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Abstract

This paper presents the analytical techniques to investigate the unstable nonlinear Schrödinger equation (NLSE).

The exact solutions to the unstable NLSE which are found based on the generalized extended trial equation
scheme and the improved Bernoulli sub-ODE scheme (IBSOS) with three cases, by utilizing Maple software.

A system of nonlinear algebra differential equations is obtained, afterwards, this system by help of Maple is

solved. The discovered solutions include hyperbolic function, trigonometric function, exponential, and rational
solutions. Plenty of such types nonlinear equations arising in basic fabric of communications network technology

and nonlinear optics which are investigated via mentioned methods. It offers theoretical application value for the

study of complex wave dynamics in various scientific domains, such as plasma physics, and nonlinear optics. Firstly,
the wave transform converts the considered model into a system of ordinary differential equations. Then, novel

exact solitary wave solutions are developed as periodic, dark, combined hyperbolic, and rational functions. Specific

parameter values help demonstrate the dynamic nature of the constructed solutions through their implementation.
In addition, the stability of generated solitary wave solution through the Hamiltonian technique is investigated.

Keywords. Solitary wave solutions, Extended trial equation method, Improved Bernoulli sub-ODE method, Unstable nonlinear Schrödinger equa-

tion, Stability analysis.
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1. Introduction

Nonlinear wave equations are indispensable tools in the study of complex physical systems, as they model the
interplay of various forces that shape wave dynamics [20, 44, 47]. These equations provide a mathematical framework
to understand phenomena such as the propagation of light in optical fibers, the motion of water waves in shallow
or deep fluids, and the intricate behaviors of plasma in high-energy astrophysical and laboratory environments [57].
Unlike linear equations, which are limited to describing simple waveforms, nonlinear equations account for interactions
between waves, leading to phenomena such as wave steepening, dispersion, and energy localization [10, 30, 50]. These
nonlinear effects are essential in capturing the richness of wave behavior observed in nature and technology [28, 62].
Chaos, fractal and solitons constitute the main body of nonlinear science. With the gradual development of solitons,
solitons theory has attracted the interest of many mathematicians and physicists. For example, Korteweg-deVries
(KdV) equation, which has been characterized mainly by the study of the integrability of the equation [30].

One of the most intriguing outcomes of nonlinear wave equations is the formation of solitary waves or solitons [34, 51].
Solitons are self-reinforcing waveforms that maintain their shape and energy while traveling over long distances [12, 61].
This stability arises from a delicate balance between nonlinearity, which tends to steepen the wave, and dispersion,
which tends to spread it out. Solitons are of particular importance because of their practical applications in fields
such as optical communication, where they enable high-capacity data transmission, and in hydrodynamics, where they
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describe wave patterns in oceans and channels. Their robustness also makes them valuable in understanding energy
transport in nonlinear media and exploring fundamental wave dynamics [40, 55].

The study of the nonlinear Schrödinger equation has been an area of significant interest due to its ability to support
diverse solitary wave solutions [54]. Bright solitons, characterized by localized peaks of intensity, arise when nonlin-
earity balances anomalous dispersion [16]. These solitons are critical in applications like optical fiber communications,
where their stability ensures minimal signal degradation [29]. Conversely, dark solitons, which manifest as localized
intensity dips on a continuous wave background, emerge under conditions of normal dispersion. Dark solitons have
been observed in both optics and hydrodynamics, providing insights into wave dynamics in various media. Singular
solitons represent another intriguing class of solutions [5]. These solitons, distinguished by singularities in their profiles,
exhibit unique mathematical and physical properties. Hybrid solutions, such as bright-dark solitons, where bright and
dark components coexist, add to the diversity of wave phenomena described by the nonlinear Schrödinger equation
[35]. These solutions highlight the richness of nonlinear dynamics and offer potential for novel applications in areas
like signal processing and energy localization.
The nonlinear Schrödinger equation (NLSE) [18, 19, 22, 48, 56] is considered as

i
∂ψ

∂t
+
∂2ψ

∂x2
± 2γ|ψ|2ψ = 0, 0 < x < L, t > 0, i =

√
−1, (1.1)

where γ is an arbitrary real constant and the above equation plays a attractive role in the plenty of areas nonlin-
ear sciences such as biology, the nonlinear optics, quantum mechanics and plasma physics. The unstable nonlinear
Schrödinger equation (UNLSE) is a type of NLSE with space and time replaced [44, 57]. The dimensionless form of
the unstable NLSE is giving by [26, 53]:

i
∂ψ

∂t
+
∂2ψ

∂x2
+ 2λ|ψ|2ψ − 2γψ = 0, 0 < x < L, t > 0, i =

√
−1, (1.2)

where λ and γ are the arbitrary real constants. Various complex nonlinear aspects appearing in various fields of
nonlinear sciences and engineering, including; optical fiber, plasmas physics and hydrodynamics among others are
modeled in forms of nonlinear Schrödinger equations (NLSEs) in which were given by [31, 36–39].
Nonlinear partial differential equations (NLPDEs) play an indispensable role in simulating complex phenomena and
control in various scientific fields, including models in nonlinear optics, fluid dynamics, quantum mechanics, plasma
physics, and other domains [14, 15]. Over the past decades, significant progress has been made in developing effective
methods for constructing solitary wave solutions of NLPDEs. Contemporary approaches, including the sine-Gordon
expansion method, systematically generate localized solutions (e.g., dark solitons, breathers) by leveraging hyperbolic
function bases [43]. The generalized exponential differential function method has also been proposed to capture
multi-peakon and hybrid wave structures through exponential-trigonometric combinations [46]. These advancements
have not only deepened our understanding of the underlying physical phenomena but also provided powerful tools for
analyzing complex nonlinear systems [1, 17]. Numerical methods are essential in the study of solitary wave solutions,
as they not only provide approximate solutions to complex equations but also help verify the accuracy of theoretical
models [2]. Such characteristics play a crucial role in offering profound understandings of the complexity inherent in
diverse scientific domains [8, 60]. In the past few years, researchers have made significant progress in demonstrating
the well-known integrable models. Such as theoretical analysis for miscellaneous soliton waves [52], the dynamics of
solitary waves [45], the fractional generalized CBS-BK equation arising in fluid mechanics [33], analytical approach
for polar magnetooptics [58], the shallow water wave equation with variable coefficients [13], the cubic B-splines
method [3], the modulation instability analysis for coupled fractional Lakshmanan-Porsezian-Daniel equation [4],
sixth-order Benney-Luke equation [25], the extended homoclinic breather wave solutions [49], the spatial symmetric
nonlinear dispersive wave model [63], the conservation law, stability analysis and degenerate lump solutions [59],
three-dimensional nonlinear Volterra integral equations with 3D-Legendre polynomials [32], the reduced differential
transform method [41] and the fifth-order integrable equations [24]. In [23], authors investigated the effects of Toxicode
and Google Blockly on computational aspects. Asgarov et al presented the application of unsupervised machine
learning technique [11]. Mammadzada examined three main task distribution models in Human-Robot Collaborative
systems [27]. Mutashar et al [42] studied the simulation algorithm to the nonlinear fractional biological population
model. A mixed problem with time derivative was considered in [6].
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The perturbed higher-order modified Gerdjikov-Ivanov equation was considered the focus of the improved modified
extended tanh-function method for producing brilliant and unique solitons such as dark and bright solitons [21]. A
(2+1)-dimensional generalized Korteweg-de Vries problem was investigated by using the generalized Arnous technique
and the Riccati equation approach [9]. Optical solitons for generalized perturbed nonlinear Schrödinger model in the
presence of dual-power law nonlinear medium were studied in [7].
These applications highlight the dual role of NLPDEs as both mathematical descriptors of natural laws and theoretical
cornerstones for technological advancements, necessitating systematic investigations into their exact solutions and
dynamical behaviors. We offer two analytical methods to solve a well-known equation to obtain the exact solutions.
New solutions not only enrich the theoretical understanding of nonlinear systems but also offer potential for practical
applications. However, the complexity of the NLS equation often necessitates advanced solution techniques to uncover
previously unreported wave forms. The provided search results indicate that the unstable nonlinear Schrödinger
equation (UNLS) is a subject of ongoing research. Studies focus on finding exact solutions, particularly for modified
versions of the equation, and understanding solitary wave patterns. Research also explores applications related to
modulated wave train instabilities. The investigations often involve finding solutions and analyzing the behavior of
these equations under specific conditions. In this work, we tackle this challenge by utilizing two analytical schemes:
the generalized extended trial equation scheme and the improved Bernoulli sub-ODE method. These methods are
chosen for their robustness and efficiency in solving nonlinear differential equations.

This paper is organized as follows. In next Section, we describe the main steps of the extended trial equation scheme
(ETES) and its application. The improved Bernoulli sub-ODE scheme (IBSOS) is offered and then its application to
solve (1.2) are given in section 3. The stability analysis is investigated in Section 4. Finally, some concluding remarks
are drawn in section 5.

2. Extended trial equation eechnique

In the following section, the ETE technique Starting with the transformation as:
Step 1. Consider the special nonlinear PDE as

F1(ψ,ψx, ψt, ψxx, ψtt, ...) = 0. (2.1)

Utilizing the wave transformation

ψ(x, t) = u(η), η = k (x− λt) , (2.2)

where λ ̸= 0 and k ̸= 0 and inserting (2.2) into Eq. (2.1), we can get the following equation

F2(ψ, kψ
′,−kλψ′, k2ψ′′, k2λ2ψ′′, ...) = 0. (2.3)

Step 2. Consider the following trial equation:

u(η) =

δ∑
i=0

τiΓ
i, (2.4)

where

(Γ′)2 =
Φ(Γ)

Ψ(Γ)
=
ξθΓ

θ + ...+ ξ1Γ + ξ0
ζϵΓϵ + ...+ ζ1Γ + ζ0

. (2.5)

Employing the Eqs. (2.4) and (2.5), one obtains

(u′)2 =
Φ(Γ)

Ψ(Γ)

(
δ∑

i=0

iτiΓ
i−1

)2

, (2.6)

u′′ =
Φ′(Γ)Ψ(Γ)− Φ(Γ)Ψ′(Γ)

2Ψ2(Γ)

(
δ∑

i=0

iτiΓ
i−1

)
+

Φ(Γ)

Ψ(Γ)

(
δ∑

i=0

i(i− 1)τiΓ
i−2

)
. (2.7)
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After some computations, we get the following polynomial Λ(Γ):

Λ(Γ) = ϱsΓ
s + ...+ ϱ1Γ + ϱ0 = 0. (2.8)

The balance principle on (2.8) is determined to get a relation between θ, ϵ and δ.
Step 3. We solve the following algebraic equations:

ϱi = 0, i = 1, 2, ..., s. (2.9)

Step 4. The final step is to solve the following integral:

±(η − η0) =

∫
dΓ√
Ω(Γ)

=

∫ √
Ψ(Γ)

Φ(Γ)
dΓ, (2.10)

where η0 is free.

2.1. Application of ETEM to UNLSE. This familiar form captures the essential dynamics of nonlinear wave
propagation without the additional higher-order effects, making it a foundational model for studying solitary waves
in simpler contexts. This generalized form of the NLS equation provides a versatile framework for analyzing the rich
dynamics of nonlinear wave systems, accounting for both fundamental and higher-order effects. Its comprehensive
nature allows researchers to explore a wide range of physical phenomena and identify novel wave structures in diverse
applications. To discover Eq. (1.2), the travelling wave transformation is used as

ψ (x, t) = u(ξ)eiϕ(x,t), ξ = kx+ ωt, (2.11)

where

ϕ = px+ νt, (2.12)

where ϕ(x, t) offers the phase component, β is the frequency of solitons, ν shows the wave number, θ represents the
phase constant. Applying Eq. (2.11) into Eq. (1.2) converts the nonlinear Schrödinger equation into two parts.
From the imaginary component of the equation, we can write as follows

ω = −2pk, (2.13)

and also the real part sees the following

k2u′′ −
(
p2 + ν + 2γ

)
u+ 2λu3 = 0. (2.14)

By balancing the terms of u3 and u′′ in Eq. (2.14), we can see the following relationship between parameters δ, θ, and
ϵ:

2δ = θ − ϵ− 2. (2.15)

For various values of δ, θ, and ϵ, we get:
Merge I: δ = 1, θ = 4, and ϵ = 0.
By using Merge I for Eqs. (2.4) and (2.5), one receives

u(η) = τ0 + τ1Γ, (2.16)

(u′(η))2 =
τ21 (ξ4Γ

4 + ξ3Γ
3 + ξ2Γ

2 + ξ1Γ + ξ0)

ζ0
, ξ4 ̸= 0, ζ0 ̸= 0. (2.17)

When the previous system is solved, several results are available:

• Result 1:

k = k, ν = ν, p = p, ζ0 = −k2ξ4
λτ2

1
, τ0 = τ0, τ1 = τ1, ξ0 = ξ0,

ξ1 = − 2τ0ξ4(−2λτ2
0+p2+2γ+ν)

(τ3
1λ)

,
(2.18)
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ξ2 = −ξ4(−6λτ20 + p2 + 2γ + ν)

λτ21
, ξ3 =

4τ0ξ4
τ1

, ξ4 = ξ4. (2.19)

Putting these findings into Eqs. (2.5) and (2.10), we can write

±(η − η0) =

∫ √
− k2

λτ2
1
dΓ√

Γ4 + 4τ0
τ1

Γ3 − (−6λτ2
0+p2+2γ+ν)

λτ2
1

Γ2 − 2τ0(−2λτ2
0+p2+2γ+ν)

(τ3
1λ)

Γ + ξ0
ξ4

. (2.20)

Integrating Eq. (2.20), the following results are reached as:

±(η − η0) = − Π

Γ− α1
, (2.21)

±(η − η0) =
2Π

α1 − α2

√
Γ− α2

Γ− α1
, α2 > α1, (2.22)

±(η − η0) =
Π

α1 − α2
ln

∣∣∣∣Γ− α1

Γ− α2

∣∣∣∣ , (2.23)

±(η − η0) =
Π√

(α1 − α2)(α1 − α3)
ln

∣∣∣∣∣
√

(α1 − α3)(Γ− α2)−
√
(α1 − α2)(Γ− α3)√

(α1 − α3)(Γ− α2) +
√
(α1 − α2)(Γ− α3)

∣∣∣∣∣ , (2.24)

±(η − η0) =
2Π√

(α1 − α3)(α2 − α4)
F (φ, l), α1 > α2 > α3 > α4, (2.25)

where

Π =

√
− k2

λτ21
, F (φ, l) =

∫ φ

0

dψ√
1− l2 sin2 ψ

, (2.26)

and

φ = arcsin

√
(α2 − α4)(Γ− α1)

(α1 − α4)(Γ− α2)
, l2 =

(α2 − α3)(α1 − α4)

(α1 − α3)(α2 − α4)
. (2.27)

In the above relations suppose α1, α2, α3 and α4 be the following roots as:

Γ4 +
4τ0
τ1

Γ3 − (−6λτ20 + p2 + 2γ + ν)

λτ21
Γ2 − 2τ0(−2λτ20 + p2 + 2γ + ν)

(τ31λ)
Γ +

ξ0
ξ4

= 0. (2.28)

By solving the above equation, we can get roots of fourth order equations as:

α1 = 1/2
−2λ τ0τ1+

√
2 τ12λ (p2+2 γ+ν)+2

√
(−2λ τ02+2λ τ12+p2+2 γ+ν)(−2λ τ02−2λ τ12+p2+2 γ+ν)λ τ12

λ τ12 ,

α2 = 1/2
−2λ τ0τ1−

√
2 τ12λ (p2+2 γ+ν)+2

√
(−2λ τ02+2λ τ12+p2+2 γ+ν)(−2λ τ02−2λ τ12+p2+2 γ+ν)λ τ12

λ τ12 ,

α3 = 1/2
−2λ τ0τ1+

√
2 τ12λ (p2+2 γ+ν)−2

√
(−2λ τ02+2λ τ12+p2+2 γ+ν)(−2λ τ02−2λ τ12+p2+2 γ+ν)λ τ12

λ τ12 ,

α4 = 1/2
−2λ τ0τ1−

√
2 τ12λ (p2+2 γ+ν)−2

√
(−2λ τ02+2λ τ12+p2+2 γ+ν)(−2λ τ02−2λ τ12+p2+2 γ+ν)λ τ12

λ τ12 .

(2.29)
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Inserting the solutions (2.21)-(2.26) into (2.4), we obtain the following traveling wave solutions for Eq. (1.2):

u1(x, t) = ei(px+νt)

{
τ0 + τ1α1 −

Π

kx− 2pkt− η0

}
, (2.30)

u2(x, t) = ei(px+νt)

{
τ0 + τ1α1 +

4(α2 − α1)τ1Π
2

4Π2 − (α1 − α2)2(kx− 2pkt− η0)2

}
, (2.31)

u3(x, t) = ei(px+νt)

{
τ0 + τ1α2 ±

(α2 − α1)τ1

exp
[
α1−α2

Π (kx− 2pkt− η0)
]
− 1

}
, (2.32)

u4(x, t) = ei(px+νt)

{
τ0 + τ1α1 −

2(α1 − α2)(α1 − α3)τ1
2α1 − α2 − α3 + (α3 − α2) cosh [Θ1]

}
,

Θ1 =

√
(α1 − α2)(α1 − α3)

Π
(kx− 2pkt− η0) , (2.33)

u5(x, t) = ei(px+νt)

{
τ0 + τ1α2 +

2(α1 − α2)(α4 − α2)τ1
α4 − α2 + (α1 − α4)sn2 [Θ2]

}
,

Θ2 = ∓
√
(α1 − α3)(α2 − α4)

2Π
(kx− 2pkt− η0) ,

(α2 − α3)(α1 − α4)

(α1 − α3)(α2 − α4)
. (2.34)

If we take τ0 = −τ1α1 and η0 = 0, then the solutions (2.30) and (2.33) change to rational function solutions as

u6(x, t) = ei(px+νt)

{
− Π

kx− 2pkt

}
, (2.35)

u7(x, t) = ei(px+νt)

{
4(α2 − α1)τ1Π

2

4Π2 − (α1 − α2)2(kx− 2pkt)2

}
. (2.36)

If we take τ0 = −τ1α1 and η0 = 0, then the solution (2.33) change to hyperbolic function solution

u8(x, t) = ei(px+νt)

− 2(α1 − α2)(α1 − α3)τ1

2α1 − α2 − α3 + (α3 − α2) cosh

[√
(α1−α2)(α1−α3)

Π (kx− 2pkt)

]
 . (2.37)

If we take τ0 = −τ1α2 and η0 = 0, then the solutions (2.32) and (2.34) change to kink-singular and Jacobi elliptic
function solution, respectively as

u9(x, t) = ei(px+νt)

{
τ0 + τ1α2 ±

(α2 − α1)τ1

exp
[
α1−α2

Π (kx− 2pkt)
]
− 1

}
, (2.38)

u10(x, t) = ei(px+νt)


2(α1 − α2)(α4 − α2)τ1

α4 − α2 + (α1 − α4)sn2
[
∓
√

(α1−α3)(α2−α4)

2Π (kx− 2pkt) , (α2−α3)(α1−α4)
(α1−α3)(α2−α4)

]
.

(2.39)

If the modulus l → 1, then the solution (2.39) change to the solitary wave solution as

u11(x, t) = ei(px+νt)


2(α1 − α2)(α4 − α2)τ1

α4 − α2 + (α1 − α4) tanh
2

[
∓
√

(α1−α4)(α2−α4)

2Π (kx− 2pkt)

]
, (2.40)
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where α3 = α4. If the modulus l → 0, then the solution (2.39) change to the periodic wave solution as

u12(x, t) = ei(px+νt)


2(α1 − α3)(α4 − α3)τ1

α4 − α3 + (α1 − α4) sin
2

[
∓
√

(α1−α3)(α3−α4)

2Π (kx− 2pkt)

]
, (2.41)

where α2 = α3.
Merge II: δ = 1, θ = 5, and ϵ = 1.
Consider Merge II for Eqs. (2.4) and (2.5), one obtains

u(η) = τ0 + τ1Γ, (2.42)

(u′(η))2 =
τ21 (ξ5Γ

5 + ξ4Γ
4 + ξ3Γ

3 + ξ2Γ
2 + ξ1Γ + ξ0)

ζ0 + ζ1Γ
, ξ5 ̸= 0, ζ1 ̸= 0. (2.43)

We receive the following results:

• Results 2:

k = k, ν = ν, p = p, τ0 = τ0, τ1 = τ1, ξ0 = ξ0,

ξ1 =
k2τ1ζ1ξ0+4γτ0ζ

2
0−4λτ3

0 ζ
2
0+2p2τ0ζ

2
0+2ντ0ζ

2
0

τ1k2ζ0
,

ξ2 =
−4λτ3

0 ζ1+p2τ1ζ0+2p2τ0ζ1+4γτ0ζ1+ντ1ζ0+2ντ0ζ1−6λτ2
0 τ1ζ0+2γτ1ζ0

k2τ1
,

ξ3 =
p2ζ1+νζ1−6λτ2

0 ζ1+2γζ1−4ζ0τ1τ0λ
k2 , ξ4 = −λτ1(4τ0ζ1+τ1ζ0

k2 ,
ξ5 = ξ5, ζ0 = ζ0, ζ1 = ζ1.

(2.44)

Inserting the above parameters into Eqs. (2.5) and (2.10), one become

±(η − η0) =

∫ √
ζ0
ξ5

+ ζ1
ξ5
Γ dΓ√

Γ5 + ξ4
ξ5
Γ4 + ξ3

ξ5
Γ3 + ξ2

ξ5
Γ2 + ξ1

ξ5
Γ + ξ0

ξ5

. (2.45)

Integrating Eq. (2.45), we get the Families for Eq. (1.2):

Family 1. Suppose F (Γ) = Γ5 + ξ4
ξ5
Γ4 + ξ3

ξ5
Γ3 + ξ2

ξ5
Γ2 + ξ1

ξ5
Γ + ξ0

ξ5
can be written as:

F (Γ) = (Γ− α1)
5, (2.46)

where α1 is free. Then, we obtain

±(η − η0) =

∫ √
ζ0
ξ5

+ ζ1
ξ5
Γ dΓ

(Γ− α1)2
√
Γ− α1

= −2

3

(
ζ0
ξ5

+ ζ1
ξ5
Γ
) 3

2(
ζ0
ξ5

+ ζ1
ξ5
α1

)
(Γ− α1)

3
2

, (2.47)

or

Γ =

ζ0
ξ5

+ α1

[
− 3

2

(
ζ0
ξ5

+ ζ1
ξ5
α1

)
(η − η0)

] 3
2

[
− 3

2

(
ζ0
ξ5

+ ζ1
ξ5
α1

)
(η − η0)

] 3
2 − ζ1

ξ5

. (2.48)

Substituting (2.48) into (2.4), we get the following solution:

u13(x, t) = ei(px+νt)

τ0 + τ1

ζ0
ξ5

+ α1

[
− 3

2

(
ζ0
ξ5

+ ζ1
ξ5
α1

)
(kx− 2pkt− η0)

] 3
2

[
− 3

2

(
ζ0
ξ5

+ ζ1
ξ5
α1

)
(kx− 2pkt− η0)

] 3
2 − ζ1

ξ5

 . (2.49)
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Family 2. Suppose F (Γ) = Γ5 + ξ4
ξ5
Γ4 + ξ3

ξ5
Γ3 + ξ2

ξ5
Γ2 + ξ1

ξ5
Γ + ξ0

ξ5
can be written as:

F (Γ) = (Γ− α1)
4(Γ− α2), (2.50)

where α1 and α2 are frees. Then, the results are

±(η − η0) =
∫ √

ζ0
ξ5

+
ζ1
ξ5

Γ dΓ

(Γ−α1)2
√
Γ−α2

=

− 1
2

(Γ−α1)(Γ−α2)
√

ζ0
ξ5

+
ζ1
ξ5

Γ [2Π1Π2+Π3 ln(Y )]

(α1−α2)Π1Π2

√
(Γ−α1)4(Γ−α2)

,
(2.51)

where

Π1 =

√
(α1 − α2)

(
ζ0
ξ5

+ ζ1
ξ5
α1

)
, Π2 =

√
ζ1
ξ5
Γ2 +

(
ζ0
ξ5

− ζ1
ξ5
α2

)
Γ− ζ0

ξ5
α2,

Π3 = (α1 − Γ)
(

ζ0
ξ5

− ζ1
ξ5
α2

)
,

Π4 = Γ
(

ζ0
ξ5

− ζ1
ξ5
α2 + 2 ζ1

ξ5
α1

)
+ ζ0

ξ5
α1 − 2 ζ0

ξ5
α2 − ζ1

ξ5
α1α2, Y = Π4+2Π1Π2

Γ−α1
.

(2.52)

Family 3. Suppose F (Γ) = Γ5 + ξ4
ξ5
Γ4 + ξ3

ξ5
Γ3 + ξ2

ξ5
Γ2 + ξ1

ξ5
Γ + ξ0

ξ5
can be represented as:

F (Γ) = (Γ− α1)
3(Γ− α2)

2, (2.53)

where α1 and α2 are frees. Then, the findings are

±(η − η0) =
∫ √

ζ0
ξ5

+
ζ1
ξ5

Γ dΓ√
(Γ−α1)3(Γ−α2)2

=

−
√

ζ0
ξ5

+
ζ1
ξ5

Γ [2(α1−α2)Π2+(Γ−α1)Π1 ln(Y )]

(α1−α2)2Π2

√
Γ−α1

,

(2.54)

where

Π1 =

√
−(α1 − α2)

(
ζ0
ξ5

+
ζ1
ξ5
α2

)
, Π2 =

√
ζ1
ξ5

Γ2 +

(
ζ0
ξ5

− ζ1
ξ5
α1

)
Γ− ζ0

ξ5
α1, (2.55)

Π3 = Γ

(
ζ0
ξ5

− ζ1
ξ5
α1 + 2

ζ1
ξ5
α2

)
+
ζ0
ξ5
α2 − 2

ζ0
ξ5
α1 −

ζ1
ξ5
α1α2, Y =

Π3 + 2Π1Π2

Γ− α2
. (2.56)

Family 4. Suppose F (Γ) = Γ5 + ξ4
ξ5
Γ4 + ξ3

ξ5
Γ3 + ξ2

ξ5
Γ2 + ξ1

ξ5
Γ + ξ0

ξ5
can be represented as:

F (Γ) = (Γ− α1)
2(Γ− α2)

2(Γ− α3), (2.57)

where α1, α2 and α3 are frees. Then, the findings are:

±(η − η0) =
∫ √

ζ0
ξ5

+
ζ1
ξ5

Γ dΓ√
(Γ−α1)3(Γ−α2)2

=

−
√
Γ−α3

√
ζ0
ξ5

+
ζ1
ξ5

Γ [(α2−α3)Π1 ln(Y1)−(α1−α3)Π2 ln(Y2)]

Π3Π6
,

(2.58)

where

Π1 =

√
(α1 − α3)

(
ζ0
ξ5

+ ζ1
ξ5
α1

)
, Π2 =

√
(α2 − α3)

(
ζ0
ξ5

+ ζ1
ξ5
α2

)
,

Π3 =

√
ζ1
ξ5
Γ2 +

(
ζ0
ξ5

− ζ1
ξ5
α3

)
Γ− ζ0

ξ5
α3,

Π4 = Γ
(

ζ0
ξ5

− ζ1
ξ5
α3 + 2 ζ1

ξ5
α1

)
+ ζ0

ξ5
α1 − 2 ζ0

ξ5
α3 − ζ1

ξ5
α1α3,

Π5 = Γ
(

ζ0
ξ5

− ζ1
ξ5
α3 + 2 ζ1

ξ5
α2

)
+ ζ0

ξ5
α2 − 2 ζ0

ξ5
α3 − ζ1

ξ5
α2α3,

Π6 = (α1 − α2)(α1 − α3)(α2 − α3), Y1 = Π4+2Π1Π3

Γ−α1
, Y2 = Π5+2Π2Π3

Γ−α2
.

(2.59)
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3. The improved Bernoulli sub-ODE Technique

Consider the following stages of IBSOM as
Step 1. Consider the following Function

F1(ψ,ψx, ψy, ψt, ψxx, ψtt, ...) = 0, (3.1)

which is converted to

F2(U, r1U
′, r2U

′, r21U
′′, r22U

′′, ...) = 0, ξ = r1x− r2t. (3.2)

Step 2. Consider the following solution function

U(ζ) =

∑n
k=0 akF

k(ζ)∑m
k=0 akF

k(ζ)
=
a0 + a1F (ζ) + a2F

2(ζ) + ...+ anF
n(ζ)

b0 + b1F (ζ) + b2F 2(ζ) + ...+ bmFm(ζ)
, (3.3)

so that

F ′(ζ) = bF (ζ) + dF θ(ζ), b ̸= 0, d ̸= 0, θ ∈ R− {0, 1, 2}, (3.4)

and F (ξ) is Bernoulli differential. We get the following relation as:

Ψ(F (ζ)) = ηpF
p(ζ) + ...η1F (ζ) + η0 = 0. (3.5)

Step 3. Let the equation system as the mentioned below:

ηl = 0, l = 0, 1, ..., p. (3.6)

Step 4. Solve the equation (3.4). Then, we obtain

F (ζ) =

[
−d
b

+
E

eb(θ−1)ζ

] 1
1−θ

, b ̸= d, (3.7)

F (ζ) =

E − 1 + (E + 1) tanh
(

b(1−θ)ζ
2

)
1− tanh

(
b(1−θ)ζ

2

)


1
1−θ

, b = d, E ∈ R. (3.8)

3.1. Implementations of IBSOM. Balancing u3 and u′′ in Eq. (2.14), we can find the below relation as:

θ +m = n+ 1. (3.9)

We have some cases including:
Merge A: θ = n = 3,m = 1.
By inserting Merge A in Eq. (2.14), we reach

U(ζ) =
a0 + a1F (ζ) + a2F

2(ζ) + a3F
3(ζ)

b0 + b1F (ζ)
=

Θ1(ζ)

Φ1(ζ)
, (3.10)

U ′(ζ) =
Θ′

1(ζ)Φ1(ζ)−Θ1(ζ)Φ
′
1(ζ)

Φ2
1(ζ)

, (3.11)

U ′′(ζ) =
Θ′′

1(ζ)Φ1(ζ)−Θ1(ζ)Φ
′
1(ζ)

Φ2
1(ζ)

− [Θ1(ζ)Φ
′
1(ζ)]

′Φ2
1(ζ)− 2Θ1(ζ)[Φ

′
1(ζ)]

2Φ1(ζ)

Φ4
1(ζ)

, (3.12)
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where a3 ̸= 0 and b1 ̸= 0. When we use Eqs. (3.10) and (3.12) in Eq. (2.14). The results are:
Case I:

k =
a3
√
−λ

2b1d
, ν = −4γd2b21 + 2p2d2b21 − b2a23λ

2d2b21
, p = p, a0 =

ba2
2d

, a1 =
ba3
2d

, (3.13)

a2 = a2, a3 = a3, b0 =
a2b1
a3

, b1 = b1.

After replacing the above parameters in solution function we reach

U(ζ) =
a3(b+ 2F (ξ)2d)

2b1d
. (3.14)

Result : If we take (3.7) and (3.8), then we have the following solutions as:

u1(x, t) =
a3
b1
e
i

(
px− 4γd2b21+2p2d2b21−b2a2

3λ

2d2b21
t

) b

2d
+

[
−d
b

+
E

e
ba3

√
−λ

b1d (x−2pt)

]−1
 , (3.15)

u2(x, t) =
a3
b1
e
i

(
px− 4γb21+2p2b21−a2

3λ

2b21
t

)1

2
+

E − 1− (E + 1) tanh
(

a3

√
−λ

2b1
(x− 2pt)

)
1 + tanh

(
a3

√
−λ

2b1
(x− 2pt)

)
−1

 , (3.16)

where b, d and E are constant free.
Merge B: θ = n = 4,m = 1.

By inserting Merge B in Eq. (2.14), one get

U(ζ) =
a0 + a1F (ζ) + a2F

2(ζ) + a3F
3(ξ) + a4F

4(ζ)

b0 + b1F (ζ)
=

Θ1(ζ)

Φ1(ζ)
, (3.17)

where a4 ̸= 0 and b1 ̸= 0. The results are:
Case I:

k =
a4
√
−λ

3b1d
, ν = −4γd2b21 + 2p2d2b21 − b2a24λ

2d2b21
, p = p, a0 =

ba3
2d

, a1 =
ba4
2d

, (3.18)

a2 = 0, a3 = a3, a4 = a4, b0 =
a3b1
a4

, b1 = b1.

We have the following solution

U(ξ) =
a4(b+ 2F (ξ)3d)

2b1d
. (3.19)

Result : If we take (3.7) and (3.8), then we have the following solutions as:

u3(x, t) = e
i

(
px− 4γd2b21+2p2d2b21−b2a2

3λ

2d2b21
t

) a3b

2b1d
+

2a4
2b1

[
−d
b

+
E

e
ba4

√
−λ

b1d (x−2pt)

]−1
 , (3.20)

u4(x, t) = e
i

(
px− 4γb21+2p2b21−a2

4λ

2b21
t

) a3
2b1

+
2a4
2b1

E − 1− (E + 1) tanh
(

a4

√
−λ

2b1
(x− 2pt)

)
1 + tanh

(
a4

√
−λ

2b1
(x− 2pt)

)
−1

 , (3.21)

where b, d and E are constant free.
Merge C: θ = 3, n = 4,m = 2.

By inserting Merge C for Eq. (2.14), we offer

U(ζ) =
a0 + a1F (ζ) + a2F

2(ζ) + a3F
3(ζ) + a4F

4(ζ)

b0 + b1F (ζ) + b2F 2(ζ)
=

Θ1(ζ)

Φ1(ζ)
, (3.22)
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where a4 ̸= 0 and b2 ̸= 0. The findings are:
Case I:

k =

√
p2+2γ+ν

2b , a0 = a1 = a3 = b1 = 0, a2 = ba4

d , b0 = b2
√
−λ a4

2d2
√

p2+2γ+ν
,

b2 =
√
−λ a4b

d
√

p2+2γ+ν
, b = b, d = d, p = p, ν = ν.

(3.23)

We have the following solution

U(ζ) =
2F (ζ)

2
(
dF (ζ)

2
+ b
)
d
√
−λ

b
√
p2 + 2γ + ν

(
b+ 2dF (ζ)

2
) , ζ =

√
p2 + 2γ + ν

2b
(x− 2p t) . (3.24)

Result: If we consider (3.7) and (3.8), then we have the following solutions as:

u5(x, t) = ei(px+ν t)

{
2[−d

b + E
eχ ]

−1
(
d[−d

b + E
eχ ]

−1
+b
)
d
√
−λ

b
√

p2+2γ+ν
(
b+2d[−d

b + E
eχ ]

−1
) }

,

χ =
√
p2 + 2γ + ν (x− 2p t) , λ < 0,

(3.25)

u6(x, t) = ei(px+ν t)


2

[
E−1+(E+1) tanh(−χ

2 )
1−tanh(−χ

2 )

]−1
(
d

[
E−1+(E+1) tanh(−χ

2 )
1−tanh(−χ

2 )

]−1

+ b

)
d
√
−λ

b
√
p2 + 2γ + ν

(
b+ 2d

[
E−1+(E+1) tanh(−χ

2 )
1−tanh(−χ

2 )

]−1
)

 , (3.26)

χ =
√
p2 + 2γ + ν (x− 2p t) , λ < 0,

where b, d and E are constant free.
Case II:

k =

√
−p2−2γ−ν

2
√
2 b

, a1 = a3 = b1 = 0, a0 = b2a4

2d2 , a2 = ba4

d ,

b0 = b2
√
2λ a4

2
√

−p2−2γ−ν d2
, b2 = a4b

√
2λ

d
√

−p2−2γ−ν
, b = b, d = d, p = p, ν = ν.

(3.27)

We have the following solution

U(ξ) =
(2F(ξ)4d2+2dF(ξ)2b+b2)

√
p2+2γ+ν

b
√
−2λ (b+2dF(ξ)2)

,

ξ =

√
−p2−2γ−ν

2
√
2 b

(x− 2p t) .

(3.28)

Result : If we consider (3.7) and (3.8), then we have the following solutions as:

u7(x, t) = ei(px+ν t)


(
2
[−d

b + E
eχ

]−2
d2 + 2dF (ξ)

2
b+ b2

)√
p2 + 2γ + ν

b
√
−2λ

(
b+ 2d

[−d
b + E

eχ

]−1
)

 , (3.29)

χ =

√
−p2 − 2γ − ν√

2
(x− 2p t) , λ < 0,

u8(x, t) = ei(px+ν t)×
(
2

[
E−1+(E+1) tanh(−χ

2 )
1−tanh(−χ

2 )

]−2

d2+2d

[
E−1+(E+1) tanh(−χ

2 )
1−tanh(−χ

2 )

]−1

b+b2

)√
p2+2γ+ν

b
√
−2λ

(
b+2d

[
E−1+(E+1) tanh(−χ

2 )
1−tanh(−χ

2 )

]−1)
 ,

(3.30)

χ =

√
−p2 − 2γ − ν√

2
(x− 2p t) , λ < 0,



Unco
rre

cte
d Pro

of

12 J. MANAFIAN, M. K. ABDALRAHEM, R. HEMIDOV, P. N. CELILOGLU

(a) (b) (c)

Figure 1. Real solution of dark soliton solution (2.40) u11 with values α1 = 2, α2 = 1, α4 = 3, E =
2, p = 1, k = 2, ν = 2.

where b, p, d and E are constant free.
Case III:

k =

√
p2+2γ+ν

b
√
2

, a1 = a3 = b1 = 0, a0 = b2a4

4d2 , a2 = ba4

d ,

b0 = b2a4

√
λ

2d2
√

2p2+4γ+2ν
, b2 = a4b

√
λ

d
√

2p2+4γ+2ν
, b = b, d = d, p = p, ν = ν.

(3.31)

We have the following solution

U(ξ) =

√
2p2 + 4γ + 2ν

(
b+ 2dF (ξ)

2
)

2b
√
λ

, ξ =

√
p2 + 2γ + ν

b
√
2

(x− 2p t) . (3.32)

Result : If we take (3.7) and (3.8), then we have the following solutions as:

u9(x, t) = ei(px+ν t)

{√
2p2+4γ+2ν

(
b+2d[−d

b + E
eχ ]

−1
)

2b
√
λ

}
,

ξ =
2
√

p2+2γ+ν√
2

(x− 2p t) ,

(3.33)

u10(x, t) = ei(px+ν t)


√

2p2 + 4γ + 2ν

(
b+ 2d

[
E−1+(E+1) tanh(−χ

2 )
1−tanh(−χ

2 )

]−1
)

2b
√
λ

 , (3.34)

ξ =
2
√
p2 + 2γ + ν√

2
(x− 2p t) , λ < 0,

where b, p, d and E are constant free.
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(a) (b) (c)

Figure 2. Imaginary solution of dark soliton solution (2.40) u11 with values α1 = 2, α2 = 1, α4 =
3, E = 2, p = 1, k = 2, ν = 2.

4. Stability Properties

4.1. Stability Properties on equation (2.37). This section provide the stability of our traveling wave solutions
for Eq. (2.37) as follows

u8(x, t) = ei(px+νt)

{
2X1 (p) τ1

(
X2 (p) +X3 (p) cosh

(√
X1(p)k(−pt+x)

Π

))−1
}
,

X1 (p) = (α1 − α2) (α1 − α3) ,
X2 (p) = 2α1 − α2 − α3,
X3 (p) = α3 − α2,

(4.1)

was examine by using the Hamiltonian technique [28] as

F (p) =

∫ +∞

−∞

1

2
|u2

8(ω, t)|dω

= lim
x→+∞

2
(X1(p))

3/2τ1
2Π

X2(p)−X3(p)

(
−2

Y3(p)√
Y1(p)

− 2
X3(p)

X2(p) +X3(p)

(
Y2(p)

(Y2(p))2(X2(p)−X3(p))−X2(p)−X3(p)
− Y3(p)√

Y1(p)

))
− lim

x→−∞
2
(X1(p))

3/2τ1
2Π

X2(p)−X3(p)

(
−2

Y3(p)√
Y1(p)

− 2
X3(p)

X2(p) +X3(p)

(
Y2(p)

(Y2(p))2(X2(p)−X3(p))−X2(p)−X3(p)
− Y3(p)√

Y1(p)

))
,

Y1 (p) = (X2 (p) +X3 (p)) (X2 (p)−X3 (p)) ,

Y2 (p) = tanh

(
1/2

√
X1 (p)kpt

Π
− 1/2

√
X1 (p)kx

Π

)
,

Y3 (p) = arctanh

(
(X2 (p)−X3 (p))Y2 (p)√

Y1 (p)

)
, (4.2)

in which F (p) symbolizes the momentum function and also ϕ4 is utilized to express the wave speed and u8(x, t) are analytical
solutions. The stability condition for solitary waves is given by

∂F1(p)

∂p
> 0. (4.3)
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Inserting (4.1) into (4.2), we obtain

F (p) =

∫ +5

−5

1

2
|u2

8(ω, t)| dω

= 2
(X1(p))

3/2τ1
2Π

X2 (p)−X3(p)

(
−2

Y31(p)√
Y1(p)

− 2
X3(p)

X2(p) +X3(p)

(
Y21 (p)

(Y21(p))
2 (X2 (p)−X3(p))−X2 (p)−X3(p)

− Y31(p)√
Y1(p)

))

− 2
(X1(p))

3/2τ1
2Π

X2 (p)−X3(p)

(
−2

Y32(p)√
Y1(p)

− 2
X3(p)

X2(p) +X3(p)

(
Y22 (p)

(Y22(p))
2 (X2 (p)−X3(p))−X2 (p)−X3(p)

− Y32(p)√
Y1(p)

))
,

Y21 (p) = tanh

(
1/2

√
X1 (p)k (pt− 5)

Π

)
, Y22 (p) = tanh

(
1/2

√
X1 (p)k (pt+ 5)

Π

)
,

Y31 (p) = arctanh

(
(X2 (p)−X3 (p))Y21 (p)√

Y1 (p)

)
, Y32 (p) = arctanh

(
(X2 (p)−X3 (p))Y22 (p)√

Y1 (p)

)
. (4.4)

Then, ∂F (p)
∂p

will be as

∂F (p)
∂p

= 3

√
X1(p)

(
d
dp

X1(p)
)
Π τ1

2(Z1(p)−Z2(p))

A1(p)
− 2

(X1(p))
3/2

(
d
dp

A1(p)
)
Π τ1

2(Z1(p)−Z2(p))

(A1(p))
2

+2 (X1(p))
3/2τ1

2Π
A1(p)

(
−2

d
dp

Y31(p)√
Y1(p)

+
Y31(p)

d
dp

Y1(p)

(Y1(p))
3/2 − 2

X3(p)C1(p)+
(

d
dp

X3(p)
)
Z3(p)

A2(p)
+ 2

X3(p)Z3(p)
d
dp

A2(p)

(A2(p))
2

)
−2 (X1(p))

3/2τ1
2Π

A1(p)

(
−2

d
dp

Y32(p)√
Y1(p)

+
Y32(p)

d
dp

Y1(p)

(Y1(p))
3/2 − 2

X3(p)C2(p)+
(

d
dp

X3(p)
)
Z4(p)

A2(p)
+ 2

X3(p)Z4(p)
d
dp

A2(p)

(A2(p))
2

)
,

Z1 (p) = −2 Y31(p)√
Y1(p)

− 2 X3(p)
X2(p)+X3(p)

(
Y21(p)

(Y21(p))
2(X2(p)−X3(p))−X2(p)−X3(p)

− Y31(p)√
Y1(p)

)
,

Z2 (p) = −2 Y32(p)√
Y1(p)

− 2 X3(p)
X2(p)+X3(p)

(
Y22(p)

(Y22(p))
2(X2(p)−X3(p))−X2(p)−X3(p)

− Y32(p)√
Y1(p)

)
,

Z3 (p) =
Y21(p)

(Y21(p))
2(X2(p)−X3(p))−X2(p)−X3(p)

− Y31(p)√
Y1(p)

,

Z4 (p) =
Y22(p)

(Y22(p))
2(X2(p)−X3(p))−X2(p)−X3(p)

− Y32(p)√
Y1(p)

,

A1 (p) = X2 (p)−X3 (p) , A2 (p) = X2 (p) +X3 (p) ,

B1 (p) =
Y21(p)

(
2Y21(p)A1(p)

d
dp

Y21(p)+(Y21(p))
2 d

dp
A1(p)− d

dp
A2(p)

)
((Y21(p))

2A1(p)−A2(p))
2 ,

B2 (p) =
Y22(p)

(
2Y22(p)A1(p)

d
dp

Y22(p)+(Y22(p))
2 d

dp
A1(p)− d

dp
A2(p)

)
((Y22(p))

2A1(p)−A2(p))
2 ,

C1 (p) =
d
dp

Y21(p)

(Y21(p))
2A1(p)−A2(p)

−B1 (p)−
d
dp

Y31(p)√
Y1(p)

+ 1/2
Y31(p)

d
dp

Y1(p)

(Y1(p))
3/2 ,

C2 (p) =
d
dp

Y22(p)

(Y22(p))
2A1(p)−A2(p)

−B2 (p)−
d
dp

Y32(p)√
Y1(p)

+ 1/2
Y32(p)

d
dp

Y1(p)

(Y1(p))
3/2 .

(4.5)

According to the values λ = 2, γ = 2, ν = 1, τ0 = 2, τ1 = 1,Π = 1, k = 2 and by considering t = 0, then we get∣∣∣∣∂F (p)

∂p

∣∣∣∣
p=5

= 0.6979299840 > 0. (4.6)

which denotes that u8(x, t) is stable.

5. Graphical interpretation

In this study, we have successfully obtained a plethora of novel solitary wave solutions, which hold significant intuitive
importance for elucidating phenomena related to unstable nonlinear Schrödinger equation. These solutions encompass a variety
of waveforms, including solitary wave solutions represented by the hyperbolic function exp and tanh, kink wave solutions
depicted by tanh, periodic wave solutions expressed through trigonometric functions such as sin, tan, and sec. Additionally,
there are other singular solitary wave solutions represented by sinh, exp, and rational functions. These solutions not only enrich
our understanding of unstable NLSE phenomena but also provide powerful mathematical tools for describing solitary waves,
periodic waves, and other complex waveforms.
The dark soliton is plotted in Figures 1 and 2 including real and imaginary solutions with the values α1 = 2, α2 = 1, α4 =
3, E = 2, p = 1, k = 2, ν = 2. Also, periodic wave solution is plotted in Figures 3 and 4 including real and imaginary solutions
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(a) (b) (c)

Figure 3. Real solution of periodic wave solution (2.41) u12 with values α1 = 2, α2 = 1, α4 = 3, E =
2, p = 1, k = 2, ν = 2.

(a) (b) (c)

Figure 4. Imaginary solution of periodic wave solution (2.41) u12 with values α1 = 2, α2 = 1, α4 =
3, E = 2, p = 1, k = 2, ν = 2.

with the values α1 = 2, α2 = 1, α4 = 3, E = 2, p = 1, k = 2, ν = 2.
To provide a more intuitive illustration of the physical significance of the solutions obtained, we selected two representative
solutions for graphical interpretation: u5 and u6, represented by Eqs. (3.25) and (3.26), respectively. u5 is a soliton solution
expressed using the singular solitary wave solutions exp, while u6 is a kink wave solution represented by the hyperbolic function
tanh. To clearly demonstrate their solitary characteristics, we present three-dimensional waveform plots, density plots, and
two-dimensional waveform plots for these solutions. In Figures 5 and 6, the parameter values are set as follows: d = 2, b =
1, E = 2, p = 1, γ = 1, ν = 2, λ = −2.

6. Result and discussions

The comprehensive analysis of unstable nonlinear Schrödinger equation has yielded a rich spectrum of the exact analytical so-
lutions, each exhibiting distinct physical characteristics and dynamical behaviors. Our systematic investigation using the gener-
alized extended trial equation scheme and the improved Bernoulli sub-ODE scheme have successfully generated multiple families
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(a) (b) (c)

Figure 5. Graphs of breather wave solution (3.25) u5 with values d = 2, b = 1, E = 2, p = 1, γ =
1, ν = 2, λ = −2.

(a) (b) (c)

Figure 6. Graphs of breather wave solution (3.26) u6 with values d = 2, b = 1, E = 2, p = 1, γ = 1, ν =
2, λ = −2.

of solutions that capture the complex nonlinear wave phenomena inherent in this integrable system. The dark soliton solutions
presented in Figures 1 and 2 including 3D, density and 2d plots demonstrate the behaviour of nonlinear wave interactions in the
unstable nonlinear Schrödinger equation when Equation (2.40) u11 with values α1 = 2, α2 = 1, α4 = 3, E = 2, p = 1, k = 2, ν = 2
are considered to more analysis. The periodic wave solutions presented in Figures 3 and 4 including 3D, density and 2d plots
demonstrate the behaviour of periodic wave interactions in the unstable nonlinear Schrödinger equation when equation 2.41)
u12 with values α1 = 2, α2 = 1, α4 = 3, E = 2, p = 1, k = 2, ν = 2 are given to more analysis. The breather wave solutions
presented in Figure 5 including 3D, density and 2d plots demonstrate the behaviour of breather wave interactions in the un-
stable nonlinear Schrödinger equation when Equation (3.25) u5 with values d = 2, b = 1, E = 2, p = 1, γ = 1, ν = 2, λ = −2
are given. In addition, the breather wave solutions offered in Figure (6) including 3D, density and 2d plots demonstrate the
behaviour of breather wave interactions in the unstable nonlinear Schrödinger equation when equation (3.26) u6 with values
d = 2, b = 1, E = 2, p = 1, γ = 1, ν = 2, λ = −2 are given. These comprehensive results demonstrate the remarkable richness
and complexity of nonlinear wave dynamics captured by the unstable nonlinear Schrödinger equation. The various solution
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families reveal different aspects of wave behavior in dispersive nonlinear media, from the robust stability of soliton structures to
the complex interaction dynamics of waves and the periodic modulation characteristics of breather solutions. The interaction
scenarios showcase the fundamental principles governing energy and momentum exchange in nonlinear wave systems, while
the fusion-fission phenomena reveal the existence of special resonance conditions that lead to dramatic modifications in wave
behavior. These findings contribute significantly to our understanding of integrable nonlinear systems and provide valuable
insights for applications in fluid dynamics, plasma physics, and nonlinear optics where such wave phenomena play crucial roles
in energy transport and system dynamics.

7. Conclusion

We checked the entire set of solutions for all cases with Maple, and found that all the obtained solutions satisfied the
original equation (1.2). In this paper, we have considered the unstable NLSE. We used the ETEM and IBSOM to solve the
unstable NLSE. We have found the general solutions of the mentioned equation. As solutions, we have obtained the solitary
wave solution, the periodic wave solution, dark soliton solution, singular soliton solution, a kink soliton solution and a rational
soliton solution. These techniques used here can be employed to other nonlinear partial differential equations. By using the
Hamiltonian technique, the stability of the obtained solution was examined regarding the sufficient condition of stability, this
study make sure that the obtained solutions were stable. As far as we know, these outcomes were achieved for this model
for the first time. Future research directions will focus on further exploring the application of fractional derivatives in other
nonlinear partial differential equations and investigating the properties of solutions in various physical contexts. Additionally,
we aim to develop more efficient numerical methods to enhance the accuracy and efficiency of solving the complex nonlinear
systems. Through these endeavors, we hope to contribute more to the development of nonlinear science and promote practical
applications in related fields. Additionally, 2D and 3D graphs of some of the constructed solutions are presented for certain
values of the free parameters. Compared to many other methods, these solutions demonstrate and highlight the proposed
method’s simplicity, reliability, and effectiveness.
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