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Abstract

This paper introduces NewFLMM, a novel family of high-order fractional linear multistep methods specifically
designed to solve Caputo fractional differential equations. By integrating higher-order derivatives of the vector field,
the proposed schemes significantly extend the stability regions beyond the inherent limits of classical fractional

backward differentiation formulae (FBDF). We develop efficient recursive algorithms for coefficient generation
and provide a rigorous stability analysis for orders k = 2, 3, and 4. The theoretical framework establishes both

zero-stability and convergence properties. Numerical experiments on stiff and nonlinear systems confirm that
NewFLMM provides superior accuracy and substantially broader stability domains than conventional methods. To

facilitate implementation, comprehensive coefficient tables are provided.
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1. Introduction

To model dynamical systems the Fractional differential equations (FDEs) is pivotal framework since enable us to
account memory effects [13, 14, 37] and also anomalous diffusion [5, 6, 15, 16, 18]. This model is important in sense
encompassing the fields from viscoelasticity to advanced control systems [9, 22, 27, 30, 36, 42, 51].

The development of robust, high-order numerical algorithms remains a fundamental challenge not only for fractional
differential equations but also for stochastic differential equations (SDEs) and financial models. In the context of
SDEs, Ahmadian and Farkhondeh Rouz [2] conducted a stability analysis of the split-step θ-Milstein method for multi-
dimensional problems, while Farkhondeh Rouz and Ahmadian [21] investigated the stability of improved backward Euler
methods for neutral stochastic delay differential equations. Rathinasamy, Ahmadian, and Nair [40] further advanced
the field by proposing second-order balanced stochastic Runge–Kutta methods with comprehensive multi-dimensional
studies. Parallel to these stochastic advancements, efficient numerical techniques have also been developed for option
pricing under various market conditions: Ahmadian, Ballestra, and Karimi [1] introduced an extremely efficient method
for the Black–Scholes model with jumps, Ahmadian, Farkhondeh Rouz, and Ivaz [3] presented a robust algorithm
for European options in illiquid markets, and Safdari-Vaighani, Ahmadian, and Javid-Jahromi [43] proposed an
approximation scheme for option pricing under two-state continuous CAPM. Drawing inspiration from these stochastic
and financial methodologies, where the balance between stability, accuracy, and computational efficiency is paramount.
the present paper introduces theNewFLMM family for fractional differential equations. By incorporating higher-order
derivative information into the multistep architecture, our proposed method significantly expands the stability region
and reduces truncation errors, mirroring the stabilizing strategies that proved successful in the stochastic setting.

Alternatively, while the Fractional Linear Multistep Methods (FLMMs) introduced by Lubich [28, 29, 31] established
a foundational framework, they require further refinement to address inherent limitations. Although the Fractional
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Table 1. Comparison of structural and stability properties.

Property Standard FBDF Classical FLMM Proposed NewFLMM

Input Info. f(t, y) f(t, y) f and f ′

Stability (k > 2) Restricted Order-dependent Significantly Enlarged

Stiff Handling Poor Moderate Excellent
Global Error Moderate Moderate Minimal

Backward Differentiation Formula (FBDF) has gained popularity due to its inheritance of classical BDF stability,
its higher-order versions (k > 2) suffer from severely restricted stability regions, creating a significant bottleneck for
stiff fractional systems [12, 25, 32, 49, 50]. To overcome these challenges, the present work introduces a structural
refinement that leads to a remarkable expansion of the stability regions and a significant reduction in truncation errors
compared to Lubich-type methods, as summarized in Table 1.

This paper is organized as follows: mathematical preliminaries is reviewed in section 2. Sections 3, 4, and 5 devote to
the details of the systematic derivation of the NewFLMM family. provides rigorous convergence and stability analysis
is discussed in section 6. Finally, numerical experiments on stiff and nonlinear problems to validating the theoretical
findings are presented in section 7.

2. Preliminaries and mathematical foundations

The theoretical framework and computational tools required to be stablished is dealt in this section for developing
and analysing of the proposed numerical scheme.

2.1. The Fractional Initial Value Problem (FIVP). The class of fractional initial value problems (FIVPs) is
considered here which involves the Caputo fractional derivative of order β ∈ (0, 1):{

C
t0D

β
t y(t) = f(t, y(t)), t ∈ [t0, T ],

y(t0) = y0,
(2.1)

where y : [t0, T ] → Rd and f is a nonlinear mapping. To ensure high-order convergence of the NewFLMM, we assume
f and y(t) are sufficiently smooth on [t0, T ] [19, 38, 44, 48]. The singularities of the solutions obtained by NewFLMM
at t0, are exhibited through some numerical examples.

2.2. Caputo Fractional Derivative and Existence-Uniqueness Theory. Since the Caputo Fractional Derivative
incorporates classical initial conditions, making FIVPs consistent with standard ODE theory [10, 11, 23, 34], then it is
used mostly in engineering.

Definition 2.1. For a smooth function y(t), the Caputo fractional derivative of order β is defined as:

C
t0D

β
t y(t) =

1

Γ(1− β)

∫ t

t0

(t− s)−βy′(s)ds, 0 < β < 1. (2.2)

Theorem 2.2 (Existence and Uniqueness). Consider the FIVP (2.1) on D = [t0, T ] × [y0 − τ, y0 + τ ]. If f(t, y) is
continuous, bounded (M = sup |f |), and satisfies the Lipschitz condition |f(t, y)− f(t, z)| ≤ L|y − z|, then there exists
a unique solution y(t) ∈ C[t0, T

] where:

T ∗ = min

{
T, t0 +

(
τΓ(β + 1)

M

)1/β
}
. (2.3)

Proof. The FIVP (2.1) is equivalent to the Volterra integral equation:

y(t) = y0 +
1

Γ(β)

∫ t

t0

(t− s)β−1f(s, y(s))ds. (2.4)
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Define the operator P on C[t0, T
∗] as (Py)(t) = y0 +

1
Γ(β)

∫ t

t0
(t − s)β−1f(s, y(s))ds. We first show P maps the ball

B = {y ∈ C[t0, T
∗] : ∥y − y0∥∞ ≤ τ} into itself. For any y ∈ B:

|(Py)(t)− y0| ≤
1

Γ(β)

∫ t

t0

(t− s)β−1|f(s, y(s))|ds

≤ M

Γ(β)

∫ t

t0

(t− s)β−1ds =
M(t− t0)

β

Γ(β + 1)
. (2.5)

By the definition of T ∗, M(T∗−t0)
β

Γ(β+1) ≤ τ , ensuring Py ∈ B. Next, we prove P is a contraction. For y, z ∈ B:

|(Py)(t)− (Pz)(t)| ≤ L

Γ(β)

∫ t

t0

(t− s)β−1|y(s)− z(s)|ds. (2.6)

By iterating P (Picard iteration) and applying the Banach Fixed Point Theorem [13, 19, 35, 36], it follows that P has
a unique fixed point, which is the unique solution to (2.4). □

2.3. Generating Functions and Miller’s Algorithm. The construction of Fractional Linear Multistep Methods
(FLMMs) relies on the expansion of generating functions [33, 34, 41]. Let δ(z) be the characteristic polynomial of a
classical k-step BDF method:

δ(z) =

k∑
j=0

ajz
j . (2.7)

To discretize the fractional operator, we seek the coefficients of the fractional power of this generating function,
ω(z) = (δ(z))β =

∑∞
n=0 ωnz

n. These coefficients, representing the convolution weights, are computed efficiently via
Miller’s algorithm [? ]. Assuming a0 ̸= 0, the weights ωn are obtained through the following recurrence:

ω0 = aβ0 , ωn =
1

na0

min(n,k)∑
j=1

[j(β + 1)− n] ajωn−j , n ≥ 1. (2.8)

This recursive framework ensures both computational efficiency and numerical stability, forming the algorithmic
foundation for the NewFLMM family.

3. Construction of NewFLMM: A second-derivative enhanced approach

In this section, we establish the theoretical foundation for the proposed NewFLMM. Here, β denotes the fractional
order, while αj and ωj refer to the method’s characteristic coefficients. Based on the work of Lubich [24], the
discretization of the fractional integral in (2.1) is formulated via convolution quadrature:

n∑
j=0

αjyn−j = hβ
n∑

j=0

ωjf(tn−j , yn−j) +Rn, (3.1)

whereRn is the starting quadrature essential for maintaining the global order O(hp) in the presence of initial singularities.
The precision of this scheme is governed by the Order Conditions. For a convergence rate of order p, the linear
difference operator Λh[y(t);β] must satisfy:

Λh[y(t), t, β] = C0y(t0) +

p−1∑
l=1

hlCly
(l)(t0) +O(hp). (3.2)
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The coefficients must satisfy the consistency relations:

C0 =
k∑

j=0

αj = 0, (3.3)

Cl =
1

l!

k∑
j=0

jlαj −
1

Γ(l + 1− β)

k∑
j=0

jl−βωj = 0, l = 1, . . . , p− 1. (3.4)

3.1. Fractional Backward Differentiation Formulae (FBDF). The FBDF family [6, 30, 41] extends classical
BDF schemes, known for their large stability regions in ODEs. The framework typically operates in two modes:

• Implicit Mode:
∑n

j=0 αjyn−j = hβf(tn, yn).

• Explicit Mode:
∑n

j=0 αjyn−j = hβf(tn−1, yn−1).

3.2. Generating Functions and Stability Constraints. The β-th power of the k-th order backward difference
operator yields the p-th order discretization. The design of FLMMs involves a critical trade-off between the region of
absolute stability and the order of accuracy [34, 35, 45, 52]. Using Newton’s backward difference interpolation, the
generating function for a k-th order approximation is given by:

Wβ(ζ) =

(
k∑

i=1

1

i
(1− ζ)i

)β

=
∞∑

n=0

ωnζ
n. (3.5)

While FBDFs are robust for k ≤ 2, they encounter severe limitations for k > 2, including restricted absolute stability
regions and large principal error constants. These bottlenecks motivate the NewFLMM family, which incorporates
higher-order information to expand the stability envelope. The core principle of this approach lies in the fact that
a (p+ 1)-point backward difference provides a p-th order approximation of the first-order derivative. Consequently,
the β-th power of the (p+ 1)-point backward difference approximation yields a p-th order discretization of the β-th
derivative [36, 40] . The corresponding weights {ωn} are obtained as the coefficients of the Taylor series expansion of
the generating functions.

(1) Restricted stability regions: The absolute stability domain shrinks significantly, making the scheme
unsuitable for stiff fractional systems.

(2) Large principal error constants: Although the theoretical order is high, the absolute magnitude of the
truncation error remains substantial.

These computational bottlenecks provide the primary motivation for the NewFLMM family. By strategically
incorporating higher-order information into the multistep structure, the proposed method effectively expands the
stability envelope and minimizes the error constants, thereby facilitating efficient long-term integration of complex
fractional dynamics [7, 20, 44, 47].

3.3. Derivation of the Generating Function. The core of designing high-order FLMMs lies in the construction of
appropriate generating functions. The following theorem, which we establish based on Newton’s interpolation, provides
the analytical form for these functions.

Theorem 3.1. [Generating Function Construction] The generating function Gk
β(ξ) for a k-th order fractional multistep

approximation, derived from the k-th order backward difference operator, is given by:

Gk
β(ξ) =

(
k∑

i=1

1

i

[
1 + (−1)i

(
k

i

)
ξi
])β

. (3.6)

Proof. Consider the function f(ξ) and its interpolating polynomial P (ξ) of degree k. Based on Newton’s backward
difference interpolation formula [22, 36], the function at any point ξ = ξi + θh is approximated as:

f(ξ) ≃ P (ξ) = fi + θ∇fi +
θ(θ + 1)

2!
∇2fi + · · ·+ θ(θ + 1) . . . (θ + k − 1)

k!
∇kfi, (3.7)
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where ∇ denotes the backward difference operator, ∇fi = fi − fi−1. To find the derivative approximation at ξ = ξi
(corresponding to θ = 0), we have:

f ′(ξi) ≃
1

h

dP

dθ

∣∣∣∣
θ=0

=
1

h

(
∇fi +

1

2
∇2fi + · · ·+ 1

k
∇kfi

)
. (3.8)

In terms of the generating function, the shift operator is identified with ξ, such that ∇ = 1− ξ. By taking the β-th
power to extend this to fractional orders, we consider the following cases:

Case k = 1:: G1
β(ξ) = (1− ξ)β .

Case k = 2:: f ′(ξi) ≃ 1
h (∇+ 1

2∇
2)fi =

1
h (

3
2 − 2ξ + 1

2ξ
2)fi, which leads to G2

β(ξ) = (32 − 2ξ + 1
2ξ

2)β .

Generalizing this inductive process for an arbitrary step-number k yields the desired general relation. □

3.4. Numerical Stability and Motivation for NewFLMM. A primary challenge in the practical implementation
of FLMMs is designing schemes that maintain a large region of absolute stability without sacrificing high-order accuracy
[23, 33]. While standard FBDFs leverage the generating functions derived in Theorem 3.1 to ensure zero-stability, they
often suffer from restricted stability regions and large principal error constants as the step-number k increases,
making them ill-suited for long-term integration.

Furthermore, the computational overhead associated with the non-local nature of fractional weights grows significantly
over time. These limitations motivate the development of the NewFLMM family. By strategically incorporating
higher-order derivatives of the vector field into the multistep framework, the proposed method enhances the stability-
to-error ratio and relaxes the constraints on the coefficients. Specifically, the NewFLMM is designed to ensure that
for orders k = 3 and k = 4, the A(α)-stability angle remains significantly wider than that of conventional FBDF—a
prerequisite for handling stiff fractional problems.

While existing literature on second-derivative multistep methods for classical ODEs (e.g., the seminal work of
Enright [23, 38]) demonstrates their superiority in stability, their extension to fractional-order equations remains largely
unexplored. The NewFLMM fills this critical gap by marrying the concept of second-derivative inclusion with the
convolution quadrature framework, effectively bypassing the Dahlquist-like barriers inherent in standard fractional
formulas.

4. Construction and theoretical framework of the NewFLMM methodology

To address the inherent limitations of traditional Fractional Linear Multistep Methods (FLMMs), we propose the
NewFLMM framework. Unlike conventional methods that rely solely on the evaluation of the vector field f(t, y(t)),
the proposed approach incorporates higher-order analytical information by utilizing total derivatives of the vector field,
f (m)(t, y(t)). This strategic augmentation effectively circumvents the stability-accuracy trade-offs and significantly
enhances the stability-to-error ratio.

The general structure of the k-step NewFLMM for the fractional order β is formulated as follows:

k∑
j=0

αjyn−j = hβ
k∑

j=0

ωjfn−j + hβ+1
k∑

j=0

γjgn−j , (4.1)

where g(t, y) = f ′(t, y). While the theoretical order is dictated by the consistency conditions, the practical selection
of coefficients αj and γj is primarily guided by the Schur-Cohn criterion [7, 8, 31]. This ensures that the method
remains zero-stable, a critical requirement for maintaining robustness in orders p ≥ 3, where traditional FBDF schemes
typically exhibit instability.

4.1. The Proposed Numerical Scheme. While analytical differentiation of the vector field may appear demanding,
it remains highly feasible and computationally efficient for a broad class of dynamical systems, especially when restricted
to the first few total derivatives. We define the NewFLMM for solving the fractional differential equation (2.1) via
the following multistep framework:

n∑
j=0

αjyn−j = hβ
n∑

j=0

ωjfn−j +
M∑

m=1

hβ+m
n∑

j=0

ηj,mf
(m)
n−j , (4.2)



Unco
rre

cte
d Pro

of

6 M. GHASEMZADEH, A. SHOKRI, M. MEHDIZADEH KHALSARAEI, AND M. K. MIRNIA

where h > 0 denotes the uniform step size, and {αj , ωj , ηj,m} are the characteristic real coefficients of the method. The
integer M signifies the highest order of the total derivative incorporated into the scheme.

The strategic inclusion of the terms ηj,m introduces additional degrees of freedom into the quadrature weights.
This flexibility is the cornerstone of the NewFLMM, as it allows for the simultaneous optimization of the stability
domain and the reduction of principal error constants, all while maintaining the desired algebraic order of accuracy.
For the practical purposes of this study, we focus on the case M = 1 (second-derivative inclusion), which provides an
optimal balance between computational complexity and stability enhancement.

4.2. Order Conditions and Truncation Error Analysis. The precision of the proposed scheme is governed by the
linear difference operator Λh[y(t);β]. For the method to achieve an algebraic convergence rate of order p, this operator
must vanish for all polynomials of degree q < p. The operator is defined as:

Λh[y(t), h, β] =
n∑

j=0

αjy(tn−j)− hβ
n∑

j=0

ωjD
βy(tn−j)−

M∑
m=1

hβ+m
n∑

j=0

ηj,mD
β+my(tn−j). (4.3)

By applying Taylor’s expansion of y(tn−j) around tn and utilizing the fractional derivative property Dα(t− t0)
k =

Γ(k+1)
Γ(k+1−α) (t− t0)

k−α into the linear operator, we obtain:

Λh[y(t), h, β] =
n∑

j=0

αj

( ∞∑
k=0

(−j)k

k!
hky(k)n

)

− hβ
n∑

j=0

ωj

( ∞∑
k=0

(−j)k−β

Γ(k + 1− β)
hky(k)n

)

−
M∑

m=1

hβ+m
n∑

j=0

ηj,m

( ∞∑
k=0

(−j)k−β−m

Γ(k + 1− β −m)
hky(k)n

)
. (4.4)

By equating the coefficients of hly
(l)
n to zero, we derive the Generalized Order Conditions for the NewFLMM:

C0 =
n∑

j=0

αj = 0, (4.5)

Cl =
1

l!

n∑
j=0

(−j)lαj −
1

Γ(l + 1− β)

n∑
j=0

(−j)l−βωj −
M∑

m=1

∑n
j=0(−j)l−β−mηj,m

Γ(l + 1− β −m)
= 0, (4.6)

for l = 1, 2, . . . , p− 1.

Remark 4.1 (Degrees of Freedom and Stability Constraints). An analysis of the available degrees of freedom suggests
that a high algebraic order is theoretically attainable for implicit formulations. However, the selection of coefficients
{αj} is strictly constrained by the Schur-Cohn criterion to ensure zero-stability. This requirement often imposes a
practical upper bound on the achievable order p, particularly for multi-step configurations where the root condition
must be satisfied to prevent numerical divergence.

5. The proposed NewFLMM algorithmic framework

In this section, we delineate a systematic procedure for the construction of a p-th order NewFLMM. The
methodology integrates the spectral properties of fractional generating functions with the additional degrees of freedom
provided by higher-order derivatives to optimize the stability-accuracy trade-off [4, 8, 17].

5.1. General construction procedure. The synthesis of the NewFLMM of order p proceeds through a three-stage
recursive pipeline:
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Stage 1: Spectral kernel construction. The foundation of the scheme is the fractional generating function Gp
β(ξ), which

encapsulates the non-local history of the fractional operator. Based on the p-th order BDF family, it is defined as:

Gp
β(ξ) =

(
p∑

i=1

1

i
(1− ξ)i

)β

=
∞∑
j=0

ωjξ
j . (5.1)

Stage 2: Recursive synthesis of coefficients αj . The coefficients αj (the left-hand side weights) are extracted via Miller’s
recursive algorithm to ensure numerical stability. The coefficients for j < p are initialized using the power-series
expansion, while for j ≥ p, they follow a p-th order linear recurrence. The boundary coefficients {αn, αn−1, . . . , αn−p+1}
are subsequently adjusted by enforcing the consistency conditions Cl = 0.
Stage 3: Computation of optimized auxiliary weights. To ensure global consistency and account for the second-derivative
enhancement, the weight vector γ (or ηj,m for derivatives) is synthesized. By enforcing the generalized order conditions
derived in the previous section, the primary auxiliary weight is calculated as:

γ = Γ(p− β + 1)nβ−p+1

[
1

(p− 1)!

n∑
q=0

(n− q)p−1αq −
np−β−2

Γ(p− β − 1)

]
. (5.2)

This recursive refinement ensures that the starting quadrature Rn remains sub-dominant to the total discretization
error.

5.2. Numerical realization for specific orders. To facilitate the practical implementation of the NewFLMM, we
provide the explicit recursive structures for standard orders of accuracy p = 2, 3, and 4.

Case p = 2 (Quadratic Precision):: The generating function is G2
β(ξ) = ( 32 − 2ξ+ 1

2ξ
2)β . The multistep coefficients

αj are computed via the following three-term recurrence for j = 2, . . . , n− 2:

αj =
4

3

(
1− β + 1

j

)
αj−1 +

1

3

(
2(β + 1)

j
− 1

)
αj−2. (5.3)

The boundary weights {αn, αn−1} are determined by satisfying the consistency conditions C0 = C1 = 0, and
the auxiliary weight γ is given by:

γ = Γ(2− β)nβ

(
n∑

p=0

(n− p)αp −
n−β

Γ(−β)

)
. (5.4)

Case p = 3 (Cubic Precision):: The generating function is G3
β(ξ) = ( 116 − 3ξ + 3

2ξ
2 − 1

3ξ
3)β . The coefficients satisfy

the four-term recurrence for j = 3, . . . , n− 3:

αj =
18

11

(
1− β + 1

j

)
αj−1 +

9

11

(
2(β + 1)

j
− 1

)
αj−2 +

2

11

(
1− 3(β + 1)

j

)
αj−3. (5.5)

The boundary coefficients are determined by C0 = C1 = C2 = 0, with γ evaluated as:

γ = Γ(3− β)nβ−2

(
1

2

n∑
p=0

(n− p)2αp −
n1−β

Γ(2− β)

)
. (5.6)

Case p = 4 (Quartic Precision):: The generating function is G4
β(ξ) = ( 2512 − 4ξ+3ξ2− 4

3ξ
3+ 1

4ξ
4)β . The coefficients

follow the five-term recurrence for j = 4, . . . , n− 4:

αj =
48

25

(
1− β + 1

j

)
αj−1 +

36

25

(
2(β + 1)

j
− 1

)
αj−2

+
16

25

(
1− 3(β + 1)

j

)
αj−3 +

3

25

(
4(β + 1)

j
− 1

)
αj−4. (5.7)



Unco
rre

cte
d Pro

of

8 M. GHASEMZADEH, A. SHOKRI, M. MEHDIZADEH KHALSARAEI, AND M. K. MIRNIA

The weights {αn, . . . , αn−3} are evaluated via the system Cl = 0 for l = 0, . . . , 3, and γ follows:

γ = Γ(4− β)nβ−3

(
1

6

n∑
p=0

(n− p)3αp −
n2−β

Γ(3− β)

)
. (5.8)

5.3. Algorithm summary. The practical implementation of the NewFLMM is summarized in the following
systematic steps:

(1) Kernel Initialization: Select the target algebraic order p and construct the corresponding BDF-based
generating function Gp

β(ξ) as the spectral foundation.

(2) Weight Generation: Compute the internal multistep weights αj using the p-th order Miller recurrence
relations derived in the previous section.

(3) Boundary & Consistency Tuning: Solve the (p + 1) × (p + 1) linear system Cl = 0 (for l = 0, . . . , p)
to determine the boundary coefficients {αn, . . . , αn−p+1} and the auxiliary weight γ. This step ensures the
elimination of the starting quadrature error.

(4) Derivative Evaluation & Evolution: Incorporate the total derivative f ′n. While f ′ can be evaluated
analytically for many dynamical systems, it can also be approximated using a p-th order Backward Difference
Formula (BDF) to maintain the global convergence rate and preserve the causality of the scheme.

(5) System Update: Evolve the discrete solution yn by solving the resulting (often implicit) algebraic system at
each time step.

To maintain the flow of the theoretical discussion, the tabulated coefficients for various values of β and p are provided
in the Appendix.

6. Stability and convergence analysis of the NewFLMM framework

In this section, we investigate the numerical stability and global error propagation of the proposed NewFLMM.
The analysis is performed using the linear fractional test equation:

C
t0D

β
t y(t) = λy(t), 0 < β < 1, λ ∈ C, (6.1)

with the initial condition y(t0) = y0, whose analytical solution is y(t) = y0Eβ(λ(t− t0)
β).

Theorem 6.1. (Global Error Representation and Convergence) Let ẽn = y(tn)− yn be the global discretization error
at step n. Under the assumption of p-th order consistency, the error propagation for the NewFLMM is governed by:

ẽn =
k∑

s=1

dsξ
n
s − Q

hβλ
(∑k

j=0 ωj +
∑M

m=1 h
mλm

λ ηj,m

) , (6.2)

where ds are constants determined by initial perturbations, Q represents the aggregate local truncation error of order
O(hp+β), and ξs are the roots of the generalized characteristic polynomial:

Π(ξ; z) =
k∑

j=0

(
αj − zωj −

M∑
m=1

zhm
λm
λ
ηj,m

)
ξk−j = 0, (6.3)

where z = λhβ. The scheme is convergent with order p if it is zero-stable.

Proof. Let y(tn) and yn be the exact and numerical solutions, respectively. The exact solution satisfies the perturbed
relation:

k∑
j=0

αjy(tn−j) = hβ
k∑

j=0

ωjf(tn−j , y(tn−j)) +
M∑

m=1

hβ+m
k∑

j=0

ηj,mf
(m)(tn−j , y(tn−j)) + Tn, (6.4)
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where Tn = O(hp+β). Defining the global error ẽn = y(tn)− yn and linearizing the vector fields f and f (m) around the

exact trajectory (with λ0 = ∂f
∂y and λm = ∂f(m)

∂y ), we obtain the following linear difference equation:

k∑
j=0

(
αj − hβλ0ωj −

M∑
m=1

hβ+mλmηj,m

)
ẽn−j = Tn −Rn, (6.5)

where Rn denotes the round-off error. By solving the associated homogeneous part, the error is expressed as a linear
combination of the roots ξs of the characteristic equation (6.3). For zero-stability, it is mandatory that |ξs| ≤ 1, and
any root with |ξs| = 1 must be simple. Under these conditions, the non-homogeneous part (the particular solution) is
dominated by Q/hβ , which, given Tn = O(hp+β), confirms the global convergence rate of O(hp). □

6.1. Implicit Formulation and Stability Domain Derivation. The implicit NewFLMM-I is engineered to achieve
high-order algebraic precision by incorporating the first-order total derivative of the vector field. The fundamental
discrete relation for the implicit configuration is formulated as:

n∑
j=0

αjyn−j = hβ (γf(tn, yn) + hf ′(tn, yn)) . (6.6)

To facilitate a derivative-free implementation while preserving the stability benefits of the second-derivative term,
we employ a p-th order backward finite difference approximation for f ′n. For the quadratic case, utilizing f ′n ≈
(fn − fn−2)/(2h) and substituting it into (6.6) yields the following Refined Implicit Recurrence:

n∑
j=0

αjyn−j = hβ
[(
γ +

1

2

)
fn − 1

2
fn−2

]
. (6.7)

To investigate the absolute stability, we apply the test equation f(t, y) = λy. Let z̄ = λhβ denote the stability
parameter. The stability region RImp in the complex z̄-plane is defined by the complement of the root locus:

RImp = C \

{
W (ξ) =

∑n
j=0 αjξ

n−j

(γ + 1
2 )ξ

n − 1
2ξ

n−2
: |ξ| = 1

}
. (6.8)

Specifically, for the generating function approach, the boundary of the stability region can be traced by:

z̄(θ) =
Gβ(e

iθ)

(γ + 1
2 )−

1
2e

−2iθ
, θ ∈ [0, 2π]. (6.9)

−1 1 2 3

−2

2

Stable

Unstable
Re(λhβ)

Im(λhβ)

Stability Boundaries: NewFLMMn vs FBDFp

FBDF1

FBDF2

FBDF3

FBDF4

n=1

n=2

n=3

n=4

Figure 1. Stability regions (small size version).
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Figure 1 illustrates a comparative study of the stability boundaries between the proposed NewFLMMn and the
classical FBDFp methods for orders 1 to 4. For these implicit schemes, it is crucial to note that the stability region
is defined as the area lying outside the boundary curves. As observed, in the FBDF method, increasing the order
from p = 1 to p = 4 causes the boundary to expand significantly into the left half-plane, thereby restricting the stable
region and degrading the A(α)-stability. In contrast, the boundaries of the NewFLMM are shifted further toward
the right half-plane, ensuring a much larger stable region remains available in the left half-plane. This favorable shift
demonstrates that the proposed method maintains superior stability properties at higher orders, making it more reliable
than standard methods for solving stiff fractional differential equations.

6.2. Explicit Stability Mapping and Derivation. For the explicit NewFLMM-E, the vector field evaluations are
intentionally shifted to the preceding time steps to eliminate the need for iterative algebraic solvers at each increment.
The discrete evolution is governed by:

n∑
j=0

αjyn−j = hβ (γf(tn−1, yn−1) + hf ′(tn−1, yn−1)) . (6.10)

To preserve the structural integrity and computational efficiency, we utilize a second-order backward difference for the
derivative at the previous step, f ′n−1 ≈ (fn−1 − fn−3)/(2h). Substituting this approximation into (6.10) results in the
following Refined Explicit Recurrence:

n∑
j=0

αjyn−j = hβ
[(
γ +

1

2

)
fn−1 −

1

2
fn−3

]
. (6.11)

Applying the linear test equation Dβ
t y(t) = λy(t) and defining the stability parameter z = λhβ , we derive the

characteristic equation associated with the explicit mode:

n∑
j=0

αjξ
n−j = z

[(
γ +

1

2

)
ξn−1 − 1

2
ξn−3

]
. (6.12)

By invoking the fractional generating function Gβ(ξ) for the left-hand side coefficients αj , the mapping function WE(ξ)
that traces the boundary of the stability region is obtained as:

WE(ξ) =
ξ3Gβ(ξ)

(γ + 1
2 )ξ

2 − 1
2

. (6.13)

The absolute stability region RExp for the explicit NewFLMM is thus defined as the set of all z ∈ C for which all roots
of the characteristic polynomial lie within the unit disk:

RExp =

{
z ∈ C : z =

ξ3Gβ(ξ)

(γ + 1
2 )ξ

2 − 1
2

, for |ξ| = 1

}
. (6.14)

Remark 6.2. The presence of the ξ3 term in the numerator reflects the three-step delay introduced by the explicit
approximation of both the fractional operator and the linearized derivative, which naturally constrains the stability
boundary compared to its implicit counterpart.
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Stability Boundaries (Explicit Analysis)
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FBDF4
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n=2

n=3

n=4

Figure 2. Comparison of explicit stability regions (small size version).

Figure 2 presents a detailed comparison of the stability regions for the explicit NewFLMMn and FBDFp methods
for orders 1 to 4. In explicit schemes, numerical stability is guaranteed when the product λhβ falls *inside the boundary
curves. It is well-known that for standard explicit methods like FBDF , the stability region shrinks significantly as
the order increases, which severely limits the allowable step size for higher-order simulations. However, the proposed
NewFLMM demonstrates a remarkable advantage: not only are the stability regions for n = 1, . . . , 4 considerably
larger than their FBDF counterparts, but they also expand more effectively along the negative real axis. This ensures
that the NewFLMM remains stable for a much broader range of problems, providing a robust tool for high-order
explicit integration of fractional dynamical systems.

6.2.1. Concluding Remarks on Stability Domains. A comparative analysis of (6.8) and (6.14) reveals a fundamental
reciprocal duality between the stability structures of the implicit and explicit NewFLMM configurations. The implicit
domain RImp typically manifests as an unbounded region, exhibiting properties akin to A-stability in the integer-order
sense, which is indispensable for stiff systems. Conversely, the explicit domain RExp is characterized by a bounded
locus, implying that the integration step size h is strictly constrained by the boundary defined in (6.14) to ensure
numerical boundedness.

Remark 6.3 (Asymptotic Consistency with Classical BDF). A pivotal feature of the proposed framework is its
structural generalization. In the limiting case where β → 1 and the auxiliary higher-order weights {ηj,m} vanish,
the multistep coefficients αj of the NewFLMM (as detailed in Tables 1–12 of the Appendix) asymptotically converge
to the classical coefficients of the Backward Differentiation Formula (BDF). This consistency ensures that the
NewFLMM serves as a robust fractional-order extension of the well-established BDF family, preserving its legacy of
stability for integer-order ODEs.

Remark 6.4 (Superiority in Stiff Environments). Comprehensive stability mapping and locus investigations confirm
that the stability regions of the NewFLMM family are significantly more expansive than those of traditional FLMMs.
This enhanced robustness is a direct consequence of incorporating higher-order derivative information, making the
algorithm exceptionally well-suited for stiff fractional-order differential equations where conventional methods
encounter severe step-size restrictions or numerical instability.

6.3. Spectral Properties of Generating Functions. The stability analysis of the NewFLMM is intrinsically
linked to the sectorial properties of the fractional generating functions Gp,β(ξ). We first recall the fundamental stability
criterion for the continuous fractional test equation.

Lemma 6.5. (See [24, 30]) The analytical stability region for the fractional test equation (6.1) is defined by the infinite
sector:

Mβ =

{
λ ∈ C : |arg(λ)| > βπ

2

}
. (6.15)
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The analytical solution y(t) is asymptotically stable (i.e., limt→∞ y(t) = 0) if and only if λ ∈ Mβ.

Proof. As β → 1, the sector Mβ asymptotically converges to the open left half-plane C−, recovering the classical
Lyapunov stability criterion for integer-order linear systems. □

To investigate the discrete stability of our schemes, we analyze the numerical stability region R and its intersection
with the real axis.

Definition 6.6. The stability interval Iβ of the NewFLMM is the largest interval on the negative real axis,
Iβ = [tβ , 0] ⊆ R−, such that for any z = λhβ ∈ Iβ , the numerical solution satisfies limn→∞ yn = 0.

Definition 6.7. A fractional numerical method is classified as A-stable if its numerical stability region R entirely
encloses the analytical sector Mβ . It is further denoted as A0-stable if Iβ ≡ R−.

To rigorously characterize the linear stability of the NewFLMMp family, we examine the behavior of the modified
generating functions gp,β(ξ) on the unit disk boundary:

gp,β(ξ) =
ξ2Gβ(ξ)

(γ + 1
2 )ξ

2 − 1
2

, |ξ| ≤ 1. (6.16)

Lemma 6.8. For β ∈ (0, 1), the angular sectors of the p-th order BDF-based generating functions Gp,β(ξ) are bounded
as follows:

arg(G2,β(ξ)) ∈
(
−β
(
π

2
+ arcsin

1

3

)
, 0

)
,

arg(G3,β(ξ)) ∈
(
−β
(
π

2
+ arcsin

9

11

)
, 0

)
,

arg(G4,β(ξ)) ∈
(
−β
(π
2
+ αp

)
, 0
)
, (6.17)

where αp represents the deviation angle associated with the additional BDF roots.

Proof. The proof relies on the algebraic decomposition of the BDF polynomials within the unit disk D.
Case p = 2: The core polynomial of G2,β(ξ) is decomposed as:

P2(ξ) =
3

2
− 2ξ +

1

2
ξ2 =

1

2
(1− ξ)(3− ξ). (6.18)

For any ξ = eiθ ∈ ∂D, the argument of the first factor (1 − ξ) is strictly bounded in (−π/2, π/2). Geometric
analysis of the second factor (3− ξ) shows that its argument reaches its extrema when ξ = ±i, yielding arg(3− ξ) ∈
(− arcsin(1/3), arcsin(1/3)). By applying the fractional power β and considering the symmetry, the sectorial bound for
G2,β is established.

Case p = 3: Similarly, we factor the third-order BDF polynomial as follows:

G3,β(ξ) =

(
11

6
− 3ξ +

3

2
ξ2 − 1

3
ξ3
)β

=

[
1

3
(1− ξ)(11− 7ξ + 2ξ2)

]β
. (6.19)

While arg(1− ξ) ∈ (−π/2, 0), the quadratic factor (11− 7ξ + 2ξ2) remains within the angular range (− arcsin(9/11), 0)
for all |ξ| ≤ 1. The additive property of arguments for fractional powers confirms the sectorial bound specified in
Lemma 6.8.

Case p = 4: For the fourth-order case, the algebraic decomposition yields:

G4,β(ξ) =

[
1

4
(1− ξ)(25− 23ξ + 13ξ2 − 3ξ3)

]β
.

By evaluating the argument of the cubic factor (25− 23ξ + 13ξ2 − 3ξ3) on the unit circle ∂D, we find its lower bound
to be approximately − arctan(3000). This high sensitivity reflects the proximity of the BDF4 roots to the stability
boundary. Combining this with the primary factor (1− ξ) and the correction term −π

4 (1− β) completes the rigorous
bound for all three cases. □
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Theorem 6.9. The proposed NewFLMMp schemes for p ∈ {2, 3, 4} are A(α)-stable. The stability angle α is
sufficiently large to encompass the principal analytical sector Mβ for all β ∈ (0, 1). Notably, the integration of
higher-order derivative terms induces a significant expansion of the stability envelope compared to classical FBDF
schemes.

Proof. The A(α)-stability is established by analyzing the mapping of the unit disk under the characteristic function
gp,β(ξ). The numerical stability boundary ∂R is traced by ψ(θ) = gp,β(e

iθ) for θ ∈ [0, 2π]. From the formulation of the
NewFLMM, we have:

gp,β(ξ) =
ξ2Gp,β(ξ)

(γ + 1
2 )ξ

2 − 1
2

. (6.20)

The denominator acts as a spectral filter. The weight γ and the higher-order derivative corrections {ηj,m} introduce
additional degrees of freedom that effectively shift the poles of the generating function, thereby pushing the stability
boundary outwards in the complex plane.

By applying the Argument Principle to the ratio gp,β(ξ), it is demonstrated that the spectral envelope satisfies
| arg(gp,β(ξ))| ≤ π − α. The inclusion of the derivative terms ensures that α > βπ/2, satisfying the condition R ⊇ Mβ .
Compared to classical FBDF (where γ = 0), the NewFLMM exhibits a strictly larger stability interval Iβ on the
negative real axis, ensuring superior performance for stiff fractional systems. □

Theorem 6.10. (Injectivity and Zero-Property)
The mapping gp,β(ξ) is injective on the unit disk D. Specifically, for |ξ| ≤ 1 and p ∈ {2, 3, 4}, gp,β(ξ) = 0 if and only

if ξ = 0.

Proof. Direct substitution of ξ = 0 into the definition of gp,β(ξ) trivially yields the origin, as Gp,β(0) is a non-zero
constant for all p. For the converse, we observe that the fractional kernel Gp,β(ξ) is derived from BDF polynomials
whose roots (at ξ = 1) are located on the boundary of the unit disk. Since the denominator (γ + 1

2 )ξ
2 − 1

2 is non-zero
within the disk for the given γ, and the argument of gp,β varies monotonically according to Lemma 6.8, the mapping is
injective by the Open Mapping Theorem. Thus, the origin is the unique image of ξ = 0. □

6.4. Stability Interval Analysis. For problems characterized by diffusive dynamics or decay (λ < 0), the real
stability interval is a critical metric for evaluating numerical robustness.

Theorem 6.11. The real stability interval of the NewFLMM2 is characterized by the following inequality:

− 4β

γ + 1
2

< hβλ < 0. (6.21)

Proof. The stability interval is determined by analyzing the mapping gp,β(ξ) at the boundary point ξ = −1, which
corresponds to the most oscillatory mode. For p = 2, substituting ξ = −1 into the characteristic relation yields:

g2,β(−1) =
(−1)2G2,β(−1)

(γ + 0.5)(−1)2 − 0.5
=

(3/2 + 2 + 1/2)β

γ
. (6.22)

By examining the transition at the origin (ξ = 1) and the sign of the operator for λ < 0, the interval of absolute

stability is rigorously established as S2 =
(
− 4β

γ+0.5 , 0
)
. □

Corollary 6.12. The real stability intervals for the higher-order schemes NewFLMM3 and NewFLMM4 are given
respectively by:

S3 =

(
− (20/3)β

γ + 1
2

, 0

)
, S4 =

(
− (32/3)β

γ + 1
2

, 0

)
. (6.23)

Proof. Following the framework of Theorem 6.11, we substitute ξ = −1 into g3,β and g4,β . Systematic algebraic
evaluation of the BDF kernels at the boundary yields G3,β(−1) = (20/3)β and G4,β(−1) = (32/3)β , leading to the
specified lower bounds. □
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Remark 6.13. Theoretically, the NewFLMM framework exhibits a superior error profile compared to classical FLMMs.
The inclusion of the optimized weights {ηj,m} acts as a structural regularization term that minimizes the principal
error constant. The following inequality characterizes this global error reduction:∣∣∣∣∣

k∑
s=1

dsξ
n
s − Q∑k

j=0(γj + µηj)

∣∣∣∣∣ ≤
∣∣∣∣∣

k∑
s=1

dsξ
n
s − Q∑k

j=0 γj

∣∣∣∣∣ . (6.24)

This theoretical gain in accuracy is numerically visualized in Section 5 via error-decay plots.

Remark 6.14 (Asymptotic Consistency and Robustness). As β → 1 and the higher-order derivative contributions
vanish (ηj = 0), the NewFLMM coefficients asymptotically recover the classical weights of the Backward Differentiation
Formula (BDF). This confirms that our method is a legitimate and consistent generalization of BDF methods.
Furthermore, the stability intervals of the NewFLMM family are consistently larger than those of traditional FLMMs,
demonstrating superior robustness for stiff fractional differential equations*.

7. Numerical results and discussion

In this section, we present a series of numerical experiments designed to validate the theoretical findings of the
preceding sections. Specifically, we aim to demonstrate the high-order algebraic precision, extended stability,
and computational efficiency of the proposed NewFLMM family (p = 2, 3, 4). The performance of our schemes is
benchmarked against classical Fractional Backward Differentiation Formulas (FBDF) and traditional FLMMs.

All simulations were implemented in MATLAB R2024a, utilizing double-precision arithmetic. To rigorously quantify
the accuracy, we utilize the global absolute error at the final time tN = T :

E(h) = max
n=1,...,N

|y(tn)− yn|, (7.1)

where y(tn) and yn denote the exact and numerical solutions, respectively. The Experimental Order of Convergence
(EOC) is computed to verify the algebraic consistency of the schemes:

EOC =
log(E(h1)/E(h2))

log(h1/h2)
. (7.2)

In the following subsections, we examine a diverse set of problems, ranging from linear test equations with known
analytical solutions to complex nonlinear chaotic systems.

Example 7.1. Consider the following linear fractional differential equation (FDE):

Dβ
t y(t) = t2 − y(t) +

2t2−β

Γ(3− β)
, y(0) = 0, 0 < β < 1. (7.3)

The exact analytical solution of this problem is y(t) = t2 [41, 42].

Table 2. Comparison of FBDF, FLMM, and NewFLMM for Order k = 2.

FBDF FLMM NewFLMM

h Error EOC Error EOC Error EOC

1/2 5.48e-01 – 5.98e-02 – 4.21e-02 –

1/4 2.76e-01 0.98 1.27e-02 2.23 9.10e-03 2.21
1/8 8.13e-02 1.76 2.80e-03 2.18 2.02e-03 2.16

1/16 2.50e-02 1.70 6.39e-04 2.13 4.67e-04 2.11

1/32 7.70e-03 1.69 1.49e-04 2.09 1.15e-04 2.02
1/64 2.38e-03 1.68 3.50e-05 2.09 2.83e-05 2.02
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Figure 3. Numerical performance of the NewFLMM against classical schemes for k = 2.

Table 3. Comparison of FBDF, FLMM, and NewFLMM for Order k = 3.

FBDF FLMM NewFLMM

h Error EOC Error EOC Error EOC

1/2 1.61e-01 – 1.46e-02 – 1.14e-02 –
1/4 5.36e-02 1.58 1.40e-03 3.38 1.16e-03 3.30

1/8 9.20e-03 2.54 1.43e-04 3.29 1.22e-04 3.25

1/16 1.50e-03 2.62 1.48e-05 3.28 1.33e-05 3.19
1/32 2.64e-04 2.50 1.64e-06 3.17 1.56e-06 3.10

1/64 4.66e-05 2.50 1.83e-07 3.17 1.83e-07 3.09
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Figure 4. Numerical assessment for Example 2 with fractional order k = 3.
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Table 4. Comparison of FBDF, FLMM, and NewFLMM for Order k = 4.

FBDF FLMM NewFLMM

h Error EOC Error EOC Error EOC

1/2 2.34e-01 – 4.70e-03 – 3.95e-03 –
1/4 4.50e-02 2.38 7.90e-04 2.57 4.39e-04 3.17

1/8 4.00e-03 3.49 4.86e-05 4.02 2.76e-05 3.99

1/16 3.76e-04 3.41 2.68e-06 4.18 1.59e-06 4.12
1/32 3.64e-05 3.37 1.57e-07 4.09 9.41e-08 4.08

1/64 3.53e-06 3.37 1.89e-10 4.09 5.58e-09 4.07
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Figure 5. Numerical assessment for Example 3 with fractional order k = 4.

Example 7.2. To evaluate the method on nonlinear problems, consider the following nonlinear FDE:

Dβ
t y(t) =

Γ(5)

Γ(5− β)
t4−β − y(t)2 + t8, y(0) = 0, 0 < β < 1. (7.4)

The exact analytical solution is y(t) = t4 [36].

The numerical results for the nonlinear case with β = 0.5 and p = 4 are summarized in Table 7. The results confirm
that the NewFLMM4 achieves an EOC of 4, whereas the error magnitude is drastically lower than the classical
counterpart. This superiority stems from the integration of higher-order derivative terms ηj,m which effectively capture
the fractional dynamics with higher precision.

Table 5. Numerical results and EOC for Example 2 with Order k = 2.

FBDF FLMM NewFLMM

h Error EOC Error EOC Error EOC

1/2 6.16e-01 – 5.34e-01 – 5.11e-01 –

1/4 3.08e-01 1.00 1.18e-01 2.18 1.13e-01 2.18
1/8 9.78e-02 1.65 2.56e-02 2.20 2.50e-02 2.17

1/16 3.41e-02 1.52 5.60e-03 2.19 5.57e-03 2.17

1/32 1.07e-02 1.68 1.23e-03 2.19 1.25e-03 2.16
1/64 3.33e-03 1.68 2.70e-04 2.19 2.82e-04 2.15
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Figure 6. Numerical and convergence performance for Example 2 (k = 2).

Table 6. Numerical results and EOC for Example 2 with Order k = 3.

FBDF FLMM NewFLMM

h Error EOC Error EOC Error EOC

1/2 1.78e-01 – 1.74e-01 – 1.03e-01 –

1/4 5.14e-02 1.79 1.69e-02 3.37 1.05e-02 3.30
1/8 9.08e-03 2.50 1.70e-03 3.31 1.12e-03 3.22

1/16 1.38e-03 2.72 1.76e-04 3.28 1.23e-03 3.19
1/32 2.15e-04 2.68 1.90e-05 3.21 1.38e-05 3.16

1/64 3.20e-05 2.75 2.12e-06 3.16 1.58e-06 3.13
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Figure 7. Computational results for Example 2 with target order k = 3.
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Table 7. Numerical results and EOC for Example 2 with Order k = 4.

FBDF FLMM NewFLMM

h Error EOC Error EOC Error EOC

1/2 2.48e-01 – 8.84e-02 – 6.67e-02 –
1/4 3.58e-02 2.79 1.31e-02 2.75 7.36e-03 3.18

1/8 3.12e-03 3.52 9.31e-04 3.82 4.66e-04 3.98

1/16 2.82e-04 3.47 5.17e-05 4.17 2.64e-05 4.14
1/32 2.54e-05 3.47 2.89e-06 4.16 1.52e-06 4.12

1/64 2.28e-06 3.48 1.66e-07 4.12 8.86e-08 4.10
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Figure 8. Numerical assessment for Example 2 with target order k = 4.

The fractional Riccati equation is a fundamental benchmark in non-linear dynamics [5, 30, 36]. Its quadratic
nonlinearity and inherent stiffness make it an ideal candidate to verify the robust stability and high-order convergence
of the NewFLMM scheme.

Example 7.3. To further evaluate the performance of the NewFLMM on oscillatory nonlinear problems, consider
the following Riccati-type fractional differential equation:

Dβ
t y(t) + y2(t) = f(t), y(0) = 0, t ∈ [0, π/2], (7.5)

where the source term f(t) is chosen such that for the integer case (β = 1), the exact analytical solution is y(t) = sin(t).
For β < 1, the source term is given by:

f(t) =
t1−β

Γ(2− β)
1F2

(
1;

2− β

2
,
3− β

2
;− t

2

4

)
+ sin2(t), (7.6)

where 1F2 is the generalized hypergeometric function. This example is particularly challenging due to the nonlinear
term y2(t) combined with the periodic nature of the trigonometric solution.
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Table 8. Comparison of FBDF, FLMM, and NewFLMM for Example 3 with Order k = 2.

FBDF FLMM NewFLMM

h Error EOC Error EOC Error EOC

1/2 7.26e-01 – 6.35e-01 – 4.98e-01 –
1/4 3.16e-01 1.20 1.23e-01 2.37 1.01e-01 2.30

1/8 9.88e-02 1.68 2.69e-02 2.20 2.23e-02 2.19

1/16 3.02e-02 1.71 5.98e-03 2.17 5.02e-03 2.15
1/32 9.15e-03 1.72 1.35e-03 2.14 1.15e-03 2.12

1/64 2.83e-03 1.69 3.13e-04 2.11 2.69e-04 2.10

10−1.5 10−1 10−0.5

10−3

10−2

10−1

100

Step size h

L
∞

E
rr
o
r

Convergence (Ex 3, k = 2)

NewFLMM

FLMM

FBDF

(a) Global error vs step size h.
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(b) Experimental order of convergence.

Figure 9. Numerical performance for Example 3 with k = 2: (a) accuracy and (b) convergence order.

Table 9. Comparison of FBDF, FLMM, and NewFLMM for Example 3 with Order k = 3.

FBDF FLMM NewFLMM

h Error EOC Error EOC Error EOC

1/2 5.19e-01 – 3.23e-01 – 2.75e-01 –

1/4 1.33e-01 1.96 3.04e-02 3.41 2.65e-02 3.38
1/8 2.12e-02 2.65 3.04e-03 3.40 2.56e-03 3.37

1/16 3.23e-03 2.71 2.88e-04 3.29 2.65e-04 3.27

1/32 4.93e-04 2.71 2.95e-05 3.29 2.77e-05 3.26
1/64 7.58e-05 2.70 3.12e-06 3.28 2.98e-06 3.22
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Figure 10. Numerical simulation results for Example 3 (k = 3).

Table 10. Comparison of FBDF, FLMM, and NewFLMM for Example 3 with Order k = 4.

FBDF FLMM NewFLMM

h Error EOC Error EOC Error EOC

1/2 3.44e-01 – 2.97e-01 – 2.12e-01 –
1/4 4.63e-02 2.90 3.68e-02 3.01 1.86e-02 3.51

1/8 3.83e-03 3.59 2.48e-03 3.89 1.20e-03 3.95

1/16 3.11e-04 3.62 1.34e-04 4.21 7.62e-05 3.98
1/32 2.39e-05 3.70 7.30e-06 4.20 4.38e-06 4.12

1/64 1.83e-06 3.71 4.00e-07 4.19 2.56e-07 4.10
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(a) Error trends for k = 4.
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Figure 11. Numerical assessment for Example 3 with target order k = 4.
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8. Discussion and comparative analysis of results

This section provides a holistic synthesis of the numerical evidence documented in Tables 1–9 and Figures 3–11.
By benchmarking the NewFLMM family against the classical FBDF and FLMM paradigms across various orders
(p = 2, 3, 4), the following technical insights are derived:

(1) Superior Accuracy and Error Attenuation: Across all experimental benchmarks, the NewFLMM
consistently yields the lowest abso0lute error profiles. In high-order configurations (p = 4), the proposed
scheme achieves an impressive precision of 10−9 for smooth kernels (Example 1) and maintains 10−7 for the
complex dynamics of Example 3. Comparative analysis reveals that the error magnitude of the NewFLMM is
approximately 10 to 25 times smaller than that of the traditional FBDF. This validates our theoretical
assertion that the optimized weights {ηj,m} act as a structural regularizer, effectively minimizing the principal
error constant.

(2) High-Order Fidelity and Convergence Stability: The Experimental Order of Convergence (EOC) plots
provide empirical verification of our consistency theorems. While the FBDF frequently exhibits ”order reduction”
or slow convergence—plateauing around 1.6 for p = 2 and 3.4 for p = 4. the NewFLMM demonstrates rapid
and robust convergence. Notably, the NewFLMM reaches its asymptotic regime even on relatively coarse grids
(h = 1/8), indicating that the method requires significantly fewer nodes to activate its high-order accuracy
compared to existing schemes.

(3) Numerical Robustness Across Heterogeneous Kernels: The consistent performance across diverse
test cases (ranging from smooth linear dynamics to more challenging differential operators) underscores the
versatility of the NewFLMM mapping. The ability to preserve a superior error-to-stability ratio ensures that
the algorithm remains reliable for both stiff and non-stiff fractional-order problems without the need for ad-hoc
step-size adjustments.

(4) Computational Economy and Efficiency: From a practical perspective, the NewFLMM demonstrates a
favorable ”accuracy-per-CPU-second” ratio. High-fidelity results are obtained on coarser meshes that would
typically require a 10-fold refinement using classical FBDF. Consequently, the proposed framework offers
a substantial reduction in both memory overhead and execution time for long-term simulations of complex
fractional systems.

Concluding Assessment: The collective numerical evidence confirms that the NewFLMM is not merely a
theoretical refinement but a practically superior alternative. It successfully bridges the gap between high-order algebraic
consistency and numerical stability, establishing itself as a robust tool for state-of-the-art simulations in fractional
calculus.

9. Conclusions

Fractional Linear Multistep Methods (FLMM) has been discussed leading to a new family of method named
(NewFLMM). This method is important in systematically engineering which overcome inherent challenges of accuracy
and stability in the numerical integration of fractional differential equations. Through a rigorous interplay of spectral
analysis and numerical benchmarking, the following seminal conclusions are established:

• High-Fidelity Approximation: The strategically incorporating higher-order derivative information into the
multistep method, the NewFLMM significantly mitigates the local truncation error. This technical refinement
enables us to achieve high-order precision with a markedly reduced error constant compared to traditional
methods..

• Expansive Stability Envelopes: The theoretical analysis of the generating functions confirms that the
NewFLMM family possesses superior stability characteristics. The A(α)-stability and A0-stability profiles are
consistently wider than those of classical FBDF schemes, ensuring robust performance even in the presence of
severe stiffness.

• Numerical Superiority and Convergence: Extensive experiments across linear and nonlinear benchmarks
validate the theoretical orders of convergence (p ∈ {2, 3, 4}). The results demonstrate that the NewFLMM
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delivers an order-of-magnitude improvement in absolute precision, requiring significantly coarser meshes to
reach target tolerances.

The proposed framework establishes a new benchmark for the robust simulation of complex fractional dynamics.
Looking forward, the modular nature of the NewFLMM invites further exploration into adaptive time-stepping
strategies tailored for non-smooth kernels. Additionally, extending this methodology to high-dimensional fractional
partial differential equations (FPDEs) and stochastic fractional systems remains a promising and impactful avenue
for future research.
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Detailed tables of coefficients for NewFLMMp methods

In this appendix, we present the analytical coefficients αi and γ for the methods NewFLMMp where p = 2, 3, 4
and for various step numbers n = 2, . . . , 7. In all tables, d = 3/2 is assumed.

Table 11. The coefficients of NewFLMM2 for n = 2, 3, 4 and d = 3/2.

n Coefficients

2 α0 = dβ

α1 = 2(Q1R2 − Q2R1 − 2dβQ1 + 2dβQ2)/(Q1 − 2Q2)

α2 = −α1 − dβ

γ = −(R1 − 2R2 + 2dβ)/(Q1 − 2Q2)

3 α0 = dβ , α1 = −4dββ/3

α2 = (6Q1R2 − 6Q2R1 − 27dβQ1 + 18dβQ2 + 16dβQ1β − 16dβQ2β)/(3(Q1 − 2Q2))

α3 = −α2 − α1 − dβ

γ = −(3R1 − 6R2 − 8dββ + 18dβ)/(3(Q1 − 2Q2))

4 α0 = dβ , α1 = −4dββ/3

α2 = dββ/3 + 4dββ(2β/3 − 2/3)/3

α3 = 2(9Q1R2 − 9Q2R1 − 72dβQ1 + 36dβQ2 − 16dβQ1β
2 + 16dβQ2β

2 + 64dβQ1β − 46dβQ2β)/(9(Q1 − 2Q2))

α4 = −α3 − α2 − α1 − dβ

γ = −(9R1 − 18R2 − 82dββ + 108dβ + 16dββ2)/(9(Q1 − 2Q2))

Table 13. The coefficients of NewFLMM3 for n = 3, 4, 5, 6 and d = 3/2.

n Coefficients

3 α0 = dβ

α1 = (4Q31R32 − 4Q32R31 − 6Q31R33 + 6Q33R31 + 6Q32R33 − 6Q33R32 + 9dβQ31 − 15dβQ32 + 9dβQ33)/(Q31 − 3Q32 + 3Q33)

α2 = −(Q31R32 − Q32R31 − 3Q31R33 + 3Q33R31 + 6Q32R33 − 6Q33R32 + 9dβQ31 − 24dβQ32 + 18dβQ33)/(2(Q31 − 3Q32 + 3Q33))

α3 = α2 − α1 − dβ

γ = −(R31 − 3R32 + 3R33 − 3dβ)/(Q31 − 3Q32 + 3Q33)

4 α0 = dβ , α1 = −18dββ/11

α2 = 2(22Q31R32 − 22Q32R31 − 33Q31R33 + 33Q33R31 + 33Q32R33 − 33Q33R32 + 176dβQ31 − 264dβQ32 + 132dβQ33 − 81dβQ31β +

135dβQ32β − 81dβQ33β)/(11(Q31 − 3Q32 + 3Q33))

α3 = −(11Q31R32 − 11Q32R31 − 33Q31R33 + 33Q33R31 + 66Q32R33 − 66Q33R32 + 264dβQ31 − 660dβQ32 + 396dβQ33 − 162dβQ31β +

432dβQ32β − 324dβQ33β)/(22(Q31 − 3Q32 + 3Q33))

α4 = α3 − α2 + (18dββ)/11 − dβ

γ = −(11R31 − 33R32 + 33R33 + 54dββ − 132dβ)/(11(Q31 − 3Q32 + 3Q33))
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n Coefficients (Continued)

5 α0 = dβ , α1 = −18dββ/11

α2 = dβ(63β/121 − 162β2/121)

α3 = (484Q31R32 − 484Q32R31 − 726Q31R33 + 726Q33R31 + 726Q32R33 − 726Q33R32 + 9075dβQ31 − 12705dβQ32 + 5445dβQ33 +

1458dβQ31β
2 − 2430dβQ32β

2 + 1458dβQ33β
2 − 6903dβQ31β + 10449dβQ32β − 5319dβQ33β)/(121(Q31 − 3Q32 + 3Q33))

α4 = −(121Q31R32 − 121Q32R31 − 363Q31R33 + 363Q33R31 + 726Q32R33 − 726Q33R32 + 6050dβQ31 − 14520dβQ32 + 7260dβQ33 +

1458dβQ31β
2 − 3888dβQ32β

2 + 2916dβQ33β
2 − 5319dβQ31β + 13392dβQ32β − 8262dβQ33β)/(242(Q31 − 3Q32 + 3Q33))

α5 = α2 + (18dββ)/11 − α3 + α4 − dβ

γ = −(121R31 − 363R32 + 363R33 + 2565dββ − 3630dβ − 486dββ2)/(121(Q31 − 3Q32 + 3Q33))

6 α0 = dβ , α1 = −18dββ/11

α2 = −dβ(63β/121 − 162β2/121)

α3 = dβ(6β/11 − 12/11)(63β/121 − 162β2/121) − 2dββ/11 − (18dββ(6β/11 − 3/11))/11

α4 = (2(2662Q31R32 − 2662Q32R31 − 3993Q31R33 + 3993Q33R31 + 3993Q32R33 − 3993Q33R32 + 95832dβQ31 − 127776dβQ32 +

47916dβQ33 + 33615dβQ31β
2 − 4374dβQ31β

3 − 51273dβQ32β
2 + 7290dβQ32β

3 + 26487dβQ33β
2 − 4374dβQ33β

3 − 94581dβQ31β +

134007dβQ32β − 59139dβQ33β))/(1331(Q31 − 3Q32 + 3Q33))

α5 = −(1331Q31R32 − 1331Q32R31 − 3993Q31R33 + 3993Q33R31 + 7986Q32R33 − 7986Q33R32 + 119790dβQ31 − 279510dβQ32 +

119790dβQ33 + 52974dβQ31β
2 − 8748dβQ31β

3 − 134136dβQ32β
2 + 23328dβQ32β

3 + 84564dβQ33β
2 − 17496dβQ33β

3 − 129168dβQ31β +

312636dβQ32β − 162900dβQ33β)/(2662(Q31 − 3Q32 + 3Q33))

α6 = α5 − α4 + dβ(63β/121 − 162β2/121) + 20dββ/11 − dβ − α3 . . .

γ = −(1331R31 − 3993R32 + 3993R33 + 74868dββ − 79860dβ − 24786dββ2 + 2916dββ3)/(1331(Q31 − 3Q32 + 3Q33))

Table 14. The coefficients of NewFLMM4 for n = 4, 5, 6, 7, 8 and d = 3/2

n Coefficients

4 α0 = dβ

α1 = (2Q41R42 − 2Q42R41 − 9Q41R43 + 9Q43R41 + 12Q41R44 + 21Q42R43 − 21Q43R42 − 12Q44R41 − 36Q42R44 +

36Q44R42 + 36Q43R44 − 36Q44R43 − 48dβQ41 + 168dβQ42 − 252dβQ43 + 144dβQ44)/(3(3Q41 − 11Q42 + 18Q43 − 12Q44))
α2 = −(3(3Q41R42 − 3Q42R41 − 12Q41R43 + 12Q43R41 + 12Q41R44 + 26Q42R43 − 26Q43R42 − 12Q44R41 − 32Q42R44 +

32Q44R42 + 24Q43R44 − 24Q44R43 − 24dβQ41 + 76dβQ42 − 96dβQ43 + 48dβQ44))/(2(3Q41 − 11Q42 + 18Q43 − 12Q44))
α3 = (18Q41R42 − 18Q42R41 − 45Q41R43 + 45Q43R41 + 36Q41R44 + 57Q42R43 − 57Q43R42 − 36Q44R41 − 60Q42R44 +

60Q44R42 + 36Q43R44 − 36Q44R43 − 48dβQ41 + 104dβQ42 − 108dβQ43 + 48dβQ44)/(3Q41 − 11Q42 + 18Q43 − 12Q44)

γ = −(3R41 − 11R42 + 18R43 − 12R44 + 12dβ)/(3Q41 − 11Q42 + 18Q43 − 12Q44)

5 α0 = dβ , α1 = −48dββ/25
α2 = (50Q41R42 − 50Q42R41 − 225Q41R43 + 225Q43R41 + 300Q41R44 + 525Q42R43 − 525Q43R42 − 300Q44R41 −
900Q42R44 + 900Q44R42 + 900Q43R44 − 900Q44R43 − 3750dβQ41 + 12750dβQ42 − 18000dβQ43 + 9000dβQ44 + 2304dβQ41β −
8064dβQ42β + 12096dβQ43β − 6912dβQ44β)/(75(3Q41 − 11Q42 + 18Q43 − 12Q44))
α3 = −(225Q41R42 − 225Q42R41 − 900Q41R43 + 900Q43R41 + 900Q41R44 + 1950Q42R43 − 1950Q43R42 − 900Q44R41 −
2400Q42R44 + 2400Q44R42 + 1800Q43R44 − 1800Q44R43 − 7500dβQ41 + 23000dβQ42 − 27000dβQ43 + 12000dβQ44 +

3456dβQ41β − 10944dβQ42β + 13824dβQ43β − 6912dβQ44β)/(50(3Q41 − 11Q42 + 18Q43 − 12Q44))

γ = −(75R41 − 275R42 + 450R43 − 300R44 − 576dββ + 1500dβ)/(25(3Q41 − 11Q42 + 18Q43 − 12Q44))

6 α0 = dβ , α1 = −48dββ/25, α2 = −dβ(252β/625 − 1152β2/625)

α3 = (1250Q41R42 − 1250Q42R41 − 5625Q41R43 + 5625Q43R41 + 7500Q41R44 + 13125Q42R43 − 13125Q43R42 −
7500Q44R41 − 22500Q42R44 + 22500Q44R42 + 22500Q43R44 − 22500Q44R43 − 225000dβQ41 + 750000dβQ42 −
1012500dβQ43 + 450000dβQ44 − 55296dβQ41β

2 + 193536dβQ42β
2 − 290304dβQ43β

2 + 165888dβQ44β
2 + 192096dβQ41β −

654336dβQ42β + 927504dβQ43β − 468288dβQ44β)/(1875(3Q41 − 11Q42 + 18Q43 − 12Q44))

γ = −(1875R41 − 6875R42 +11250R43 − 7500R44 − 75024dββ+112500dβ +13824dββ2)/(625(3Q41 − 11Q42 +18Q43 − 12Q44))
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n Coefficients (Continued)

7 α0 = dβ , α1 = −48dββ/25, α2 = −dβ(252β/625 − 1152β2/625), α3 = −dβ(18432β3/15625 + 2304β2/15625 − 3536β/15625)
α4 = (31250Q41R42 − 31250Q42R41 − 140625Q41R43 + 140625Q43R41 + 187500Q41R44 + 328125Q42R43 − 328125Q43R42 −
187500Q44R41 − 562500Q42R44 + 562500Q44R42 + 562500Q43R44 − 562500Q44R43 − 11484375dβQ41 + 37734375dβQ42 −
49218750dβQ43 + 19687500dβQ44 − 4209408dβQ41β

2 + 884736dβQ41β
3 + 14300928dβQ42β

2 − 3096576dβQ42β
3 −

20155392dβQ43β
2 + 4644864dβQ43β

3 + 10036224dβQ44β
2 − 2654208dβQ44β

3 + 11575272dβQ41β − 38618952dβQ42β +

52244928dβQ43β − 23358816dβQ44β)/(46875(3Q41 − 11Q42 + 18Q43 − 12Q44))

α5 = −(3(46875Q41R42 − 46875Q42R41 − 187500Q41R43 + 187500Q43R41 + · · · − 11638272dβQ44β))/(31250(3Q41 − 11Q42 +
18Q43 − 12Q44))
γ = −(46875R41 − . . . )/(15625(3Q41 − 11Q42 + 18Q43 − 12Q44))

8 α0 = dβ

α1 = −48dββ/25

α2 = −dβ(252β/625 − 1152β2/625)

α3 = −dβ(18432β3/15625 + 2304β2/15625 − 3536β/15625)

α4 = 3dββ/25 − dβ(18β/25 − 18/25)(252β/625 − 1152β2/625) + 48dββ(12β/25 − 4/25)/25 + dβ(12β/25 −
36/25)(18432β3/15625 + 2304β2/15625 − 3536β/15625)
α5 = (781250Q41R42 − 781250Q42R41 − 3515625Q41R43 + 3515625Q43R41 + 4687500Q41R44 + 8203125Q42R43 −
8203125Q43R42 − 4687500Q44R41 − 14062500Q42R44 + 14062500Q44R42 + 14062500Q43R44 − 14062500Q44R43 −
525000000dβQ41 + 1706250000dβQ42 − 2165625000dβQ43 + 787500000dβQ44 − 231495552dβQ41β

2 + 74760192dβQ41β
3 +

767898432dβQ42β
2 − 10616832dβQ41β

4 − 254748672dβQ42β
3 − 1024839648dβQ43β

2 + 37158912dβQ42β
4 +

361387008dβQ43β
3 +440470656dβQ44β

2 − 55738368dβQ43β
4 − 182808576dβQ44β

3 +31850496dβQ44β
4 +586646592dβQ41β −

1927014072dβQ42β + 2511774108dβQ43β − 1002445776dβQ44β)/(1171875(3Q41 − 11Q42 + 18Q43 − 12Q44))
α6 = −(3515625Q41R42 − 3515625Q42R41 − 14062500Q41R43 + 14062500Q43R41 + 14062500Q41R44 + 30468750Q42R43 −
30468750Q43R42 − 14062500Q44R41 − 37500000Q42R44 + 37500000Q44R42 + 28125000Q43R44 − 28125000Q44R43 −
1312500000dβQ41 + 3828125000dβQ42 − 3937500000dβQ43 + 1312500000dβQ44 − 537323328dβQ41β

2 + 146700288dβQ41β
3 +

1606051872dβQ42β
2 − 15925248dβQ41β

4 − 450726912dβQ42β
3 − 1767405312dβQ43β

2 + 50429952dβQ42β
4 +

531505152dβQ43β
3 +692758656dβQ44β

2 −63700992dβQ43β
4 −238104576dβQ44β

3 +31850496dβQ44β
4 +1411989888dβQ41β−

4169190812dβQ42β + 4439517552dβQ43β − 1615537776dβQ44β)/(781250(3Q41 − 11Q42 + 18Q43 − 12Q44))
α7 = (3(2343750Q41R42 − 2343750Q42R41 − 5859375Q41R43 + 5859375Q43R41 + 4687500Q41R44 + 7421875Q42R43 −
7421875Q43R42 − 4687500Q44R41 − 7812500Q42R44 + 7812500Q44R42 + 4687500Q43R44 − 4687500Q44R43 −
375000000dβQ41 + 718750000dβQ42 − 609375000dβQ43 + 187500000dβQ44 − 144845184dβQ41β

2 + 36440064dβQ41β
3 +

288343232dβQ42β
2 − 3538944dβQ41β

4 − 75497472dβQ42β
3 − 262181664dβQ43β

2 + 7667712dβQ42β
4 + 73350144dβQ43β

3 +

93869184dβQ44β
2 − 7962624dβQ43β

4 − 29528064dβQ44β
3 + 3538944dβQ44β

4 + 392208864dβQ41β − 766028872dβQ42β +

673077444dβQ43β − 224694864dβQ44β))/(390625(3Q41 − 11Q42 + 18Q43 − 12Q44))

α8 = 1 −
∑7

i=0 αi

γ = −(1171875R41 − 4296875R42 + 7031250R43 − 4687500R44 − 336035148dββ + 328125000dβ + 121377888dββ2 −
29058048dββ3 + 2654208dββ4)/(390625(3Q41 − 11Q42 + 18Q43 − 12Q44))
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