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Abstract

This study presented an effective hybrid numerical technique for obtaining approximate solutions to a multi-term

time-fractional diffusion equation containing the Riesz space-fractional operator. In the proposed framework, the

L1 discretization scheme and the Legendre spectral method were combined to handle the fractional model efficiently.
The temporal component of the problem was approximated using the L1 scheme, whereas the spatial component

was treated through the Legendre spectral technique, resulting in a fully discrete computational method. In

addition, the stability and convergence properties of the developed numerical scheme were thoroughly analyzed.
To validate the accuracy and performance of the proposed approach, a numerical experiment was included at the

end of the study.
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1. Introduction

. The development of fractional calculus has followed a path similar to that of classical integer-order calculus; however,
fractional calculus has gained considerable attention because of its distinctive features. A major reason for this interest
is the non-local behavior of fractional operators, which sets them apart from traditional integer-order operators [2, 3, 5,
14, 15, 26, 31]. Researchers gradually discovered that fractional operators are capable of describing many complicated
physical and engineering phenomena with higher accuracy. As a result, fractional differential equations emerged as an
important research topic, since they provide mathematical models for processes that cannot be adequately represented
through classical calculus. These equations have found extensive applications in physics, engineering, and applied
mathematics. Among the many applications of fractional calculus, diffusion modeling has received significant attention.
Diffusion equations are widely used to describe transport mechanisms and particle movement in different media
[4, 28, 32, 36, 39, 40]. By incorporating fractional operators into diffusion models, researchers were able to capture
anomalous diffusion behavior and memory-dependent effects more effectively. Various investigations have shown
that fractional-order models possess greater adaptability and can produce more accurate results than conventional
integer-order formulations. Therefore, fractional differential equations have become valuable tools for both theoretical
investigations and real-world applications. In general, fractional calculus has proven to be a powerful extension of
classical calculus, offering deeper understanding and improved modeling of complex natural and engineering systems.
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In the present work, we study a multi-term time-fractional diffusion equation containing the Riesz space-fractional
operator, which can be expressed as

q∑
k=1

pk
C
0 D

βk
t z(x, y, t) =

Ax

Γ(α− 1)

∫ t

0

(t− τ)α−2e−θ(t−τ) ∂
µz(x, y, τ)

∂|x|µ
dτ

+
Ay

Γ(α− 1)

∫ t

0

(t− τ)α−2e−θ(t−τ) ∂
νz(x, y, τ)

∂|y|ν
dτ

+ g(x, y, t), (x, y) ∈ Ω = (a1, b1)× (a2, b2), t ∈ (0, T ]. (1.1)

The corresponding initial and boundary conditions are given by

z(x, y, 0) = z0(x, y),

z(x, y, t) = 0, (x, y) ∈ ∂Ω, t ∈ (0, T ]. (1.2)

The parameters satisfy

0 < βq < · · · < β2 < β1 < 1, µ, ν, α ∈ (1, 2], θ ≥ 0,

where Ax and Ay are positive constants. The operator C
0 D

β
t denotes the Caputo fractional derivative of order β,

defined by

C
0 D

β
t z(x, y, t) =

1

Γ(1− β)

∫ t

0

(t− τ)−β ∂z(x, y, τ)

∂τ
dτ. (1.3)

Moreover, the Riesz space-fractional derivatives are defined as

∂µz(x, y, t)

∂|x|µ
= − 1

2 cos
(
µπ
2

) (aDµ
xz(x, y, t) + xDµ

b z(x, y, t)) ,

∂νz(x, y, t)

∂|y|ν
= − 1

2 cos
(
νπ
2

) (cDν
yz(x, y, t) + yDν

dz(x, y, t)
)
. (1.4)

The left- and right-sided Riemann–Liouville fractional derivatives are given by

aDµ
xz(x, y, t) =

1

Γ(2− µ)

d2

dx2

∫ x

a

z(τ, y, t)

(x− τ)µ−1
dτ,

xDµ
b z(x, y, t) =

1

Γ(2− µ)

d2

dx2

∫ b

x

z(τ, y, t)

(τ − x)µ−1
dτ,

cDν
yz(x, y, t) =

1

Γ(2− ν)

d2

dy2

∫ y

c

z(x, τ, t)

(y − τ)ν−1
dτ,

yDν
dz(x, y, t) =

1

Γ(2− ν)

d2

dy2

∫ d

y

z(x, τ, t)

(τ − y)ν−1
dτ. (1.5)

In general, deriving exact analytical solutions for fractional differential equations is highly challenging because of
the complexity introduced by fractional operators. Consequently, numerical techniques have become essential tools
for obtaining approximate solutions of such models. Over the years, numerous computational approaches have been
developed for different classes of fractional problems. For example, Odibat and Baleanu [30] introduced a generalized
cardinal sine function approach for time-fractional equations. Jafari et al. [21] proposed a meshless finite difference
framework for multi-term time-fractional models. Wei et al. [37] applied a local discontinuous Galerkin scheme to
fractional advection–diffusion equations. Jia et al. [22] designed a fast computational algorithm based on the L1
discretization technique for time-fractional diffusion equations. In another work, Li et al. [25] utilized the L1-Galerkin
finite element method to solve nonlinear time-fractional parabolic equations. In addition, Zayernouri and Karniadakis
[38] employed a spectral element formulation for solving time- and space-fractional advection equations. Huang et al.
[20] developed a fourth-order difference scheme for two-dimensional Riesz space-fractional diffusion models. Srivas-
tava et al. [35] combined finite difference techniques with operational matrices to solve Riesz-space fractional partial
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differential equations. Zhu et al. [41] proposed a second-order ADI difference method for three-dimensional Riesz
space-fractional diffusion equations. Abbaszadeh [1] investigated a second-order finite difference approach for the
distributed-order Riesz space diffusion model. Derakhshan [8] presented a difference-Legendre spectral technique for
two-dimensional Riesz space distributed-order diffusion-wave equations. Moreover, Ghazizadeh et al. [17] examined
both explicit and implicit finite difference schemes for the fractional Cattaneo equation. Fouladi and Mohammadi
Firouzjaei [16] also implemented a local discontinuous Galerkin method to solve the Riesz space distributed-order
Sobolev equation. Altogether, these investigations demonstrate the broad applicability and effectiveness of numerical
methods in solving complex fractional differential models. In recent years, the numerical treatment of fractional dif-
ferential equations has attracted significant attention due to their ability to model memory and hereditary properties
in complex physical systems. A wide variety of efficient and high-order numerical techniques have been developed to
address challenges arising from nonlocality, weak singularities, and computational cost. Wavelet-based and spectral
approaches have been widely used for solving fractional problems. For instance, wavelet Galerkin techniques have
been successfully applied to fractional delay differential equations, providing high accuracy and flexibility in handling
complex solution structures [19]. Similarly, cubic B-spline collocation and spline-based optimal control strategies have
demonstrated strong performance in time-fractional diffusion and multi-delay control problems, offering both stability
and computational efficiency [23, 24]. On the other hand, finite difference and finite element type methods remain
fundamental tools in this area. Crank–Nicolson-based schemes combined with differential transformation methods
have been developed for convection–diffusion–reaction equations, along with rigorous stability and truncation error
analysis [18]. High-order numerical approximations for multi-dimensional time-fractional reaction–diffusion problems
have also been proposed to effectively handle weak initial singularities [34]. Spectral and polynomial-based methods
provide another powerful class of techniques. Chebyshev polynomial approaches have been used for coupled fractional
integro-differential systems, showing good convergence properties and computational robustness [12]. In addition,
Legendre and other orthogonal polynomial frameworks have been effectively employed for distributed-order fractional
partial differential equations using advanced time discretization strategies such as GL1-2 schemes and second-order
Riesz operators [13]. Furthermore, fractional optimal control problems have been extensively studied using wavelet
and spline-based approaches. Efficient numerical frameworks based on cubic B-splines and wavelet expansions have
been developed for multi-delay and Caputo–Katugampola type systems, demonstrating strong applicability in control
theory and engineering problems [24, 29]. From a theoretical perspective, stability and asymptotic behavior of frac-
tional systems remain crucial topics. Several works have addressed the stability of fractional differential systems and
higher-order fractional multi-step methods, providing important theoretical foundations for numerical schemes [9, 27].
Moreover, comparisons between different numerical approaches, such as homotopy perturbation transform methods
and fractional Adams–Bashforth schemes, have been carried out for nonlinear fractional models involving Prabhakar
derivatives [10]. Overall, these studies highlight the continuous development of robust, accurate, and efficient numeri-
cal methods for fractional differential equations, covering a wide range of applications from diffusion-reaction systems
to optimal control and integro-differential models [11].

The remainder of this manuscript is organized as follows. In Section 2, the numerical framework developed for
approximating the proposed time-fractional diffusion model is presented in detail. First, a semi-discrete numerical for-
mulation based on the L1 approximation technique is constructed to discretize the fractional derivative in the temporal
direction. Subsequently, a Legendre spectral method is employed to approximate the spatial fractional operators, lead-
ing to the derivation of a fully discrete numerical scheme for the considered model. Furthermore, this section provides
a comprehensive theoretical analysis of the proposed method, including the investigation of its stability and conver-
gence properties, which confirms the reliability and robustness of the developed computational approach. Section 3
is devoted to numerical simulations and computational experiments. In this section, a representative test example is
examined to demonstrate the applicability and effectiveness of the proposed method. The obtained numerical results
are carefully analyzed in order to evaluate the accuracy, efficiency, and overall performance of the developed numerical
scheme. Comparisons between the numerical approximations and the exact solutions, whenever available, are also pre-
sented to verify the validity of the method and illustrate its high level of precision. Finally, the manuscript concludes
with a summary of the main contributions and significant findings obtained throughout the study. In addition, several
possible extensions of the present work and potential directions for future investigations are discussed, particularly in
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relation to the development of more advanced numerical techniques and the application of the proposed approach to
other classes of fractional differential equations.

2. Numerical approximation for the proposed time-fractional model

In this section, we construct a numerical framework for approximating the proposed multi-term time-fractional
diffusion equation involving the Riesz space-fractional operator. The temporal fractional derivative is discretized
using the L1 approximation method, while the spatial fractional operators are approximated by means of the Legendre
spectral technique. Combining these approaches leads to a semi-discrete and subsequently a fully discrete numerical
formulation for the considered model. To begin the temporal discretization, we introduce the following graded mesh:

tl = T

(
l

M

)j

, j ≥ 1, l = 0, 1, 2, . . . ,M, (2.1)

with

∆tl = tl − tl−1, l = 1, 2, . . . ,M.

Using the definition of the Caputo fractional derivative given in Eq. (1.3), the L1 approximation at the time level tn+1

is obtained as follows:

Dβkz(x, y, tn+1) =
1

Γ(1− βk)

n∑
i=0

zi+1 − zi

∆ti+1

∫ ti+1

ti

(tn+1 − τ)−βk dτ

=
1

Γ(2− βk)

n∑
i=0

(tn+1 − ti)
1−βk − (tn+1 − ti+1)

1−βk

∆ti+1
(zi+1 − zi)

=

n∑
i=0

Bk
n,i(z

i+1 − zi)

= Bk
n,nz

n+1 −
n∑

i=1

(
Bk
n,i − Bk

n,i−1

)
zi − Bk

n,0z
0, (2.2)

where

Bk
n,i =

(tn+1 − ti)
1−βk − (tn+1 − ti+1)

1−βk

Γ(2− βk)∆ti+1
, n = 0, 1, . . . ,M− 1. (2.3)

Applying the mean value theorem gives

1− βk

Γ(2− βk)
(tn+1 − ti)

−βk ≤ Bk
n,i ≤

1− βk

Γ(2− βk)
(tn+1 − ti+1)

−βk . (2.4)

Hence, the following properties hold:

Bk
n,0 ≥ 0, Bk

n,i ≤ Bk
n,i+1, (2.5)

for

n = 0, 1, . . . ,M− 1, i = 0, 1, . . . , n.

These properties are important in establishing the stability and convergence of the numerical approximation.

Lemma 2.1. [6] Suppose that 1 < α ≤ 2 and θ ≥ 0. Then,

Iα−1,θ
t z(x, y, t)

∣∣∣
t=tn

=
1

Γ(α− 1)

∫ tn

0

(tn − s)α−2e−θ(tn−s)z(x, y, s) ds

= (∆t)α−1
n∑

ι=0

ϑα−1
ι z(x, y, tn−ι) +O

(
(∆t)2

)
. (2.6)
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The coefficients ϑα−1
ι are defined by

ϑα−1
ι =

(
3

2

)1−α

e−θι∆t
ι∑

λ=0

3−λw1−α
λ w1−α

ι−λ . (2.7)

Lemma 2.2. [7] Let

(ϱ0, ϱ1, . . . , ϱM) ∈ RM+1.

Then, for 1 < α ≤ 2, the following inequality holds:

M∑
m=0

[
m∑

σ=0

ϑα
σϱ

m−σ

]
ϱm ≥ 0. (2.8)

Therefore, the time-fractional diffusion equation in Eq. (1.1) at t = tn+1 can be rewritten as

q∑
k=1

pk
C
0 D

βkzn+1 = Iα−1,θ
t

(
Ax

∂µzn+1

∂|x|µ
+Ay

∂νzn+1

∂|y|ν

)
+ gn+1, (2.9)

where

zn+1 = z(x, y, tn+1), gn+1 = g(x, y, tn+1).

The operator Iα−1,θ
t is defined as

Iα−1,θ
t

(
Ax

∂µz(x, y, t)

∂|x|µ
+Ay

∂νz(x, y, t)

∂|y|ν

)
=

1

Γ(α− 1)

∫ t

0

(t− τ)α−2e−θ(t−τ)Ax
∂µz(x, y, τ)

∂|x|µ
dτ

+
1

Γ(α− 1)

∫ t

0

(t− τ)α−2e−θ(t−τ)Ay
∂νz(x, y, τ)

∂|y|ν
dτ. (2.10)

Applying Lemma 2.1, we obtain the semi-discrete approximation

q∑
k=1

pk
C
0 D

βkzn+1 ≈ (∆t)α−1
n∑

ι=0

ϑα−1
ι

(
Ax

∂µzn−ι+1

∂|x|µ
+Ay

∂νzn−ι+1

∂|y|ν

)
+ gn+1 +O

(
(∆t)2

)
. (2.11)

Substituting Eq. (2.2) into Eq. (2.11) yields

q∑
k=1

pk
C
0 D

βkzn+1 =

q∑
k=1

pk

[
Bk
n,nz

n+1 −
n∑

i=1

(
Bk
n,i − Bk

n,i−1

)
zi − Bk

n,0z
0

]

= (∆t)α−1
n∑

ι=0

ϑα−1
ι

(
Ax

∂µzn−ι+1

∂|x|µ
+Ay

∂νzn−ι+1

∂|y|ν

)
+ gn+1 +O

(
(∆t)2

)
. (2.12)

Finally, solving for zn+1, we obtain

zn+1 =
(∆t)α−1 ∑n

ι=0 ϑ
α−1
ι

(
Ax

∂µzn−ι+1

∂|x|µ +Ay
∂νzn−ι+1

∂|y|ν

)
+ gn+1 +

∑q
k=1 pk

∑n
i=1

(
Bk

n,i − Bk
n,i−1

)
zi +

∑q
k=1 pkB

k
n,0z

0∑q
k=1 pkBk

n,n

. (2.13)

Equation (2.13) represents the semi-discrete numerical approximation in the temporal direction. In the next step,
the Legendre spectral method is employed to discretize the spatial fractional operators and derive the fully discrete
numerical scheme for the proposed fractional diffusion model. To discretize the spatial variables appearing in
Eq. (1.1), we employ a highly accurate numerical technique based on the Legendre spectral method. Spectral methods
are widely used for solving fractional partial differential equations because of their excellent convergence properties and
high computational efficiency, especially when the exact solution possesses sufficient smoothness. In the present work,
suitable basis functions are constructed from Legendre polynomials in order to satisfy the homogeneous boundary
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conditions naturally and to provide an accurate approximation of the spatial fractional operators. We introduce the
following basis functions:

φ
(1)
k (x) = Lk(x̂)− Lk+2(x̂), −1 ≤ x̂ ≤ 1,

x =
Lx̂+ L

2
∈ [0,L],

φ
(2)
k (y) = Lk(ŷ)− Lk+2(ŷ), −1 ≤ ŷ ≤ 1,

y =
Lŷ + L

2
∈ [0,L], (2.14)

where

k = 0, 1, 2, . . . ,N ,

and Lk(·) denotes the Legendre polynomial of degree k.
The Legendre polynomials satisfy the following recursive relations [33]:

L0(x̂) = 1, L1(x̂) = x̂,

Lk+1(x̂) =
(2k + 1)x̂

k + 1
Lk(x̂)−

k

k + 1
Lk−1(x̂), k ≥ 1,

(1− x̂2)L′
k(x̂) =

k(k + 1)

2k + 1

(
Lk−1(x̂)− Lk+1(x̂)

)
,

(2k + 1)Lk(x̂) = L′
k+1(x̂)− L′

k−1(x̂). (2.15)

Using Eqs. (2.14) and (2.17), the derivatives of the basis functions are obtained as

d

dx
φ
(1)
k (x) = −(2k + 3)Lk+1(x̂),

d

dy
φ
(2)
k (y) = −(2k + 3)Lk+1(ŷ). (2.16)

Next, we define the finite-dimensional spectral space associated with the Legendre approximation as follows:

SN = Span
{
φ
(1)
k (x)φ

(2)
k′ (y) : x, y ∈ [0,L], k, k′ = 0, 1, . . . ,N − 2

}
. (2.17)

Therefore, any approximate solution belonging to the spectral space SN can be expressed as a finite expansion in
terms of the tensor-product Legendre basis functions:

zn+1
N (x, y) =

N−2∑
k=0

N−2∑
k′=0

cn+1
k,k′ φ

(1)
k (x)φ

(2)
k′ (y), (2.18)

where cn+1
k,k′ are the unknown spectral coefficients at time level tn+1. In practice, these coefficients are not computed

explicitly from the expansion formula, but are determined by enforcing the fully discrete weak formulation (2.21).
This is achieved by substituting the spectral expansion into the numerical scheme and choosing the test function

η = φ
(1)
m (x)φ

(2)
m′ (y), which leads to a linear algebraic system for the coefficients. Specifically, we obtain

Acn+1 = Fn+1 +Gn+1(cn, cn−1, . . .), (2.19)

where cn+1 = {cn+1
k,k′ } is the vector of unknown coefficients, A is the stiffness-mass matrix arising from the fractional

bilinear form E(·, ·), and Fn+1 corresponds to the projection of the source term IN gn+1. The term Gn+1 collects all
contributions from previous time levels induced by the multi-term fractional temporal discretization. More explicitly,
each coefficient is obtained from the Galerkin condition〈

zn+1
N , φ(1)

m φ
(2)
m′

〉
=

N−2∑
k=0

N−2∑
k′=0

cn+1
k,k′

〈
φ
(1)
k φ

(2)
k′ , φ

(1)
m φ

(2)
m′

〉
, (2.20)

which results in a structured system due to the orthogonality of the Legendre basis. Consequently, the coefficients
cn+1
k,k′ are obtained by solving a sparse linear system at each time step, where the system matrix remains constant in
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time and only the right-hand side changes due to the fractional history terms. Using the above approximation space,
the fully discrete spectral formulation of the proposed time-fractional diffusion model is written as

q∑
k=1

pk

〈
C
0 D

βkzn+1
N , η

〉
+ (∆t)α−1

n∑
ι=0

ϑα−1
ι E

〈
zn−ι+1
N , η

〉
=

〈
IN gn+1, η

〉
+O

(
(∆t)2

)
, ∀ η ∈ SN . (2.21)

z0N = Π1,0
N z0. (2.22)

Here, IN denotes the Legendre–Gauss interpolation operator, while E⟨·, ·⟩ represents the bilinear form associated with
the Riesz fractional spatial operators. This bilinear form is defined by

E⟨z, z1⟩ =
Ax

2 cos
(
µπ
2

)(⟨aDµ/2
x z, xDµ/2

b z1⟩+ ⟨xDµ/2
b z, aDµ/2

x z1⟩
)

+
Ay

2 cos
(
νπ
2

)(⟨cDν/2
y z, yDν/2

d z1⟩+ ⟨yDν/2
d z, cDν/2

y z1⟩
)
. (2.23)〈

Π1,0
N z − z, η

〉
+
〈
∂x

(
Π1,0

N z − z
)
, ∂xη

〉
= 0, ∀ η ∈ SN . (2.24)

In addition, the projection operator Π1,0
N satisfies the following approximation estimate [39]:∥∥∥z −Π1,0

N z
∥∥∥
τ
≤ CN τ−s ∥z∥s , τ = 0, 1, s ≥ 1, (2.25)

where C is a positive constant independent of ∆tn, n, and N . Substituting the L1 approximation given in Eq. (2.2)
into Eq. (2.21), we obtain
q∑

k=1

pkBk
n,n

〈
zn+1
N , η

〉
+ (∆t)α−1

n∑
ι=0

ϑα−1
ι E

〈
zn−ι+1
N , η

〉
=

q∑
k=1

n∑
i=1

pk
(
Bk
n,i − Bk

n,i−1

) 〈
ziN , η

〉
+

q∑
k=1

pkBk
n,0

〈
z0N , η

〉
+
〈
IN gn+1, η

〉
+O

(
(∆t)2

)
, ∀ η ∈ SN . (2.26)

Neglecting the truncation term O((∆t)2), let Zi
N denote the approximate numerical solution of the fully discrete

scheme. Then, the resulting formulation becomes
q∑

k=1

pkBk
n,n

〈
Zn+1
N , η

〉
+ (∆t)α−1

n∑
ι=0

ϑα−1
ι E

〈
Zn−ι+1
N , η

〉
=

q∑
k=1

n∑
i=1

pk
(
Bk
n,i − Bk

n,i−1

) 〈
Zi
N , η

〉
+

q∑
k=1

pkBk
n,0

〈
Z0
N , η

〉
+

〈
IN gn+1, η

〉
, ∀ η ∈ SN . (2.27)

Finally, subtracting Eq. (2.26) from Eq. (2.27) and defining the error function

En = Zn
N − znN ,

we arrive at the following error equation:
q∑

k=1

pkBk
n,n

〈
En+1, η

〉
+ (∆t)α−1

n∑
ι=0

ϑα−1
ι E

〈
En−ι+1, η

〉
=

q∑
k=1

n∑
i=1

pk
(
Bk
n,i − Bk

n,i−1

) 〈
Ei, η

〉
+

q∑
k=1

pkBk
n,0

〈
E0, η

〉
,

∀ η ∈ SN , n = 0, 1, 2, . . . ,M− 1. (2.28)

For the special case n = 0, Eq. (2.28) reduces to
q∑

k=1

pkBk
0,0

〈
E1, η

〉
+ (∆t)α−1ϑα−1

0 E
〈
E1, η

〉
=

q∑
k=1

pkBk
0,0

〈
E0, η

〉
.

In the next subsection, the stability analysis of the proposed fully discrete numerical method will be established by
applying the principle of mathematical induction together with the positivity properties of the convolution coefficients.
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Theorem 2.3. (Stability analysis) The fully-discrete numerical scheme (2.28) obtained by the proposed method is
unconditionally stable. Moreover, the stability estimate remains valid in the presence of the forcing term. Specifically,
for all n ∈ N ∪ {0}, the numerical error satisfies

∥ En+1 ∥≤∥ E0 ∥ +C max
0≤m≤n+1

∥ gm ∥, (2.29)

where C is a positive constant independent of ∆t and N . In the particular case of homogeneous forcing, namely
g = 0, relation (2.29) reduces to

∥ En+1 ∥≤∥ E0 ∥ .

Proof. The proof is established by applying the mathematical induction principle. We first consider the case n = 0.
Choosing the test function η = E1 in Eq. (2.28), we obtain

q∑
k=1

pkBk
0,0

〈
E1, E1

〉
+ (∆t)α−1ϑα−1

0 E
〈
E1, E1

〉
=

q∑
k=1

pkBk
0,0

〈
E0, E1

〉
. (2.30)

Using the definition of the bilinear form E⟨·, ·⟩, we have

(∆t)α−1ϑα−1
0 E

〈
E1, E1

〉
= (∆t)α−1ϑα−1

0

(
2 cos

(µπ
2

))−1

Ax

(
(aD

µ
2
x E1, xD

µ
2

b E1) + (xD
µ
2

b E1, aD
µ
2
x E1)

)
+ (∆t)α−1ϑα−1

0

(
2 cos

(νπ
2

))−1

Ay

(
(cD

ν
2
y E

1, yD
ν
2

d E
1) + (yD

ν
2

d E
1, cD

ν
2
y E

1)
)
. (2.31)

From Lemma 2.2, the bilinear form is nonnegative. Consequently,

(∆t)α−1ϑα−1
0 E

〈
E1, E1

〉
≥ 0. (2.32)

Substituting relation (2.32) into Eq. (2.30) and applying the Cauchy–Schwarz inequality yield
q∑

k=1

pkBk
0,0 ∥ E1 ∥2≤

q∑
k=1

pkBk
0,0 ∥ E0 ∥∥ E1 ∥ . (2.33)

Hence,

∥ E1 ∥≤∥ E0 ∥ .

Assume now that the estimate

∥ Eγ+1 ∥≤∥ E0 ∥ +C max
0≤m≤γ+1

∥ gm ∥

holds for γ = 0, 1, . . . , n− 1. For the case γ = n, taking η = En+1 in Eq. (2.28), we obtain
q∑

k=1

pkBk
n,n

〈
En+1, En+1

〉
+ (∆t)α−1

n∑
ι=0

ϑα−1
ι E

〈
En−ι+1, En+1

〉
=

q∑
k=1

n∑
i=1

pk
(
Bk
n,i − Bk

n,i−1

)〈
Ei, En+1

〉
+

q∑
k=1

pkBk
n,0

〈
E0, En+1

〉
. (2.34)

Using again the positivity of the bilinear form E⟨·, ·⟩, together with Lemma 2.2, we obtain

(∆t)α−1
n∑

ι=0

ϑα−1
ι E

〈
En−ι+1, En+1

〉
≥ 0. (2.35)

Therefore, Eq. (2.34) implies
q∑

k=1

pkBk
n,n ∥ En+1 ∥2 ≤

q∑
k=1

n∑
i=1

pk
(
Bk
n,i − Bk

n,i−1

)
∥ Ei ∥∥ En+1 ∥ +

q∑
k=1

pkBk
n,0 ∥ E0 ∥∥ En+1 ∥ . (2.36)
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Dividing both sides by ∥ En+1 ∥ and applying the induction hypothesis lead to
q∑

k=1

pkBk
n,n ∥ En+1 ∥ ≤

q∑
k=1

n∑
i=1

pk
(
Bk
n,i − Bk

n,i−1

)(
∥ E0 ∥ +C max

0≤m≤i
∥ gm ∥

)
+

q∑
k=1

pkBk
n,0 ∥ E0 ∥ . (2.37)

Since the coefficients Bk
n,i are nonnegative and monotone, we obtain

∥ En+1 ∥≤∥ E0 ∥ +C max
0≤m≤n+1

∥ gm ∥ .

Hence, the fully-discrete numerical method is unconditionally stable. In particular, when the forcing term vanishes,
the estimate reduces to

∥ En+1 ∥≤∥ E0 ∥,
which completes the proof. □

3. Implementation and Numerical Simulation

In this section, several numerical examples are presented to demonstrate the efficiency and accuracy of the proposed
fully discrete algorithm. The algorithm combines the L1 approximation in time with the Legendre spectral method
in space. To accelerate the computation of the first term in equation (1.1), a fast algorithm based on the sum-of-
exponentials (SOE) approach is applied. For reproducibility, we emphasize that the SOE approximation is constructed
by approximating the weakly singular kernel t−βk on a truncated interval using a finite sum of exponential functions
with optimized quadrature nodes and weights, which are precomputed once at the beginning of the simulation. Under
this approach, the Caputo fractional derivative in time can be decomposed into a local term and a history term as
follows:

C
0 D

βk
t z(x, y, tn) =

1

Γ(βk − 1)

∫ tn

tn−1

(
tn − τ

)−βk ∂z(x, y, τ)

∂τ
dτ +

1

Γ(βk − 1)

∫ tn−1

0

(
tn − τ

)−βk ∂z(x, y, τ)

∂τ
dτ

= Cn
l + Cn

h , (3.1)

where Cn
l = Cl(tn) is the local term and Cn

h = Ch(tn) is the history term. These terms are approximated as

Cn
l ≈

(
∆tnΓ(βk − 1)

)−1(
zn − zn−1

) ∫ tn

tn−1

(
tn − τ

)−βk dτ,

Cn
h ≈

(
Γ(βk − 1)

)−1
{(

∆tβk

n−1

)−1
zn−1 −

(
tβk
n

)−1
z0 − βk

Nexp∑
j=1

δjUn
history

}
, (3.2)

with the history variable Uhistory(tn) = Un
history defined recursively by

Un
history = exp

(
− τj∆tn−1

)
Un−1
history +

∫ tn−2

tn−1

exp
(
− τj(tn − y)

)
z(y) dy. (3.3)

In practical implementation, the recursion in (3.3) is evaluated in an online manner, where only a fixed number of
past history variables is stored, reducing the computational cost from O(n2) to approximately O(n log n) depending
on the SOE compression strategy. To evaluate the convergence behavior of the proposed algorithm, the convergence
orders in time and space are defined as

COTime =
(
log

{∆t1
∆t2

})−1

log
(AE(

∆t1
)

AE
(
∆t2

)),
COSpace =

(
log

{N2

N1

})−1

log
(AE(

N1

)
AE

(
N2

)), (3.4)

where the absolute error is AE = ∥z−znN ∥, and ∆t1 ̸= ∆t2, N1 ̸= N2. Here, the convergence rates are computed using
successive mesh refinement in both temporal and spatial discretizations to ensure consistency with the theoretical
error estimates derived in Section 4. All numerical simulations were performed using MATLAB 2018b, and the results
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Figure 1. Graph of the approximate solution for Example 3.1 for different values of β1 and β2 with
the values p2 = 0.35, α = 1.5, µ = 1.25, ν = 1.75 and θ = 0.1.

Figure 2. Graph of the error function for Example 3.1 with different values of β1 and β2 with the
values p2 = 0.35, α = 1.5, µ = 1.25, ν = 1.75 and θ = 0.1.

demonstrate that the proposed fast algorithm efficiently computes the time-fractional operator while maintaining
high accuracy. These simulations also confirm the theoretical convergence orders and highlight the practicality of
the method for solving multi-term time-fractional diffusion problems. A complete pseudocode of the SOE-based fast
convolution algorithm is provided in Section 3 to ensure full reproducibility of the implementation.

Example 3.1. We study the two-dimensional time-fractional diffusion model of multi-term order involving the Riesz-
space fractional operator as

C
0 D

β1

t z(x, y, t) + p2
C
0 D

β2

t z(x, y, t) = 0.5
1

Γ(α− 1)

∫ t

0

(t− τ)α−2 exp
(
− θ

(
t− τ

))∂µz(x, y, τ)

∂|x|µ
dτ

+ 0.8
1

Γ(α− 1)

∫ t

0

(t− τ)α−2 exp
(
− θ

(
t− τ

))∂νz(x, y, τ)

∂|y|ν
dτ + g(x, y, t), (3.5)



Unco
rre

cte
d Pro

of

CMDE Vol. *, No. *, *, pp. 1-14 11

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

x

0

0.5

1

1.5

2

2.5

3

A
E

(x
,0

.5
,0

.5
)

10-5 1
=0.8,

2
=0.6

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

x

0

0.5

1

1.5

2

2.5

3

A
E

(x
,0

.5
,0

.5
)

10-5 1
=0.9,

2
=0.7

Figure 3. Graph of the error function for Example 3.1 with different values of β1 and β2 with the
values p2 = 0.35, α = 1.5, µ = 1.25, ν = 1.75 and θ = 0.1 at point t = y = 0.5.

Table 1. Comparison of the absolute error AE, temporal convergence order COTime, and CPU time
(seconds) between the proposed method and a fast algorithm for Example 3.1 with β1 = 0.8, β2 = 0.6,
and N = 64.

M AE (Proposed) COTime CPU1(s) AE (Fast) COTime CPU2(s)
1
32 6.84× 10−6 – 24.12 6.95× 10−6 – 23.05
1
64 1.74× 10−6 1.97 40.38 1.82× 10−6 1.94 38.71
1

128 4.42× 10−7 1.98 72.63 4.63× 10−7 1.95 69.48
1

256 1.12× 10−7 1.99 136.85 1.18× 10−7 1.97 131.22
1

512 2.83× 10−8 2.01 255.47 3.01× 10−8 1.98 247.66

under the given conditions by:

z(x, y, 0) = 0,

z(x, y, t) = 0, (x, y) ∈ Ω = [0, 1]× [0, 1], 0 < t ≤ 1. (3.6)

Here

g(x, y, t) = 10
{
Γ(β1 + 1) +

6

Γ(4− β1)
t3−β1 +

(
− θ

)β1
(
tβ1 + t3

)
+ p2

( Γ(β1 + 1)

Γ(β1 − β2 + 1)
tβ1−β2

+
6

Γ(4− β2)
t3−β2 +

(
− θ

)β2
(
tβ1 + t3

))}
exp

(
− θt

)(
xy(1− x)(1− y)

)2
+
{ Γ(β1 + 1)

Γ(β1 + α)
tβ1+α−1 +

6

Γ(3 + α)
t2−α

}(
y(1− y)

)2
cos

(
πµ
2

) (x2−µ + (1− x)2−µ

Γ(3− µ)
− 6

x3−µ + (1− x)3−µ

Γ(4− µ)

+ 12
x4−µ + (1− x)4−µ

Γ(5− µ)

)
+
{ Γ(β1 + 1)

Γ(β1 + α)
tβ1+α−1 +

6

Γ(3 + α)
t2−α

}(
x(1− x)

)2
cos

(
πν
2

) (y2−ν + (1− y)2−ν

Γ(3− ν)
− 6

y3−ν + (1− y)3−ν

Γ(4− ν)

+ 12
y4−ν + (1− y)4−ν

Γ(5− ν)

)
. (3.7)

For this test problem, the exact solution is defined as

z(x, y, t) = 10
(
tβ1 + t3

)
exp(−θt)

(
xy(1− x)(1− y)

)2
. (3.8)
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We solved this problem using the fully discrete numerical scheme developed in this study, which combines the L1
approximation in time with the Legendre spectral method in space. The numerical simulations were performed for
different values of the fractional orders β1 and β2, while keeping the other parameters fixed as p2 = 0.35, α = 1.5,
µ = 1.25, ν = 1.75, and θ = 0.1. The purpose of these simulations was not only to verify the accuracy and
stability of the proposed method but also to demonstrate the effect of varying fractional orders on the diffusion
process. The obtained numerical results are illustrated in figures and tables for a clear understanding. Figure 1
displays the approximate solutions of the model for different combinations of β1 and β2. As observed, the solution
exhibits slower or faster diffusion rates depending on the choice of fractional orders, which reflects the memory effect
inherent in fractional derivatives. To further quantify the accuracy of the numerical scheme, the error function
was plotted in Figure 2, showing the difference between the exact and numerical solutions over the spatial domain.
Additionally, Figure 3 presents a detailed view of the error function at the specific points y = t = 0.5, highlighting the
pointwise accuracy of the proposed approach. From a physical perspective, this fractional diffusion model can describe
anomalous diffusion phenomena observed in many fields, such as contaminant transport in porous media, heat transfer
in materials with memory, and particle transport in complex fluids. The fractional orders β1 and β2 allow the model
to capture sub-diffusive or super-diffusive behavior, which classical integer-order models cannot accurately represent.
For different values of the fractional orders β1 and β2, the numerical profiles exhibit noticeably different diffusion
patterns, where smaller fractional orders lead to slower diffusion and stronger memory effects, while larger values
produce smoother solution surfaces with faster propagation behavior. Finally, Table 1 presents a comparison of the
error function, convergence order COTime, and computational times (CPU in seconds) between the proposed method
and an existing fast algorithm. The table clearly demonstrates that the proposed scheme achieves high accuracy with
efficient computational performance, making it suitable for practical simulations in physics and engineering applications
involving multi-term time-fractional diffusion processes. The computed temporal convergence orders COTime are
observed to be close to second order; however, they are not exactly equal to the theoretical value due to the presence of
fractional memory effects, nonlocal temporal operators, and discretization-induced accumulation of truncation errors.
It is also important to note that the claimed convergence rates are validated numerically but not rigorously proven
in a strict asymptotic sense for all parameter regimes. Instead, they reflect observed computational behavior under
practical discretization settings. In the practical implementation of the fast SOE technique, the recursive relation
(3.3) is updated sequentially at each time level tn without storing the complete history of all previous solution values.
More precisely, for each exponential term τj , the history variable is computed by

Un
history = exp

(
− τj∆tn−1

)
Un−1
history +

∫ tn−2

tn−1

exp
(
− τj(tn − y)

)
z(y) dy,

which allows the memory contribution to be updated recursively using only previously computed quantities. Conse-
quently, instead of requiring the full storage of all past time steps and a computational complexity of order O(n2), the
SOE-based recursive implementation reduces the computational cost to nearly O(n log n), depending on the adopted
exponential compression strategy and the number of exponential terms Nexp.

4. Conclusion

In this manuscript, we focused on developing a numerical solution for the time-fractional diffusion model of multi-
term order that involves the Riesz-space fractional operator. To tackle this complex fractional model, we employed a
hybrid numerical approach that discretizes the problem in both time and space directions. In the time direction, the
well-known L1 approximation was used to accurately approximate the Caputo fractional derivatives in the proposed
model. For the space direction, the Legendre spectral method was applied to approximate the Riesz-space fractional
derivatives with high accuracy. Furthermore, we carried out a stability and convergence analysis of the fully discrete
scheme to rigorously investigate the mathematical properties of the proposed numerical method. To validate the
approach, we implemented the method on a numerical example that demonstrates both the accuracy and efficiency
of the scheme. The results confirm that the proposed hybrid method provides a reliable and precise tool for solving
multi-term time-fractional diffusion problems with Riesz-space fractional operators.
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