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Abstract

In this work, a general coupled KdV system obtained from the two-layer fluid dynamic systems are investigated.
The governing system and the corresponding invariant subspaces are displayed by adopting the invariant subspace
method (ISM). The key point of ISM is to transform coupled partial differential equations (PDEs) into a system
of ordinary differential equations (ODEs). By solving the obtained ODE system, the new explicit solutions of the
coupled KdV system are derived accordingly. Finally, the figures of several solutions are shown.
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1. INTRODUCTION

Nonlinear partial differential equations (NPDEs) [1, 20] are increasingly important because they can always describe
a large number of nonlinear phenomena. The exploration of exact solutions of NPDEs has always received considerable
attention. And during the past decades, many effective methods have been proposed for solving NPDEs like Lie group
method [2, 4, 7, 23, 25], nonlocal symmetry method [24], the tanh method [26], the conditional Lie-Bécklund symmetry
[3, 15, 16, 28], the invariant subspace method (ISM) [6, 12, 17, 22, 29] and so on.

ISM is very powerful in deriving various solutions of scalar or coupled system of NPDEs. Galationov and Svir-
shchevskii are the first scholars to propose the idea of ISM. More detailed descriptions for this method can be found
in their book [6]. Subsequently, numerous works on the applications of ISM have appeared. Recently, this method has
also been effectively applied to fractional nonlinear partial differential equations (fNPDEs) [5, 11, 13, 14, 18, 19, 21].
These results are enough to prove the effectiveness of ISM from both the classification perspective and application
analysis. Nonlinear coupled dynamical systems are widely present in fields such as physics, biology, and engineering
due to their characteristics of nonlinearity and coupling [8, 27].

The main attentio of the current article is to extend ISM to investigate a general coupled KdV system

Ut + p1vtg + (P2v® + P3uv + Patigy + Psu?)y = 0,
(% + q10Uy + (Q2U2 + q3uv + q4UVzy + Q5U2)x = Oa (11)

where p1, p2, P3, Pa, D5, D6, 41, 92, 43, 44, G5, 6 are constants. System (1.1) describes a two layer model of the atmospheric
dynamical [9]. More recently, researchers have shown much interest in the investigation of (1.1) or some special forms
of (1.1) [9, 10]. The authors used the Painlevé to study the integrability and achieved the 7-function and multiple
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soliton solutions of (1.1) [9]. If we take p;1 = p3 = 0,p4 = 0,pa = —ps =3 and ¢ = g2 = ¢5 = 0,q3 = —6,94 = 1 in
system (1.1), then it becomes the coupled KdV system

U + 6vv, — 66Uy + Uprr = 0,
v — 6uvy — 6vUy + Vppr = 0. (1.2)

Authors obtained analytical and nonsigular complexition solutions of system (1.2) by applying Darboux transforma-
tions [10].

In Section 2, we give a short review of ISM. In Section 3, we perform the complete classification of ISs to system
(1.1) by utilizing this method. With the help of the results given in Section 3, we will discuss several new explicit
solutions of the system (1.1) in Section 4. In the final section, a short summary of the work is presented.

2. SUMMARY OF ISM

In this section, we would like to give a brief account of ISM to a nonlinear system. The nonlinear system

Uy = Gl (.’L’,’LL,’U,U(I),U(I), T >u(k1)7v(k2)) )
v = Gy (x,u,v,u(l),v(l), . ’uwl)’v(kz)) , (2.1)

whereu(i):%,v() M( =1,2,--- k1,7 =1,2,--- ko).
A novel subspace W is W = W#l X Wﬁm, where

1

W, = L{f1 (@), fony (2)} = Zij ) ¢ Wiy = £{g1(2), -+, gm, (2)} = ZD]gJ

fi(x), -+, fm, (z) are linearly independent and gy (), - - , gm, (2) are linearly independent too. If G = (G1, G2) fulfills
W,}ll X I/V2 — Wl x wa namely,

miy

G Zsz ZD]gJ = ®(Ch,- 5 Cmy, Dy, Doy ) fi(),
=1

Go Zcfz ZDJQJ :Z\II(CIV"7Cm17D1""7Dm2)gj(x)7

then G is said to admit the subspaces WL —x W2

1 ma*

EICOIORCE >0, (0g,(x)

Then the solution of system (2.1) is of the following:

where C;(t) and D;(t) satisfy the following system of ODEs

(t)
YD) _ g (048, . Con (1), Da(0), -, Do (1)

dt
dD;(t)
) =W (G0, Con (1), Di(0), Doy (1)
Generally, ngNW,%L2 is generated by

L'y) = g™ + @, 1y 4+ ary’ + agy =0,
L2[z] = 2(m2) 4 by, 120m27 D o b2 4 bpz = 0. (2.2)
If the maximal dimension of ISs is evaluated, a complete classification and a set of explicit solutions of the governing

system can be easily derived. And More detailed results of the maximal dimension theorems can be found in Refs.
[17, 29].

(=)=
E)NE
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3. INVARIANT SUBSPACE CLASSIFICATION OF (1.1)

In this section, we perform all the invariant subspace classification of (1.1). Firstly, we need to rewrite system (1.1)
in the following form

Ut = —Pp10Ug — (p2v2 + P3UV + Paligy +p5U2)x = G1[u, ],

vy = —q1oty — (qou® + @auv + Qs + q50?)z = Galu, v), (3.1)
the operator (G1,G2) preserves an invariant subspace Wnl11 X Wgw determined by the following ODEs

L'yl = 4™ + am, —1y"™ Y 4 4 ary + agy =0,

L2[z) = 20m2) 4 by, 122D o b2 4 byz = 0. (3.2)

With the help of the results on maximal dimensions of invariant subspaces [12], we can see that the following cases for
(mq,m2) should be discussed respectively: (2,2),(3,2),(3,3),(4,2),(4,3). We first discuss the case of (m1,mg) = (2,2).
In this case, we have the invariant condition

(D*G4 + a1 DG1 + aoG1) vynm, = 0,
(D2G2 + b1 DGy + bOGQ)MlﬂM2 =0, (3.3)

where Mj, M, indicate that the equations L'[u] = 0, L%[v] = 0 and their differential consequences with respect to
variable x, ag, a1, bg, b, are determined constants.

Substituting these expressions for G, G2 in (3.1) into (3.3) and replacing Uy, Vee by —aiu, — agu, —byv, — bov
respectively, we acquire the following results:

[(a1 +b1)pr + (a1 + 3b1)ps]usve + darpsul — 2(ar — 3b1)pavs + bagpsutiy + bo(p1 + 3pz)vu,
[2a0(p1 + p3) + p3(bo + arby — b2)|uv, + 2(arby — ag 4 4by — b3)pavv, + (a1 — b1 )bopsuw
+2(ay — b1)bopav® = 0,

[2a1q1 + (3a1 + b1)q3|usve + 2(3a1 — by)qou? + 4bygsv? + 2(a1by + 4ag — by — a?)qouu,

+ [(ao + arb1 — a3)q1 + (a0 + 200 + a1by =a3)gslvus + ao(2q1 + 3qs)uvy + 6bogsvv,
—ao(ar — b1)(q1 + gs)uv — 2(ay — by)apgau® = 0.

Taking the coefficients of u, v,, u, v to be zero and solving the algebraic system for ag, a1, bo, b1, pi, ¢;(1 = 1,2,3,4,5),
then we obtain all the classifying coupled KdV system, the corresponding linear ODEs, and the invariant subspaces
Wy x W3 listed in Table 1, where eight functions f3 (z), g5, (z)(r1 = 1,72 = 1,2,3,s = 1,2) are given as follows:

) = cos (2v/boz) , 2 (x) = sin (2v/boz) , g1 () = cos (V/boz ) , g3 () = sin (V/boz ) .
) ( —boz) , ff(x) = exp (—2 —box),
(z) (Qf x) = sin (2\/%93) ,

gi(z) = cos (\/17 ) (z) = sin (\/%x)

bo < 0, fL(z) ( —box)  f2(z) = exp (—2 —bom),

g1(r) = exp ( —box) () = exp (—v/~bor )

o0 > 0. 3(a) = cos (/ae)  3(0) = sin (Vaze) g} (a) = oos (v ) ) = sin (5.

g3(2) = cos (V2aoz) , g3(z) = sin (v2apz) ;

ap < 0, f3(x) = exp (\/—aox) , f3(x) = exp (— —aox) ,

b0>0f1£L'

ﬁ
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92(x) = exp (; —cmrc) 1 95(x) = exp (—; —aox) ,
93(2) = exp (2v/—aoz) , g3(z) = exp (—2v/=aoz) .

After the same computations, we get classifications of coupled KdV system, the corresponding linear ODEs, and the
invariant subspaces Wﬁll X W,%lz for (n1,n2) = (3,2),(3,3),(4,2),(4,3) presented in Table 2, where the unknown
functions fﬁ(x),gﬁ(x)(r =3---8,s=1---4) are given as below:

1 1
fa(x) = exp m—l ( ) <a2 +7b3 — 3a2b1) kT (\/gf—i— 1) my — 3a2] x,
F2(z) = exp i(\f1+1) L2 — 712 1 3asm +i(\/§l—1>m171a2 .
? m ! 12 3
[ 2 /1 1 1
f3(zx) = exp b (3@2 + b — 3a2b1) —g™ 3@} z,

1/3

my = [—4(@2 — 3b1)(2a2 — 21ash, — 54by) + 12\/A1} :

Ay = —3by [a3b1(9a3 + 805b7 — 150asby) + b3 (137265 — 1764azb, — 972)
+a§(8a§ — 132a2b1 — 108by + 576b3) + azby (648 — 756b1 )],

Fi@) = exp sz (V31 1) (a3 = 120) ~ § (VBT 4 1) < g
fi(z) =exp 6m2 (\fl—i- 1) (12 — a%) + é (\/3] - 1) mo — ;ag} x,

1 1 1
fi(z) =exp 3 (a3 — 12bg) + 3me ~ 3a2] x,

1/3
my = [a2(72b0 —a3) + 6\/ —3bo (a3 — 44a3by — 16b3)} 7
[ 1 1 1 1
1oy — 4 _ L2 A - _ 2
f5(x) =exp s (\/§I 1) <3a2 a1> (\/§I+ 1) ms 3a2] x,

F2 (@) = exp mig (\/§I+ 1) ( ;a2> b= (\ff— 1) g — éag]
fg(x) = exp 7733 (;ai 2 al) + %m?, - ;az} z,

1/3
ms = <36a1a2 — 108agy — 8a§ + 12\/12ai’ — 3a%a% — bdagaras + 81a(2) + 12(10&%) ,

by >0, f¢ (z) = cos (\/b17> , f2(x) = sin (M) ,
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b1 =0, fé(m) = x,fﬁz(m) = 22

F3a) = ex | (0 = /e — taa — 1600) | 2(0) = exp | 0 + /a1 100
b > 0. f4(0) = cos (3 ) (o) = sin (/e )  3() = cos (3 )

) =sin (5 oz )

b < 0,73 (0) = oxp (5 Tne )  2(0) = exp (~ 5w ) S3(a) <oxp (5 v/ Thue ).

4. EXPLICIT SOLUTIONS AND FIGURES OF SYSTEM (1.1)
In Sec.3, it is shown that the classifying invariant subspaces of system (1.1) are obtained. According to the theory
mi ma
of ISM, the solutions of system (1.1) are in the form u(z,t) = > C;(t) fi(z),v(z,t) = Y D;(t)g;(x). In this section,
i=1 j=1

we determine the exact solutions of system (1.1) by applying the classification results in Section 3. We set out three
typical types and give the figures of these exact solutions.

Example 4.1. The following system

3
U — 51031)% + (p2U2 + P3uv + Patizg)s =0,
vy + Uz ae = 0. (41)

From the above results, we find the following invariant subspace of is Wi x W2 = L{e~"1% =217} x £{1,e~17}.
Which means that system (4.1) has exact solutions of exponential functions:

u(z,t) = C1(t)e 1% + Co(t)e 217,
v(x,t) = Dy(t) + Dy(t)e 12,
where the functions C;(t)(i = 1,2) and D;(t)(j = 1,2) are determined by the nonlinear ODE system:

1
)= *§b1(p301D1 — 203p,Cy — 4py D1 Dy),

1
Cé = 7§b1(2p3CQD1 — 4p2D§ — p3ClD2 — 16[)%]7402),

D} =0,
D} = qub3Ds.
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TABLE 1. System (1.1) and the corresponding linear ODEs.

No. System (1.1) ODEs (1.2) ISs (1.2)
1w = p3vugy — (P3uv + Palizs)s Y+ a1y +agy =0 L{et(Vai-dao—az o—3(Vai-daotar)a)
Uy = 7(q4vm:l: + q5U2)a> 2"=0 E{LI}
2w = =Py — Paligas y' +ay’ =0 L{1,emu®}
v = 30Uy — (g3UV + (V22 )x 2 —aZ =0 L{1,em7}
3 U = —Paligae y' +ay =0 L{1,e""7}
vy = —q10Uy — (q3UV + q4Uss)a 2+ bi2 + i(b% —a})z=0 E{e%(‘“_bl)z, e‘%(‘“‘*'bl)z}
4 Ut = —PaUzax y” + 4b0y =0 ‘C{fl1 (‘L)7 f12 (‘L }
v = 3q3vuy — (G3UV + GaVss)s 2" +boz =0 L{gi(x), g} (x)}
5 Uy = _(pZ'UQ + Palizz) s y" 4+ agy =0 E{f21 (z), f;(x)}
vy = %qgvuw — (q3uv + QuVzz)x 2"+ %agz =0 )

6 up = —(pav? + Patizs ) s y' +ay + %a%y =0

Vy = —QuUszz 2"+ %alz’ =0 E{l,e*%‘“"’}
7T U = —Paliage Y+ a1y =0 L{1,e~m7}
vy = 3qzvty — (qou? + q3uv + Uz ) s 2" +3a12' +2a22 =0 L{e~nT e¢=2uz}
8  w = —p1vuy — (p2v® + psuv + paties +psut)y ¥ =0 L£{1,z}
v = — Uz — (@u? + @3uv + QU + qsv?)s 27 =0 L£{1,x}
9wy = —(Patigs + psu?)s Yy =0 £{1,x}
Uy = —qLUUg — G4Vzar 2" b2 oz =0 L{ez(Vbi—tbo=b1)z =5 (y/bi—dbo+bi)z}
10wy = 2p3vug — (P3uv + Patizs)s y' +a1y =0 L{1,em"*}
vy = 2q30Uy — (Q3UV + Q4Vsz ) 2+ a1z’ =0 L{1,e"u7}
1wy = S o, (g | priie,), Yty +Had - Bg= 0 Lle bz cdmbie)
Vi = —Q4Vpra 24+ b1z =0 L{1,e"t}
12wy = %pgvum — (p2v® + p3uv + Patizy) s y" 4+ 3b1y’ + 203y =0 L{e 0T =2}
UVt = —(q4Vzan Z” + blz, = 0 ‘C{l? eiblm}
13wy = 3psvug — (P3uv + Patias)s Yy +aoy =0 L{f3(x), f3(x)}
vy = —(q2u® + q4Vsa)a 2" +4agz =0 L{g3(x), g3(x)}

Now we consider the above ODE system with D;(t) = 0 and we get the solution

c1dps

—b1(@=bipat) | p2d”
267 (qa — 7pa)

—2by (x—b% qat)
V(g — dpa)s "

u(z,t) = cre e~ b1[22=b%(pa+qa)t]

+ 026—2b1(x—4bfp4t)7
v(z,t) = debr(z=biast) (4.2)
where ¢, ¢, d are arbitrary constants. The profile of exact solution for (4.1) is displayed in Figure 1.
Example 4.2. The following system
up — 2p3vuy + (P3uv + Patizy)e = 0,
V¢ — 2q30Ug + (q3UV + @4Vsg)s = 0. (4.3)

We consider the following invariant subspace Wy x W3 = L£{1,e~%%} x L{1,e~ %1%} of system (4.2). This suggests
that system (4.3) has exact solutions of exponential functions:

u(z,t) = C1(t) + Cao(t)e” 1",
v(z,t) = D1(t) + Da(t)e” 7,
where the functions C;(t)(i = 1,2) and D,(t)(j = 1,2) are determined by the nonlinear ODE system:
Cp =0,
Cy = —a1(p3C2D1 — C1 Dy — aipsCy),
1=0,
an
Ba
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FIGURE 1. The exact solution of (4.1) with by = —1,¢c1 =co =ps =qa =d =1,ps = 2,p3 = 4.

Dy = —a1(qsCy D1 — q3C1 Dy — a3qaDy).
Let Cy(t) = ¢1, D1(t) = dy, we get the solution

_ 12
u(x,t) =1 + ce arz+5 (K 2d1p3+a1Kt),

d
(1) = dy 502 (2~ 2aipy o 32O, (4.4)

where a?(py + q4) + c1g3 + dip3 = K? > 0. The profile of exact solution for system (4.3) is described in Figure 2.

FIGURE 2. The exact solution for system (4.3) with ¢y =ca =dy =do=ps =K =1,a; = —1,p3 = %

Example 4.3. The following equation
Uy — p3vtly + (p2v” + P3uv + Patigs ). = 0,
vt — 2q5vv, = 0. (4.5)
From the above results, we find the following invariant subspace of is Wi x W$ = L{1,x,e~ %} x L£{1,z}. Which
means that has exact solutions of exponential functions:
u(z,t) = C1(t) + Co(t)x + Cs(t)e™ M7,
BB
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TABLE 2. System (1.1) and the corresponding linear ODEs.

No. System(1.1) ODEs (1.2) ISs (1.2)

1 Ut = _(pQ'UQ +p4uzz)z y" +4boy’ =0 ['{1 fl ($)7 f%(T)}
Ve = %qi%vu:l? - (q:;’LL’U + q4uu:fl:)u; 2" +boz=0 [’{gl( )v g%(m)}

2w = —(pav® + Patips)s y" + azy” + (3ag — Tby)b1y’' +2(3b1 — a2)b?y =0 L{f}(x), f3(z), f3(z)}
b= s Y e =0 £{1,e e

3wy = —(pa0? o+ Prtas)e "+ a2y’ + dboy’ — dazboy = 0 LU @), 20, £ @)}
V¢ = —QulUsr 2" +boz =0 L{gi(2), 97(x)}
v = Sq3vu, — (G3u0 + Qs + ¢50%)s =0 L{1, z}

5 Ut = P3VUg — (psUU +p4uzz)z Um + a2y// + aly/ +aoy = 0 [f{f ( ) f‘}( )}
v = —(QaUlas + G50%)s =0 E{LL}

6 up = %pgvur — (p2v® + Pauv + Patizr) s y”’ +3b1y" + 2%y =0 L{1,e e =21}
UVt = —Qulpes 2+ 012 =0 L{1,e 17}

7 up = Pavity — (P2v? + Pauv + patir) s y’” +ay”" =0 L{1,z,e 2"}
v = —(QUze + q50%) 2 =0 L{1,z}

8 up = 2p3vuy — (P3UV + Palizg)s y”’ +boy' =0 L{1,g}(x), ¢?(z)}
Ut = —q4Uzza 2+ bz =0 ‘C{g% (l),g%(l)

9w =2p30uy — (P3UV + Palizs)s Yy +biy =0 L{1, fg (x), fg(x)}
vy = 2q30Uy — (3UV + G4V ) s 2" 4+ b2 =0 L{1, fH(®), fo()}

10 up = —(pav® + Patiz)s Y + agy” + asy” + dagboy’ + 4(az — 4bo)boy =0 L{f} (@), f{(x), f} (), fi(2)}
Ut = —QuUgr 2" +boz =0 L{gi(z), gt (z)}

11w = —prvty — (pov? + p3uv + Pattes)e Yy =0 L{1, 2,22 2%}
U = _(q4uzz + Q502)z "=0 [’{1 x}

192 Uy = P3vly — (p2v2 + p3uv +p4uzz)z y(4) +azy” +axy’ =0 ,C{l,x,67%(‘237\/(@74‘12)1,67%<a3+\/a§74a2)z}
v = —(QaUlas + G50%)s =0 £{1,z}

13w = 2psvug — (P3uv + Patiae)e y“ Sboy” + b3y =0 L{f} (@), f3(x), f2 (@), f7(x)}
U = —Qalagg 2+ bUZ =0 L{gi(x), g7 (x)}

14 up = %p3vum _ (p2v2 + pauw +p4u:m)m y(4) + 1Ob1y”' 4 3db2 " 501)?],// 4 24b‘11y — [’{6*1111 —2byx , 6731)”;7674}"‘/’"}
Ut = — 4l 2+ b2 =0 L{1,e "=}

15wy = 3psvus — (pav? + psuv + pates)e Yy + 201y — b3y — 263y’ =0 L{1,eh® etz g=2biw)
Vg = —Qulgpry 2+ 012 =0 L{1,e" 17}

16 U = %p&'vuz - (p2U2 +p3uv +p4uzz)z Z/(4) + 6511/" + llb%y// + ﬁb:{’y/ =0 ‘c{lv e_blz’ E_2b117 E_Sblz}
UVt = —QulUprs 2+ 012 =0 L{1,e "=}

17wy = Spsvug — (p2v? + P3uv + patias o yW =0 L{1,z,22 23}
Vg = —Qulypry " =0 L{1,z,2%}

18 Ut = %pSvuz - (PSUU+P4Uzz)z Z/(4) +gb1y/l+ %b§y20 ‘c{fSI(x)7f82(x)"fg(‘r>7fg(x)}
U = —Qalara 2" b2 =0 L{1, fg (@), f§(2)}

19 U = 7(1’2712 + ]’471'11)1 !/<4) + 5b1y” + 4})% =0 E{f(}( )7 fG (T)v g(T)m é(T)}
Ut = —(4laaz 2 b2 =0 L{1, fg(x), f3(x)}

20w = —(p20® + Pative)a y(4) + %bzy”' + %b%y” + 5°b5y’ + 8 b4y =0 L{e——bgryC—%bgm’c—%b2:ﬁ7e—l12::;}
V= —Qullaps 2 by + 2b22' _ L{l e—lbw: 6—§I>2m}

22 wp = (pz’U +p4ur1)r y(4) + 10b y/// + 20b2 "no_ 4Ob2y _ 271)3@/ =0 C{(:’ 4b e*jbz.’t’ e—szm, e%bmc}
Ve = —Qulsss 2 by — 71)2 / bgz =0 £{e—bzr e—§b2;1:7e§bgm}

v(x,t) = Dy (t) + Da(t)x,

Cl = —2p2D1 Dy — p3C1 Do,

Ch = —2py D3 — p3Ca Dy,
Cy = —2p3 D3 — p3Ca Dy,
Dy = —2¢5D1 Dy,

D}y = —2¢5Dj.

Then we get the solution

2
u(z,t) = b2

where the functions C;(¢)(i = 1,2,3) and D,(t)(j = 1,2) are determined by the nonlinear ODE system:

(di + 2) + (2q5t + do) %95 (c1 + Com + e 3Pat),

(2g5 — p3)(2gs5t + d2)
[c[wm]
(o}
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v(z,t) (di + ), (4.6)

- 2q5t + d2

The profile of exact solution for system (4.5) is presented in Figure 3.

FIGURE 3. The exact solution for system (4.5) with ¢; = co = e =p2=ps=ps =¢5 =d1 = az =
1,d, = 0.

5. CONCLUSIONS

The intention of this paper is to find invariant subspace classification of system (1.1) and construct exact solutions
of (1.1). As a very powerful method, ISM is in essence a part of Lie’s reduction method, the reason is that its key
point is to convert a nonlinear system to a system of ODEs. By computing the obtained ODE system, the separable
solutions of system (1.1) are derived. It is stressed that solutions (4.2), (4.4), and (4.6) obtained in our paper are not
appeared in former references, which encourages us to do further research on other nonlinear PDEs in the future.

DATA AVAILABILITY STATEMENT

No datasets were generated or analysed during the current study.

CONFLICT OF INTERESTS/COMPETING INTERESTS

No potential conflict of interest was reported by the authors.

ACKNOWLEDGMENT

The work was supported by the National NSF of China (Grant No.11371293,11501419), the Natural Science Foun-
dation of Shannxi Province of China (Grant No.2021JM-521), Natural Science Foundation of Hebei Province of China
(No. A2023207002), ‘333 Talent Project’ of Hebei Province (No. €20221021), Youth Key Program of Hebei University
of Economics and Business (2018QZ07), Key Program of Hebei University of Economics and Business (2020ZD11,
2023ZD10), Youth Team Support Program of Hebei University of Economics and Business, Natural Science Foundation
of Henan (N0.252300421500).

(&)
ENE



10

[1]

[12]
[13]

[14]

G. QU, G. WANG, AND J. LI

REFERENCES

A. Biasi, O. Evnin, and B. Malomed, Obstruction to ergodicity in nonlinear Schridinger equations with resonant
potentials, Physical Review E, 108 (2023), 034204.

G. Bluman, A. Cheviakov A, and S. Anco, Applications of symmetry methods to partial differential equations,
Springer, 2010.

Y. Di, D. Zhang, S. Shen, and J. Zhang, Conditional Lie- Bdicklund symmetries to inhomogeneous nonlinear
diffusion equations, Appl. Math. Model., 38 (2014), 4409-4416.

R. Gazizov, A. Kasatkin, and S. Lukashchuk, Symmetry properties of fractional diffusion equations, Phys. Scripta.,
T136 (2009), 014016.

R. Gazizov and A. Kasatkin, Construction of exact solutions for fractional order differential equations by invariant
subspace method, Comput. Math. Appl., 66 (2013), 576-584.

V. Galaktionov and S. Svirshchevskii, Fzract Solutions and Invariant Subspaces of Nonlinear Partial Differential
Equations in Mechanics and Physics, London: Chapman and Hall/CRC; 2007.

A. Haji Badali, M. Hashemi, and M. Ghahremani, Lie symmetry analysis for Kawahara-KdV equations, Comput.
Methods Differ. Equ., 1 (2013), 135-145.

W. Hu, P. Cui, Z. Han, J. Yan, C. Zhang, and Z. Deng, Coupling dynamic problem of a completely free weightless
thick plate in geostationary orbit, Appl. Math. Model., 137 (2025), 115628.

S. Lou, B. Tong, H. Hu, and X. Tang, Coupled KdV equations derived from two-layer fluids, J. Phys. A: Math.
Gen., 39 (2006), 513-527.

H. Hu, B. Tong, and S. Lou, Nonsingular positon and complexiton solutions for the coupled KdV system, Phys.
Lett. A., 351 (2006), 403-412.

J. Manafian, L. Dawood, and M. Lakestani, New solutions to a generalized fifth-order KdV like equation with
prime number p=3 via a generalized bilinear differential operator, Partial Differ. Equ. Appl. Math., 9 (2024),
100600.

W. Ma, A refined invariant subspace method and applications to evolution equations, Sci. China. Math., 55 (2012),
1769-1778.

P. Prakash, Invariant subspaces and exact solutions for some types of scalar and coupled time-space fractional
diffusion equations, Pramana. J. Phys., 9/ (2020), 1-18.

P. Prakash P, KS. Priyendhu, and KM. Anjitha, Initial value problem for the (2+1)-dimensional time-fractional
generalized convection-reaction-diffusion wave equation:invariant subspace and exact solutions, Comput. Appl.
Math., 41 (2022), 1-55.

C. Qu, Ezact solutions to nonlinear diffusion equations obtained by a generalized conditional symmetry method,
IMAJ. Appl. Math., 62 (1999), 283-302.

C. Qu, S. Zhang, and R. Liu, Separation of variables and exact solutions to quasilinear diffusion equations with
nonlinear source, Physica D., 144 (2000), 97-123.

C. Qu and C. Zhu, Classification of coupled systems with two-component nonlinear diffusion equations by the
invariant subspace method, J. Phys. A. Math. Theor., 42 (2009), 475201.

G. Qu, M. Wang, and S. Shen, Applications of the invariant subspace method on searching explicit solutions to
certain special-type nonlinear evolution equations, Front. Phys., 11 (2023), 1160391.

W. Ru, Idea of invariant subspace combined with elementary integral method for investigating exact solutions of
time-fractional NPDFEs, Appl. Math. Comput., 359 (2018), 158-171.

J. Song, B. Malomed, and Z. Yan, Symmetry-breaking bifurcations and excitations of solitons in linearly coupled
NLS equations with PT -symmetric potentials, Proceedings of the Royal Society A: Mathematical, Physical and
Engineering Sciences, 479 (2023), 20230457.

R. Sahadevan and T. Bakkyaraj, Invariant subspace method and exact solutions of certain nonlinear time fractional
partial differential equations, Fract. Calc. Appl. Anal., 18 (2015), 146-162.

S. Shen, C. Qu, Y. Jin, and L. Ji, Maximal dimension of invariant subspaces to systems of nonlinear evolution
equations, Chin. Ann. Math. Ser. B., 83 (2012), 161-178.

(=)=
E)NE



REFERENCES 11

[23] G. Wang, A. Kara, F. Fakhar, Vega-Guzman J, and Biswas A, Group analysis, exact solutions and conservation
laws of a generalized fifth order KdV equation, Chaos. Soliton. Fract., 86 (2016), 8-15.

[24] G. Wang, A. Kara, and K. Fakhar, Nonlocal symmetry analysis and conservation laws to an third-order Burgers
equation, Nonlinear. Dynam., 83 (2016), 2281-2292.

[25] M. Wang, S. Shen, and L. Wang, Symmetry analysis, optimal system and conservation laws of a new (2+1)-
dimensional KdV system, Commun. Theor. Phys., 73 (2021), 43-51.

[26] A. Wazwaz, The tanh method for generalized forms of nonlinear heat conduction and Burgers-Fisher equations,
Appl. Math. Comput., 169 (2005), 321-338.

[27] M. Xu, W. Hu, Z. Han, H. Bai, Z. Deng, and C. Zhang, Symmetry-breaking dynamics of a flexible hub-beam
system rotating around an eccentric axis, Mech. Syst. Sig. Process., 222 (2025), 111757.

[28] R. Zhdanov, Conditional Lie-Backlund symmetry and reduction of evolution equation, J. Phys. A: Math. Gen.,
28 (1995), 3841-3850.

[29] C. Zhu and C. Qu, Mazimal dimension of invariant subspaces admitted by nonlinear vector differential operators,
J. Math. Phys., 52 (2011), 043507.



	1. Introduction
	2. Summary of ISM
	3. Invariant subspace classification of (1.1)
	4. Explicit solutions and figures of system (1.1)
	5. Conclusions
	Data Availability Statement
	 Conflict of Interests/Competing Interests
	Acknowledgment
	References



