di(s)ds) , Vte J, (2.16)
0
-2 -2
= kiwi(x)) pi = > Kizi(x))
=1 i=1
Vi - o J 0—2 gig ) (217)
v»(ll) - 0;9i(X;) —ZQjZi(Xj)
v j=1 j=1
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£0—2 £0—2 = =2
> kiKi(xG) pi— Y rizix) = kmiG) Y EiKG ()
j=1 j=1 j=1 j=1

0 = v, | =2 -2 , L= Vll ‘ -2 -2 J
> oiKi(xi) =Y 0z(x) U%) > owilg) Y 0iKi(xg)
j=1 j=1 ’ j=1 j=1

Wip(t,t,) = 1 {yi(t)vi(tp)[Z;(tp)lip(wi(tp)) + Zi(tp)zip(wi(tp))]a t<tp,
T | m()vi(t) Iy (tp) Lip (@i () + wi(tp) Tip(wilt))], tp < 8,
o) = 1 yi(8)zi(t), s<t,
Hilt,s) = - {yi(m(s s
and

1 k
Kij(x;) = /0 Hi(t, 8)|1=y, vi()hi(s, wis1(s))ds + Y Wip(t,tp)]e=y, -
p=1

For wy (t) € K, let’s define the integral operator from K to B as

Awl(t):/o Hl(t,Sl)’Ul(Sl)h1<81,/o H2(31782>'U2(82)h2<32,‘/0 H3(82,S3)U3(83>h3...

1 k
hnfl (snlv/ Hn(snfh sn)vn(sn)hn(sn7°~)1 (sn))dsn + Z Wnp(snflv tp)
0

p=1

k
+ Yn (Snfl)en + Zn(snl)rn) dsnfl + Z Wn—l,p(snf% tp)
p=1

% (2.18)
+ yn—l(sn—Q)@n—l + Zn—l(sn—Z)Fn—l)dSn—Z + ...+ Z W3p(527 tp)
p=1
k
+ y3(52)®3 + 23(32)F3> dSQ + Z ng(sl, tp) + y2(51)62 + 22(51)F2>d81
p=1
k

+ ) Wap(t,tp) + ()01 + 21 (H)T1.

p=1

Remark 2.9. We verify that the operator A defined in (2.18) preserves the impulsive conditions. Let w = Aw;. Since
the integral terms are continuous, the jumps at ¢, depend only on W;,(¢,¢,). Using the limits from (2.18), we have:

Awi|t:tp = Wip(t;v tp) - Wip(t;v tp)

_ viltp) [

= T Iip(zi(tp)yg(tp) - yi(tp)zz/'(tp)) + Iip(zi(tp)yi(tp) - yi(tp)zi(tp))} .

Since the coefficient of I;, is zero and the coefficient of I;, equals p;/v;(t,) (from the Wronskian relation), we obtain
Awili=t, = Lip.

Differentiating W, (¢, t,) with respect to ¢, we get

W;p<t,tp>=1ﬂf’” {ygt)[z;(tpﬂmzi( Tyl <ty

tp ,
2 ()i (tp) Lip + yi(tp) Lip], >ty
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Calculating the jump at t = £,
sz/"t:tp = Wz/p(t;7_7 tp) - Wi/p(tgv tp)
V; t —
= 2] 1 o000 = 1 00)2000)) + o000 = L 0)20,)).

The coefficient of I;, is zero. The term zjy; — y;z; equals —p;/v;(t,). Thus, we get Awjl;—, = —I;p. This confirms
that A satisfies both impulsive conditions correctly.

Lemma 2.10. Let (H1)-(H8) be satisfied. Then A(K) C K is completely continuous.

Proof. Notice from (H1)-(H8) and Lemmas 2.3, 2.4, and the definition of A that, for wy (t) € K, Awy(t) > 0, (Aw1)'(t) >
0 and Aw;(t) is concave on J. Thus, A(K) C K. Additionally, using the Arzela-Ascoli theorem it can be shown that
the operator A is completely continuous. (|

3. MAIN RESULTS

In this section, the following four functionals fixed point theorem [1] will be used in this part to obtain adequate
conditions for the existence of at least one positive solution to the iterative system of 27%-order ¢-point ibvp (1.1).

Let ¢ and A be nonnegative continuous concave functionals on K and let  and u be nonnegative continuous convex
functionals on K. The sets are defined as follows for positive numbers z, v, ¢ and Z,

D((,n,2,Z) ={w(t) € K : 2 < ((w(t)),n(w(t) < Z},
E\v) =A{w(t) e D(¢,n,2,2Z) : v < Mw(t))}, (3.1)
F(p,¢) ={w(t) € D(¢,n,2,Z) : p(w(t)) <<}

Lemma 3.1. (Four Functionals Fized Point Theorem, [1]) Assume that K is a cone in a real Banach space B, ¢ and
A are nonnegative continuous concave functionals on K, n and u are nonnegative continuous convex functionals on K
and there exist positive numbers z,v,s and Z, such that

A.D(<7n’Z7Z) %K7

is a completely continuous operator and D((,n, z,Z) is a bounded set. If

(i) {o(t) € EOw)  n(w(t) < Z} 0 {e(t) € Fls) : 2 < Cw(t)} 4 0;
(7)) C(Aw(t)) > z for all w(t) € D(¢,n, 2, Z) with ((w(t)) = z and ¢ < p(Aw(t));
(731) C(Aw(t)) > z for all w(t) € F(p,¢) with ((w(t)) =z ;
(iv) N(Aw(t)) < Z for all w(t) € D(C,n, 2, Z) with n(w(t

(v) N(Aw(t)) < Z for all w(t) € E(\,v) with n(w(t)) =
then A has a fized point w(t) € D(¢,n, 2z, Z).

Now the relevant fixed points of A belonging to the cone K are investigated. The notations that follow are provided

for the convenience.
Fori=1,2,...

) =Z and AM(Aw(t)) <v ;
A

-2
Z;-e][/ Hi(x;,8)vi(s)ds + — ZC Jui(t ] pi— Y r;zi(Xs)
'L i—1

_1|= =
i V-L _ :| -2 ’

Z‘QJ{/ H;(x;j,s)vi(s)ds + — ZC tp)i(tp) —ZQjZi(Xj)
=1

B . *gﬂjyi(Xj) =2 Kj {/01 Hi(xj,s8)vi(s)ds + — 2 Zc vl(tp)}
T = — J=1 i Jj 1 7
Vi p1) _jz;gjyi(xj-) jl gj[/o Hi(x;, s)vi(s)ds + — a ZC (t)vslt )]
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where
Ci(tp) == max{y;(1), 2:(0) }y; (tp) + yi(1)2:(0).
It also appears that

@i S @i max{hi(~,wi+1(~)), Iip(wi(tp)), Iip(wi(tp))}, 7 = 1, 2, .ny
and
Fi S fz max{hi(~,wi+1(~)), Iip(wi(tp)),jip(wi(tp))} 1= 1, 2, N

For the purpose of simplicity, we use the notations for i = 1,2, ...n,

11—«
Q;, = / ~viH;(s, s)v;(s)ds,

1 k
A= /O 0iHi(s, s)vi(s)ds + l > Cilty)vilty) +y:(1)0: + 2 (0)T,

v p=1

A ‘1/1 1(0)z21(s)o1(s)d +ii['<0>< (t) + 21 (tp)]0i(ty) + 91 (08, + 21 (0)T
1—p1 02/1 z1(8)vi(s)as Plp:1y1 21 (tp 21 (tp))]vi(tp m L+ 2 L
-2
TI_ZHJ‘
L= J=1

£—2 ’
T2 —+ E /{ij
j=1

and define the maps
Clwi(®) = min wi(t) =wi(e), plwi(t) =maxw (t) =wi(1), pwi(t)) = Mwi(t)) = maxw) () = w (0).
te€la,1—a] teJ teJ
Moreover, assume that D((,n, 2z, Z), E(\v), F(u,s) are defined by (3.1).

Theorem 3.2. Suppose that (H1)-(H8)are satisfied. Additionally, assume that there exist constants z,v,s and Z with

z L+1 L+1 L+1
2,7 < — Z
max{a, 7 }_g, max{ 7 V,La+12}< )

z

Q
conditions:

z

(@) hi(t,wiya1(t)) > o

(b) hilt,wisa (1) < 1= for (twia (1)) € [0,1] x [0,4],

1

Z _
such that < W < Ai fori=1,...,n where W; = max{A;, A1}. In addition, the function h; satisfies the following
i i

for (t,wit1(t)) € [a, 1 — a] X [z,4],

(©) hilt.win(®) < i1~ for (tina (1) € 0,1) x 2. Z2M),

there exists an n-tuple (wy(t),ws(t), ...,wn () satisfying the iterative system of 2"%-order £-point ibvp (1.1) with w;(t) >
0 such that

min  w;(t) > 2z, maxw;(t) < Z,

tela,1—qa] teJ

fori=1,2,...n on J.
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Proof. It is clear that the existence of a positive solution to the iterative system of 2"%-order f-point ibvp (1.1) is
equivalent to the existence of fixed points of the operator A. Hence, it is required to prove that the operator A satisfies
the four-functionals fixed-point theorem. This will show that there is a fixed point of A.

We begin by showing that D((,n, 2z, Z) is bounded and A : D((,n,z,Z) — K is completely continuous. For all
wi(t) € D(¢,n, z,Z), with the help of Lemma 2.8, we obtain that

leorllper < M max (t) = Ml () < MZ.

This implies that D(¢, 7,2, Z) is a bounded set. It is obvious that A : D({,n,z,Z) — K is completely continuous
according to Lemma 2.10.
Let
t) = L(Lt +1)
WO( = 7 1 .
Clearly, wy(t) € K. By direct computations, we can conclude that

Ceo(®) = wola) = To(La+1)> =,

_|_
Neolt)) = nleoo(®)) = 7oL 2 0
p(wo(t)) = wo(1) (L+1)=Z <.

T L+l
Thus,

wo(t) € {w(t) € E(\,v) i n(w(t)) < Z} N{w(t) € F(p,<) : z < ((w(t))}-
This yields that the condition (i) in Lemma 3.1 is satisfied.

We verify condition (ii) of Lemma 3.1. Let wy(t) € D((;n,2,Z) with ((wi(t)) = z and ¢ < pu(Awi(t)). We need
to prove that ((Awi(t)) > z. Recall that ((w1(t)) = wi(a). Using the definition of operator A and neglecting the
non-negative impulsive and boundary terms (since Wi, 01,11 > 0), we write:

1
((Awi () = (Awr)(a) > / H (o, s)ou(s)ha (s, wa (s)) ds.

Although Lemma 2.6 is valid for s € [0,1], the lower bound condition on the nonlinear term h; given in assumption
(a) is specified for the interval [, 1 — @]. To utilize assumption (a) rigorously, we restrict the integration interval to
[a, 1 — @]. Since the integrand is non-negative, this restriction preserves the inequality direction:
11—«
C(Awq (1)) > Hy(a, 8)v1(s)hy(s,wa(s))ds.
«

For t = o and any s € [0, 1], Lemma 2.6 ensures H;(«,s) > v1Hi(s, s). Furthermore, for s € [a,1 — «], assumption
(a) guarantees that hi(s,w2(s)) > §-. Substituting these bounds into the integral:

l—o

C(Awr (1)) > / 1 Hy (s, s)vl(s)Qilds
11—«
= Qi1 i v1H1 (s, s)vi(s)ds.

By the definition of €, = fl_

[e3

* v1Hi(s, s)v1(s)ds, we obtain:
z
C(Awq(t)) > o Q= 2.
1
Thus, condition (ii) is satisfied.
[c [m]
(o] ¢ ]
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Let wq(t) € F(u,s) with ((wq(t)) = z. Now, we can show that ws(t) € [z,¢] for t € [, 1 — . For all (s,,_1,w1) €
[a,1 — a] X [z,5], by using the the assumption (a) in Theorem 3.2, we obtain

k

1
/ Hn(sn—la Sn)vn(sn)hn(snawl(sn))dsn + Z Wnp(sn—h tp) + yn(sn—l)@n + 21 (Sn—l)Fn
0 p=1

1
2/ H, (Sn—1,50)Un(8n)hn (8p, w1 (Sn))dsy
0

e’
Z / 'Van(snySn)vn(sn)hn(8n7wl(sn))dsn
«

%

P 11—«
Qin /a ’Yan(Snasn)Un(Sn)dsn
z

and for all (s,—1,w1) € [0,1] X [2,¢], by using the assumption (b) in Theorem 3.2 and the condition (H5), we have

1 k
/0 Hn(sn—b sn)vn(sn)hn(sna wl(sn))dsn + Z Wnp(sn—la tp) + yn(sn—l)@n + Zl(sn—l)rn
1 1 & .
< [/O OnHp (Sn, sp)vn(sn)dsn + o Z[max{yn(l), 2n(0) 3y (tp) +Yn (1)2n (0)]on(ty)

+ yn(sn—l)@n + Zl(sn—l)rn] - max {hn(snv w1 (8n)); Lnp(wn (tp))vjnp(wn (tp))}
<q.
Therefore, we have w,(t) € [z,<] for t € [a, 1 — a. By continuing with this bootstrapping argument, we can establish

that wa(t) € [2,¢] for all ¢ belonging to the interval [o; 1 =«

For all wy(t) € F(u,s) with {(wy(t)) = z, by using the assumption (a) in Theorem 3.2, we get
C(Awi(t)) = (Awr)(a)

1 k
:/0 Hy(a, s)vr(s)ha (s, wa(s))ds + Y Wip(aty) + ...
> - Hi(a;s)v1(s)hi(s,wa(s))ds

(e

-«
> / v1Hi (s, s)vl(s)Qids (by Lemma 2.6 and assumption (a))
a 1

Py 11—«
=0 v1Hi (s, s)v1(s)ds
1 Ja
z
- .0 =
QT TF

Hence, the condition (iii) in Lemma 3.1 holds.
For all wy(t) € D(¢,n, 2, Z) with n(wi1(t)) = Z and A(Aw(t)) < v, we can write

, L
A = max Aw, (1) = A(4 7 <7
n(Awy (1)) = max Aw; (t) = MAw (t) <v < -7 2 <

Thus, the condition (iv) in Lemma 3.1 holds.
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Let wi(t) € E(\ v) with n(wi(t)) = Z. Now, we can show that wy(t) € [z,¢] for t € J. For all (s,_1,w1) €
[0,1] x [z, ZM], by using the assumption (a) in Theorem 3.2, we have

1 k
/ Hn(snfla sn)vn(sn)hn(snvwl(sn))dsn + Z Wnp(snfla tp) + yn(snfl)(_)n + Zl(snfl)]-—‘n
0

p=1

1
2/ Hn(snfhSn)”n(sn)hn(snaWl(sn))d‘sn
0
11—«
> [ (s s)onsa)nsnsn(52)) s,

11—«
> i/ Yo Hp (Sn, Sn)n (Sn)dsy
Qn Jao
=z

and for all (s,—1,w1) € [0,1] X [z, ZM], by using the assumption (¢) in Theorem 3.2 and the condition (H5), we obtain

1 k
/0 Hn(sn—h Sn)vn(sn)hn(sna wl(sn))dsn + Z Wnp(sn—la tp) + yn(sn—l)en +z1 (Sn—l)Fn
p=1
! 1< ,
< |:/0 OnH (80, 50)0n (50)dsn + — Z[max{yn(l), Zn(o)}yn(tp) + yn(l)zn(o)]vn(tp)
[

+ yn(sn—l)@n + 21 <5n—1)Fn:| - max {hn(S'm wl(sn))a Inp(wn(tp))v Inp(wn(tp))}

Z
<A,
< Angg

<z
< ZM.

Therefore, we have w,,(t) € [z, ZM] for t € [0,1]. Continuing with this bootstrapping argument, we can conclude that
wa(t) € [z, ZM] for all t in the set J.

For all wy(t) € E(\,v) with n(w;(t)) = Z, by using the assumption (¢) in Theorem 3.2 and the condition (H5), we
can write

n(Awi (1)) = max Awi (1)

— Aw, (0)

1, ko, , , ,
-1 Y1(0)z1(s)vi(s)ha(s,wa(s))ds + % D [w1(0)(z1(tp) + 21 (tp))v1 (£)] + y1(0)O1 + 21 (0)Ts

P1 Jo =1

1, ko, , , ,
- [Pll /0 y1(0)21(s)v1(s)ds + ,711 D 1 (0) (21 (t) + 21 (t))v1 (1)] + 42 (0)O1 + 21 (O)T

-max {hi(s,wa(s)), Ip(wi(tp)), T1p(wi(tp)) }
_z
= Alwl
A
< VV1W1
= Z.

This implies that the condition (v) in Lemma 3.1 is satisfied.

(=)=
E)NE
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As a consequence, all conditions of Lemma 3.1 are satisfied. Hence, A has a fixed point wy(t) € D((,n,2,Z). In
conclusion, by setting w,+1(t) = wi(t), we obtain a positive solution (w1 (t), w2 (t),...,wy(t)) for the iterative system of
2"_order (-point ibvp (1.1) given iteratively by

1 k
wr(t) = / H,.(t,s)v.(8)h.(s,wr11(8))ds + Z Wip(t,tp) + 4 ()0, + 2,(), r=n,n—1,...,1,
0 p=1
such that

min  w;(t) >z, maxw;(t) < Z,

te€la,1—a] teJ

for i =1,2,...,n on J. Theorem 3.2 is proved. ]

Example 3.3. In the iterative system of 2"%-order ¢-point ibvp (1.1), assume that n = £ =3, p = 1, d;(t) = 4, e;(t) =
—2fori=1,2,3, m=m=2,o=my=1,x1 = %,m =1, p1=2and t; = % ie.,

1
W (t) + dwl(t) — 2w;(t) + hi(t,wiy1(t)) =0, t € J =[0,1],t # 5,2’ =1,2,3,
Awi(z) = Tn(wi(3)),
Awj(3) = —Ia(wi(3)) (3.2)
2wi(0) — wj(0) = wi(3),
2u(1) + (1) = 2wi(1)
where
3 1
4 2 -
00ws + 5 wy € [0, Tooo |
1
hi(t,wa(t) =<1 _—
1t w2 (1)) 17 w2€[1000,7o |
Fw2 — 13, wq € [70,80],
3 1
600ws + 5, ws € |0, m:| R
6 1
ho(t,ws(t)) =< = -
2t ws(1) s ohs 1000,70] ,
— w3 — —— 70,80
1002 g, @ € 70,80,
1, wy € [0,70],
hs(t,w1(t)) =
3(t,wi(t)) ) 23
Zw1 - ?, w1 € [70,80],
1 1 1,2
I (wi(ty)) = pERCAETE In(wa(t1)) = pENCAEEE I31(ws(t1)) = S BT (T
and
_ _ 1 - 2,8
Iy (wi(t1)) = () Ip1(wa(th)) = 2o ()’ I31(ws(t1)) = S Brwa ]
Let y; and z; denote the unique solution of boundary value problem:
yi (t) +4yi(t) — 2yi(t) = 0, teJ, (33)
yi(0)=1,  yi(0)=2
an
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and

{Z;/(t) +42)(t) — 2zi(t) =0, teJ, (3.4)

zi(1) =1, zi(1) = =2
, respectively. When the differential equations are solved, y;(t) and z;(t) solutions are found as

V6 1Y oy VAT B Y
yl(t)—<3+2 € + —?“‘5 e y

and

1 1
2i(t) = 56(2—x/6)(1—t) + §e<2”€>(1—“,

1
respectively. We set a = 3 As a result of simple calculations, we get p; = 276.477, ~v; = 0.033, ¢; = 43.109, V,; =

—543.666, ©; = 3.635,T; = 0.033, L = %, M = g Q; =0.00239, A; =22.424, A, = 13.02, and

Hi(ts) = — L Jwils)zt), s <t
ST 976.477 yi(t)zi(s), t<s,

1
for 4 = 1,2,3. Furthermore, it is evident that the conditions (H1)-(H8) have been fulfilled. We choose z = ——, ¢ =

1000
80, v =10 and Z = 30. It is easy to check that
L+1
max {2 ZZ} = max { 10300 70} <80 =g,
L+1 L+1 707
—_— = S TS 30=Z2
max{ 7 V’La+1z} max{3,5000}< )
and 7
z S
2 05< 2 =1337< = = =
o, 0.5 < i 1337_/\1 3.567, fori=1,2,3,
z 12 1
hi(t,wit1(t)) > — =10.5, for (¢, w;1(t =z —, 801,
(tssna(0) (= 05, for () € [5.3] % |59
hi(t,wir1(t)) < z _ 1.337, for (t,w;1+1(t)) € [0,1] x L 70
7 \Uy W1 >~ Wl - 1+1 ) 10007 9
and
hi(tywit(t)) § — =3.567, for (t,w;+1(t)) € [0,1] x [0,80].
For i = 1,2,3 and w;(t1) € [0, 00);
R - R
o I11(wi(t1)) <0,135 < 1,337 = —, o [11(wi(t1)) <1<1,337T = —,
W1 Wl
R - R
o Ioj(wa(t1)) <0,125 < 1,337 = —, o I91(wo(t1)) <1<1,337T = —,
i "
o I31(ws(t1)) <0,280 < 1,337 = W o I31(ws(t1)) <1,307<1,337 = —.
As a result, all of Theorem 3.2’s criteria are satisfied. Hence, by setting w4(t) = w1 (t), we obtain a Sositive solution
(w1 (2), wg(t) ) of the iterative system of 2"%-order ¢-point ibvp (3.2) given iteratively by

1
/ H,.(t,s)vr(8)h(8,wr41(8))ds + Wi (t, 2) + vy (£)Or + 2. (H)T, r=1,2,3,

(=)=
E)NE
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such that
1
i(t) = 1nnn’ i(t) < 307
s il 2 qagge ()

fort=1,2,3 on J.

4. CONCLUSIONS

This article deals with the problem (1.1), which has a general form and has not been studied before. We extended
and enhanced existing findings in the literature to a certain degree, and our findings could potentially make a valuable
contribution to the literature in this field. The focus of our research was to examine the existence of positive solutions
for iterative system of the 2"?-order -point ibvp, as depicted in equation (1.1). For this, firstly we considered the case
of i = 1 in the iterative system of the 2"?-order ¢-point ibvp (1.1). So, we gave the solution w;(t) of the 2"%-order
¢-point ibvp (2.1). Then, we found w,(t), since wy(t) was known. Continuning this argument, we obtained w,—1(t),
then w, o(t) etc. and finally wy(t). As a result, the solution (wi(t),...,wn(t)) for the iterative system of 2"?-order
{-point ibvp (1.1) was obtained. After determining the solution for iterative system of the 2"%-order ¢-point ibvp (1.1),
we used the four functional fixed point theorem to set criteria on the existence of the solution. Afterwards, an example
was created to demonstrate the applicability of our results.
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