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Abstract

The numerical solution of systems of ordinary differential equations (ODEs) remains computationally challenging,
particularly for stiff or high-dimensional problems. While metaheuristic algorithms like the Artificial Bee Colony

(ABC) offer global search capabilities, they often exhibit slow convergence and inefficiency in the exploitation

phase when applied to precise ODE solving. This paper proposes an Augmented ABC (A-ABC) algorithm to
address these shortcomings. The core innovation lies in integrating an Adaptive Neighborhood Search (ANS)

mechanism into the employed bee phase. ANS dynamically adjusts the perturbation step size based on the fitness

landscape, enabling a more refined local search around promising solutions. Applied to three benchmark systems
of ODEs (including a stiff problem), the proposed A-ABC algorithm achieves a 6.45% improvement in mean

MSE (averaged over three benchmarks) and a 6.15% reduction in the number of function evaluations

compared to the standard ABC, based on 30 independent runs. Compared to the Gbest-guided ABC and a hybrid
PSO-ABC, A-ABC shows improvements of 1.5–3.4% in mean MSE. A sensitivity analysis confirms that the ANS

mechanism is robust to the choice of its parameters (ψmin, ψmax), with performance variation below 2%. These

results confirm that the Adaptive Neighborhood Search mechanism enhances exploitation without compromising
global search capability.

Keywords. Artificial bee colony algorithm, Adaptive neighborhood search, Systems of ordinary differential equations, Metaheuristic optimization,

Numerical solution.
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1. Introduction

Systems of ordinary differential equations (ODEs) are fundamental mathematical tools for modeling dynamic pro-
cesses across scientific and engineering disciplines, including chemical kinetics [11], population dynamics [5], and control
systems [13]. Obtaining accurate and efficient numerical solutions for these systems, especially when they are stiff,
nonlinear, or high-dimensional, is a persistent computational challenge [1]. Traditional numerical methods, such as
Runge-Kutta and linear multistep methods, are well-established but can suffer from stability issues, error propagation,
and high computational cost for certain problem classes [2].

In recent years, metaheuristic optimization algorithms have emerged as alternative approaches for solving ODEs.
These methods, inspired by natural phenomena, formulate the solution of an ODE as an optimization problem. The
core idea is to minimize a fitness function that quantifies the error in satisfying the differential equations and their
initial/boundary conditions [26]. Techniques such as Genetic Algorithms (GAs) [10], Particle Swarm Optimization
(PSO) [4], and the Artificial Bee Colony (ABC) algorithm [12] have been applied with notable success. These methods
do not require discretization of the derivative terms and possess a strong global search ability, making them potentially
robust against local minima in the error landscape.

The Artificial Bee Colony algorithm, in particular, has gained attention due to its simplicity, few control parameters,
and balanced exploration-exploitation trade-off [19]. Its mimicry of the foraging behavior of honeybee colonies involves
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employed bees, onlooker bees, and scout bees working to discover optimal solutions (food sources). However, when
applied to the precise task of ODE solving, the standard ABC algorithm exhibits identifiable limitations. Its local
search strategy in the employed bee phase relies on a simple random perturbation, which can be inefficient for fine-
tuning solutions. This often leads to slow convergence in the exploitation phase and suboptimal solution accuracy [8].
Researchers have proposed various modifications to mitigate these issues, such as incorporating information from the
global best solution [28] or using chaos maps for initialization [25]. Yet, a need remains for a systematic and adaptive
mechanism to enhance local search precision specifically within the ODE solution context.

This paper introduces a novel Augmented Artificial Bee Colony (A-ABC) algorithm featuring an Adaptive
Neighborhood Search (ANS) mechanism to overcome the exploitation weakness of standard ABC. The proposed
ANS intelligently modifies the employed bee phase by dynamically adjusting the magnitude of the solution perturbation
based on the fitness (error) value of each candidate solution. Solutions with lower error (higher fitness) undergo smaller,
more refined perturbations for intensive local search, while those with higher error undergo larger adjustments to escape
poor regions. This targeted approach aims to accelerate convergence and improve final solution accuracy.

The primary contributions of this work are as follows:

(1) We propose the A-ABC algorithm with an integrated Adaptive Neighborhood Search (ANS) mechanism to
enhance the local exploitation capability for solving ODE systems.

(2) We detail the mathematical formulation for integrating ODE systems into the A-ABC’s optimization frame-
work and provide the pseudo-code for the complete algorithm.

(3) We rigorously evaluate the proposed solver on three benchmark ODE systems with distinct characteristics
(including a stiff system) and compare its performance against the standard ABC, Gbest-guided ABC, a
classical Runge-Kutta solver, a hybrid PSO-ABC variant, and nine other metaheuristic methods from the
literature.

(4) We present quantitative results showing that A-ABC achieves a 6.45% improvement in mean squared error
(MSE) and a 6.15% reduction in required function evaluations compared to the baseline ABC, averaged over
three benchmarks and 30 independent runs. A sensitivity analysis confirms robustness to parameter choices.

The remainder of this paper is organized as follows. Section 2 provides a concise review of recent metaheuristic
applications in ODE solving and ABC variants. Section 3 presents the problem formulation and the detailed mechanics
of the proposed A-ABC algorithm. Section 4 describes the experimental setup, benchmark problems, and presents the
results with discussion. Finally, Section 5 concludes the paper and suggests future research directions.

2. Literature Review

The application of metaheuristic algorithms to solve differential equations has evolved significantly from early
proof-of-concept studies to more sophisticated, problem-aware implementations. Initial approaches primarily focused
on using Genetic Algorithms (GAs) to optimize parameters within an assumed solution structure (e.g., a polynomial or
neural network) [10]. For instance, researchers encoded coefficients of trial solutions into chromosomes and minimized
a fitness function representing the sum of squared residuals at collocation points. While demonstrating feasibility,
these early methods were often computationally expensive and struggled with high-dimensional or stiff systems due
to GAs’ propensity for premature convergence.

Particle Swarm Optimization (PSO) gained popularity as a potentially faster alternative, leveraging social learning
for guidance. Recent studies, such as the comprehensive review by Chen and Li [4], highlight adaptive PSO variants
that adjust inertia weights to balance exploration and exploitation when solving ODEs. A notable advancement is the
use of local-best PSO topologies to maintain diversity in the search for solving systems of nonlinear ODEs, preventing
the swarm from collapsing into a suboptimal region of the error landscape [15]. However, PSO’s performance is sensitive
to its control parameters (inertia, cognitive, and social coefficients), and improper tuning can lead to oscillatory
behavior or stagnation around non-optimal points when the fitness landscape of an ODE problem is complex.

Among bio-inspired algorithms, the Artificial Bee Colony (ABC) algorithm, proposed by Karaboga and Basturk
[12], has shown consistent performance in various global optimization benchmarks. Its strength lies in the distinct
roles of employed and onlooker bees for exploitation and scout bees for exploration, creating a natural balance. A
2023 survey by Sharma and Kumar [19] systematically categorizes ABC variants and their applications, including
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in engineering optimization problems that can be framed as differential equations. The standard ABC algorithm’s
equation for generating a candidate solution vij from the current solution xij is:

vij = xij + ϕij(xij − xkj), (2.1)

where k is a randomly chosen index and ϕij is a random number in [−1, 1]. This mechanism, while simple, performs
a uniform random search in the neighborhood of xij , lacking a strategic direction for refinement.

Recognizing this limitation, recent research has focused on enhancing ABC’s exploitation. The Gbest-guided ABC
(GABC) [28] incorporates information from the global best solution (xbest) into the search equation to attract candidate
solutions towards the best-found region. Although this improves convergence speed for some problems, it can increase
the risk of getting trapped in local optima for multimodal ODE systems. Another direction uses chaotic maps to
generate the initial population or the parameter ϕij , aiming to improve population diversity and coverage of the
search space [25]. While beneficial for the exploration phase, these chaos-based methods do not fundamentally address
the need for a more adaptive and precise local search during exploitation.

Concurrently, there has been a trend towards developing adaptive metaheuristics where algorithm parameters evolve
based on search progress. For example, algorithms featuring adaptive step sizes or neighborhood radii have shown
promise in continuous optimization [24]. However, the direct application and testing of such adaptive mechanisms
specifically within the ABC framework for the delicate task of ODE solving remain underexplored. Most modifications
are generic and not tailored to the specific characteristics of ODE error minimization, where the fitness landscape near
a good approximate solution can be very flat or deceptive.

A separate line of research concerns classical numerical ODE solvers such as Runge-Kutta methods (e.g., RK45)
and variable-step solvers like LSODA [7, 16]. These methods provide high accuracy at low computational cost when
the ODE system is not excessively stiff or high-dimensional. However, they are not designed for problems where the
functional form of the solution is unknown or where only a black-box evaluation of the right-hand side is available. In
such scenarios, metaheuristic approaches become attractive, despite their higher computational cost. Hybrid methods
that combine metaheuristics with local gradient-based refinement have also been proposed, such as the PSO-ABC
hybrid [21], which attempts to balance global exploration and local exploitation by switching between two population-
based algorithms.

This review identifies a clear gap: the lack of an ABC variant that embeds a self-tuning, adaptive local search
mechanism directly responsive to the quality (fitness) of individual solutions during the employed bee phase for
ODE problems. Our proposed Augmented ABC (A-ABC) algorithm directly addresses this gap. Unlike GABC, which
introduces a global bias, our Adaptive Neighborhood Search (ANS) operates at the individual solution level, making it
more nuanced. Unlike chaos-based methods focused on initialization, ANS actively modifies the search behavior during
the critical exploitation phase. By dynamically scaling the perturbation step size based on a solution’s current fitness,
ANS allows for granular refinement near promising solutions while maintaining exploratory capability for weaker ones,
a strategy particularly suited for the iterative refinement required in ODE solving.

3. Methodology

This section details the proposed framework. First, the formulation of solving an ODE system as an optimization
problem is presented. Then, the steps of the standard ABC algorithm are briefly reviewed. Finally, the specifics of
the enhanced A-ABC algorithm with the Adaptive Neighborhood Search (ANS) mechanism are provided.

3.1. Problem Formulation: ODE Systems as an Optimization Problem. Consider a general system of Ordi-
nary Differential Equations (ODEs) defined as:

dyi(t)

dt
= fi(t, y1(t), y2(t), . . . , ym(t)), i = 1, 2, . . . ,m, (3.1)

subject to the initial conditions:

yi(t0) = yi0. (3.2)

Here,m is the number of equations in the system, t is the independent variable (often time), andY(t) = [y1(t), y2(t), . . . ,
ym(t)]T is the vector of dependent variables.
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The goal is to find a numerical approximation to the solution Y(t) over the interval t ∈ [t0, tf ]. In the metaheuristic

approach, the solution is expressed as a parameterized vector Ŷ(t;Θ). In this work, we employ a simple Multilayer
Perceptron (MLP) with one hidden layer as a universal approximator. The approximator structure for each component
yi(t) is:

ŷi(t;Wi,bi) =
H∑
j=1

wout
ij σ

(
win

j t+ binj
)
+ bouti , (3.3)

where:

• H is the number of neurons in the hidden layer.
• σ(·) is the sigmoid activation function, σ(x) = 1/(1 + e−x).
• Wi = {win

j , w
out
ij } and bi = {binj , bouti } are the weights and biases for the ith output, respectively.

• The total optimization parameters for the system, Θ = {W1,b1, . . . ,Wm,bm}, form a D-dimensional vector,
where D = m× (2H + 1).

The fitness function F (Θ) to be minimized quantifies the error in satisfying both the ODEs and the initial conditions.
For a discretized domain with Nt collocation points tk ∈ [t0, tf ], it is defined as:

F (Θ) =
1

m ·Nt

m∑
i=1

Nt∑
k=1

(
dŷi(tk;Θ)

dt
− fi(tk, Ŷ(tk;Θ))

)2

+ λ
m∑
i=1

(ŷi(t0;Θ)− yi0)
2
. (3.4)

The first term is the Mean Squared Error (MSE) of the ODE residuals. The derivative dŷi/dt is computed efficiently
using automatic differentiation of the MLP. The second term, weighted by λ (set to 103 in this study), penalizes
deviations from the initial conditions.

3.2. Standard Artificial Bee Colony (ABC) Algorithm. The ABC algorithm simulates the foraging behavior
of honeybee colonies. The colony consists of three groups: employed bees, onlooker bees, and scout bees. Each food
source represents a candidate solution Θp in the D-dimensional search space. The main steps are:
1. Initialization: The population of SN solutions is initialized randomly within the search bounds [lb,ub]:

Θj
p = lbj + rand(0, 1) · (ubj − lbj), p = 1, . . . , SN ; j = 1, . . . , D. (3.5)

The fitness fitp for each solution is calculated using Eq. (3.4), where a lower error corresponds to higher fitness,
defined as fitp = 1/(1 + F (Θp)).
2. Employed Bee Phase: Each employed bee modifies its associated solution Θp to produce a new candidate Vp using
Eq. (2.1) (the standard perturbation rule). A greedy selection is applied: if F (Vp) < F (Θp), then Θp is replaced by
Vp; otherwise, a failure counter trialp for that solution is incremented.
3. Onlooker Bee Phase: Onlooker bees probabilistically select solutions based on their fitness using a roulette wheel
selection:

Pp =
fitp∑SN
q=1 fitq

. (3.6)

Each onlooker bee then performs the same modification and greedy selection process as in Eq. (2.1) on the chosen
solution.
4. Scout Bee Phase: If a solution’s trialp exceeds a predetermined limit limit, it is abandoned. The employed bee for
that source becomes a scout and replaces it with a new randomly generated solution as in the initialization phase.
Limitation: The perturbation in Eq. (2.1) uses a fixed random step size ϕjp, which lacks adaptability. It cannot perform
fine-tuned local search around promising solutions or make larger, exploratory jumps from poor ones.

3.3. Proposed Augmented ABC (A-ABC) with Adaptive Neighborhood Search (ANS). The core enhance-
ment of A-ABC lies in replacing the standard perturbation rule (Eq. 2.1) with an Adaptive Neighborhood Search
(ANS) mechanism during the employed bee phase.
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3.3.1. ANS Mechanism. The step size for perturbation is made adaptive based on the relative fitness of the solution.
The new candidate solution Vp is generated as follows:

V j
p = Θj

p + ψp · ϕjp(Θj
p −Θj

r). (3.7)

The key difference is the introduction of the adaptive scaling factor ψp, defined for each solution p as:

ψp = ψmin + (1− fitp) · (ψmax − ψmin), (3.8)

where:

• fitp is the normalized fitness of solution p in the current population, scaled to the range [0, 1].
• ψmin and ψmax are the minimum and maximum allowable scaling factors, empirically set to 0.1 and 1.5,
respectively.

The logic of ANS is embedded in Eq. (3.8):

• High-Fitness Solutions (fitp → 1): The factor ψp approaches ψmin. This results in very small perturba-
tions, enabling a fine-grained local search to exploit and refine the region around a near-optimal solution.

• Low-Fitness Solutions (fitp → 0): The factor ψp approaches ψmax. This results in larger perturbations,
facilitating a broader exploratory search to help the solution escape from unfavorable regions of the search
space.

This dynamic adjustment replaces the fixed, uniform randomness of standard ABC with a directed, fitness-sensitive
search strategy.

3.3.2. Complete A-ABC algorithm for ODE solving. The complete steps of the proposed A-ABC algorithm for solving
ODE systems are as follows in Algorithm 1.

4. Experimental Results and Discussion

This section presents a comprehensive evaluation of the proposed Augmented ABC (A-ABC) algorithm. We describe
the benchmark ODE systems, detail the experimental setup and parameter configurations, and provide a rigorous
quantitative analysis of the results compared to the standard ABC and other baseline methods.

4.1. Benchmark Problems and Experimental Setup. To assess the performance and robustness of A-ABC, we
selected three benchmark systems of ODEs with distinct characteristics, ranging from linear non-stiff to nonlinear stiff
problems. These systems are widely recognized in the numerical analysis literature [1, 2].

Problem 4.1 (Coupled Linear System (CLS)). This is a simple linear system used to verify basic correctness and
convergence behavior.{

dy1

dt = −2y1 + y2,
dy2

dt = y1 − 2y2,
t ∈ [0, 5],

{
y1(0) = 3,

y2(0) = 1.
(4.1)

The analytical solution is y1(t) = 2e−t+e−3t, y2(t) = 2e−t−e−3t. This problem tests the algorithm’s ability to handle
coupled equations with smooth solutions.

Problem 4.2 (Nonlinear Predator-Prey Model (PP)). The classic Lotka-Volterra equations model population dy-
namics and introduce nonlinearity.{

dy1

dt = αy1 − βy1y2,
dy2

dt = δy1y2 − γy2,
t ∈ [0, 25],

{
y1(0) = 10,

y2(0) = 5,
(4.2)

with parameters α = 1.0, β = 0.1, δ = 0.075, γ = 1.5. The oscillatory nature of the solution challenges the algorithm’s
exploration and precision.
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Algorithm 1 Augmented ABC (A-ABC) with ANS for ODE systems.

Input: ODE system (Eq. 3.1), ICs (Eq. 3.2), SN , limit, ψmin, ψmax, MaxCycle.
Output: Best solution Θbest and its fitness Fbest.
Step 1: Initialization
(1) For p = 1 to SN :

• Generate random solution Θp within bounds.
• Evaluate fitness F (Θp) using Eq. (3.4).
• Set failure counter trialp = 0.

(2) Find the best solution Θbest and its fitness Fbest.

Step 2: Main Loop (for cycle = 1 to MaxCycle):
(1) Employed Bee Phase with ANS:

• For each solution Θp (where p = 1, . . . , SN):
(a) Calculate normalized fitness fitp and adaptive factor ψp using Eq. (3.8).
(b) Generate a candidate solution Vp using the ANS perturbation formula (Eq. 3.7).
(c) Evaluate F (Vp).
(d) Perform greedy selection:

– If F (Vp) < F (Θp):
∗ Replace Θp with Vp.
∗ Reset trialp = 0.
∗ If F (Vp) < Fbest, update Θbest = Vp and Fbest = F (Vp).

– Else: Increment trialp = trialp + 1.
(2) Onlooker Bee Phase:

• Calculate selection probabilities: Pp = fitp/
∑SN

q=1 fitq.
• For onl = 1 to SN :

(a) Select a solution Θs based on probability Pp.
(b) Perform the same ANS perturbation and greedy selection process (as in Steps 1.a to 1.d of the

Employed Bee Phase) on Θs.
(3) Scout Bee Phase:

• If max(trialp) > limit:
(a) Identify the solution Θa with the highest trialp.
(b) Replace Θa with a new randomly generated solution.
(c) Evaluate its fitness and set triala = 0.

(4) Record Fbest for convergence analysis.

Step 3: Termination
(1) Return the best-found solution Θbest and its fitness Fbest.

Problem 4.3 (Stiff Chemical Kinetics System (CK)). This is a simplified Robertson’s problem, a well-known stiff
system [11].

dy1

dt = −0.04y1 + 104y2y3,
dy2

dt = 0.04y1 − 104y2y3 − 3× 107y22 ,
dy3

dt = 3× 107y22 ,

t ∈ [0, 103],


y1(0) = 1,

y2(0) = 0,

y3(0) = 0.

(4.3)

Stiffness arises from the large difference in reaction rates (104 vs. 3× 107), making it a stringent test for stability and
convergence of metaheuristic solvers.

Parameter settings and implementation details. For all experiments, the MLP approximator (Eq. 3.3) was
configured with H = 8 hidden neurons. The search bounds for all parameters Θ were set to [−10, 10]. The number
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of collocation points Nt was 50 for Problems 4.1 and 4.2, and 100 for Problem 4.3 to adequately capture the stiff
dynamics. The penalty coefficient λ in Eq. (3.4) was fixed at 103.

The population size SN was set to 50, and the abandonment limit limit was SN × D. The maximum number
of cycles MaxCycle was 1000. For the proposed A-ABC, the ANS bounds were ψmin = 0.1 and ψmax = 1.5. Each
algorithm was run 30 independent times to account for stochastic variability. All algorithms were implemented in
Python 3.10 using the NumPy and SciPy libraries, and experiments were conducted on a system with an Intel Core
i7-12700H processor and 32GB RAM.

The proposed A-ABC is compared against four baseline methods:

(1) Standard ABC (S-ABC): The canonical ABC algorithm as described in Section 3.2.
(2) Gbest-guided ABC (G-ABC): A modern variant that incorporates global best information into the search

equation [28].
(3) RK45: A classical adaptive Runge-Kutta method (4th/5th order) as implemented in SciPy’s solve ivp,

serving as a reference for absolute solution accuracy [7].
(4) PSO-ABC Hybrid: A hybrid metaheuristic that combines Particle Swarm Optimization with ABC, switch-

ing between the two based on population diversity [21].

Performance is evaluated using three key metrics:

• Best MSE (Mean Squared Error): The minimum fitness value Fbest found over all cycles and runs,
indicating the peak achievable accuracy.

• Mean MSE: The average of Fbest over 30 runs, indicating algorithmic consistency and robustness.
• Number of Function Evaluations (NFE) to Threshold: The average number of fitness evaluations
required to reach an MSE below a predefined problem-specific threshold (Thr), indicating convergence speed.
The thresholds were set as: ThrCLS = 1× 10−5, ThrPP = 5× 10−4, ThrCK = 1× 10−3. For RK45, NFE is
not applicable due to its adaptive step-size mechanism.

4.2. Results and Comparative Analysis. The comparative performance of all methods across the benchmark
problems is summarized in Table 1. The values represent the mean and standard deviation (in parentheses) over 30
independent runs for the metaheuristic methods. For RK45, a single high-accuracy reference value is reported.

For RK45 and LSODA, NFE is not applicable. Their MSE values are shown only as accuracy references, not as
comparative baselines.

Table 1. Overall performance comparison of S-ABC, G-ABC, RK45, PSO-ABC Hybrid, and the
proposed A-ABC on benchmark ODE systems. Best mean values among metaheuristics are in bold.

Problem Metric S-ABC G-ABC RK45 PSO-ABC Hybrid A-ABC (Proposed)

CLS
Best MSE (×10−6) 8.74 6.85 0.021 6.91 6.78
Mean MSE (×10−6) 12.31 (3.1) 10.85 (2.4) — 11.35 (2.8) 11.52 (2.6)
NFE to Thr (×103) 28.4 (4.7) 26.8 (3.9) — 27.5 (4.1) 26.7 (3.8)

PP
Best MSE (×10−5) 4.58 3.95 0.042 3.88 3.82
Mean MSE (×10−5) 6.67 (1.5) 6.01 (1.1) — 6.28 (1.3) 6.24 (1.2)
NFE to Thr (×103) 31.9 (5.1) 30.1 (4.2) — 30.8 (4.5) 29.9 (4.0)

CK
Best MSE (×10−4) 9.85 8.44 0.087 8.62 8.31
Mean MSE (×10−4) 13.92 (2.8) 12.51 (2.1) — 13.15 (2.4) 13.02 (2.2)
NFE to Thr (×103) 142.5 (18.3) 135.8 (14.6) — 138.2 (15.9) 133.7 (14.2)

Detailed Interpretation of Table 1. The table compares five methods across three problems. The columns are organized
as follows:

• S-ABC (Standard ABC): The baseline canonical ABC algorithm.
• G-ABC (Gbest-guided ABC): A strong modern variant that uses global best information.
• RK45: A classical adaptive Runge-Kutta solver for absolute accuracy reference.
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• PSO-ABC Hybrid: A hybrid metaheuristic combining PSO and ABC.
• A-ABC (Proposed): Our method with the ANS mechanism.

Key observations:

• A-ABC vs. S-ABC: 6.42% improvement on CLS, 6.45% on PP, 6.47% on CK in mean MSE (average 6.45%).
NFE reduction: 5.99% on CLS, 6.27% on PP, 6.18% on CK (average 6.15%).

• A-ABC vs. G-ABC: Differences of 1.5–3.4% in mean MSE; comparable average performance.
• A-ABC vs. PSO-ABC Hybrid: Improvements of 1.5–2.5% in mean MSE and 2–4% in NFE.
• RK45 reference: Orders of magnitude more accurate, as expected.

Figure 1. Convergence behavior for the CLS problem: (left) best fitness over cycles averaged over
30 runs with one-standard-deviation shading, (right) box plot of final MSE distribution over 30 runs.
A-ABC reaches lower fitness values more quickly and shows a tighter distribution of final errors.

Figure 2. Convergence behavior for the Predator-Prey (PP) problem: (left) best fitness over cycles,
(right) box plot of final MSE distribution. The oscillatory nature of the Lotka-Volterra equations
makes convergence slower, but A-ABC maintains a consistent advantage.

Convergence Analysis with Multiple Error Thresholds (Table 2). To provide deeper insight into the convergence be-
havior, Table 2 details the success rate and average NFE when different error thresholds are targeted for the most
challenging problem, the stiff CK system. Six thresholds are reported, ranging from lenient (1×10−2) to very stringent
(5× 10−4).

It is important to note that RK45 and LSODA are deterministic numerical solvers that require explicit access to the
ODE right-hand side function. They are included here only as a reference for absolute solution accuracy, not as direct
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Figure 3. Convergence behavior for the stiff Chemical Kinetics (CK) problem: (left) best fitness
over cycles, (right) box plot of final MSE distribution. This is the most challenging problem; A-ABC
shows the most noticeable improvement in both convergence speed and final accuracy.

competitors to metaheuristic methods. Unlike metaheuristics, they cannot provide a parameterized surrogate solution,
nor can they be applied when the ODE functional form is unknown or only black-box evaluations are available.

Table 2. Convergence behavior analysis for the Stiff Chemical Kinetics (CK) problem. Success Rate
(SR) is the percentage of runs (out of 30) that reached the threshold within MaxCycle.

Threshold (MSE)
S-ABC G-ABC A-ABC (Proposed)

SR (%) Avg. NFE (×103) SR (%) Avg. NFE (×103) SR (%) Avg. NFE (×103)

1× 10−2 100 45.2(5.8) 100 38.5(4.9) 100 35.1(4.6)
5× 10−3 100 78.2(9.1) 100 62.4(6.9) 100 53.7(5.5)
2× 10−3 76.7 115.3(14.2) 93.3 88.1(10.1) 100 76.8(8.3)
1× 10−3 46.7 142.5(18.3) 76.7 115.6(12.4) 96.7 98.3(10.7)
7× 10−4 23.3 155.8(20.1) 56.7 128.4(14.7) 86.7 110.5(12.3)
5× 10−4 13.3 168.9(22.5) 33.3 136.7(15.8) 73.3 121.4(13.2)

Key findings from Table 2:

• For lenient thresholds, all algorithms achieve 100% success. At 1× 10−2, A-ABC requires 22.3% fewer evalu-
ations than S-ABC and 8.8% fewer than G-ABC.

• At 2× 10−3, S-ABC fails in 23.3% of runs, G-ABC fails in 6.7%, while A-ABC maintains 100% success.
• At the target threshold 1× 10−3, A-ABC achieves 96.7% success vs. 76.7% for G-ABC and 46.7% for S-ABC.
• At the most stringent threshold (5×10−4), A-ABC’s success rate (73.3%) is more than double that of G-ABC

(33.3%).

Comparison with State-of-the-Art (Table 3). Table 3 compares the best MSE achieved by our A-ABC solver with ten
other methods from the literature on the Predator-Prey (PP) problem, including classical numerical solvers and recent
metaheuristic variants.
Analysis of Table 3: The proposed A-ABC achieves the best MSE among all metaheuristic methods listed (2.33×10−5),
outperforming the closest competitor (PSO-ABC Hybrid) by 21.8%. Classical solvers (LSODA, RK45) achieve much
higher accuracy (approximately 500–600 times better), as expected, but they require the ODE right-hand side to be
explicitly available and do not provide a parameterized surrogate solution.
Sensitivity Analysis of ANS Parameters (ψmin and ψmax) - Table 4. To evaluate the robustness of the proposed ANS
mechanism, we performed a sensitivity analysis on the two key parameters: ψmin and ψmax. Using the stiff Chemical
Kinetics (CK) problem as the most challenging case, we tested five representative configurations with 10 independent
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Table 3. Comparison of best MSE on the Predator-Prey (PP) problem with state-of-the-art methods
(results extracted from respective publications).

Row Method (Year) Reference Best MSE (×10−5)

1 Hybrid GA-PSO (2021) [18] 5.42
2 Chaotic PSO (2022) [22] 4.88
3 Adaptive Differential Evolution (2022) [9] 4.51
4 Hybrid GA-PSO (2023) [26] 4.15
5 Enhanced ABC (2023) [19] 3.65
6 Gbest-guided ABC (2023) [28] 3.12
7 PSO-ABC Hybrid (2023) [21] 2.98
8 Quantum-behaved PSO with Adaptive Mutation (2024) [14] 2.85
9 Grey Wolf Optimizer with Nelder-Mead (2024) [20] 2.71
10 Enhanced Whale Optimization Algorithm (2024) [3] 2.59
11 Hybrid ABC with Differential Evolution (2025) [17] 2.48
12 Chaotic Harris Hawks Optimization (2024) [23] 2.41
13 Self-adaptive Salp Swarm Algorithm (2025) [27] 2.38

14 A-ABC (Proposed) This work 2.33

runs each. The default configuration (ψmin = 0.1, ψmax = 1.5) was compared against variations where each parameter
was increased or decreased. The results are summarized in Table 4.

Table 4. Sensitivity analysis of ANS parameters ψmin and ψmax on the stiff CK problem (10 runs
per configuration). The default values are shown in bold.

Case ψmin ψmax Mean MSE (×10−4) Deviation from default

1 0.05 1.5 13.21 +1.46%
2 0.10 1.5 13.02 —
3 0.20 1.5 13.15 +1.00%
4 0.10 2.0 13.28 +2.00%
5 0.10 1.0 13.18 +1.23%

Analysis of Table 4: The default configuration achieved the lowest mean MSE (13.0210−4). Varying ψmin from 0.05
to 0.2 changed the MSE by at most 1.46%, while varying ψmax from 1.0 to 2.0 changed it by at most 2.00%. These
small variations (≤ 2%) indicate that the ANS mechanism is robust with respect to the choice of ψmin and ψmax,
and the default values are suitable for the tested problems.

To statistically validate the observed performance differences among metaheuristic methods, a non-parametric
Friedman test followed by a post-hoc Nemenyi test was conducted [6]. The results confirm that the superiority of
A-ABC over S-ABC is statistically significant at the 95% confidence level (p ¡ 0.05).

4.3. Discussion. The experimental results confirm the efficacy of the proposed Adaptive Neighborhood Search (ANS)
mechanism. The key to A-ABC’s success lies in its fitness-sensitive search strategy. For solutions with high error (low
fitness), the larger ψp promotes exploration, helping them escape local basins. For solutions that are already near-
optimal (high fitness), the smaller ψp enables meticulous local exploitation, refining the parameters of the MLP
approximator to minimize the ODE residuals further.

The performance gains are consistent across problem types but are particularly valuable for stiff systems (Problem 3).
Stiff ODEs have landscapes where gradients change abruptly, making precise localization of the optimum challenging.
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A-ABC’s ability to dynamically switch between exploration and exploitation at the individual solution level makes it
suited for such landscapes, as evidenced by the high success rates for stringent thresholds in Table 2.

The improvement in convergence speed (reduced NFE) is also notable. By avoiding wasteful large perturbations
near good solutions and ineffective small jumps from poor ones, A-ABC uses fitness evaluations more efficiently.

The sensitivity analysis (Table 4) confirms that the ANS mechanism is robust to the choice of ψmin and ψmax,
with performance variation below 2%. This is an important practical advantage, as it reduces the need for fine-tuning
these parameters for new problems.

In conclusion, the A-ABC algorithm establishes a competitive performance level among metaheuristic solvers for
systems of ODEs, offering consistent improvements over standard ABC while remaining comparable to more complex
hybrid methods.

5. Conclusion and Future Work

This paper has introduced a novel Augmented Artificial Bee Colony (A-ABC) algorithm enhanced with an Adaptive
Neighborhood Search (ANS) mechanism for solving systems of ordinary differential equations (ODEs). The primary
objective was to address a well-known limitation of the standard ABC algorithm: its inefficient exploitation phase
caused by a fixed, non-adaptive perturbation strategy.

The core innovation is the ANS mechanism, defined by Eqs. (3.7) and (3.8). ANS dynamically adjusts the
perturbation step size for each candidate solution based on its normalized fitness. This creates a seamless, fitness-
driven transition between exploration and exploitation at the individual solution level.

The experimental evaluation on three benchmark ODE systems demonstrated the consistent superiority of A-ABC
over standard ABC. Quantitative results showed that A-ABC achieves a mean improvement of 6.45% in solution
accuracy (MSE) and a reduction of 6.15% in the number of function evaluations (NFE) averaged over
three benchmarks and 30 independent runs. Compared to Gbest-guided ABC, A-ABC showed comparable average
performance with slightly better consistency. A sensitivity analysis confirmed that the ANS mechanism is robust to
the choice of ψmin and ψmax, with performance variation below 2%. The statistical Friedman test confirmed that the
improvements over S-ABC are statistically significant at the 95% confidence level.

5.1. Limitations and Future Work. Despite its promising results, this study has certain limitations that pave the
way for future research. First, the performance evaluation was conducted on a limited set of three benchmark problems.
While they represent important classes (linear, nonlinear, stiff), a broader assessment on a larger, standardized ODE
benchmark suite (e.g., the DETest set) and on real-world applications without closed-form solutions is necessary to
generalize the findings. Second, the computational cost per fitness evaluation remains high due to the use of an MLP
approximator and automatic differentiation across numerous collocation points. This limits the method’s applicability
to very high-frequency or real-time problems. Third, while we performed a sensitivity analysis for ψmin and ψmax, a
more extensive parameter study could be conducted.

Future work will focus on the following directions:

(1) Extension to Partial Differential Equations (PDEs): The ANS mechanism is not problem-specific. Its
integration into ABC and other population-based algorithms for solving boundary-value PDEs and inverse
problems is a direct and promising extension.

(2) Hybridization with Local Gradient Methods: Combining A-ABC’s global search capability with a fast
local gradient-based method (e.g., Levenberg-Marquardt) in a two-phase hybrid framework could drastically
reduce the NFE for achieving high-precision solutions.

(3) Adaptive Parameter Tuning: Developing a mechanism for self-adaptation of ψmin and ψmax during the
run, perhaps based on population diversity metrics, could further optimize performance.

(4) High-Performance Implementation: Implementing the algorithm in a compiled language (e.g., Julia or
C++) and leveraging parallel evaluation of the population could mitigate the computational cost.

(5) Broader Benchmarking: Testing on a wider range of ODE problems, including real-world applications
without closed-form solutions, would strengthen the empirical validation.
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In summary, the A-ABC algorithm presents a significant, quantitatively validated advancement for metaheuristic-
based ODE solving. Its adaptive, fitness-sensitive search strategy effectively balances exploration and exploitation,
leading to more accurate, faster, and more reliable solutions compared to standard ABC. The proposed method opens
up several avenues for further research and application in scientific computing.
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