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Abstract s N\

In this paper, we study the following quasilinear elliptic problem

{— SN | Diai(z,u,Vu) = f — XN D'F;, inQ,

0.1
u =0, on 012, ©0.1)

where f € Ll(ﬂ) and F; € Lp'/é(Q,w;‘). We establish the existence of T'— p'— & solutions, and some regularity
results were concluded.
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1. INTRODUCTION

Let 2 be an open subset of RY (N > 2) with a Lipschitz boundary.
In [9], Boccardo have proved the existence of T'—solutions for the following elliptic problem

—div a(z,u, Vu) = F, in Q,

1.1
u =0, on 0, (L.1)

where the right-hand side F' belongs to W=5#'(Q) and a(z, s,€) is a Carathéodory function satisfying the natural
growth, coercivity and large monotonicity conditions by using the L!-version of Minty’s lemma (see also [11]). In the
case where the right-hand side F' belongs to W =12 (€, w*), we refer the reader to [4] (see also [1, 3, 7] for more details
about the weighted Sobolev spaces).

The authors in [11] have treated the following quasilinear elliptic problem

—div a(z,u, Vu) = f —div F, in Q,

1.2
u=0, on 0f), (12)

where f € L'(Q) and F € (L” (2))V. They have proved the existence of entropy solutions. We refer the readers to
[17] for f € W=7 (Q) and to [18], for the existence of solutions in the sense of distributions with f(z) is a Radon
measure. Also to [21], where the authors have established the local and global estimates for degenerated nonlinear
elliptic equations with measure data (see also [22]).

In [5], Azroul et al. established the existence of entropy solutions for an anisotropic quasilinear elliptic equation of
the form

‘U|Po—2u )
Ll Q

o (1.3)
u =0, on 01,

Au+ultu=f+ X

)
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where A > 0, the data f(x) is assumed to be in L'(£2), and A is a Leray-Lions operator acting from Wol’ﬁ(Q,a) into
its dual. For more details, we refer the readers to [10, 20, 25-27] for more details.
Recently, Bouzelmate et al. studied in [12] the following elliptic problem

N
- ZDi (ai(z, Vu) + ¢i(x,u)) = f, in Q,
i=1
u =0, on ON.
They established the existence and uniqueness of renormalized solutions in anisotropic weighted Sobolev spaces and
obtained several regularity results. In the framework of anisotropic weighted Sobolev spaces, the authors of [6]
established several fundamental properties and auxiliary lemmas. Furthermore, they investigated the existence of
renormalized solutions for a class of strongly nonlinear and non-coercive elliptic equations.
In this paper, we study the existence of T — p'— & solution for the following nonlinear elliptic problems

(1.4)

N N
— ZDiai(x,u, Vu) = f — ZDiFi, in Q,
i=1 1=1

u =0, on 02,

(1.5)

where a;(x, u, Vu) are a Carathéodory functions satisfying the natural growth condition and the degenerate coercivity
condition, but only large monotonicity is assumed. Additionally, we assume that f(z) € L'(Q) and F; € LPi (Q,wy)
fori=1,...,N (see [13, 14, 28, 30] for more details).

The main difficulty in the study of the problem (1.5) is to prove the existence of T — p'— & solutions under the
degenerate coercivity and large monotonicity conditions for the quasilinear elliptic equation with measure data p in
the anisotropic weighted Sobolev spaces W17(€, ).

This paper is organized as follows. In Section 2, we present some definitions, properties, and lemmas related to
anisotropic weighted Sobolev spaces. In Section 3, we introduce the main assumptions used throughout the paper.
Finally, in Section 4, we prove the existence of T' — p — & solutions for our nonlinear and non-coercive problem with
measure data by means of Minty’s lemma.

2. PRELIMINARIES

Let © be a bounded open subset of RY (N > 2) with a Lipschitz boundary.
Considering N exponents p1,...,py such that 1 < p;, < oo fori=1,..., N. We set

Ou for i=1

., N
8I‘i ’ ’

ﬁ: (p17"'7pN)7 and Dlu:

7

and
B:min{p17p27"'7p]\7}7 and pm:ma‘x{pl7p27"'7p]\f}~
Let @d(x) = (wo(x), w1 (), ... ;wn(x)) be a vector of weight functions, such that wo(z) and w;(x) for ¢ = 1,..., N, are

measurable and positive almost everywhere in €2, with wg < w; and
1

wo € LY(Q),  with  wi=w,” " €L'(), (2.1)
and
w; € L),  with w=w, " eLYQ), for i=1,...,N. (2.2)
We define the weighted Lebesgue space LPi (2, w;) by
LPH(Q,w;) = {u measurable function such that / |u(z)|Prw;(x) da < oo} ,
Q

endowed with norm

Piwi </ |u

[

1
)Piw d:c) ", for i=1,...,N. (2.3)

(=)=
E)NE
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The spaces (LPi(Q, w;), ||v]|p, w;) are separable and reflexive Banach spaces (we refer the readers to [20]).
We represent the Holder’s type inequality as

1 1
/ wo dz < ||ullp; w; v||p§7w;«, with — 4+ = =1, (2.4)
Q i [

and the Young’s inequality as

1 1 /
/ wv dr < —/ |ulPiw; da + —,/ [v|Piwy da, (2.5)
Q bi Jo bi Jo

for any u € LP(Q,w;) and v € LPi(Q, w?).
Now, we define the anisotropic weighted Sobolev space as follows

Wl’ﬁ(Q,cﬁ) = {u € L2(Q,wp), and D'u € LP (Q,w;), for i=1,.. .,N} ,

which is a Banach space with respect to the norm
N

lulli o = llullpw + D'
i=1
Under the assumptions (2.1) and (2.2), we have C§°(Q) is a subspace of W17(£,J), then we define the Sobolev space
WyP(Q,3) as the closure of C§°(€2) in W7(Q, &) with respect to the norm (2.6). Moreover, the anisotropic weighted
Sobolev spaces W7(Q, &) and WP (€,d) are reflexive and separable Banach spaces.

piwi (2.6)

Proposition 2.1. (see [23]) (The anisotropic weighted Poincaré inequality)
Let N > 2, and Q be an open bounded subset of IRN with Lipschitz boundary. Then for any u € Wol’p(Q,rI}) we have

[ullpsw; < ClID ullp; s for i=1,...,N, (2.7)
where C' is a constant depending only to p; and 2.

Proposition 2.2. The dual of Wol’ﬁ(Q,(ﬁ) is denoted by W*Lpﬂ'(ﬂ,u}), where w* = (Wi, wi,...,wk) and p =

_ —p! 1 1
Ph,s .., Phy) with w§ :wé Eowr :wil P and — + = =1, such that
b, Di
- N
Wb (Q, %) = {F =Fy— Z D'F;, with Fye LP(Q,w), and F; € LPi(Q,w)), w}.
i=1

Moreover, for any u € Wol’ﬁ(Q,dﬁ) we have

N
(Fyu) = /F,;Diudz.
2. ),

We define a norm on the dual space by

N N
||F||1I;w;_inf{2||Fi||pg,w;, such that ~ F=Fy—Y D'F;,

=0 i=1

with Fy € L2 (Q,wp), and F; € LP(Q,w;), Vz‘:L...,N}.

Definition 2.3. Let k > 0, we consider the truncation function Tg(:) : R — R, giving by

k,
, it |s| >k,

s, it s
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and we define

TyP(Q,E) = {u : @ — R measurable, such that Ty (u) € Wol’ﬁ(Q,Ji), for any k > O} )

Proposition 2.4. Letu € Tol’ﬁ(Q,cU). For anyi € {1,..., N}, there exists a unique measurable function v; : Q — R
such that

Vk >0 DiTk(u) = Vix(lujcry = O-€ N Q,
where xa denotes the characteristic function of a measurable set A. The functions v; are called the weak partial

derivatives of u and are still denoted Diu. Moreover, if u belongs to Wol’l(Q), then v; coincide with the standard
distributional of u, that is v; = D'u.

Now, we will present some technical lemmas essential to establish our main result.
Lemma 2.5. (see [6]) Assuming that wy < w;, and (2.1)—(2.2) hold true. Thus, the following continuous and compact
embedding are concluded
(i): The embedding LPi(Q,w;) < L2(Q,wp)  is continuous.
(ii): The embedding Wol’ﬁ(Q,di) — WJ’E(Q,MO) is continuous.
(iii): The embedding LPi(Q,w;) — LY(Q) s continuous fori=1,..., N.
(iv): The embedding Wy P(Q, &) < LE(,wp) is compact.

(v): The embedding Wol’ﬁ(Q,ﬁ) —< LI(Q) is compact for any1l < q <

N-1

N
Remark 2.6. In view of Theorem 2.1 and (i) of Lemma 2.5, we have that ||u|1 pg and |u|; 5o = Z | D |, o, are
=1

two equivalent norms on the Sobolev space I/VO1 P (Q,d).

Lemma 2.7. (see [2]) For 1 <p; < oo, let g € LPi(Q,w;) and (gn)n be a sequence uniformly bounded in LPi (£, w;).
If gn(z) = g(z) a. e. in Q, then g, — g weakly in LP*(Q,w;).

Lemma 2.8. (see [6]) Let (uy), be a bounded sequence in Wol’ﬁ(Q,(IJ'), If u, — u weakly in Wol’ﬁ(Q,cU), then
Tr(un) — Ti(u) weakly in Wy (Q,&) for any k > 0.
Lemma 2.9. (see [6]) Let ue WoP(QL,&) then Ty(u) € Wy (Q,&), for all k> 0. Moreover, we have

Ti(u) — u,  strongly in Wol’ﬁ(Q,cﬁ) as k — oc.

Lemma 2.10. (see [2/], Theorem 15.47) Let (uy)n be a sequence in L'(Q) and u € L'(Q) such that

(1): up — u a.e. inQ,
(ii): up >0 and u >0 a.e. in Q,
(iii): / Up dr — [ udx,
Q Q
then u, — u in L*(£).

3. ESSENTIAL ASSUMPTIONS

Let us consider the following quasilinear elliptic problem

N N
- Z Dia;(x,u,Vu) = f — Z D'F;, in Q,

i=1 1=1 (3'1)
u =0, on 012,
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where a;(x,5,&) : Q x R x RV —— RN are Carathéodory function for i = 1,2,..., N, (measurable with respect to =
in Q for every (s,€) in R x RY and continuous with respect to (s, &) in R x RN for almost every x in 2) which satisfy
the following conditions:

1
|ai(m787£)| S ﬁ (Kl(x) + |S|£/plw0 wpl + |f |pl ) ) for i= ]-7 o 'aNa (32)

where K;(-) is a non-negative function lying in L (Q,w?) and S > 0.
There exists a positive decreasing function b(+) : [0, co[—]0, oo[ and a constant by > 0 such that

(5,66 = WISl P eala). with blls) = s (33)
for a.e. x € Q and all (s,£) € R x RV, where 0 < A <p-1,

(ai(x,s,€) —ai(z,8,&)) (& — &) >0, for any &, & € R. (3.4)
Moreover, we assume that

f(x) € L'(Q), and Fy(z) € L (Qw}), for i=1,... N. (3.5)

4. MAIN RESULTS

Definition 4.1. A measurable function v is called a T'— p'— & solution of the quasilinear elliptic problem (3.1), if
Ti(u) € Wol’p(Q,di) and u satisfies the equality

N .
Z /Q a;(z,u, Vu)D* (T (u) — ) dz = f(T;c ) dx+ Z/ (u) — ) dz, (4.1)

for every ¢ € Wol’ﬁ(Q,cD) N L>(0).
The main result of this paper is to proved the following existence Theorem.

Theorem 4.2. Assuming that (2.1)-(2.2) and (3.2)-(3.5) holds true, then the elliptic problem (3.1) has at least one
T — p'— & solution u.

PROOF OF THEOREM 4.2
The proof of Theorem 4.2 is divided into several steps.

Step 1: Approximate problems.

Let (fn)nen be a sequence in L1(Q) N L>°(Q) such that f, — f strongly in L}(Q).
We consider the approximate problem of our quasilinear elliptic equation

N
- ; Dia;(x, Ty (un), Viig) = folz Z D'Fy(z), in Q, (42)
Uy = 0, on 01,
Let us define the operator Ay Wol’ﬁ(Q,cU) —s WL (Q,d*) by
Anu,v) Z:az z, Ty (u), Vu)D'v dz for any u,v € Wol’ﬁ(Q,(ﬁ). (4.3)

Lemma 4.3. Let v € W0 p(Q,&i) Assuming that (3.2)-(3.4) hold true, then the operator A, satisfy the following
conditions:
(1): (The continuous of the operator) The operator A, is continuous from Wol’ﬁ(Q,(D’) into its dual W17 (Q, ).
(ii): (The boundedness of the operator) The operator A, is bounded.

(&)
ENE
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(iii): (The sequential pseudo-monotonicity) Let (ux)r be a sequence in Wol’ﬁ(Q,(Ii) such that

up — U, in Wol’ﬁ(Q,fI)'),
Apug — Xn, in W—LP’(Q’Q*)’ (4.4)
lim sup( A, ug, ur) < (Xn,u).
k—o0
we will show that
Xn = Apu, and (Apuk,ur) — (xn,uw), as k— +oo.
(iv): The operator A,, is coercive in the following sense:
A’I’L ) . D -
<u||uu> — +oo, if |ulipe — oo, for we W(Jl’p(Qw).
1,5,
Proof of Lemma 4.3.
(i) The continuity of the operator A, :
Let ¢ be a real variable such that ¢t — tg, we have a;(z, s, &) is a Carathéodory function, thus
ai(z, T (u+tv), V(u+tv)) — a;(z, T (u+ tov), V(u + tov)) a.e. in  Q,
and since a;(, T, (u 4 tv), V(u + tv)) is uniformly bounded in L (Q,w;), then
a; (2, Ty (u + t), V(u+ tv)) = a;(z, T (u+ tov), V(u41ov)), weakly in L (9, w;).
Hence, for any z € Wol’ﬁ(Q,(Ii) we have
N -
t]gg)(An(u +tv), z) = tlg?o Z; /Q ai(z, Tp(u+ tv), V(u+ tv)) D"z dx
N .
= Z/ ai(z, Ty (u+tov), V(u + tov)) D'z dz
i=1"9
= (Ap(u+tov), 2). (4.5)

Therefore, the operator A,, is continuous.
(i) The operator A, is bounded :
By using (3.2) and Holder’s type inequality, we have

N .
[(Apu,v)| < ;/ﬂ la; (@, Ty (u), Vu)| |D'v| dz
N
<03 [ (K + 70w
i=1
N
353 [(/Qm(x)

+(KJD%

2

1 4 ) )
P wé’; w + |D1u|pi_1wi) |D'v| dz

1

1
Pl Ph dm) T (/ T, () Pw dx) "
: [ 10 )

1 1
Piy; da:) " (/ |Div Pigy; dx) '
Q

N 2

<pY" (nmm st + ITa(@)llpiuy + [ D'u ) 1Dy,
=1

<C (1+ Il ) ol 5 for any u,v € Wo7(Q,0),

where C1 is a constant depending on n. Thus, the operator A,, is bounded in Wol’ﬁ(ﬂ, o).
(#i1) The operator A, is pseudo-monotone :
oG
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We have Wol"ﬁ(Q, &) —— L2(Q,wp), then ur — u strongly in LE(Q,wy) for a subsequence still denoted (ug)ken-
The sequence (uy,) is bounded in W '(€2, &), and thanks to (3.2) we have (a;(z, T, (ug), Vuy)),, is a uniformly bounded
sequence in LPi (€, w}). Therefore there exists a measurable function ; € L (Q,w?) such that

a; (@, T (ug), Vug) = @;,  weakly in  LPi(Q,w?), as k — +oo. (4.7)

Thus, for all v € W, 7(€, &) we obtain
N ' N _

<X7L7v> = ]}LH;Q<Anuk7U> = leII;O Z;/Q(li($,Tn(Uk)7 VUk)DZ’U dr = ; /3:2 (piDZ’U dr. (48)

Thanks to (4.4) and (4.8), we get
N .
fim sup(A . ) < () = 3 [ @iDiuda, (4.9)
k—o00 i—1 7%

On the other hand, by (3.4) we have
N
Z/ (ai(x,Tn(uk), Vug) — a;(x, T (ug), Vv))(Diu;c — D) dx > 0, (4.10)
i=17%

it follows that

N N N

Z/ ai(x, Ty (ur), Vug) D'uy, da > Z/ ai(x, Ty (ug), Vug) D' dx + Z/ ai(z, Ty (ug), Vv) (Diuk — Div) dz.

i=17/% i=179 i=178

In view of Lebesgue dominated convergence theorem, we have T, (ug) — Ty, (u) strongly in LP (Q, w;) then a; (z, Ty, (ug), Vu) —
ai(z, T, (u), Vu) strongly in L (Q,w?), and by using (4.7), we get

N N N
Z/ ;D' dx > Z/ ;D dx + Z/ a;(z, T, (u), Vv) (D'u — D'v) d.
i=1 7% =179 =179

Hence

] =
S

(@i — ai(z, Ty (u), Vv)) (D'uw= D') dz > 0. (4.11)

i

Let z € W,

Il
AR

’5(9,6), taking v = u — itz for ¢t > 0, we have

(=)

N
Zl/a lpi = as(@, Tu(w), V(u — 12))] D'z du 2 0,

then, by letting ¢ tends to 0, we get

N
Z/ (pi — ai(z, Tn(u), Vu)) Dizdz > 0.
=1 Q

Similarly, by taking v = u — tw with ¢ < 0, then letting t tends to 0 in (4.11), we obtain

N .
Z/Q (pi —ai(z, Ty (u), Vu)) D'z dx < 0.

It follows that
N

Z/ (@i — a;(z, Ty(u), Vu)) D'zdx =0 for any z € Wol’ﬁ(Q,cU).
Q

i=1
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Consequently, we conclude that
¢; = ai(z, T,(u), Vu) in L (Q,w!). (4.12)

According to (4.7) and (4.11), we deduce that A,up — xn as k — oo in W*I’p7(Q,LD'*). On the other hand, we have

N
Z/Q (ai(x,Tn(uk), Vug) — ai(xz, Tn(ug), Vu))(Diuk — D'u) dx >0,

it implies that
Z/ ai(x, Ty, (ug), Vug) D'uy, dx 2

k), Vu) (D'uy — D'u) da.

HMZ HMZ

/ %), Vup) D'y dx
+3 [t

Thanks to (4.7) and (4.12), we obtain

N N
likmian/ ai(x, Ty (ug), Vug) D'uy, do > Z/ ai(x, Ty(u), Vu)D'u d.
A=y =179

Having in mind (4.9), we conclude that

khﬁrEoZ/ a;(x, Ty (ux), Vug)D g d:c—Z/ a;(z, Tn( )Diudx.

Consequently, we deduce that (Apug, ug) — (Xn,u). Thus, the operator A,, is pseudo-monotone.
(#i1) The coercivity of the operator A,
Thanks to (3.3), we have

(Anu,u) Z/asz Vu)D'u dx

' 413
S S AT "
(1+n)r =g
. =
2”“”1@@
Hence
A u,u
<|u||1~>>02 ullf s — o0, as  ulli gz = +o.
P

which completes the proof of Lemma 4.3.
In view of Lemma 4.3 (see [28], Theorem 8.2), there exists at least one weak solution u, € W,"?(€,&) for the
problem (4.2), i.e

Z/azmT (un), Vuy, Dzvdm—/fn vdx—i—Z/ Dvdx (4.14)

—

for any v € Wol’ﬁ(ﬂ,w).

(=)=
E)NE
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Step 2: Weak convergence of truncations.
Let k > 1, by choosing T (u,,) as a test function for the approximate problem (4.2), we get

N

Z/ ai(x, Tn(un), Vuy)Du, do = / FuTi(un, dx—I—Z/ Dtu,, dx. (4.15)
i—1 Y tun|<k}

|un|<k}

According to (3.3) and (3.5), we have

Z/ b(|tn|)| Dy [P w; da
{lun|<k}
< Kl e +Z / )| 1D, de

{lunl< k} | (4.16)
<kl fllro) + Ch / —— = wi dr + - / b(|un|)| D g [Piw; da
@ Z {Juni<k} b( \unI Z |un|<k}
N
<l + GRS [ R@P g3 [ b de
Z {lun|<k} Z {lun|<k}
It follows that
N
= (Jtn|)| D |Piws dz < k| f|l1 ) + Cok*® p'=1) / |F;(x )plw dx
Z/u,L<k} ) Z {Jun|<k} (4.17)
< Cs(k + KM@ D),
Having in mind that A(p’ — 1) < 1, we obtain
Diu, |Piw; do < Cyk. 4.18
+w2/u"l<k} i (418)
Thus, we conclude that
N .
Z/ |Diu, [Piw; do < Okt for any k> 1. (4.19)
i=1 7 {lunl|<k}

with Cj5 is a positive constant that does not depend on k and n. Moreover, we get

N
HTk(Un)Hl,p(-),cT) N ”Tk(un)”g,w + Z HDZTk(un)”pi,w

N 1

= (/Q |T%: () [Bewo dl‘)’ + Z (/ | D" Ty (u )|p(z)wi dx)p7 (4.20)

N 1
< Cok+Cr Y (z&“)
< Cgk, flozrlany k> 1.

S =

Hence, the sequence (T} (un))n is bounded in W P(Q, &), and there exists a subsequence still denoted (Tx(uy,)), and
a measurable function 7y, € W (€, &) such that

(4.21)

(&)
ENE

Ti(un) =, weakly in Wy P(Q,d),
Tk (un) = Mg, strongly in  L2(Q,wy) and a.e in .
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On the other hand, since p,, = max{pi,ps,...,pn}, then there exists iy € {1,2,..., N} such that p, = p;,, and
thanks to (4.19) and Poincaré inequality, we get

ko meas ({Jun| > k}) = /{ Tt d < / (T ()| dzx < Cs || T ()
[tn| >k} Q
S C5Cp||DZOTk(’U,n)
= €y [ 10T () P, o) (122

N
§C5Cp Z/|D2Tk(un)
—; JQ

A+1
m

< Cgk»

DigWig

Pig Wi

1
Pig; dx) Pm

Thus

Cskom
k

Moreover, we have for every § > 0,

meas ({|un| > k}) < — 0, as k — oo. (4.23)

meas{|un, — uUm| >0} < meas{|u,| >k} + meas{|up| > k} + meas{|Tx(un) — Ti(um)| > 5}.
Let € > 0, in view of (4. 23) we choose k = k(e) large enough such that

meas{|u,| > k} < § and meas{|um| > k} < % (4.24)
On the other hand, thanks to (4.21) we have
Ti(un) = nk,  strongly in  L2(Q,wp),  and a.ein .

Hence, (Tk(un)),cy is a Cauchy sequence in measure, and for any & > 0 and d,e > 0, there exists ng = ng(k, d, ) such
that

meas{| T (un) — Ti(um)| > 6} < % for all s, m > no(k, 9, ). (4.25)
By combining (4.24) and (4.25), we deduce that: for all 4, e > 0, there exists ng = ng(d, ) such that
meas{|u, — um| >0} < ¢ for any n,m > ng.

Thus, the sequence (uy), is a Cauchy in measure, then converges almost everywhere, for a subsequence, to some
measurable function u. Furthermore, thanks to (4.21), we conclude that

{Tk(un)ATk(u) weakly in W P(Q,d),

4.26
Ti(tn) = Ti(u) strongly in L2(Q,wy) and a.e in . (4.26)

Step 3: Passage to the limit.
Let ¢ € Wol’p(Q &) N L>(Q), by using Ty (u, — ¢) as a test function for the approximate problem (4.2), we obtain

Z / a;(x, T (un ), Vi, ) DTy (uy, — @)dx = / Fu(2)Th(u dm—l—z / ) DTy (up — @)dz.  (4.27)

Thanks to (3.4), we have

Z/ (ai(z, Tn(un), Vuy) — a;(x, Tn(un), Vi) (Diun — Diap).x{‘un_wék} dx > 0. (4.28)
Q
Thus
N N
Z/ ai(z, Ty (un), Vo) D' Ty (up, — @) dz < Z/ ai(z, Ty (un), V) D' Ty (uy — @) da. (4.29)
i=17% i=17%
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Hence
Y : N 4
; /Q ai(x, T (un), Vo) D' Tis (ur — @)dz < /an(x)Tk(un — @)dz + ;/QFi(a?)D T (tn — @)da. (4.30)

Now, we pass to the limit on each terms of the inequality (4.30).
By choosing M = k + ||¢]|co, We get {|un, — | <k} C {Jun| < M}. Thus, we deduce that

N N
> [ s T TP Ten =)o = Y- [ (o Tar (), ) D Tar () = D) g1ty di (431)
i=1 Q i=1 Q

In view of (4.26) and Lebesgue’s dominated convergence theorem, we have a;(x, T (ur), Vi) converges to a;(z, Tas (u), V)
strongly in LPi (Q,w?). Moreover, since DT (uy) converges to DTy (u) weakly in L (€, w;), we can deduce

N
nlgloloz /Q ai(szM(un)v V@)(D’LTM(UH) - Di()p)'X{Iun—tp\Sk} dx
=1

1=

= Z /Q ai(x, Tar(u), Vo) (D Ty (u) — Di‘p)'X{|u—<p|§k} dx

N
= Z/ ai(z,u, Vo)D' T (u — @) de. (4.32)
i=1 7%
Moreover, we have f,(z) — f(z) strongly in L'(Q), and since T, (u, — ¢) = Ti(u — @) weak—x in L>°(£2), we get
tin, [ o) Teun o) do = [ J@) T~ o) do (4.33)

Furthermore, since F;(z) € LPi(Q,w?), and D'Ty;(uy,) — D*Thr(u) converge weakly in LP*(Q,w;), we obtain
N _ N _ _
1i_>m Z Fi(z)D'Ty(up, — @) dx = 1i_>m Z Fi(z) (D'Tan (un) — D'©) X{jun—gp|<k} dT

2 /sz Fi(@) (DT (w) = D'¢) X{lu—pi<ky d (4.34)

Consequently, according to (4.32) — (4.34), we conclude that
N _ N .
Z/ a;(z,u, Vo)D'Ti,(u — @) dz < / f(@)Ti(u — @) dz + Z/ Fi(z)D'Ty.(u — ¢) dz, (4.35)
= Jo Q =179

for any ¢ € Wol’ﬁ(Q,Ji) N L>(9).

Step 4: The Minty Lemma.
We now introduce the following lemma, which will be proven later. This lemma is considered as an L'—version of
Minty’s lemma in the anisotropic weighted Sobolev spaces.

Lemma 4.4. Let u be a measurable function such that Ty(uy) belongs to Wol’ﬁ(Q,cD’) for every k > 0. Then the
following statements are equivalent :

Assertion 1:

N N
Z/ ai(z,u, V) D' T}, (u — ) do < / fTi(u— @) dx + Z/ Fi,D'Ty.(u — ) dz,
= Ja Q = Ja
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for every ¢ in Wol’ﬁ(ﬂ,di) N L>(£).
Assertion 2:

Z/alxuVuDTk uU— da:—/ka uU— dx—l—z FDlTk (u— ) dx,

for every o in Wy'P P(Q,3) N L®().

Proof of Lemma 4.4.
(Assertion 2) = (Assertion 1)
Thanks to (3.4), we have

N N
Z/ ai(x,u, Vu) DTy (u — o) de = Z/ ai(x,u, Vo) D' Ty (u — @) dx
— /0 i=17 %
i=1 Nl
+ Z/ (ai(x,u, Vu) — a;(x,u, Vo)) DTy (u — @) dz
Q

N
> Z /Q ai(x7 u, V(p)DZTk,(u - QO) dr.
i—1

Hence, assertion 1 is confirmed.
(Assertion 1) = (Assertion 2)

Taking & >k > 0 and A €] — 1,1[. Let v € W P(Q,&) N L=(Q), by choosing ¢ = Ty (u — ATk (u — v)) € WgP(Q,&) N

L>(Q) as a test function in (Assertion 1), we have

N
Z/ ai(z,u, VT (w — N (u — 0))) DTy (u — Th (w = AT (u — v))) dz

/f )Tk (u — Th(u — ATk (u — v)) dx—l—Z/ ) DTy (u — Tp(u — NTy (v — v))) da.

(4.36)

Concerning the first term on the left-hand side of (4.36), since a(z,u,0) = 0 and {|ju — AXTk(u — v)| < h} — Q as

h — 0o, we conclude that

Z/ ai(z,u, VT (u — ATy (u/— 0))) DTy (u — Ty (u — AT (u — v))) dz

= )\Z/ a;(x,u, V(u — ATy (u —v))) DTy (u — v) dx

{lu—ATx (u—v)|<h}
—>)\Z/ai(a:,u,V(u—/\Tk(u—v)))DiTk(u—v)dm, as h — oo.

On the other hand, we have

lim /ka(u—Th(u—)\Tk(u—v)))dx:)\/Qka(u—v)dx,

h—o0 Q

and

N N
lim Z/ FiD'Ty(u — Tp(u — XN (u — v))) dz = /\Z/ FiD'Ty,(u — v) dz.
Q i=1"%

h—o0 4
=1

According to (4.36) — (4.39), we deduce that

/\Z/azx u, V(u — AT (u — v))) DTy (u — v) dz < X ka u—v dm—l—/\Z/FDTk (u —v) dz.

(4.37)

(4.38)

(4.39)

(4.40)
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By dividing both sides of the above inequality by A > 0 and then letting A — 0T, we get
Z/alxuVuDTku—v dx</f VT (u — v) dm—&—z ) DTy (u — v) da. (4.41)
By doing the same for A < 0 then letting A — 07, we obtain

N
Z /Q a;(z,u, Vu)D"Ty(u — v) dx > ; f(@)Te(u—v)de+ Z Q (2)D'Ti(u — v) dx. (4.42)

Combining (4.41) and (4.42), we conclude that
N . N 4
Z/ a;i(z,u, Vu)D"Ty(u — v) dov = / f(@)Tk(u—v) dx + Z/ F;(x)D"Ty,(u — v) du, (4.43)
=179 @ =179

for any v € Wol’ﬁ(Q, @) N L*(§2), which completes the proof of the Lemma 4.4.
Consequently, in view of (4.35) and Lemma 4.4, we conclude the proof of Theorem 4.2.

Example 4.5. Assuming that wy and w; verifying the conditions (2.1)—(2.2). Let f(z) € L(Q) and Fy(x) € L (Q,w})

for i =1,..., N. We consider the following Carathéodory functions
bo|&i [P 2Ew; :
a;(x,8,§) = ——-——, for i=1,...,N.
79 = T

It is clear that the functions a;(z, s, &) verify the conditions (3.2) — (3.5). In view of the Theorem 4.2, the quasilinear
elliptic problem

N : ; N
. bo| D*u|Pi—2 Diuw; : .
-y p = N " D'F, Q
; ( 1+ [u))> ) @) ; i(z), & (4.44)
u =0, on 0%,

has at least one entropy solution v € Tol’ﬁ(Q,cU), ie.

bo| D*ulP* > D*uD"Tj,(u — v)w;
Z/ 0| D'ul 1+u‘u|) k(U — v)w; de —/f( VT (1 — v) dx—i—Z/ 2) DTy, (u — v) dz, (4.45)

for any v € Wo'P(Q,&) N L2 (Q).

5. CONCLUSION

In this work, we have studied the existence of T'— p'— & solutions for a class of quasilinear degenerated elliptic
problems, with large monotonicity condition, in anisotropic weighted Sobolev spaces, but the existence of solutions in
the sense of distributions for this type of problems remains an open question.
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