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Abstract r

This paper presents a finite element analysis of the reaction-diffusion system modeling oncolytic M1 virotherapy.
The governing PDEs describe coupled biological interactions between tumor cells, viruses, and immune compo-
nents through nonlinear reaction terms and diffusion processes. We develop a semi-discrete Galerkin formulation,
establishing existence, uniqueness, and convergence of solutions. A comprehensive sensitivity analysis evaluates
parameter influences through non-normalized, half-normalized, and fully normalized measures, identifying criti-
cal therapeutic parameters including viral replication rate (u) and tumor-virus interaction coefficients (83). The
numerical implementation demonstrates robust handling of system nonlinearities while preserving key conserva-
tion properties. Computational results validate the method’s accuracy in capturing spatiotemporal dynamics,
particularly in solving emergent patterns in tumor-virus interactions. The framework provides an effective com-
putational tool for predicting therapeutic outcomes and optimizing treatment parameters in heterogeneous tumor
environments, with sensitivity results guiding parameter prioritization for clinical translation.
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1. INTRODUCTION

Cancer remains one of the most formidable challenges in modern medicine, accounting for millions of deaths world-
wide annually. Among emerging therapeutic modalities, oncolytic virotherapy has emerged as a promising biological
intervention strategy, leveraging genetically modified viruses to selectively target and lyse malignant cells while pre-
serving healthy tissue architecture. The M1 strain of oncolytic alphavirus has demonstrated particular therapeutic
potential due to its inherent tropism for transformed cells and capacity for intratumoral amplification. However, the
spatiotemporal dynamics of viral spread, tumor regression, and host immune responses constitute a complex nonlinear
system requiring rigorous mathematical formalization.

Reaction-diffusion partial differential equations (PDEs) provide a robust mathematical framework for modeling
these biological interactions, capturing both local reaction kinetics and spatial transport phenomena. The model
proposed by Elaiw et al. [4] extends previous formulations by incorporating cytotoxic T-lymphocyte (CTL) immune
responses and diffusive transport, yielding a coupled system of five nonlinear PDEs governing nutrient dynamics
(H), normal cell populations (N), tumor cell densities ()), viral particle distribution (V), and immune effector cell
concentrations (Z). While prior numerical approaches have employed collocation methods, the finite element method
(FEM) offers distinct advantages for this class of problems, particularly in handling heterogeneous material properties
and complex boundary conditions inherent to biological systems.

To better understanding of the complex dynamics in oncolytic virotherapy, several mathematical models have been
developed [8, 13]. These models share similarities with those describing HBV and HIV viral infections [14], and are
designed to improve the analysis of cancer treatment approaches. Wang et al. [22] investigated how virus burst size
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impacts viral therapy outcomes. Additionally, Malinzi et al. [8] developed a model to evaluate the effectiveness of
combining oncolytic virotherapy with chemotherapy, demonstrating that this dual approach could be more beneficial
when optimal dosage levels are administered.

Tumwiine et al. [21] analyzed an intra-host malaria model, examining interactions between parasites, red blood
cells, and immune effectors. They proved global stability: the disease-free equilibrium is stable if Ry < 1, while
an endemic equilibrium exists and is stable if Ry > 1. Numerical results showed immune response can destabilize
the endemic state. Elaiw et al. [4] studied an oncolytic M1 virotherapy model with immune response and diffusion.
They analyzed equilibria, stability, and thresholds for treatment success, showing that immune reactions may reduce
therapeutic efficacy.

In [1], they solved the Allen-Cahn equation using a non-lumping Galerkin FEM with Crank—Nicolson time stepping.
They derived error estimates, proved stability, and demonstrated high accuracy in numerical tests. From [15, 18], they
solved the Whitham-Broer-Kaup shallow water model using a cubic B-spline FEM. They proved solution uniqueness,
derived convergence estimates, and validated the method with numerical tests, showing high accuracy in L? and L™
norms. A posteriori error analysis for semilinear parabolic problems was developed using backward Euler FEM and
elliptic reconstruction, handling both Lipschitz and non-Lipschitz nonlinearities, in[12, 17].

The present work develops a comprehensive FEM framework for the oncolytic virotherapy system, establishing rigor-
ous theoretical foundations while demonstrating practical computational efficacy. Our approach makes three principal
contributions to the field: We derive a semi-discrete Galerkin formulation and prove existence, uniqueness, and con-
vergence properties in appropriate Sobolev spaces, addressing the challenges posed by the system’s nonlinear coupling
and degenerate diffusion. Computational results elucidate pattern formation mechanisms in tumor-virus-immune
interactions, providing quantitative tools for treatment optimization in heterogeneous tumor microenvironments.

The paper is organized as follows: Section 2 presents the semi-discrete formulation and theoretical analysis, Section
3 details the finite element implementation, Section 4 examines parameter sensitivity through normalized measures,
and Section 5 demonstrates computational results across various therapeutic scenarios. Our findings demonstrate
that the FEM framework provides an effective computational tool for predicting therapeutic outcomes and optimizing
treatment parameters, advancing the quantitative understanding of oncolytic virotherapy dynamics.

The reaction-diffusion model for oncolytic M1 virotherapy with immune response is given by:

%7: = DyAH 4k —dH — Bi1H N — BoHY (L1a)
%/ = DNAN +aipiH N — (d+ )N (L1b)
O = DyAY + oo HY — BV SAVE — (At )Y (11c)
% = DyAV + pu + agfsYV = (d +13)V (1.1d)
%f =DzAZ + a2 — (d+m)2 (L.1e)

for time ¢ > 0 and position z € €, the system is governed by five state variables: H(x,t) (nutrient concentration),
N (z,t) (normal cell density), Y(z,t) (tumor cell density), V(z,t) (free M1 virus concentration), and Z(z,t) (CTL cell
density). The domain € is continuous and bounded with smooth boundary 9€2. The model incorporates three key
biological processes: CTL-mediated tumor cell lysis occurring at rate $4)Z, tumor-induced CTL proliferation with
rate ay 84V Z, and natural CTL death at rate n4Z. The spatial dynamics are modeled through diffusion terms Dy AU
for each component U € {H,N,Y,V, Z}, where Dy represents the diffusion coefficient and A denotes the Laplacian
operator. Initial conditions are specified by non-negative functions:

H(ZC,O) = ¢1($), ./\f(x,O) = (252(.13),
Y(z,0) = ¢3(z), V(z,0) = ¢a(z),
Z(x,O) = ¢5($)7 reN
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TABLE 1. Parameters and descriptions for the oncolytic M1 virotherapy model.

Parameter Description

K Nutrient supply rate

I Viral production rate

d Natural death rate

Qaq Conversion rate for normal cells

o Conversion rate for tumor cells

Qs Viral replication rate

Qg CTL stimulation rate

b1 Nutrient uptake rate by normal cells
Ba Nutrient uptake rate by tumor cells
B3 Viral infection rate of tumor cells
B4 CTL attack rate on tumor cells

m Death rate of normal cells

72 Death rate of tumor cells

73 Death rate of free viruses

4 Death rate of CTLs

Dy Nutrient diffusion coefficient

Dy Normal cells diffusion coefficient
Dy, Tumor cells diffusion coefficient

Dy Free viruses diffusion coefficient
Dz CTLs diffusion coefficient

with homogeneous Neumann boundary conditions:
OH  ON 9y 9V 09Z
O9r Oz Oz Oz O
These no-flux conditions model biological containment, preventing cellular or viral transport across domain bound-
aries [23].

0, t>0, z€d

2. SEMI-DISCRETE GALERKIN SCHEME

Consider an open set 2 C R being bounded, and assume that all the functions presented in this study have real
values. The space C°(€)) comprises infinitely differentiable functions that possess compact support inside 2. The
standard notation for Sobolev spaces is W} (€2); see [11] for further details. The Hilbert spaces are the Sobolev spaces
W3 (Q) for p = 2, which are denoted by H" () to indicate their specific structure in this context. In R, D"¢ represents

the nth derivative of ¢. For H", the norm and semi-norm are represented by || - || and provided by:
1/2
ol = | 32 [ (0reyras
Inj<r 7 <2

We are especially interested in the space H(2) for r = 1. The H{(Q2) represents the completeness of C°(Q) in H*
norm; in other words, H}(Q2) includes those functions of H!(Q) that disappear at the boundary 9. We shall write
||| for || - | L2(q) for convenience. (-,-) represents the inner product on L?, whereas (-, ) represents the duality product
on Hilbert spaces. L?(0,7;W,(£2)) is a representation of time dependent Sobolev spaces, which have the following
formula:

T
LU0, T; W, () = {d) 2(0,T) = W, (2) s.t. ¢ is measurable and / lo(t)]|E (ot < oo}
0 P
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for any integer r > 0, 1 < ¢ < o0, 1 < p < 00, using the subsequent norm,

1/2

1/q
¢l L) = (/ 1y dt) ; and [|¢[| g (o) = <||¢>||Lz<n + || |L2(Q)

This space consists of functions ¢ that exhibit both spatial and temporal regularity.

It is important to emphasize that the time-dependent norms L2(0,T; H"(Q2)) should not be conflated with the
standard spatial norm L2(2). While L?(f2) measures integrability strictly over the spatial domain €2, the norms
L?(0,T; H"(Q)) represent integrability in both the temporal and spatial sense, accounting for the time evolution of
the function over (0,7) and the H"-based spatial regularity on {2.

Our use of some significant inequalities, like Young’s inequality, Cauchy-Schwarz inequality, Poincaré’s inequality,
Gronwall’s inequality, generalized Holder’s inequality, etc., is based on PDEs [5] and the standard text of functional
analysis [6, 7].

We can write the system (1.1) in vector form as follows:

U
S5 = Dux AU+ f(U), (2.1)

where the symbol * denotes the componentwise multiplication of two vectors, with initial condition and homogeneous
Neumann boundary condition are

Ui(x,0) = ¢;(z), and VU; =0 on 99, foralli=1,...,5,

where
Ui H Dy, Dy
U2 N DU2 DN
U= |Us| =|Y , Dy = DU3 = Dy s
Uy )% Dy, Dy
Us Z Dy, Dz
fi(0) k—BHN —BoHY ~dU
f2(U) a1BiH N —(d+m)U
fU)=|fsU)]| = |2foHY = B3IYV — BV Z — (d+n)U |,
fa(U) p+ azB3YV — (d+n3)U
f5(U) ag4 Y2 — (d+na)U

Multiply (2.1) by a weight function w € HE (), and integrated over 2 w.r.t.  and using integration by parts on the
term involving AU, and VU =0 on 0. Therefore, the weak formulation of the problem (2.1) can be written as:

(an
ot’

with the initial condition
(Ui(x,0),w) = (Ui o(z),w).

where (vf,9) = [o,7f (2, t)g(x,t) dz. Let Sp(2),0 < h < 1, be a finite-dimensional subspace of H{(Q2). A semi-discrete
finite element Galerkin formulation of (2.2) is then defined as: find U; p, = U; p(z,t) belonging to Sp, such that

(3Ui,h
ot ’
with the initial condition

Ui,n(0) = Ui on, Yw € Sh, (2.4)

w) + Dy, (VU;,Vw) = (f;(U),w), forallie{1,...,5}, (2.2)

w) + Dy, (VU p, Vw) = (fi(Up),w), forallie{l,...,5}, (2.3)

where U; o, is an approximation of U; ¢ in S},.

(=)=
E)NE
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2.1. Existence and Uniqueness. In this section, we will discuss the existence and uniqueness of the solution of the
semi-discrete formulation (2.3).

Theorem 2.1. For each component i =1,...,5, there exists a unique solution of the it" equation of the semi-discrete
formulation (2.3) with (2.4) for any T > 0 such that

Ui € L*=(0,T; Hy(Q)) with (Ui(x,0),w) = (U0, w), w € Hy(9),
if Uio € HY(Q) for any T > 0.

Proof. For each m € N, consider the finite-dimensional subspace S;* C H}(Q) spanned by eigenfunctions {¢; }itq of
the Laplacian. For each component ¢ = 1,...,5, we seek approximate solutions:

Ul (,t) =Y et (),
j=1
satisfying for all 1 < k < m:

< e ,¢k> +a(U: o) = (fi(UR"), d), (2.5)

with initial conditions UJ"},(0) = P™U; o, where P™ is the L?-projection onto Si*. Hence (2.5) can be written as a
system of first order non-linear ordinary differential equation and there exists a positive time t¢,, > 0 such that the
nonlinear system has a unique solution U™ over (0,%,,). Hence, U/, can be defined by the standard existence and
uniqueness theorem for system of ODEs [3]. Thus there exist v, € Sp(S2) and t,, € (0,77.

To prove uniqueness, f9r each component ¢ = 1,...,5, let U; ;, and ﬁi,h be two solutions of i*" equation of (2.3) in
Sp, and take V; = U; j, — U, p, and subtracting the two resulting equations for the it" equation, leads to
(5 w) + Do, (VWi V) = (fi(U) = (i) w), (2:6)
Choose w = V; in i*" equation of (2.6), we get
(D% ) + D (W V) = () — F( ) ) .7

From (2.7), we have: 4| V;||? + Dy, || VVi|® = (f;(Un) — 1:i(UR), Vy).
Using the Cauchy-Schwarz inequality component-wise:
1d

5 IVAll2 + Do IVVAI? < 1fo(@) = @) Vi
So, we have

1d 9 5

5@”%“ < | £:(Un) — fi (U Vill- (2.8)
From the definition of f; and the boundedness of U; ;, and ﬁi,h, for all i € {1,...,5}, it follows that

IAW) = A0 = |81 = FN) = 3o (Y — HD) — d(H — H) .

Using the identity HN — HN = H(N — N) + N (H — H), we bound the terms:
IHN = HN | < [IHIN = N+ [N IH — #].
Since, there exists M > 0 such that |U; ||, |Usn| < M for all i. Thus:
1£1(Un) = (ORIl < BuM(IN = N| + 1H = HI|) + B2M (1Y = VIl + 1K~ HI|) + d|H ~ H].
Therefore, we have
1F1(Un) = 1Ol < (BLM + BoM + d)|[H — H| + BLM N = N| + 52 MY = V.
< (BiM + BoM + d)|[Va| + Bi M| Val| + B M| V3],
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< c(Ivall + Ivall + Vi),

5
<c> v
=1

where C denotes a constant. Throughout this work, C will represent a generic constant and does not depend on h,
which may take different values in different contexts.
Similarly, we do the similar steps for the other components, so from our component-wise Lipschitz estimates:

5
1 £2(Un) = f2(Un)ll < ar i MV || + (02 B1 M + d + )| V2| < CZ Vil

i=1
I £3(Un) = fs(Un)ll < aafoMI|[Vi|| + (2B M + BsM + BsM + d +12) || Vs
5
+ BsMI|Vi|| + BaM V5[ < C D [Vl
i=1
. 5
1£2(Un) = fa(Un)|| < asBsM||Vs|| + (asBsM + d + ns)||[Vall < CY IV,
i=1
) 5
1£5(Un) = f5(On)|| < aaBaM|[Val + (afaM +d +na) |V5 < C Y [|Vill-
i=1
Therefore, from the above inequalities we have
} 5
1£i(Un) = fi@n)] < C Y |Vill, for all i € {1,...,5}. (2.9)
i=1
Put (2.9) in (2.8), yields
< 2 1
=il cvan (2.10)
Integrating form 0 to t, we can reduce Equation (2.10) to
IVa(@)II* < [[V;(0 ||2+2C/ ZIIV )|%ds. (2.11)

Summing over components of (2.11), we have

5 5
> IO < SO+ [ va )IPds. (212

Applying Gronwall’s inequality and V;(0) = --- = V5(0) = 0, we get:
5
oIVl < Z IV (0)][?e** = 0. (2.13)
i=1
We see that V;(t) = 0, this means that U; ,(t) = U; ,(t), for all t € [0,T] and for all i = 1,...,5. O

(=)=
E)NE
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2.2. Error Analysis. Now, we analyze the accuracy of the semi-discrete scheme (2.3). For all u,v € H} satisfies the
boundedness property

Ju Ov
(5, 3 = Mllulla o]l g, Vu, v € Hy (2.14)
and coercivity property (on )
(gi gv > al|v|| g1, Yo € Hy, for some o € R. (2.15)
Also, satisfies
ov—10) ow,
(g 3,) =0 weSh (2.16)

where ¥ is an auxiliary projection of v [2]. Now we have the following bound for error in the semi-discrete approximation.

Lemma 2.1./20] Assuming that a function u satisfies

0
we L¥(H'(Q), 5, € L*(H"(),
then there holds the following inequalities:
i —ull + bV (@ — w)| < Co" ] (2.17a)
ot — u) A(a — u) ou
—_ 7 _ < = .
H 5 h ||V ( e < Csh o], (2.17b)

where Cy and Cy are constants independent of h.

Theorem 2.2. For the solutions Uy p,...,Usy € Sp of (2.3) and ezact solutions Un,...,Us € H5(Q) of (2.2),
respectively, the error satisfies:

Uin —Uill < Ch", for some C >0, and for all i €{1,...,5}.
Proof. For each component ¢ =1,...,5:
ei =Uni —U; = (Un; — RLU;) + (RRU; —U;) =0, + p;,

where Ry, is the Ritz projector. Using Lemma 2.1 for each component:

sl + RV pil| < CLR™ Ui, (2.18)
302’ 3Pz aU;
h < Coh" 2.1
ot |t H Ol | T ) (2.19)
The error equation for component i is:
00; opi
<at,wh> + DHi(Vgia th) = — < 82 ,wh> + (fl(Uh) — fl(U), wh). (2.20)

Setting wy, = 6; in (2.20), yields

691 0 i
<m79i> + Dy, (V0;,VO;) = — (;tﬁz) + (fi(Un) = fi(U), ;).

Using Lipschitz conditions defined in (2.9), along with Cauchy—Schwarz inequality, gives

<% vea +C(Z||e + ol 10,

Lo

2dt

Apply Young’s inequality, gives

d 9 2 apz
— . D+ ||V, <

2 5 5
= ol + 7 6:0).
i=1 i=1
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Hence, we have

d 8;)
el gl 2 i
SN < H

5 5
+anin2+z|\ez—u2),
i=1 i=1

Summing over components of (2.21), we have

8p4 2 5 5
S ARE
=1 1=1

ot
Integrating the last equation from 0 to t, gives

5

d 5
> Sl < o
=1

> 9 5 ) t 5 apz
;\leiu)ll s;uoi(mu +c/0 (Z H )] )+le9 ).

Set 61(0) = --- = 05(0) = 0, and using (2.18) and (2.19), we obtain
> I <o [ ZHU easvo [ Zne )Pds.
i=1

Thus, we have

5

t 5
S J6:(0)]2 < O+ C© / S [16(s) 2ds.
=1

i=1
Using Grownwall’s lemma, we have the following
5

D N6:(t)]17 < Ch2reCt < CeCTh.
i=1

Hence,
l0:()]1* < Ch?r.

Thus,

10:(8)]] < CR".
So, from Equation (2.22) and by using Lemma 2.1, we have
U = Uill = 110: + pall < 10ll + Il s
< Ch"™ + Ch™ Y| Uil 41
< OW (14 Ul 41)
< C(U;)h"
Therefore, ||U;p, — Usl| < Ch", forall i € {1,...,5}

3. FINITE ELEMENT FORMULATION

(2.21)

(2.22)

In this section, we derive the finite element formulation corresponding to the given problem. To initiate the process,
we begin by discretizing the spatial domain [0,2] into N uniform finite elements. Let {z,,}Y_, be a partition of the

interval [0, 2] with h = % and x,,, = mh. The Lagrange function ¢,,(x) centered at node ., is defined as:

M? for Tm—1 §$§$m7
— Tm41—T
@m(x) - +Ta fOI‘ Tm S x S $m+17
0, otherwise.

(3.1)
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Using piecewise linear basis functions ¢,,(z), we approximate H,N,Y,V, and Z as:

N N
H(z,t) =Y Hj(t)p;(x) ZN V(. t) =) Yi(t)p;(x)
j=0 §=0
N N
V(e,t) =) Vilhej(2), Z(a,t) = Z;{t)p;(@), (3.2)
§j=0 §=0

here H;(t), N;(t),Y;(t),V;(t) and Z;(t)’s are time dependent which are going to be determined. If we use local
coordinate transformation £ = x — z,,,, 0 < £ < h, then we obtain the Lagrange basis functions as follows:

. ¢
i) 1:{h’ 0<é<h. (3.3)
m

By expressing the approximate solution (3.2) in terms of the local coordinate system, we obtain the following repre-
sentation:

Ha(6t) = Y H{B)@5(E), Nal&t)= D NE(t)¢5(E).
j=m—1 j=m—1
Yul&st) = 3 YiOL5(E), Val&t) = 30 Vi)
& = Y Zig5(©). (3.4)

i
3
L

Following straightforward manipulations, the weak formulation corresponding to Equation (3.2) is obtained as

Tm41
/ (%7: + Dy (?;[ g—w — kw4 dHw + B H Nw + Bg%)hﬂ) dr =0 (3.5a)
et ) ON 0
/ (A/w—i-DNA/—w—alﬁ{H Nw+(d+n1)/\fw)d$:0 (3.5b)
i Bt 8z Oz
) 0y 0
/ ( aJt) + Dy 83}(7“} — apfoHYw + BsYVw + BaY Zw + (d + nz)yw) dz =0 (3:5¢)
Tmtl QY IV ow
/z ( o Dy o = agfYVw + (d + nz)Vw) dr =0 (3.5d)
Tmit  QZ 0Z dw
/x (Ew + Dz 5 — Y Zw + (d+ 774)Zw) dz =0 (3.5e)

Since the Galerkin finite element method is employed in this study, the weight functions are selected to be the same
as the basis functions, namely the Lagrange function. Substituting Equation (3.4) into Equation (3.5), we obtain the
following

m

Zl{(/o i dé)H”DH(/Ohsoéw} dS)Hf+d(/0h<pi<pj ds)H
Pl
m (/Ohgaisaj<'0k dg)HZY'JE}

+ B Z /wmk dg) HENY + B
=m-— k=m-—1

K(/o ©i df) (3.6a)
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j_g 1 {(/Oh Pip;j d{)N.e + D/\/(/Oh %90] d{) — a1 kél (/Oh PPk dE)H,‘:N;

+ (d+m ( Ohso @; d§ Ne}=0, (3.6b)
j_i;l {</Oh i dg)y}e + Dy(/oh Pi; df) Y — a2 k_i:;l (/Oh Qi Pk df) HyYY

+(d+m)( /Oh pues dE)Vi } =0, (3.6¢)
j_i:—l {(/Oh Dip; df) Ve+ D\;(/Oh %0;80; d§) VI —asfs kéz_l (/Oh 0P Pk dg)ykevje

+(d+7l3)(/0h80i80j df)vje},u(/ohtpi df) =0, (3.6d)
_ﬁ; {( /0 " i a¢ ) Zs + Dz /0 ") d4€) 75 — o k_z:jl ( /0 Yo a€) ;i 7

+ (d+ m)(/oh Pip; dé“) Zf} =0, (3.6¢)

Upon rearranging this system into its matrix form, we arrive at the following representation:

M°H® + Dy A°H® + dM°H® + B1F¢(H®)N® + B F¢(H)Y® — kB¢ =0, (3.7a)
MCN® 4 Dy A°N® — a1 i FE(HY)N® 4 (d + m)M°N® = 0, (3.7b)
MY*® + Dy A°Y® — apfa FE(HO)Y + BgFE(Y )V + BuF(Y) Z¢ + (d+m2) MY = 0, (3.7c)
MV 4+ DyA*VE — agfBa (V) VE 4 (d + 13) MV® — puB® = 0, (3.7d)
MCZ¢ + Dz A°Z° — aaa FE(Y)Z° + (d+ i) MZ° = 0, (3.7e)
here the dot symbol denotes differentiation with respect to ¢, and the vectors H® = (an 1) an), N¢ = (an 1, NS ),

Ye (erl 1 m) Ve = ( o Vm) and Z°¢ = (an 145, ) are treated as the local (element-wise) nodal parameter

vectors. The element matrices M€, A%, F¢(«) and B¢ are defined through the following integrals:
h
M;; = / pipj d§,
0

h
Afj :/O @i‘pj df, (38)

h
Fiy, :/ Pipjpr d§.
0

h
Bf:/ @i dE.
0
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where i, j,k = m — 1,m. The element matrices introduced in Equation (3.8) can be explicitly computed using the
following expressions:

M = % ﬁ ﬂ , (3.9)
A = % [_11 ‘11] , (3.10)
FE(H?) = Thz {g)};ge ﬁéifp} ’ (3.11)
0= g5 (e (e @1
Be — g m _ (3.13)

By assembling the contributions of all elements over the entire solution domain, the following system of ordinary
differential equations is obtained:

H=—M" (DHAH Y AMH + BiF(H)N + B F(H)Y — KB), (3.14a)
N = —M‘l(DNAN—alﬁlF(H)NJr (d—s—m)MN), (3.14b)
V= Mt (DyAY — aoBo F(H)Y + B3 F(Y)V + BaF(Y)Z + (d+ ng)MY), (3.14c)
V=_M! (DVAV — asBsF(YV)V + (d+13) MV — ,uB), (3.14d)
Z =M1 (DZAZ — i F(Y)Z + (d + 774)MZ), (3.14e)

where the global element parameter vectors are defined as 6 = (dg,d1,...,0n) where M, A, and F(§) represent the
global element matrices and § represents each of H, N, Y,V and Z. The generalized m'™ row of these global matrices
can be expressed as follows:

M:g(l,zl,l), (3.15)
1
A (-1,2,-1), (3.16)
F(H) :1};((1, 1,00H™,(1,6,1)H™, (0,1,1)H™), (3.17)
F(Y) :1};((1,1,0)5/’” (1,6,1)Y™,(0,1,1)Y™). (3.18)
n+1 7571

By using the Euler method for 5= , where At is the step size of time discretization. After simplification

Equation (3.14) reduces to: A
H™ = B — AtM (DHAH” + dMH™ + ByF(H")N™ + o F(H™)Y™ — HB), (3.19a)
N = N™ =AM (DN ANT = ay By F(HM)N™ + (d + ) MN™), (3.19b)
YU =y AU (DyAY" = agBpF(H')Y™ + By F(Y" )V 4+ BUF(Y")Z" + (d + ) MY™ ) (3.19¢)
vl = yr o ApM (DVAV” — a3BsF(Y™)V™ + (d+ ng) MV™ — uB), (3.19d)
2 = 77— MM (DZAZ" — uBsF(Y™) 2" + (d+ )M Z"), (3.19€)
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TABLE 2. Model parameters and their biological interpretations

Symbol Parameter Value Units

1 K 0.02 nutrient-day_l

Po U 0.01  virus-day—!

P3 d 0.02 day~!

P4 aq 0.8 dimensionless

D5 o9 0.8 dimensionless

D6 a3 0.5 dimensionless

p7 Qg 0.8 dimensionless

P8 B1 0.03  (nutrient-cell)~!-day !
Doy B2 0.03  (nutrient-cell)~!-day~!
D10 B3 0.1 (virus-cell) ~!-day—*
P11 B4 0.03  (CTL-cell)~!.day~!
D12 m 0.04 day !

D13 2 0.01  day™!

P14 73 0.008 dayfl

D15 4 0.01  day™!

P16 Dy 0.01  nutrient-day'-cell=!
p17 Dy 0.01  cell-day—!

D1s Dy 0.03  cell-day—!

P19 Dy 0.03  virus-day !

D20 Dz 0.03 CTL:day!

In order to start the solution procedure described in Equation (3.19), the initial vector H°, M°, Y° V° and Z°
must first be determined from the initial condition. Once the parameter H"+!, M7+l yn+1 ynt+l and Zn+! have
been computed iteratively in terms of the parameter H™, M™, Y™, V" and Z™ at time ¢, the solution at each nodal
point can then be evaluated using the expression H(z;,t) = H;, M(z;,t) = M;, Y(z;,t) = Y, V(zi,t) = Vi, and
Z(aci, t) = Zi.

4. SENSITIVITY ANALYSIS

In mathematical biology, sensitivity analysis serves as a fundamental tool for understanding how parameter vari-
ations influence therapeutic outcomes in oncolytic virotherapy. We present a comprehensive framework combining
non-normalized, half-normalized, and fully normalized sensitivity measures tailored to our reaction-diffusion model
of tumor-virus-immune interactions (1.1). Consider the system with five biological components U = (Uy,...,Us) =
(H, N, YV, 2)

The local sensitivity matrix S(x,t) € R5*20 quantifies how the component U; responds to parameter p;, where
p = (p1, ..., p20) is defined in Table 2:

We implement three complementary sensitivity measures:

Non-Normalized Sensitivity: The absolute sensitivity measures raw parameter influence:

aU;
abs v
S = G

(4.1)

Particularly important for determining therapeutic dose-response relationships, and identifying critical thresholds for
tumor eradication.
Half-Normalized Sensitivity: The state-scaled sensitivity accounts for component magnitudes:

hatt _ 1 OUi
" Ui Op;’

(4.2)

(=)=
E)NE
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State Variables K M arameters

FIGURE 1. For the model (1.1), local sensitivity analysis is performed using the non-normalization
approach provided in Equation (4.1).

Sensitivity

z h Par: -
State Variables PR arameters

FIGURE 2. For the model (1.1), local sensitivity analysis is performed using the half-normalization
approach provided in Equation (4.2).

Advantages include dimensionless comparison across different tumor microenvironments, and identification of relative
vulnerabilities in tumor subpopulations.
Fully Normalized Sensitivity: The elasticity coefficient provides scale-invariant measurement:

Gfull _ p; Ui
" U; Op; -

The concept of local sensitivity analysis is applied to our proposed oncolytic M1 virotherapy model. The initial
concentrations of biological components and system parameters are defined in Table 2. Through comprehensive
sensitivity analysis, we examine how variations in these parameters influence the temporal dynamics of tumor-virus-
immune interactions.

To reveal the parameter impacts on system (1.1), local sensitivity analysis will carry out with non-normalized, fully
normalized and half-normalized methods, respectively, which are shown in Figures 1, 2, and 3. These methods make
evident different features of parameter importance with respect to each of the state variables.

The non-normalized sensitivity analysis (Figure 1) depicts the state variable behavior for parameters. The nutrient
concentration (H) displays a remarkably high sensitivity index of 41.46 for the nutrient supply rate (k), whereas
the tumor cells ()) are moderately sensitive to the growth rate parameters (as, 82) with values of 0.14 and 0.39,
respectively. Importantly, the immune response (Z) is highly sensitive to the decay rate (14) with a sensitivity index
of 37.05, underlining the importance of the decay rate parameter in a non-normalized fashion. The viral population
(V) is highly sensitive to the viral replication rate (u) with a sensitivity index of 33.50, which underlines its importance
in the unnormalized system dynamics.

(4.3)

(&)
ENE
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Sensitivity

State Variables kM arameters

FIGURE 3. For the model (1.1), local sensitivity analysis is performed using the fully-normalization
approach provided in Equation (4.3).

In the half-normalized analysis (Figure 2), relative sensitivities become more balanced. The normal cell population
(NV) shows reduced but still significant sensitivity (0.0049-0.0053) to parameters related to nutrients (o, 81), while
tumor cells ()) maintain sensitivity (0.0028-0.0032) to viral infection rates (33). The viruses (V) retain a strong
dependence (0.34) on their replication rate (u), though less extreme than in the raw analysis. Immune cells (Z)
now show a comparable sensitivity (0.00037) to both viral lysis (84) and immune decay (n4), indicating the balanced
importance of these parameters when partial normalization is applied.

The fully normalized results (Figure 3) provide the most nuanced information. The normal cell population (V) is
most sensitive to 71 with sensitivity index 2.51. Tumor cells () are more sensitive (1.59-2.49) to both nutrient uptake
(B2) and viral infection (f3), while viruses (V) show a strong dependence (0.97) on their intrinsic replication (p). In
particular, the immune response (Z) demonstrates dual sensitivity (0.63-0.66) to both its activation (£4) and decay
(n4), revealing a critical balance in immunotherapeutic effects. Nutrient dynamics (#) remain more sensitive (0.94)
to supply rate (k), but with reduced dominance compared to other variables. These results collectively identify S,
B3, and p as the most influential parameters when the parameters and state variable scales are taken into account.
Note that all three sensitivity analyses include the diffusion coefficients (D4, Dar, Dy, Dy, Dz), allowing us to assess
the importance of spatial transport mechanisms alongside the kinetic parameters in our reaction-diffusion model.

5. NUMERICAL IMPLEMENTATION

The nonlinear nature of the equation system (1.1) precludes the existence of analytical solutions in current research.
To examine the spatiotemporal behavior of the M1 oncolytic virotherapy model described by equations (1.1). Our
spatial domain spans the interval [0,2], utilizing a grid spacing of Az = 0.1 and time increment At = 0.001. The
following parameter values, consistent with those used in [8, 19], are employed: £ = 0.02, 4 = 0.01, d = 0.02, oy = 0.8,
a3 = 05, ag = 0.8, Dy = Dy = Dy = 0.01, Dy = Dz = 0.03. The remaining parameters are treated as free
variables, determined later.

The initial conditions for all model components are given by periodic functions with amplitude modulation [4]:

#1(x) = 0.3(1 +0.2cos’ mz), ¢o(x) = 0.2(1 +0.2cos* 7x), ¢3(x) = 0.1(1 + 0.2 cos® 7z,
ba(x) =0.1(1 +0.2cos’> mz), ¢5(x) = 0.01(1 + 0.2 cos® 7).
Numerical convergence is rigorously verified through systematic grid refinement studies. For each model component
Ce{H,N,V,V, Z}, we compute successive solution differences:
E¢ = |¢(z,t) At=0.1,m=20 — (&, 1) At=0.05,m=30]
E¢ = |((x,t) At=0.05,m=30 — (&, 1) At=0.01,m=10|
E¢3 = |((x,t) At=0.01,m=10 — {(, 1) At=0.005,m=>50]
where m denotes the spatial discretization parameter.
an
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TABLE 3. Absolute differences between successive numerical solutions of system (3.19) at ¢t = 10
for (At,m) = (0.1,20) vs (0.05, 30), (0.05,30) vs (0.01,40), and (0.01,40) vs (0.005,50). Parameter
values are 5, = 0.03, B2 = 0.03, 83 = 0.1, B4 = 0.03, n; = 0.04, 2 = 0.01, 53 = 0.008, 4 = 0.01,

Qo = 0.8.
T 0.0 0.4 0.8 1.2 1.6 2.0
E#, x 10° 2.65 111.39 181.60 181.60 111.39 2.65
EH, x 10° 2.12 31.81 5275 52.75 31.81 2.12
E#Hs x 10° 0.26 9.38 15.34 15.34 9.38 0.26
EN; x10° 9.92 81.16 125.01 125.01 81.16 9.92
EN5 x 10° 7.92 29.08 42.13 4213 29.08 7.92
EN3 x 10° 0.99  7.00 10.71  10.71 7.00 0.99
E)Y; x10° 1.96 3.10 3.80 3.80 3.10 1.96
E)> x 10° 1.56 1.69 1.77 1.77 1.69 1.56
EYs x 10° 0.20 0.22 0.23 0.23 0.22  0.20
EV; x10° 3.84 3.10 265 265 3.10 3.84
EV, x 10> 3.07 3.05 3.04 3.04 3.06  3.07
EVs; x 10° 0.38  0.38 0.38 0.38 0.38 0.38
EZ, x10° 0.16 0.22 0.26 0.26 0.22  0.16
EZ, x10° 0.12 0.13 0.13 0.13 0.13 0.12
EZ; x10° 0.02 0.02 0.02 0.02 0.02 0.02
0515 ‘H (Nutrient) 0.0895 N (Normal) 0.05632 Y (Tumor)
052145 | 0.0894 0.0563
0.52135 0.0892 0.05626
%23 g 0.5 1 L5 2 o 0 0 1 o050 0 1 1 2
0.23316 V (Virus) 6861 <107 2 (CTLs)
:::::j o ——— At =0.100, m = 20
E o 2 i D N - = = AL =0.050, m = 30
:: L :;' (M At=0.010,m =40
0.23306 B At = 0.005, m = 50
0.23304 6.856

0.23302
0

FIGURE 4. Comparing numerical solutions of system (3.19) at ¢ = 20, for different At and m values,
where the value of parameters are defined as in Table 3.

Figures 5 and 7, and Table 3 demonstrate that the absolute difference between the computed solutions progressively
decreases as the mesh is refined, indicating the convergence of the numerical method.
Figure 8 demonstrates that in the absence of immune response, although tumor eradication is achieved, normal cell
recovery fails, ultimately resulting in patient mortality.
an
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0.5
) SN N I S
o y > 0l
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z R
22 g
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€ T

FIGURE 5. Absolute differences for numerical solutions of system (3.19) at ¢ = 20, where the value of
parameters are defined as in Table 3.
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0.2326 Mo ) 0.2575 N ) 0.1923 Y )
0.2325 |
0.19225
N -
~o. - - 2 2
A H g
s H 0.1922
B
0.19215
0.2321
0.232 0.1921
0 0.5 15 2 0 0.5 1 15 2
T T xr
X V (Virus) 2 (CTLs)
0.18916 0.010099
001009 [T TR ITIITITITITITITITIN
0.18915 ——— At =0.100, m = 20
0.010097
g 018914 ICHN el el sl el — = = At=0.050, m = 30
é _________________ Q 0.010096
~ 0.18913 N At = 0.010, m = 40
0.010095
ool N s At = 0.005, m = 50
’ eessnssnesnsnsfesnensenssnsarefusaenssnrsnssns]esaensensansased 0.010094
0.18911 0.010093
0 0.5 15 2 0 05 1 15 2

FIGURE 6. Comparing numerical solutions of system (3.19) at ¢t = 20, for different At and m values,
where the value of parameters are f; = 0.15, 82 = 0.5, f3 = 0.05, 84 = 0.6, n; = 0.008, 1, = 0.008,
ns = 0.005, ny = 0.02, ay = 0.9.
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FIGURE 7. Absolute differences for numerical solutions of system (3.19) at ¢ = 20, where the value of

parameters are defined as in Figure 6.
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Figure 9 indicates that M1 virotherapy alone depletes normal cells without successfully eliminating tumors, thereby

posing a severe health risk.
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FIGURE 8. Numerical solution for the proposed model (1), where the value of parameters are 51 =
0.03, B2 = 0.03, B3 = 0.1, B4 = 0.03, m1 = 0.04, n2 = 0.01, n3 = 0.008, ng = 0.01, e = 0.8.

In contrast, Figure 10 shows that tumor clearance and normal cell restoration are possible even without immune

engagement, leading to an improvement in patient condition.
Figure 11 reveals that while anti-tumor immune activity suppresses tumor growth, it also significantly reduces viral

concentration, resulting in treatment failure.
Figure 12 represents a partially effective strategy, where M1 viruses lower tumor burden and enhance normal cell

populations in the absence of immune response, yet do not achieve complete tumor elimination.
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E)NE



19

CMDE Vol. *, No. *, * pp. 1-25
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- g
> 04 =

20 Time ¢

Y (Tumor)
V (Virus)

20

Time ¢
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400
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20 Time ¢

FIGURE 9. Numerical solution for the proposed model (1), where the value of parameters are 51 =
0.03, B2 = 0.1, B3 = 0.1, B4 = 0.2, 71 = 0.04, n2 = 0.008, n3 = 0.008, ny = 0.01, ag = 0.8.

Finally, Figure 13 highlights that reduced viral load diminishes therapeutic efficacy. Although immune responses

constrain tumor progression, they fall short of ensuring complete tumor removal.

The computational experiments encompass six distinct biological scenarios as show in Figure 8-13. The numerical
solutions exhibit consistent convergence under mesh refinement, as demonstrated by decreasing error between succes-
sive approximations. This systematic reduction in numerical error, typically following a power-law relationship with

grid spacing, validates the stability and convergence properties of our discretization scheme.
an
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FIGURE 10. Numerical solution for the proposed model (1), where the value of parameters are 8; =
0.1, B2 = 0.03, B3 = 0.1, B4 = 0.03, m1 = 0.008, n2 = 0.01, n3 = 0.006, ng = 0.01, e = 0.8.

The inclusion of diffusive transport mechanisms yields nontrivial spatiotemporal patterning. Key findings include:
Nutrient concentrations exhibit positive correlation with the parameter 34, Neoplastic cell populations demonstrate
exponential temporal decay, and free M1 viral particle dynamics follow biphasic kinetics consistent with prior in vitro
studies. The emergent spatial patterns provide novel insights into the complex nonlinear dynamics governing cancer-
virotherapy interactions, particularly regarding the role of diffusion-limited transport in therapeutic efficacy. Results

align with reference [4], demonstrating accurate solutions in all parameter configurations.
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FIGURE 11. Numerical solution for the proposed model (1), where the value of parameters are 8; =
0.04, B2 = 0.5, B3 = 0.1, B4 = 0.6, 71 = 0.05, n2 = 0.008, n3 = 0.005, ny = 0.02, ag = 0.9.
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FIGURE 12. Numerical solution for the proposed model (1), where the value of parameters are
81 =0.15, B2 = 0.35, B3 =0.1, 54, = 0.1, n; = 0.008, n2 = 0.008, n3 = 0.008, ny = 0.01, az = 0.9.
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FIGURE 13. Numerical solution for the proposed model (1), where the value of parameters are
81 =0.15, B2 = 0.5, B3 = 0.05, 54 = 0.6, n; = 0.008, n2 = 0.008, n3 = 0.005, ny = 0.02, ae = 0.9.

6. CONCLUSION

This study presents a robust finite element framework for modeling oncolytic virotherapy dynamics, successfully
addressing the challenges of coupled nonlinear reaction-diffusion systems. Our analysis identifies viral replication rate
(1) and infection efficiency (B3) as key therapeutic parameters, while revealing balanced competing effects in immune
response factors (84, n4). The developed method demonstrates consistent convergence and handles complex spatial
patterns, with theoretical guarantees of solution existence and uniqueness in Sobolev spaces. The sensitivity analysis

an
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provides clinically actionable insights for parameter prioritization in treatment optimization. This computational ap-
proach enables extension to multidimensional tumor geometries and combination therapies, offering a foundation for
personalized treatment planning. We also intend to focus on adaptive discontinuous Galerkin methods, investigating
hp-refinement strategies, efficient error estimators, and dynamic mesh adaptation to enhance accuracy and computa-
tional efficiency for problems with discontinuities or complex features. Relevant advanced numerical techniques for
adaptive discontinuous Galerkin methods can be found in [9, 10, 16].
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