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Abstract , N

This paper presents a novel numerical method for solving nonlinear fractional delay differential equations. Our
approach uses fractional Jacobi functions in conjunction with a straightforward Picard iteration scheme to con-
struct numerical solutions. Unlike some existing techniques, the proposed method is computationally efficient
and avoids complex calculations. The use of orthogonal functions within the Picard iterations provides accurate
approximations. Also, a convergence analysis demonstrates the method’s high accuracy. We demonstrate the
method’s applicability and effectiveness by solving several challenging fractional delay differential equations, in-
cluding the fractional pantograph equation and the fractional Hutchinson model. The results confirm that our
method performs better than other numerical methods.
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1. INTRODUCTION

In the mathematical modeling of physical processes, it is commonly assumed that a system’s behavior solely relies
on its current state. This assumption is valid for a wide range of dynamic systems. However, there are circumstances
where this assumption fails, leading to potentially suboptimal performance when classical models are used for system
analysis and design. In such cases, it is more appropriate to account for the influence of the system’s previous
states on its behavior. These systems are referred to as time-delay systems. Over recent decades, delay systems
have attracted considerable interest from researchers. Time-delay systems are significant in various fields, such as
engineering, physics, chemistry, disease modeling [44], and traffic flow modeling [40]. The theory of delay differential
equations was introduced by Myshkis in 1949 [28]. Additionally, notable contributions in this field have been made
by El’'sgol’c and Norkin [29], Krasovski, Bellman and Cooke [11], and Hale [16].

Fractional delay differential equations (FDDEs) arise in different scientific and engineering disciplines, leading to a
surge of research interest in developing effective numerical solution methods. These equations model phenomena in
areas such as amorphous semiconductors, fractional random walks, fluid dynamics, probability and statistics, electrical
networks, signal processing, and rheology. For a comprehensive overview of these applications, we direct the reader
to reference [38]. Numerous effective numerical techniques have been developed for solving FDDEs. These include
wavelet-based methods such as the Genocchi wavelet method [13], Haar wavelet collocation technique (HWCT) [3],
a method by using fractional-order hybrid Bessel functions (FHBFs) [14], a Haar wavelet operational matrix method
[21], a novel shifted Jacobi operational matrix method [22], higher order numerical methods [23], an operational
matrix developed using Bernoulli wavelets [34], Fibonacci wavelets [37], fractional-order Fibonacci-hybrid functions
method (FFHFM) [38], a robust method based on novel-operational matrices [42], modified an Adams-type method
[30], the fractional generalized adams method [45], wavelet Galerkin [15], reproducing kernel [35], fitted mesh spline
[36], piecewise Picard iteration method [9]. Furthermore, for optimal control problems, cubic B-spline [24] and hybrid
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block-pulse multiwavelet [27] methods have been proposed. Moreover, the stability and qualitative behavior of FDDEs
and related systems have been investigated by several authors [7, 26].

The field of fractional calculus offers a variety of fractional operators, each with specific advantages and disadvan-
tages. These include the Griinwald-Letnikov, Atangana-Baleanu, Caputo-Fabrizio, Riemann-Liouville, Katugampola,
Caputo, Atangana-Gomez, ¢-Hilfer, and Hadamard operators [1, 17, 19, 20, 32, 33]. The Caputo fractional derivative
is particularly well-suited for solving fractional differential equations. Its key strength lies in its handling of initial
conditions involving integer order derivatives. This allows a more intuitive and physically meaningful approach to
modeling systems with memory effects and complex dynamics, especially those exhibiting power-law memory kernels.
The Caputo derivative’s simpler physical interpretation, compared to other fractional derivatives, further contributes
to its popularity in scientific applications [31].

The Picard iterative method is a common technique for solving fractional differential equations (FDEs). This method
constructs a sequence of functions that iteratively converge to the exact solution. Each iteration refines the previous
approximation, generating a sequence that progressively approaches the true solution. This successive approximation
approach provides a powerful numerical tool for solving FDEs [5, 6, 9, 43]. A key challenge in implementing the
Picard iteration method for fractional differential equations (FDEs) is evaluating the fractional integral at each step.
To address this, inspired by Tafakkori-Bafghi et al. [41] and Zhou et al. [46], we utilize Jacobi polynomials (or
functions) to simplify the integral computation. In this paper, we develop a novel method for efficiently solving FDEs
with processing delays. This new approach provides a robust numerical solution for such systems. Iterative numerical
techniques of this kind have demonstrated their value in classical numerical analysis, offering effective solutions for a
wide range of differential equations across various applications.

This paper is structured as follows: Section 2, presents an overview of the essential concepts in fractional calculus,
including discussions of orthogonal Jacobi polynomials and fractional Jacobi functions. Section 3, provides a com-
prehensive overview of the authors’ main approach, including detailed mathematical explanations of the methodology
used. Section 4, the focus shifts to a detailed examination of the convergence properties of the method presented
in previous section. Section 5, includes several numerical examples that demonstrate the practical application and
effectiveness of the proposed approach. The paper concludes with a final section summarizing the key findings.

2. PRELIMINARIES

In this section, we begin by reviewing some key properties of fractional calculus theory, followed by an exploration
of the properties of Jacobi polynomials, as discussed in references [4, 5, 8, 25].

2.1. The fractional derivative and integral. The two most widely used definitions of fractional derivatives and
integrals are the Riemann—Liouville and Caputo formulations, both of which have been developed more recently.

Definition 2.1. [25] The fractional integral operator of order ¢ > 0, in sense of the Riemann—Liouville applied to a
function u(§), is defined as:

Tou(e) = — / (6 L) u(s)ds, 0 < £ < L (2.1)
T T(g) Jo ’ ’ '
Tyu(€) = u(€), (2.2)
where
rig) = [ e exp(—e)d ,
(q) /0 97 exp(—&)d¢
is the well-known gamma function.

The integral operator Z9 defined in (2.1) has the following properties [25]:

ko Tla+1)
I3 = F(q+1+k)§q+ : (2.3)
TITHu(§) = I§ Pu(§) = THTgu(€), (2.4)

(=)=
E)NE
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where p,q > 0 and & > —1. Similar to the case of integer-order integration, the Riemann-Liouville fractional integral
operator is a linear operation:

Z5 (u(&) + v (&) = Zgu(§) + Zgv(8),
Zi (cul§)) = cZgu(§),
where c¢ is a scalar constant and «(§) and v(§) are arbitrary functions.

Definition 2.2. [25], The Caputo fractional derivative of order ¢ is defined by the following expression:

1 €
Dly(E) = I W™ & = 7/ E—s ==Ly, M (8)ds, n— 1< g <n, £>0,
(&) = Iy ©) F<n_q)0( ) (s)
where n € N and the operator D9, satisfies the following properties:
qcygq = u( ( ) k
Z3°Diu(€) = ul(§) - ) ¢, €> (2.5)
k=0

“DITIu(€) = u(), n—1<q<n.

2.2. Shifted Jacobi polynomials. Let I = [-1,1] and v,0 > —1. A sequence of polynomials {J7(£)}>2, that
fulfill the Sturm-Liouville equation [18, 39]

O (1= 11+ 7 10eT27()) + X7 (1= ) (1 + 7 TUE) =0, § €1, n=0,1,2,....,

with A¥? = n(n 4+ v + 0 + 1), named as the Jacobi polynomials." The Jacobi polynomials "7 (£) of degree n can be
written in analytical form as:

n

F'n+v+1) Z(n)f‘(n+k+1+l/+a)(§—l
nT(n+v+o+1) k I'k+1+v) 2

T (&) = )"

where J3"7(¢) = 1 and J,"7(§) = 2 (v + 0 +2){ + 2 (v — 0).
The set of Jacobi polynomials with respect to weight function w”?(§) = (1 — §)¥(1 + &), is a complete and
orthogonal system in L?(), i.e it has the property

/zj’f’g(g)JvZ’g(f)wV’”(ﬁ)df = 17 Orim,

where
I (n+ v+ 1)I(n+o+1)
Cn+v+o+1DI(n+v+o+1)n!’

ni =

n

and 8, is the Kronecker delta function. Now, let A = [0, L] and :JV’U(n) = w”?(2¢ — 1). By using the change of
variable n = %f — 1, the analytic form of the shifted Jacobi polynomial is defined as:

n

*”" Z D" Tn+v+ D)I(n+k+v+o+1) 4 (2:6)
ZaT(k+ v+ Dl(n+v+o+ 1)(n— kKLF '
where } n’ (0) = (—1)”%”1‘;3. Hence, the orthogonality condition is
Rz (M) T )@ (m)dn=h; Sk, (2.7)
where
e DTG v 4 DI o +1)
J

T Qjtrvtot+ ) trto+ LG +1)
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2.3. Fractional Jacobi functions. The fractional Jacobi functions FJ)(7) with A > 0 and 7 € [0, L] are defined
from the shifted Jacobi polynomials through the coordinate transform 7 = n* as follows:

A N
FIn() =Tn (7).
Based on the relationship given in Equation (2.7), it can be easily verified that these functions are mutually orthogonal
with respect to the weight function

w V0,
w (7_) — )\7_)\(1+U)—1(L)\ _ 7_>\)1/7
ie.,
A A *V,O',A *Vwo'v)‘
[ FR0FT S wir =i sy gk 2o
A
where

;w)ki LAHANT G v+ DT + o + 1)
T 2j+tv+o+ D) +rv+o+ D)I(G+1)

Thus, for any pu € L2, , ,(A) we have

p(r) = wiFINr),
1=0

where the cofficients u; are given by

1 L PN 0N
i = ﬁ/ W FTNS (rydr, i =0,1,2, .. L. (2.8)
hy o °

In practical applications, the focus is typically on the first (N + 1) terms of the shifted Jacobi functions. Conse-
quently, the function u(7) can be represented in the following manner:

N
pn (1) = 3" FTNr) = BTo(7),
=0

where
BT = [/”’07/’41a R 7/”’N]a
o(r) = [FT3 (1), FT (7). FIN O

Let FJ5(7) denote the Jacobi functions defined on the interval I. For any function u(7) € C(A), the Jacobi-Gauss
quadrature formulas can be expressed as:

L $ V0, N « V,0,\
/ wrw  (T)dr =y w; p(Ty). (2.9)
0 =0
where
!
Tj:L(fJT_F)%v j:O,l,'”,N, (210)

PE7R
and {¢; };V:o are the roots of Jy7,(§) and {w; };V:O are the corresponding weights introduced in [8] defined as

$ U, L)‘ .
o‘}j = (?)V+U+1wja J :Oal,"' aNa
[c [m]
(o] ¢ ]
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where
wj = YN 3
(1-¢) (agml(gj))
VN
G o j=0,1,...,N, 2.11
T T 60 TR (&) (2.11)
and

o VTOHID(N 4+ v + 2)I(N + 0 + 2)

N T TTINFOI(Ntvtot2)
o _ 20N+ v+ o+ QPN +v+ IV +0 +1)
N (N+DIT(N +v+o0+2) '

In this section, we focus on computing the fractional integral of shifted Jacobi functions. A key aspect of the
proposed methodology is establishing the derivative of fractional functions with respect to themselves. To formalize
this relationship, we present the following theorem.

Theorem 2.3. Let FJx(7) be the shifted Jacobi functions Then we have

TIFTN ZA@]FJ(),Z‘:O,I,...,N, (2.12)
7=0
where
i3) =Y Gijr,
k=0
and

(-1 T(i+o+1)I(i+k+v+o+1)I(kA+1)
Dk+o+1)I(i+v+o+1)DEN+q+1)(0 —k)k!
XZJ:( 1)/~ hI‘(j+h+V+a+1)I‘(u+1)1"(h+k:+%+U+1)(2j+u+a+1)j!Lq'
TGj+v+D)I(h+o+1)I(h+L+k+v+o+2)(j—h)h

Gijk = (2.13)

h=0

Proof. The shifted Jacobi functions F7(7) have an analytical form as described in (2.6). By utilizing the linear
properties of fractional integration, we can combine Equations (2.1) and (2.3) to obtain the following result:

J

D T(Gj+o+D(+k+v+o+1)
Al = Zar*
FI5( kZ:O k+0+1I‘(]+l/+0+1)(j—k)!k!L>\k
_zJ: (-1 T (G+o+ 1D (G+k+v+o+1D)I(kA+1) Aobq (2.14)
= T(k+1+0)( +v+o+ Dk +g+1)(j — k)ERT(EA + g+ 1) LAk ' '
By approximating 7**¢, using shifted fractional Jacobi functions, we derive the following results
N
AT = ngj]:j;‘(T), (2.15)
§=0
an
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where gy, is given from (2.8) with p(7) = 72*%9  and this immediately gives

(2 +v+0+ DU +1) g
F'j+v+1)

Xj:(—1)j—hr(j+h+u+a+1)1“(u+1)1“(h+k;+o—+§+1)
— T(h+o+1)I(h+$+v+o+k+2)(j—h)hl ’

j=0,1,...,N. Using (2.14) and (2.15), we have

9k =

N
TEFTNT) =Y AL H)FIN(r), i=0,1,...,N, (2.16)
7=0
where
%
3= Gk (2.17)
k=0
and
G = (-1 T(i+o+ )i+ k+v+o+ 1)I(kXA+1) (2.18)
T T+ o+ O)I(i+v+o+ DI(kA+q+ 1)(i — k)k! '
y i (-G +hty o+ DI+ DItk + {0 £1)@j+v+o+1)j!
—~ FGj+v+1)(h+o+1)I(h+$+k+v+o+2)(j—h)h! '
Hence, Equation (2.13) gives us the required result. ([l

3. FRACTIONAL JACOBI FUNCTION-PICARD ITERATION METHOD (FJF-PIM)

In this section, we propose a new method called FJF-PIM. This method provides a step-by-step process to solve
fractional delay differential equations that have the following form:

Dip(r) = f(ryu(r),p(r—=1)), 0<7< L, m=1<qg<m, meN, (3.1)
w(t) = p(r), 7 € [-r,0], r >0, (3.2)
D0 =pd 1=0,1,... ,m—1, (3.3)

where “D?p(7) denotes the well-known Caputo fractional derivative of order ¢ > 0. By performing fractional integration
on both sides of Equation (3.1) and referring to (2.5), the fractional problem (3.1) with the initial conditions in (3.3
can be transformed into a fractional integral equation expressed as follows:

- @)

,LL 1 /T qg—1
w(r) = —— T—35 f(s,p(s), u(s —r))ds, 3.4
(7) ;l B L (9 e n(s)ts =) (3.4)
u(r) = p(r), 7 € [-,0]. (3.5)
According to (3.4), the Picard iteration process generates a sequence as follows:
) l,u(l) 1 T . - -
i) = S T o =T e ) s = s, (3.6)
=0 ! (q) Jo
ILL,L(T) = p(T)7 TE [77"7 0}7 (37)

where, 19(7) and p°(7 — r) represent initial functions that satisfy the given initial conditions. Although Picard’s
method provides a straightforward iterative approach for solving Equation (3.1) using relation (3.6), its main drawback
lies in the computational complexity of evaluating the fractional integral at each iteration. To address this challenge,
we employ the FJF-PIM method.

(=)=
E)NE
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The first step of FJF-PIM is to approximate the function f(s, u*~!(s), u*~!(s — 7)) appearing on the right side of
(3.6) by {FTN(s)}N_,. Therefore,
N

Fls, = (s), w s =) = Y fITFTR(s) (3.8)

k=0

where the coefficients { fk_l} io can be derived as

N
' = By Zf(8j7:u’ 1(‘9]')7/}4 1(Sj _T))‘sz(sj)wﬁ (39)
k j=0
and
41
s;=L(BF 0% j=01,--- N

2
Substituting (3.8) in (3.6), for 7 > r we have
m-l i (l m—1 1 ()

N
Z T ) =) = YD TR 7o F )

I
1=0 k=0
m—1 Tlu(l) N |
=Y S A (R, (3.10)
1=0 ) k=0
According to (2.15) and (2.16), we have
4 m—1 (l) N N N
pi(r) ~ 3 e SO FTNE) + Y YAk ) FT(T)
1=0 j=0 k=0 j—O
N m—1
=Y Fm Y B cme,leAkyfﬁ()
7=0 =0 k=0 7=0
N m—1 (1) N
~SFg (Z B+ Y fi Ak, ), (3.11)
§=0 1= k=0
where
(2j+v+o+ 1)+ YL
G = :
I'j+v+1)
1) (5 +d nr HI(d+1 1
XZ (j+d+v+o+1)I(r+1) (.+ +o+1) (3.12)
T(d+o+1)I(d+1+v+o+2)(j—d)\d
In the other hand, function p?(7) can be approximated as:
N .
~ ) aFT5(7). (3.13)
Using (3.11) and (3.13), we obtain
ayFTo(7) + ey FI(T) + -+ ay FIn(r) =
m—1 (l) m—1 (l)
]-'Jé(r)( Z Ecio +Zf,; LAk o)) ~+]—'jj\v(r)< Z BCin +Zf,g LA(k N)) (3.14)
1=0 =0 1=0 k=0
The coefficients {a N, are determined by equating the corresponding coefficients of the shifted Jacobi functions on
both sides of Equatlon (3.14). This process involves matching the terms associated with the same powers of the shifted
an
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Jacobi functions, resulting in a system of equations. Solving this system yields the explicit values of the coefficients,
given by:

m—1 N
:Z“liclﬁz:f,g 'A(k,j), j=0,1,...N. (3.15)
=0 k=0

Without loss of generality, we can derive u‘(T — r) from the initial function p(7) and the approximated Jacobi series
piecewise

= p(T - T)a T,
; N
i _ ) 3.16
(T =) EZG;IJ?(T—T), T > ( )
j=0

4. MATRIX-VECTOR FORM OF THE FJF-PIM

To improve the efficiency and computational performance of the FJF-PIM method, we propose a more concise
matrix-vector representation. The approximate solution p?(7) is determined by computing the coefficients {a o of
the Jacobi function using Equation (3.13). To simplify the calculations, we represent the coefficients of the approx1mate
solution () in vector form as follows:

a' = lag,ay,...,an]". (4.1)

We also look at the solution p'(7) at specific points called shifted Jacobi-Gauss nodes (see Equation (2.10)). We'll
write these values as a vector.

u’i = [:u’i(’ro)7 .u“i(Tl)v s 7Mi(TN)]T- (42)

Substituting (3.13) in (4.2), the vector u’ can be obtained as

ut = ,]Iuai, (4.3)
where
FIy(m0)  FIN(m) (- FIN(m0)
Jo= | FT70(n) Fai(m) - FINm) || (4.4)
FIy(rn) FIY(w) - FIn(w)

is a constant matrix. The vector a’ can be recalculated in the new form using equation (3.15) as

m—1 (I)

Ho Fi—1
B Cio + Z fi Ak, 0)
i =0 k 0
ag m—1 N(l) Z )
0 0 £
. a; —Cn + fk A ]f 1)
ad=| .= =" - (4.5)
aly

m—1 (l)
Z I Cm+Zf;i "A(k,N)
=0

k=0
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f P A0,0) + fiTA(L0) + -+ + fi AN, 0)
Fo A0, 1) + FITIAL ) -+ fy AN, 1)
=Uo+ .
fo AN+ T AL N) + -+ f AN, N)
A(0,0)  A(1,0) AN0) (fo
A(0,1)  A(1,1) A(N,1) 1 _
=Uy+ =Uy+ Mfz_l, (46)
A(0,N)  A(L,N) A(N,N)) \fit
where
A(0,0)  A(1,0) A(N,0)
A(0,1)  A(L,1) A(N,1
M = , , (4.7)
A(0O,N) A(1,N) A(N,N)
m—1 m—1 ,ul m—1 /Jl T
Uy = ( “0010, > T!Oclh oo Z!OClN> ) (4.8)
1=0 1=0 1=0
and
i—1 Fi—l  Fi—l zi—1\T
f = ( I 1 ) R N ) I (49)
Here, , Uy is a fixed vector, and M is a constant matrix. By substituting (3.9) into (4.9), we obtain the following:
fi1 hgl,a F(ro, 5= (70), = (10 = 1)) FT 5 (70)wo
fz._l B ?71 | wrT f(ro, = (10), 1"~ (10 — 7)) F T 1 (T0)wo
1;1 N
v e (£ (o, i (70), 1 (70 — 1) F T X (o)
e ( fOrns =), = v = 7)) F T (v )w
e (f (v, ' 7w ), 1= (T — 1)) FI 1 (Tv)wn
o[ M
e (£ i ), 1 o = 1) FT N (o)
= H]I’WFi—1, (4.10)
where
W = diag (wo,wl,...,wN)NJrl, (4.11)
=di I
H = dzag (hl)y Ry RY )N+17 (412)
Fi_l = (f(TOv //Li_l(TO)v /”'i_l(TO - T))y ey f(TNa Mi_l(TN)7 /’Li_l(TN - T)))T : (413)
Thus, from (4.5) and (4.10), one can get
a=Uy+Mf'=Uy+ MHI’WF~' =U,+J,F: 1, (4.14)
Bo
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where J, = MHJ.W is a constant matrix.
Next, we analyze the behavior of p'(7 — r) using a specialized series representation known as the Jacobi series in
the subsequent step of the process. By applying Equation (2.10) to the condition 7; — r < 0, we obtain:

p
<2y 2L -1
G247

Let j be the largest positive integer satisfying the inequality mentioned above. Equation (3.16) can then be discretized.

:p(Tj—T), ]S.§7
; N
rj—1 . LA 4.15
wim =) zza§FJ?(Tj*T)a Jj>7. (4.15)
§=0
Take 7/ = 7 — 7, such that F T} (7 —r) = FJA (') for n =0,1,, N, we have
wy = [ (1), 1 (1), i ()] (4.16)
Substituting (4.15) in (4.16), the vector u’ can be obtained as
u'’ = p; + J.a’, (4.17)
where
0 0 0
0 0 0
I = R R R i (4.18)
FIM,) FOATL) o FIAGL)
): / >\ / ’ )\' /
FIo(ry)  FIi(y) - FInlry)
and
p; = [p(ro —7),p(r1 —7),...,p(T; —7),0,... ,0]7. (4.19)

Finally, the (i + 1)-th Picard’s iteration can be done by updating the values of u? and p’. We keep doing this until
a specific condition
P p T = max |ut(m) = pTH ()] <€

”'u T€[0,L]

called the stopping criterion, is true.

5. ERROR ANALYSIS OF THE FJF-PIM

The convergence analysis of the FJF-PIM method is fundamental to verifying its reliability and accuracy. In this
study, we conduct a rigorous analysis to establish the method’s convergence in solving functional differential delay
equations (FDDEs). This analysis provides a thorough examination of the convergence properties, ensuring that the
numerical solutions systematically approach the exact solutions of the FDDEs. We identify sufficient conditions under
which the FJF-PIM method converges and demonstrate that, under specific criteria imposed on the FDDEs, the
iterative process leads to the exact solution. Considering the FDDE (3.1), the convergence criterion for the FJF-PIM
method applied to the linear FDDE (3.1) is formally stated in the following theorem:

Theorem 5.1. Suppose in system FDDE (3.1) the function f satisfied in the Lipschitz condition with respect to the
second variable, i.e

[F (s (7)1 (7)) = F (75 11 (7), b1 (T))] < K[l = || + K| = e

(=)=
E)NE
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where K1 and Ko are the Lipschitz condition. The FJF-PIM method is convergent if and only if
1Tl (KT + KT 11T ) < 1.

Proof. As we define in (4.3), we can write

w—u = Jual — Juat!
=J,(Uo+ 1, F~' —U, - J,F"™?)
= I 0, (F~t — Fi=2),

Therefore,

' = w' = = | Budo (B = FE2))
< BTl e 17y, ) ) = T = (). 4 ()
Using (4.2), (4.16),(4.17), @’ = J; *u’, and also ul = p; + JrJ7 u’ we obtain
= < Bl (Bl = w2 Rl — i)
< Tl (Bl = 2] K|, (= ) )

< Bl (BT + B 3135 ) i — w2

1—1
< (19l (Ko + Ko B IZ) ) =l

where I is an (N + 1) identity matrix. Thus, we will have
. . 1—1
' = = < (a3 (BT + KT NIZ2)) et = w).

Hence, it is clear that if ||Ju||||Ja\|(K1] + K2||Jr||||J;1||) < 1 we will obtain

lim [Ju’ —u'™| =0,
1— 00
which completes the proof. O

Remark 5.2. The initial value problem (3.1) has a unique global solution under the hypothesis that the function f is
continuous and satisfies a Lipschitz condition ith respect to the second variable (see Theorem 3.1 in [10])

6. NUMERICAL EXAMPLES

In this section, we present several examples to illustrate the high accuracy and effectiveness of the FJF-PIM
approach. By comparing our results with those obtained using other methods, we demonstrate the accuracy and
efficiency of the FJF-PIM.

To begin, we determine the order of convergence (CO) for the FJF-PIM, following the findings reported in [2]:

error Ny )

cO = logl( err]t\)]zNz
Og(]\Tl)
where error Ny denotes the error associated with the approximation of degree N;. The maximum absolute errors for

u(x) are represented by Lo, while the maximum absolute errors for the differences between two successive iterations
are denoted by FE;. For comparison, we define the following measure:

)

Lo = [[upe(®) — wapp(7)]oo,
[c[v]
(o] €]
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TABLE 1. The maximum of the absolute error of the Present method with ¢ =3, A =1, N = 10 and
v =0 = 0 for Example 6.1.

7  Present method GWM
0.1 7.8406e — 17  2.02¢ — 12
0.3  4.5511le —17  8.48¢ —10
0.5 1.0568¢ — 16  5.26e — 17
0.7 4.7481e — 17  9.89¢ — 12
0.9 7.6671le — 17  3.03e — 08

1 4.5901le — 16 3.78e¢ — 07

TABLE 2. Maximum of the absolute error of p(7), for ¢ = 3, v = 0 = 0 with the convergence order
for Example 6.1.

N Ly CO

5 3.3636e — 08 -

10 4.590le — 16 26.1269
15 7.2513e — 25 49.9821

where ug,(z) and wap, () represent the exact and approximate solutions, respectively.

All computations were performed on a laptop with the following specifications: an Intel Core i5-6198DU CPU, 8
GB of RAM, a base clock speed of 2.30 GHz, and a maximum clock speed of 2.40 GHz. The system operates on a
64-bit architecture. The computational tasks were carried out using Maple 2020, which significantly facilitated the
analysis and implementation of complex numerical computations.

Example 6.1. Consider the pantograph differential equation of third order [3, 12, 14, 38]
Dip(r) = —p(r) — p(r —0.3) + exp(—7 + 0.3); 2 < ¢ < 3,
w(0) =1, /' (0)=—-1, p"(0)=1, 0 <7< 1.

The exact solution, when ¢ = 3 is p(7) = exp(—7).

Since this example does not have an exact solution for non-integer values of ¢, the efficiency of the proposed
method is assessed by evaluating the maximum error between two consecutive iterations. This approach effectively
demonstrates the performance of the method for different values of ¢ in this specific example.

The computational results of this example are displayed in Table 1 and Figure 1. In Table 1, we compare the results
of the proposed method for A =1, v = 0 = 0, and ¢ = 3 with those obtained using the novel collocation method based
on the Genocchi wavelet (GWM) presented in [12]. Figure 2, shows the approximate and exact solutions for different
values of q. Table 1 clearly demonstrates that the proposed method achieves high accuracy when compared to the
other methods referenced. In Table 2, we investigate the order of convergence (CO) of the new algorithm for various
values of N. Additionally, Table 3 shows the maximum error between two consecutive iterations for this particular
example.

The example was numerically solved using the Haar wavelet collocation technique (HWCT), as outlined in [3], with
a maximum error of 2.9790 x 10~8. Furthermore, the results presented in Table 1 highlight that the method proposed
in this study exhibits greater efficiency than the approach discussed in [3].

Example 6.2. We consider the following FDDE [23, 38]
cTq _ 2 2—q 1 1—q 2
Diu(r) = p(r —r) M(T)+F(3_q)’r F(Q—Q)T +2rr—r*—r, 0< 7 <1,
pw(t)=0,7<0, 0<qg<1.

The exact solution is u(7) = 72 — 7. In Table 4, we compare the results of the proposed method with the Fractional-

order Fibonacci-Hybrid Functions Method (FFHFM) from [38] for the case where A = ¢ = 0.5 and v = 0 = 0. The

(=)=
E)NE
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FIGURE 1. The exact and approximate solutions (left) and absolute error of solution by proposed
method (right) in Example 6.1.

1.0
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0 0.2 0.4 0.6 0.8 1
t

Exact Solution === q=2 6 =27 —=) § — q:2.9‘
q=3

FIGURE 2. The approximate and exact solutions for different choices of ¢ in Example 6.1.

TABLE 3. Maximum of the absolute error of u(7), for v = ¢ = 0 and different choices of ¢ with the
convergence order for Example 6.1.

q Loo
2.7 5.5047e — 27
2.8 3.2509¢ — 28
0.9 5.2605¢ — 26

data in Table 4 demonstrate that the proposed method is both efficient and accurate for solving this problem. The
numerical results show that the solutions obtained with this approach converge to the analytical solution. Additionally,
we solved this problem for ¢ = 0.5 and A\ = 1, and the results in Table 6 further confirm the effectiveness of our method
in addressing this specific problem. Figure 3 provides a comparative analysis of the exact and approximate responses
for various values of the parameter ¢. The figure also displays the absolute error associated with the proposed method,
specifically for the case where ¢ = A = 0.5 and v = ¢ = 0. The graph in Figure 3 demonstrates a close match between
the approximate and exact solutions, underscoring the effectiveness of our approach. Furthermore, we conducted a
comprehensive error analysis, allowing for a more detailed evaluation of the method’s accuracy and efficiency. The
data in Tables 4 and 6 reveal that, for a fractional order of ¢ = 0.5, the optimal value of A is also 0.5. Table 7 presents
the maximum absolute error achieved by our method for various combinations of the parameters a and b. Finally, in
Table 5, we examine the order of convergence (CO) of the proposed algorithm for different values of N.

(&)
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FIGURE 3. The exact and approximate solutions (left) and absolute error of solution by proposed
method (right) for g = A =0.5, v =0 =0 and N =5 in Example 6.2.

TABLE 4. Comparison of maximum of the absolute error of the Present method with ¢ = A = 0.5,
N =5,r=0.1 and v = 0 = 0 with FFHFM [38] for Example 6.2.

TABLE 5. Maximum of the absolute error of u(7), for ¢ = X\ = 0.5, v = 0 = 0 with the convergence

order for Example 6.2.

TABLE 6. Comparison of maximum of the absolute error of the Present method with ¢ = 0.5, A =1,

7 Present method FFHFs [38]
0.1 7.4926e — 31 1.58642e — 15
0.3 6.1126e — 31 7.84349e — 06
0.5 7.3089%e — 31 4.44156e — 06
0.7 2.7221e — 31 1.24645e — 05
0.9 9.4348e —31  3.43936e — 05

N Lk

CO

5 1.2e—30
10 1.0e — 30
15 6.0e — 31
20 7.0e —-31

0.2630
1.2599
0.5358

N =5,7r=0.1 and v=0 = 0 with FFHFM [38] for Example 6.2.

7  Present method  FFHFs[3§]
0.1  3.46850e — 04  3.37404e — 04
0.3 7.74502¢e — 04  1.50058e — 04
0.5 1.91622e — 04 1.37223e — 03
0.7 3.60773e — 04  1.09563e — 02
0.9 2.02441e — 04  9.51393e — 03
TABLE 7. Maximum of the absolute error of u(7), for ¢ = A = 0.5 and different choices of v, o for
Example 6.3.
v=—0=05 v=0=05 v=—-0=-05 v=0=-0.75 v=0=-0.99
Lo 3.01235e — 30 1.74513e — 30 7.145228e¢ — 31  3.68672¢ — 31  4.71279¢ — 31
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FIGURE 4. The exact and approximate solutions (left) and absolute error of solution by proposed
method (right) for g = A =0.5, v =0 =0 and N =5 in Example 6.3.

TABLE 8. Comparison of maximum of the absolute error of the Present method with ¢ = A = 0.5,
N =3 and v = 0 = 0 with HWCT method (N = 2048) for Example 6.3.

Present method ~ HWCT]3]
Lo 4.0e — 79 3.78360e — 03

TABLE 9. Maximum of the absolute error of u(7), for ¢= 0.5, v = ¢ = 0 and different choices of A
for Example 6.3.

A=1 A=0.7 A=0.6 A=05 A=0.3
Lo 14e—02 3.0e—02 12e—02 4.0e—79 2.0e—03

Example 6.3. We consider the following FDDE [3]
Dip(r)=pulr—r)—71, 0<7<1, 0<qg<1, r=1,
p(r)y=7, -1 <7 <0.
_2vT

r(3)’

The graph in Figure 4 demonstrates the close correspondence between the approximate solution and the exact
solution, which highlights the effectiveness of our approach. Furthermore, we have performed a more in-depth analysis
by investigating the error, allowing for a more detailed assessment of the accuracy and efficiency of the method. In
Table 8, we compare the results of the present method with HWCT method [3] for the case of A = ¢ = 0.5 and
v =0 = 0. In Table 9, the maximum of the absolute error of u(7) is presented, for the case where ¢ = 0.5, v = 0 =0,
and different values of the parameter \.

The exact solution for ¢ = 0.5 is u(7) =

Example 6.4. Consider the following fractional delay differential equation [23]

. B I'(2.5)
Dip(r) = m

w(it) =0, —r<7<0,0<qg<1, r=1.

T%7q+,u2(7'*7’)*,U,(T)*(T*T‘)?)#*T%, 0<7<1,

The exact solution is u(7) = 73. The system of equations was solved numerically when the parameters r = 0.1,
g = 0.75, X = 0.6. The absolute and relative errors were then calculated and presented in Table 10. In this
research, the example presented has been solved using the proposed method, and the results have been compared
with those obtained from methods fractional Adams method (FAM), new predictor-corrector method (NPCM) and
family of predictor-corrector methods based on fractional backward difference formulae termed as FBD-PCM [23].
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FIGURE 5. The exact and approximate solutions (left) and absolute error of solution by proposed
method (right) for ¢ = 0.75, A= 0.6, v =0 = 0 and N =5 in Example 6.4.

TABLE 10. Comparison of maximum of the absolute error of the present method with ¢ = 0.75,
A=0.6, N =5 and v = 0 = 0 with the methods presented in [23] for Example 6.4.

7 Present method ~ FAM]I23] NPCM [23] FBD-PCM2 [23]
0.2 8.07166e — 06  2.1968e — 05 2.1005e — 05 1.9429e — 05
0.4 5.25333e —05 1.5571le — 05 1.4326e — 05 1.0606e — 05
0.6 2.01232e —06  1.3550e — 05 1.2037e — 05 5.4097e — 06
0.8 9.16439¢ — 07  1.3538¢ — 05 1.1662¢ — 05 9.7216e — 07
1.0 4.64327e — 06  1.5224e — 05 1.2789% — 05 3.9765e — 06

1
0.8 / d
0.64 *
04 /
0.2 . /
. /
O—"__

0

0.2 0.4

0.6 0.8

[ g=1 m—g=0.75

q=0.5 = = q=0.6 === g=03]

FI1GURE 6. The approximate and exact solutions for different choices of ¢ in Example 6.4.

The results indicate that our proposed method demonstrates superior efficiency. The graph in Figure 5 illustrates the
close alignment between the approximate solution and the exact solution, which underscores the effectiveness of our

approach. Figure 6, shows the approximate and exact solutions for different choices of q.

Example 6.5. The Hutchinson model is a mathematical model that describes the rate of population growth. according
to this model, the rate of population growth at any given time is dependent on specific relationships and factors that
are unique to that particular time period. The Hutchinson model can be expressed through an equation that captures

(=)=
E)NE



CMDE Vol. *, No. *, * pp. 1-20 17

TABLE 11. maximum absolute error for difference between two consecutive iterations of the Present
method with ¢ = A = 0.5, N =5, [ = 11 and different choices of v, o for Example 6.5.

v=0c=0 v=0c=05 a=-b=05 v=0c=-0.7 v=0=-0.99
E; 83134e —29 7.6239¢ —29 1.0264e —28  1.1560e — 28 1.1464 — 28

=29
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29
0.503 6.%10
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=] () — =] ] — Absolute Errorl

FIGURE 7. The exact and approximate solutions (left) and absolute error of solution by proposed
method (right) for g = A =0.5, v =0 =0 and N =5 in Example 6.5.

these dynamic relationships and their influence on the population growth rate and its equation is as follows.

“Diy(r)

en(r) — S plr) plr —1), 0< 7 <1, 0<g <,

The analytical solution to the equation representing the Hutchinson model is not available, as indicated by the
reference [38]. Given this limitation, the primary goal is to ensure the convergence of the proposed method for solving
or modeling the population growth dynamics described by the Hutchinson model. For this approach, consider the
error norm as follows

E; = max |p'(t) — (7))

= mac (7)== )

The graph in Figure 7 illustrates the close alignment between the approximate solution and the exact solution, which
underscores the effectiveness of our approach. The calculated maximum absolute error for difference between two
consecutive iterations in Table 11 for » = 0.2, e = 0.015 and d = 1.

Example 6.6. Consider the nonlinear delay FODE [3]

1 5
Dip(r)=plr— =)+ u?’(T) + 705 (r— 0.5)2 -5, 0<7<1,

2 T(1.5)
wr)y =71 —r<7r<0,1<q<2,

with the initial conditions p(0) = 0 and /(0) = 0. The exact solution, when ¢ = 1.5 is u(1) = 72.

The graph in Figure 8 illustrates the strong agreement between the approximate and exact solutions, highlighting
the effectiveness of our proposed approach.

In Table 12, we compare the results of the present method for the case ¢ = 1.5, A = 0.5, and v = o = 0 with those
obtained using the Haar Wavelet Collocation Technique (HWCT) [3]. The data presented in Table 12 demonstrates
that the proposed method provides an accurate and efficient solution for this specific problem.
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FIGURE 8. The exact and approximate solutions (left) and absolute error of solution by proposed
method (right) for ¢ = 1.5, A= 0.5, v =0 = 0 and N = 5 in Example 6.6.

TABLE 12. Comparison of maximum of the absolute error of the Present method with ¢ = 1.5,
A=0.5, N =5 and v = ¢ = 0 with HWCT method (N = 256) for Example 6.6.

Present method ~ HWCT3]
L 3.0e — 32 2.2571e — 02

7. CONCLUSION

In this study, we introduced the fractional Jacobi function-Picard iteration method (FJF-PIM) as an efficient
numerical approach for solving nonlinear fractional delay differential equations (FDDEs). This method provides a
computational framework that effectively addresses the complexities of FDDEs while ensuring accurate numerical
solutions.

To enhance computational efficiency, we also developed a matrix-vector formulation of the FJF-PIM. The proposed
method was compared against existing numerical techniques and exact solutions, demonstrating superior accuracy and
efficiency. Additionally, a convergence analysis was conducted to validate the reliability and stability of the approach.

The FJF-PIM has proven to be a highly effective method for solving nonlinear FDDEs, offering notable advantages
such as high accuracy and computational efficiency. To further assess its practical applicability, we applied the method
to several applicable problems, including the Pantograph and Hutchinson equations. The results confirmed that FJF-
PIM outperforms other numerical methods in terms of accuracy and convergence.

This study contributes significantly to the field of fractional calculus by introducing a powerful and versatile numer-
ical technique for solving FDDEs. The demonstrated reliability and efficiency of FJF-PIM make it a valuable tool for
researchers and practitioners in this domain. The findings of this work are expected to facilitate further advancements
and applications of fractional calculus in various scientific and engineering disciplines.
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