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Abstract

This study investigates the fractional-order Jaulent–Miodek system, which models nonlinear wave propagation in
dispersive media with memory effects. A Petrov–Galerkin finite element method (PG-FEM) based on the Caputo

fractional derivative is employed to capture long-range temporal correlations and nonlocal interactions. The

proposed scheme achieves high accuracy and computational efficiency in resolving compacton solutions, soliton
interactions, and nonlinear wave structures, overcoming limitations of traditional finite difference and spectral

methods. Numerical simulations show that reducing the fractional order (α < 1) enhances dispersion and delays

attenuation, consistent with behaviors observed in viscoelastic media, porous fluid dynamics, nonlinear optics,
and biomechanical processes. Moreover, the results confirm that fractional-order models provide a more faithful

representation of power-law wave decay and anomalous transport phenomena compared with classical integer-

order formulations. These findings underscore the importance of fractional calculus in advancing the mathematical
modeling of nonlinear wave systems and point to promising directions for adaptive numerical schemes and future

experimental validation.
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1. Introduction

Mathematical modeling serves as a vital bridge between pure and applied sciences, offering a structured framework
for understanding and interpreting complex real-world phenomena. By translating the internal logic of intricate
systems into mathematical language, models enable researchers to simulate scenarios, explore solutions, and optimize
outcomes. These models find applications across diverse fields, including biology [1], physics [20], economics [21], and
engineering. They are also instrumental in studying disease dynamics [16] and financial market behaviors. As the
demand for precision and computational efficiency grows, mathematical modeling continues to evolve, incorporating
innovative computational techniques and interdisciplinary approaches to tackle increasingly complex problems [34].

Ordinary differential equations (ODEs) involve functions of a single variable and their derivatives, while partial
differential equations (PDEs) encompass functions of multiple variables, enabling a more comprehensive analysis of
systems influenced by several factors [14], [30], [28]. These equations are indispensable in various scientific disciplines,
modeling phenomena such as population dynamics, heat distribution, celestial motion [4], and fluid flows [3], [22].
Among the most intriguing solutions to certain PDEs are solitons, which represent stable, wave-like structures that
maintain their shape while propagating at constant speeds [27]. Found in fields like fluid dynamics, nonlinear optics,
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and theoretical physics, solitons exemplify the profound connection between nonlinear dynamics and wave behavior,
[25]. Their stability and unique properties make them a compelling subject of study, with practical applications in
signal processing and quantum field theories. Understanding solitons not only advances mathematical research but
also highlights the importance of differential equations in unraveling and manipulating natural phenomena [6], [24].

Fractional-order differential equations (FODEs) extend classical differential equations by introducing derivatives and
integrals of non-integer orders [29]. These equations provide a robust framework for modeling systems with memory
effects, hereditary properties, and anomalous behaviors that cannot be adequately described by integer-order models.
Fractional operators, such as the Riemann-Liouville, Caputo, and Grünwald-Letnikov derivatives, enable FODEs to
capture long-range dependencies and power-law dynamics. FODEs are widely used in viscoelasticity [13], signal
processing [9], control theory, and biology [18], offering insights into complex systems with fractional dynamics. Their
nonlocal nature and dependence on historical data make them versatile yet computationally demanding, necessitating
advanced analytical and numerical methods for their solution.

This concept is further extended to fractional-order partial differential equations (FPDEs), which incorporate
fractional derivatives into systems involving multiple independent variables, such as space and time. By applying
fractional derivatives in spatial or temporal dimensions, FPDEs enable the modeling of complex phenomena like
anomalous diffusion, wave propagation in heterogeneous media, and processes governed by long-range interactions.
These equations are widely used in physics, finance, fluid dynamics, and materials science, where traditional PDEs
fall short in capturing real-world complexities. The nonlocality of fractional derivatives in FPDEs adds significant
mathematical depth, requiring innovative approaches such as the homotopy analysis method, spectral techniques, or
wavelet-based collocation methods for their solution [2]. Together, FODEs and FPDEs form a unified framework for
advancing the understanding and simulation of complex systems with fractional dynamics. The ability of fractional-
order models to replicate experimental observations while maintaining computational efficiency underscores their
superiority in applications such as viscoelasticity, fluid dynamics, and biological systems.

The general form of a fractional differential equation can vary, but it typically includes terms representing fractional
derivatives, often denoted as Dq, where q is a real number indicating the order of the derivative. For instance, a simple
fractional differential equation can be expressed as:

Dqy(t) + a(t)y(t) = f(t), (1.1)

where y(t) is the unknown function, a(t) is a given function, and f(t) is a source term. Different definitions of
fractional derivatives, such as the Caputo and Riemann-Liouville definitions, influence the properties of the solutions
significantly.

Applications of fractional differential equations span areas such as control theory, signal processing, and anomalous
diffusion, among others. The solutions to these equations often exhibit behaviors that better capture the complexities
of real-world systems compared to integer-order models. Time fractional differential equations (TFDEs) have revolu-
tionized applied mathematics by enabling the modeling of processes with memory and hereditary properties [11], [19].
These equations enhance integer-order models by incorporating fractional derivatives, allowing researchers to study
real-world problems dominated by historical dependencies. Such systems are prevalent in physics, engineering, and
finance, with applications in anomalous diffusion [23], viscoelasticity, and chaotic systems.

The Jaulent-Miodek (JM) system is a set of nonlinear partial differential equations (PDEs) that describe the
propagation of nonlinear waves in dispersive media. When extended to fractional-order derivatives, the system captures
memory effects and long-range interactions, making it a powerful tool for modeling complex physical phenomena. The
time-fractional Jaulent-Miodek system is given by:

∂αν

∂τα
+
∂3ν

∂ψ3
+

3

2
φ
∂3φ

∂ψ3
+

9

2

∂φ

∂ψ

∂2φ

∂ψ2
− 6ν

∂ν

∂ψ
− 6νφ

∂φ

∂ψ
− 3

2

∂ν

∂ψ
φ2 = 0, (1.2)

∂αφ

∂τα
+
∂3φ

∂ψ3
− 6

∂ν

∂ψ
φ− 6ν

∂φ

∂ψ
− 15

2

∂φ

∂ψ
φ2 = 0, (1.3)
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φ(ψ, 0) = λsech

(
λψ

2

)
. (1.4)

and boundary conditions as follows

ν(−10, τ) = ν(10, τ) = 0, νψ(−10, τ) = νψ(10, τ) = 0,

φ(−10, τ) = φ(10, τ) = 0, φψ(−10, τ) = φψ(10, τ) = 0. (1.5)

The exact solution of Eq. (1.2) and Eq. (1.3) at α = 1,

ν(ψ, τ) =
1

8
λ2
(
1− 4sech2

(
λ

2

(
ψ +

1

2
λ2τ

)))
, (1.6)

φ(ψ, τ) = λsech

(
λ

2

(
ψ +

1

2
λ2τ

))
. (1.7)

where ν(ψ, τ) and φ(ψ, τ) are the unknown functions representing wave profiles and −10 ≤ ψ ≤ 10, τ ≥ 0, ∂α

∂τα

denotes the Caputo fractional derivative of order α (0 < α < 1), and ψ and τ represent the spatial and temporal
variables, respectively. The fractional derivative introduces memory effects into the system, enabling it to model
processes with hereditary properties and power-law dynamics. This makes the time-fractional JM system particularly
suitable for describing phenomena such as anomalous diffusion, viscoelastic wave propagation, and nonlinear optical
solitons.

The system exhibits several key mathematical features, including strong nonlinearity due to terms like ν ∂ν∂ψ and φ ∂φ∂ψ ,

which describe interactions between wave components, and dispersion arising from the third-order spatial derivatives
∂3ν
∂ψ3 and ∂3φ

∂ψ3 . These features are essential for modeling soliton solutions and capturing complex wave behaviors. The

Caputo fractional derivative further enhances the system’s ability to model memory-dependent processes, providing a
more accurate representation of real-world phenomena compared to integer-order models.

The time-fractional JM system has broad applications in various fields. In viscoelastic materials, it models wave
propagation with memory effects and power-law attenuation. In fluid dynamics, it describes anomalous diffusion and
transport phenomena in porous media, which are common in geophysics and petroleum engineering[17]. In nonlinear
optics, the system captures the dynamics of optical solitons in nonlinear media, where fractional effects arise due to
material properties and energy dissipation[5]. Additionally, the system can model wave-like phenomena in biological
systems, such as signal propagation in neural networks or muscle contractions. These applications highlight the
system’s versatility and its importance in advancing both theoretical and applied research[32].

By incorporating fractional derivatives, the time-fractional JM system provides a more realistic representation of
complex physical processes, paving the way for advancements in computational modeling and experimental validation[12].
Its ability to accurately describe memory effects, nonlinear interactions, and dispersion makes it a valuable tool for
studying wave propagation in diverse scientific and engineering contexts[31].

The Jaulent-Miodek (JM) equation is a prominent nonlinear partial differential equation that models the propa-
gation of nonlinear waves in dispersive media. It has found extensive applications in fields such as fluid dynamics,
nonlinear optics, and plasma physics due to its ability to describe soliton interactions and complex wave structures. The
time-fractional Jaulent-Miodek system extends this framework by incorporating fractional derivatives, which introduce
memory effects and long-range interactions[15]. This makes the system particularly suitable for modeling phenomena
such as anomalous diffusion, viscoelastic wave propagation, and energy dissipation in heterogeneous media[7]. Unlike
integer-order models, the fractional-order JM system provides a more accurate representation of real-world processes
by capturing power-law dynamics and hereditary properties inherent in many physical systems. We chose the time-
fractional JM system for its versatility in describing complex wave behaviors and its relevance to advanced applications
in physics, engineering, and biology. By studying this system, we aim to deepen the understanding of fractional-order
dynamics and develop robust numerical methods for simulating nonlinear wave phenomena in memory-dependent
media[10].
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This study deals with constructing and investigating a numerical method for the solution of the time-fractional
Jaulent-Miodek (JM) system based on the Petrov–Galerkin finite element (PG-FEM) technique with Caputo fractional
derivative. The methodology presented not only provides good accuracy and stability but also other features that
extend its applicability to a range of fractional order and nonlinear dispersive waves. In a coherent fashion, the work
aims to strengthen the bridge that exists between the focused areas of marvels in the field of fractional calculus and its
applications towards modeling complex systems. It is worth mentioning that the results presented here are intended
to fill up the puzzles on fractional differential equations and at the same time provide an effective computational
environment for the nonlinear fractional systems. The novelty of the presented work lies within the following points:

(1) The study investigates the time-fractional Jaulent-Miodek (JM) system, a nonlinear wave equation that models
dispersion effects and memory-dependent behavior.

(2) The Caputo fractional derivative is employed to generalize the RH equation, enabling the characterization of
time-dependent non-local features.

(3) The proposed solution utilizes the Petrov-Galerkin finite element method, with quintic B-splines as basis
functions for enhanced accuracy.

(4) Quintic B-splines are specifically applied for spatial discretization, balancing computational efficiency and
precision.

(5) A comprehensive Von-Neumann stability analysis is conducted, demonstrating that the numerical scheme is
unconditionally stable.

(6) Extensive numerical experiments are performed, showcasing the method’s ability to capture nonlinear wave
processes and handle a wide range of fractional orders.

The paper is organized as follows: Section 2 provides a comprehensive description of the fractional definitions that
will be used later. In section 3, the technique is applied to reduce the proposed model (1.3). Section 4 outlines the
initial conditions of the solution. The stability analysis of the proposed algorithm is presented in section 5. Section 6
discusses the main results obtained using the collocation technique. Finally, section 7 concludes the paper with remarks
and suggestions for future work. Next, we will discuss fractional calculus basic concepts.

2. Fractional calculus

In this section, we introduce the three most commonly used fractional derivatives: the Caputo, Riemann-Liouville,
and Grünwald-Letnikov fractional derivatives. These definitions generalize the concept of differentiation to non-
integer orders and are widely employed in various fields such as physics, engineering, and biology to model systems
with memory effects, anomalous diffusion, and other complex phenomena. Each of these fractional derivatives has
unique properties and advantages, making them suitable for specific applications.

The Caputo fractional derivative of order α > 0 for a function f(t) is defined as:

Dαf(t) =
1

Γ(n− α)

∫ t

0

f (n)(τ)

(t− τ)α+1−n dτ, (2.1)

where n is the smallest integer greater than or equal to α (i.e., n− 1 ≤ α < n), f (n)(τ) denotes the n-th derivative of
f(τ), and Γ(·) is the gamma function. For 0 < α < 1, the Caputo derivative simplifies to:

Dαf(t) =
1

Γ(1− α)

∫ t

0

f ′(τ)

(t− τ)α
dτ. (2.2)

The Caputo derivative is particularly advantageous for modeling physical systems with well-defined initial conditions,
as it avoids the singularity issues associated with other fractional derivatives.

The Riemann-Liouville fractional derivative of order α > 0 is defined as:

Dαf(t) =
1

Γ(n− α)
dn

dtn

∫ t

0

f(τ)

(t− τ)α+1−n dτ, (2.3)
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where n is the smallest integer greater than or equal to α. For 0 < α < 1, this derivative reduces to:

Dαf(t) =
1

Γ(1− α)
d

dt

∫ t

0

f(τ)

(t− τ)α
dτ. (2.4)

The Riemann-Liouville derivative is widely used in mathematical analysis due to its strong theoretical foundation, but
it can be less intuitive for modeling physical systems due to its dependence on fractional initial conditions.

The Grünwald-Letnikov fractional derivative of order α > 0 is defined as:

Dαf(t) = lim
h→0

1

hα

∞∑
k=0

(−1)k
(
α

k

)
f(t− kh), (2.5)

where h is the step size and
(
α
k

)
is the generalized binomial coefficient. For practical numerical computations, this

derivative is often approximated as:

Dαf(t) ≈ 1

hα

N∑
k=0

(−1)k
(
α

k

)
f(t− kh), (2.6)

where N is the number of terms in the summation. The Grünwald-Letnikov derivative is particularly useful for
numerical simulations due to its straightforward discretization and ease of implementation.

Each of these fractional derivatives offers unique advantages and is suited to specific types of problems. The Caputo
derivative is preferred for physical modeling with well-defined initial conditions, the Riemann-Liouville derivative
is favored for theoretical analysis, and the Grünwald-Letnikov derivative is widely used in numerical computations.
Together, they provide a comprehensive toolkit for modeling and analyzing complex systems with fractional dynamics.
Next, we will illustrate the application of Petrov-Galerkin Finite Element Technique to Jaulent–Miodek Coupled
System.

3. Implementation Petrov-Galerkin finite element technique to Jaulent–Miodek coupled system

In this section, we will illustrate the main steps for solving model (1.3) using the Petrov-Galerkin finite element
method. We first define model (1.3) throughout [a, b] that is a finite region with boundary conditions. Next, let a
partition of [a, b] be a = ψ0 < ψ1 < . . . < ψN = b by the equally spaced knots ψi and let quintic B-splines with
knots at the points ψi, 0 < i < N are ϕi(ψ) where the set ϕi−2, ϕi−1, ϕi, ϕi+1, ϕi+2, ϕi+3 constitutes a series of splines,
serving as the basis for functions sought within the finite region [a, b]. The solution approximation νN (ψ, τ) for ν(ψ, τ)
is defined as follows:

νN (ψ, τ) =

N+2∑
i=−2

ϕi(ψ)νi(τ), (3.1)

where νi represent time-dependent parameters that can be computed from boundary conditions.

ν(a, τ) = ν(b, τ) = 0, νψ(a, τ) = νψ(b, τ) = 0. (3.2)

The solution approximation φN (ψ, τ) for φ(ψ, τ) is defined as follows:

φN (ψ, τ) =
N+2∑
i=−2

ϕi(ψ)ηi(τ), (3.3)

where φi represent time-dependent parameters that can be computed from boundary conditions.

φ(a, τ) = φ(b, τ) = 0, φψ(a, τ) = φψ(b, τ) = 0. (3.4)

The intervals [ψi, ψi+1] are utilized to define finite elements with nodes positioned at ψi and ψi+1. Each element
[ψi, ψi+1] is thus spanned by six splines (ϕi−2, ϕi−1 , ϕi, ϕi+1, ϕi+2, ϕi+3), which are expressed within a local coordinate
system denoted by ζ, defined as hζ = (ψ − ψi) where h = ψi+1 − ψi and 0 ≤ ζ ≤ 1. The approximate solution in
the quintic B-spline collocation method can be expressed as a combination of quintic B-spline basis functions for the
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approximation of the space variables under consideration[26]. The formulations for all these splines across the element
[ψi, ψi+1] are given by:

ϕi−2 = 1− 5ζ + 10ζ2 − 10ζ3 + 5ζ4 − ζ5,
ϕi−1 = 26− 50ζ + 20ζ2 + 20ζ3 − 20ζ4 + 5ζ5,

ϕi = 66− 60ζ2 + 30ζ4 − 10ζ5,

ϕi+1 = 26 + 50ζ + 20ζ2 − 20ζ3 − 20ζ4 + 10ζ5,

ϕi+2 = 1 + 5ζ + 10ζ2 + 10ζ3 + 5ζ4 − 5ζ5,

ϕi+3 = ζ5. (3.5)

Outside the interval [ψi−3, ψi+3], the spline ϕi(ψ) and its fifth derivatives are zero. When we utilize Eq. (3.3) to
formulate equations based on the element parameters uei , these curves serve as “shape” functions for the element.

The dashes denote differentiation with respect to ψ. Applying the Petrov–Galerkin method with the chosen weight
functions W = ϕ(ψ) to Eq. (1.3) leads to the following weak formulations of the JM system:

a∫
b

W

(
∂αν

∂τα
+
∂3ν

∂ψ3
+

3

2
φ
∂3φ

∂ψ3
+

9

2

∂φ

∂ψ

∂2φ

∂ψ2
− 6ν

∂ν

∂ψ
− 6νφ

∂φ

∂ψ
− 3

2

∂ν

∂ψ
φ2

)
dψ = 0. (3.6)

a∫
b

W

(
∂αφ

∂τα
+
∂3φ

∂ψ3
− 6

∂ν

∂ψ
φ− 6ν

∂φ

∂ψ
− 15

2

∂φ

∂ψ
φ2

)
dψ = 0. (3.7)

Now, let’s establish the corresponding element matrices. For the contribution of the standard element [ψi, ψi+1],
we acquire:∫

e

W
(
νeτα + νeψ3 + 3

2φ
eφeψ3 + 9

2φ
e
ψφ

e
ψ2 − 6νeνeψ − 6νeφeφeψ − 3

2ν
e
ψφ

2e
)
dψ = 0, (3.8)

∫
e

W
(
φeτα + φeψ3 − 6νeψφ

e − 6νeφeψ − 15
2 φ

e
ψφ

2e
)
dψ = 0, (3.9)

The νN (ψ, τ) and φN (ψ, τ) variation across the element [ψi−3, ψi+3] is provided by

νe(ψ, τ) =
i+3∑
j=i−2

ϕj(ψ)δi(τ), φe(ψ, τ) =
i+3∑
j=i−2

ϕj(ψ)δi(τ). (3.10)

l+3∑
i=l−2

( ψl+1∫
ψl

ϕkϕi dψ

)
Dα
τ νj(τ)

e
i +

l+3∑
i=l−2

( ψl+1∫
ψl

ϕkϕ
′′′

i dψ

)
νei

− 6
l+3∑
j=l−2

l+3∑
i=l−2

(( ψl+1∫
ψl

ϕkϕiϕ
′

j dψ

)
νei

)
νej − 6

l+3∑
j=l−2

l+3∑
i=l−2

(( ψl+1∫
ψl

ϕiϕiϕjϕ
′

k dψ

)
νei φ

e
i

)
φej

− 3

2

l+3∑
j=l−2

l+3∑
i=l−2

(( ψl+1∫
ψl

ϕkϕ
′

iϕ
2
j dψ

)
νei

)
φ2e
i +

3

2

l+3∑
j=l−2

l+3∑
i=l−2

(( ψl+1∫
ψl

ϕkϕiϕ
′′′

j dψ

)
φei

)
φei

+
9

2

l+3∑
j=l−2

l+3∑
i=l−2

(( ψl+1∫
ψl

ϕkϕ
′

iϕ
′′

j dψ

)
φei

)
φej = 0, (3.11)
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l+3∑
i=l−2

( ψl+1∫
ψl

ϕkϕi dψ

)
Dα
τ φj(τ)

e
i +

l+3∑
i=l−2

( ψl+1∫
ψl

ϕkϕ
′′′

i dψ

)
φei

− 6
l+3∑
j=l−2

l+3∑
i=l−2

(( ψl+1∫
ψl

ϕkϕ
′

iϕj dψ

)
νei

)
φej − 6

l+3∑
j=l−2

l+3∑
i=l−2

(( ψl+1∫
ψl

ϕiϕjϕ
′

k dψ

)
νei

)
φej

− 15

2

l+3∑
j=l−2

l+3∑
i=l−2

(( ψl+1∫
ψl

ϕkϕ
′

iϕ
2
j dψ

)
φei

)
φ2e
i = 0, (3.12)

where Dα
τ νj(τ) is defined by

Dα
τ f(t) =

1

Γ(1− α)

∫ t

0

f ′(τ)

(t− τ)α
dτ (3.13)

The matrix form is constructed as:

Aeνeα +BeνeT − 6CeνeT νeT − 6D2νeTφeTφeT − 3
2ν

eTφe2T + 3
2φ

eTφeT + 9
2φ

eTφeT = 0, (3.14)

Aeφeα +BeνeT − 6HeνeTφeT − 6C2νeTφeTφeT − 15
2 φ

eTφe2T = 0, (3.15)

νe = (νl−2, νl−1, νl, νl+1, νl+2, νl+3)
T ,

φe = (φl−2, φl−1, φl, φl+1, φl+2, φl+3)
T . (3.16)

The element matrices are given by

Aeij =

ψl+1∫
ψl

ϕkϕidψ, Beij =

ψl+1∫
ψl

ϕkϕ
′′′

i dψ, Ceij =

ψl+1∫
ψl

ϕiϕjϕ
′

kdψ, De
ij =

ψl+1∫
ψl

ϕ2kϕiϕ
′

jdψ,

Eeij =

ψl+1∫
ψl

ϕkϕ
′

iϕ
2
jdψ, F eij =

ψl+1∫
ψl

ϕkϕiϕ
′′′

j dψ, Geij =

ψl+1∫
ψl

ϕkϕ
′

iϕ
′′

j dψ, He
ij =

ψl+1∫
ψl

ϕkϕ
′

iϕjdψ (3.17)

where i, j, and k range from l − 2 to l + 3 for the element [ψl, ψl+1]. Consequently, the matrices Ae and Be are of
size 6 × 6, while Ce, De,Ee,F e,Ge and He are of size 6 × 6 × 6. In our algorithm, instead of Ce, De,Ee,F e,Ge and
He, we employ the corresponding 6× 6 matrices be, ce, de, ee, fe, ge and he.

Beij =
l+3∑

k=l−2

beijkν
e
k, Ceij =

l+3∑
k=l−2

ceijkν
e
k, De

ij =
l+3∑

k=l−2

deijkν
e
k, Eeij =

l+3∑
k=l−2

eeijkν
e
k,

F eij =
l+3∑

k=l−2

feijkν
e
k, Geij =

l+3∑
k=l−2

geijkν
e
k, He

ij =
l+3∑

k=l−2

heijkφ
e
k. (3.18)

This is contingent on the variables νek. The matrix of elements Ae is algebraically determined from Eq. (3.17),
where νek is provided by Eq. (3.16). The equation below is derived by assembling the elements from Eq. (3.14).

Aντα +Bν − 6Cνν − 6Dνφφ− 3
2Eνφ

2 + 3
2Fφφ+ 9

2Gφφ = 0, (3.19)



Unco
rre

cte
d Pro

of

8 W. ADEL, M. RAMADAN, I. M.HANAFY, AND H. SAMY

Aφτα +Bφ− 6Hνφ− 6Cνφ− 15
2 Eφφ = 0, (3.20)

where the matrices A,B,C,D, are constructed from the element matrices Ae, Be, Ce, De respectively in the usual way
and

ν = (ν−2, ν−1, ν0, · · · , νN+1, νN+2)
T . (3.21)

φ = (φ−2, φ−1, φ0, · · · , φN+1, φN+2)
T . (3.22)

We now assume that νnj = 0 and φnj = 0 for j = −2,−1, 0, N+1, N+2, and N+3 in order to solve the system above.
Thomas’s method can be used to solve the nonlinear system in Eq. (3.14) and determine the unknown approximate
solutions νnj and φnj . Thus, it is also possible to get the necessary solution to the Fractional-Order Jaulent–Miodek
Coupled System.

4. The initial state

In this section, the initial state for solving system 3.19 is outlined. We initiate the time assessment of un+1 by
computing the vector u0 from the initial condition using the recurrence relation (3.19). Referring to Eq. (3.5), if we
rewrite the global trial functions as follows:

νN (ψ, 0) =
N+2∑
i=−2

ϕi(ψ)ν
0
i , φN (ψ, 0) =

N+2∑
i=−2

ϕi(ψ)φ
0
i . (4.1)

The parameters ν0i represent unknowns that need to be determined. To establish the initial vector ν0i , νN must
satisfy the following conditions:

At the knots ψj , it agrees with the analytical initial condition; applying Eq. (3.5), it leads to N + 1 conditions.
The solution of matrix equations is then used to get the start up vector ν0 [26] ,

Mν0 = b, (4.2)

where

M =



3 30 27
1 18 33 8
1 26 66 26 1

1 26 66 26 1
.

. . . . .
.

1 26 66 26 1
1 26 66 26 1

8 33 18 1
27 30 3


, (4.3)

b = (ν
′′
(ψ0), ν

′
(ψ0), ν(ψ0), ν(ψ1), · · · , ν(ψN ), ν

′
(ψN ), ν

′′
(ψN ))T ,

ν0 = (ν0−2, ν
0
−1, ν

0
0 , · · · , ν0N , ν0N+1, ν

0
N+2)

T . (4.4)

After determining the initial vector η0 as the solution of the undecadiagonal matrix Eq. (3.14), the system is solved
using a Thomas algorithm [33]. We conclude the following remark.

Remark 4.1. The Thomas algorithm was chosen for solving the system due to its computational efficiency and
numerical stability, particularly when dealing with tridiagonal matrices arising from discretized fractional differential
equations. Unlike general matrix solvers, the Thomas algorithm operates with O(n) complexity, significantly reducing
computational cost while ensuring fast and accurate solutions. Its direct approach eliminates the need for iterative
refinement, making it well-suited for fractional-order systems, where precision in handling non-local effects is critical

Finally, the algorithm for evaluating the solution can be as follows
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Algorithm 1 PG-FEM for Jaulent–Miodek coupled system.

procedure PG-FEM(N,M,∆τ, α)
Define ψ ∈ [a, b], τ ∈ [0, T ]; set N (space DOFs), M (time steps), 0 < α ≤ 1
Build quintic B-spline basis {ϕi(ψ)}Ni=1

Spatial assembly: Assemble mass A and linear operator K = Ks +Ka
Initial data: Project ν(ψ, 0), φ(ψ, 0) onto the basis to form C0 = [ν0; φ0 ]
Time weights (implicit L1/GL): Define g0 = 1,

gk = (k + 1)1−α − 2k1−α + (k − 1)1−α (k ≥ 1)
for n := 0 to M − 1 do

Hn+1 ←
n∑
k=1

gkC
n+1−k (if n = 0, set H1 = 0)

Implicit step: Find Cn+1 such that
1

∆τα
A
(
g0 C

n+1 +Hn+1
)
+KCn+1 = N (Cn+1) + fn+1

end for
return {Cn}Mn=0 with Cn = [νn; φn ]

end procedure

5. Stability analysis

In this section, we analyze the PG–FEM scheme obtained in section 3 for the time–fractional JM system with
Caputo derivative. Let ∆τ be the time step and {gk}k≥0 be the positive L1/Grünwald–Letnikov (GL) weights used
in Algorithm 1. Denote by A the symmetric positive definite mass matrix and by K the assembled linear spatial
operator. We split K = Ks + Ka with K⊤

s = Ks ⪰ 0 and K⊤
a = −Ka, a standard property for the present Petrov-

Galerkin discretization under periodic or clamped boundary conditions. The nonlinear terms are collected into N (·).
Now, using the implicit L1/GL approximation of the Caputo derivative, the fully discrete system reads

A
1

∆τα

n+1∑
k=0

gk U
n+1−k + KUn+1 = N (Un+1), U = [ν; ϕ], (5.1)

which is the vector form corresponding to Eqs. (3.19)–(3.22) after assembly and stacking the coefficients. Now we will
consider the Von-Neumann analysis for the linearized form of the system.

5.1. Von-Neumann analysis (linearized system). We first consider the linearized system N ≡ 0 and assume a

Fourier mode Unj = zneijθ, θ ∈ [−π, π]. Let Â > 0 be the scalar symbol of A and let Λ(θ) = µ(θ)+ iγ(θ) be the symbol
of K on the mode, with µ(θ) ≥ 0 and γ(θ) ∈ R. Taking symbols in (5.1) yields

Â

∆τα
δ(z) + Λ(θ) = 0, δ(z) :=

∞∑
k=0

gk z
−k. (5.2)

For the L1/GL weights gk > 0, the generating function δ(z) maps the unit disk {|z| < 1} into a sector of the right

half–plane and, in particular, satisfies ℜ{δ(z)} > 0 whenever |z| < 1. Since µ(θ) ≥ 0, the term −(∆τα/Â) Λ(θ) lies in
the closed left half–plane. Equation (5.2) therefore admits a root with |z(θ)| ≤ 1 for every θ and every ∆τ > 0, and if
µ(θ) > 0 for any θ ̸= 0 then |z(θ)| < 1 strictly. Hence the linearized scheme is unconditionally stable.
Seocnly, we will provide the proof of the discrete energy estimate for the nonlinear system.

5.2. Discrete energy estimate (nonlinear system). We now treat (5.1) with N ̸= 0. Taking the A–inner product
with Un+1 and using ⟨KaUn+1, Un+1⟩ = 0 and ⟨KsUn+1, Un+1⟩ = ∥Un+1∥2Ks

≥ 0 gives〈
ADα

τ,∆U
n+1, Un+1

〉
+ ∥Un+1∥2Ks

≤
〈
N (Un+1), Un+1

〉
, (5.3)
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where Dα
τ,∆ denotes the discrete Caputo operator (∆τ−α

∑n+1
k=0 gk(·)n+1−k). A standard coercivity inequality for the

L1/GL operator yields〈
ADα

τ,∆U
n+1, Un+1

〉
≥ ∥U

n+1∥2A − ∥Un∥2A
2∆τα

. (5.4)

Assume that the nonlinear mapping N is locally Lipschitz in the A–norm on the numerical trajectory with constant
L, and is treated implicitly. Then〈

N (Un+1), Un+1
〉
≤ L ∥Un+1∥2A. (5.5)

Combining (5.3)–(5.5) we obtain

∥Un+1∥2A − ∥Un∥2A
2∆τα

+ ∥Un+1∥2Ks
≤ L ∥Un+1∥2A. (5.6)

Thus the fully discrete nonlinear scheme is stable provided

L∆τα ≤ 1
2 , (5.7)

in which case ∥Un∥A is nonincreasing and the discrete energy is dissipative. Next, we will discuss the computational
results of the method.

6. Computational sesults and applications

In this section, we present the computational results to validate the theoretical findings. The numerical algorithm
developed in Section 3 will be validated through the examination of test problems involving the migration and interac-
tion of solitons. We utilize the L2 and L∞ error norms to quantify the disparity between the numerical and analytical
solutions, thereby demonstrating the predictive accuracy of the scheme regarding the position and amplitude of the
solution as the simulation progresses. The L2 and L∞ norms of the solution are defined as follows:

L2 = ∥νexact − νn∥2 = [h

N∑
i=1

|νexacti − νni |2]
1
2 ,

L∞ = ∥νexact − νn∥∞ = maxi|νexacti − νni |. (6.1)

Also for φ(ψ, τ), the L2 and L∞ norms of the solution are defined as follows:

L2 = ∥φexact − φn∥2 = [h
N∑
i=1

|φexacti − φni |2]
1
2 ,

L∞ = ∥φexact − φn∥∞ = maxi|φexacti − φni |. (6.2)

Example 6.1. First, we give the case of interaction of a single solitary wave. The initial conditions for this example
is as follows

ν(ψ, 0) =
1

8
λ2
(
1− 4sech2

(
λψ

2

))
, (6.3)

φ(ψ, 0) = λsech

(
λψ

2

)
. (6.4)

ν(−10, τ) = ν(10, τ) = 0, νψ(−10, τ) = νψ(10, τ) = 0,

φ(−10, τ) = φ(10, τ) = 0, φψ(−10, τ) = φψ(10, τ) = 0. (6.5)

and the exact solution is

ν(ψ, τ) =
1

8
λ2
(
1− 4sech2

(
λ

2

(
ψ +

1

2
λ2τ

)))
, (6.6)
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φ(ψ, τ) = λsech

(
λ

2

(
ψ +

1

2
λ2τ

))
. (6.7)

Table 1. Error norms for ν(ψ, τ) and φ(ψ, τ) at ∆ψ = 0.02,∆τ = 0.001 α = 0.75 and λ = 0.75.

ν(ψ, τ) φ(ψ, τ)
τ L2 L∞ L2 L∞
0.1 5.1197e-04 2.2420e-09 8.6545e-05 4.6024e-10
0.2 5.1235e-04 2.2475e-09 8.6622e-05 3.1777e-09
0.3 5.1273e-04 2.2529e-09 8.6699e-05 6.8161e-09
0.4 5.1311e-04 2.2582e-09 8.6776e-05 8.6124e-09
0.5 5.1350e-04 2.2635e-09 8.6853e-05 8.5388e-09
0.6 5.1388e-04 2.2687e-09 8.6930e-05 8.4648e-09
0.7 5.1426e-04 2.2738e-09 8.7008e-05 8.3905e-09
0.8 5.1464e-04 2.2789e-09 8.7085e-05 8.3159e-09

CPU time = 3.71 Sec

Table 1 presents the error norms L2 and L∞ for the numerical solutions of ν(ψ, τ) and φ(ψ, τ) at ∆ψ = 0.02,
∆τ = 0.001, and α = 0.75.

Table 2. Error norms for ν(ψ, τ) and φ(ψ, τ) at ∆ψ = 0.02,∆τ = 0.001 α = 0.5 and λ = 0.1.

ν(ψ, τ) φ(ψ, τ)
τ L2 L∞ L2 L∞
0.1 3.9898e-04 3.5242e-11 2.1622e-05 7.9708e-10
0.2 3.9899e-04 3.6184e-11 2.1627e-05 5.6975e-10
0.3 3.9901e-04 3.7127e-11 2.1631e-05 3.4241e-10
0.4 3.9902e-04 3.8069e-11 2.1636e-05 1.1506e-10
0.5 3.9903e-04 3.9012e-11 2.1641e-05 1.1230e-10
0.6 3.9905e-04 3.9954e-11 2.1646e-05 3.3966e-10
0.7 3.9906e-04 4.0896e-11 2.1651e-05 5.6704e-10
0.8 3.9907e-04 4.1838e-11 2.1655e-05 7.9442e-10

CPU time =0.77 Sec

Table 2 presents the error norms L2 and L∞ for ν(ψ, τ) and φ(ψ, τ) at ∆ψ = 0.02, ∆τ = 0.001, and α = 0.5.
Table 3 shows the error norms L2 and L∞ for ν(ψ, τ) and φ(ψ, τ) at ∆ψ = 0.02, ∆τ = 0.001, and α = 1.
Table 4 provides the absolute errors for ν(ψ, τ) and φ(ψ, τ) at ∆ψ = 0.02, ∆τ = 0.001, and τ = 0.3 for different

values of α. The errors decrease as α decreases, with the smallest errors observed for α = 0.05. This highlights the
method’s ability to handle fractional-order systems with high precision, particularly for smaller values of α.

Table 5 compares the numerical solutions of ν(ψ, τ) obtained using the the Adomian Decomposition Transform
Method (ADTM) [8] and PG-FEM methods for different values of α.

Table 6 compares the numerical solutions of φ(ψ, τ) obtained using ADTM [8] and PG-FEM methods for different
values of α.

Figure 1 illustrates the numerical solutions of ν(ψ, τ) and φ(ψ, τ) at τ = 0.3. The profiles exhibit smooth wave
propagation, characteristic of the time-fractional Jaulent-Miodek system.

Figure 2 depicts the numerical solutions of ν(ψ, τ) and φ(ψ, τ) at τ = 1.20. The results show controlled wave
dispersion and minimal amplitude attenuation, consistent with the fractional-order dynamics of the system. The
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Table 3. Error norms for ν(ψ, τ) and φ(ψ, τ) at ∆ψ = 0.02,∆τ = 0.001 α = 1 and λ = 1.

ν(ψ, τ) φ(ψ, τ)
τ L2 L∞ L2 L∞
0.1 1.8536e-02 2.9390e-09 2.2104e-03 1.7497e-07
0.2 1.8536e-02 4.2440e-09 2.2604e-03 1.2214e-07
0.3 1.8535e-02 3.5744e-09 2.3118e-03 6.3687e-08
0.4 1.8534e-02 2.6295e-09 2.3647e-03 8.3585e-10
0.5 1.8533e-02 1.5500e-09 2.4190e-03 4.7004e-08
0.6 1.8532e-02 3.2423e-10 2.4748e-03 1.5008e-07
0.7 1.8531e-02 1.0600e-09 2.5322e-03 2.3588e-07
0.8 1.8530e-02 2.6156e-09 2.5911e-03 3.2991e-07

CPU time = 3.54 Sec

Table 4. Absolute error and CPU time for ν(ψ, τ) and φ(ψ, τ) at ∆ψ = 0.02,∆τ = 0.001 and
τ = 0.3.

α = 1 α = 0.5 α = 0.05
ψ ν(ψ, τ) φ(ψ, τ) ν(ψ, τ) φ(ψ, τ) ν(ψ, τ) φ(ψ, τ)
0 3.0574e-05 1.0702e-04 2.3579e-05 1.8043e-05 8.4589e-07 1.5114e-07
0.1 2.3527e-04 1.0790e-04 3.1337e-05 1.8960e-05 7.9886e-07 1.6232e-07
0.2 3.5806e-05 1.6219e-04 1.6849e-05 3.2573e-05 7.5631e-07 2.9840e-07
0.3 2.7140e-04 1.6287e-04 3.2365e-05 3.3572e-05 7.1342e-07 3.1089e-07
0.4 9.0267e-05 2.1061e-04 1.0574e-05 4.5733e-05 6.7631e-07 4.3313e-07
0.5 2.9714e-04 2.0983e-04 3.3502e-05 4.6452e-05 6.3703e-07 4.4317e-07
0.6 7.9014e-04 1.8714e-04 1.7721e-04 4.5553e-05 4.5651e-06 4.5120e-07
0.7 6.8098e-04 3.3328e-04 1.4497e-04 7.9655e-05 5.4169e-06 7.8460e-07
0.8 8.5061e-04 1.6127e-04 1.9436e-04 3.9130e-05 5.1089e-06 3.8720e-07
0.9 3.1400e-04 2.7557e-04 3.5733e-05 6.5511e-05 5.0765e-07 6.4228e-07

CPU time =6.35 Sec CPU time =6.15 Sec CPU time =6.27 Sec
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Figure 1. Numerical Solution of ν(ψ, τ) and φ(ψ, τ) at t = 0.3seconds.



Unco
rre

cte
d Pro

of

CMDE Vol. *, No. *, *, pp. 1-19 13

Table 5. The different fractional-order of α at ν(ψ, τ) of Problem 1 [8].

ψ Method (τ) α = 0.6 α = 0.75 α = 0.9

0.2 ADTM 0.2 1.1486e-04 6.0217e-05 2.0349e-05
PG− FEM 2.3338e-05 2.3655e-06 3.1999e-06
ADTM 0.4 1.4900e-04 8.3844e-05 3.3041e-05

PG− FEM 4.7609e-05 2.3657e-06 3.2064e-06
ADTM 0.6 1.6158e-04 9.5489e-05 3.9611e-05

PG− FEM 6.9063e-05 2.3658e-06 3.2129e-06
ADTM 0.8 1.5881e-04 1.0046e-04 3.8667e-05

PG− FEM 8.7461e-05 2.3660e-06 3.2193e-06
ADTM 1.0 1.4305e-04 9.3646e-05 3.8577e-05

PG− FEM 1.0267e-04 2.3662e-06 3.2258e-06

0.4 ADTM 0.2 2.0021e-04 1.0769e-04 3.7140e-05
PG− FEM 8.0677e-05 2.1212e-06 2.9774e-06
ADTM 0.4 2.4800e-04 1.4292e-04 5.1429e-05

PG− FEM 9.9071e-05 2.1214e-06 2.9834e-06
ADTM 0.6 2.4390e-04 1.4833e-04 5.6984e-05

PG− FEM 1.1427e-04 2.1215e-06 2.9894e-06
ADTM 0.8 2.2309e-04 1.4238e-04 5.7231e-05

PG− FEM 1.2624e-04 2.1217e-06 2.9954e-06
ADTM 1.0 1.8377e-04 1.2523e-04 5.2764e-05

PG− FEM 1.3504e-04 2.1219e-06 3.0014e-06

CPU time 6.14 Sec 6.13 Sec 4.88 Sec
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(a) Numerical Solution of ν(ψ, τ).
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(b) Numerical Solution of φ(ψ, τ).

Figure 2. Numerical solutions of φ(ψ, τ) and ν(ψ, τ) at τ = 1 : 20 seconds.

preservation of wave coherence over extended time intervals underscores the method’s robustness in handling long-
term memory effects and nonlinearities. The solutions align with theoretical expectations, validating the numerical
framework’s reliability for simulating fractional-order wave phenomena.
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Table 6. The different fractional-order of α at φ(ψ, τ) of Problem 1 [8].

ψ Method (τ) α = 0.6 α = 0.75 α = 0.9 α = 1

0.2

ADTM 0.2 2.3041e-04 1.2072e-04 4.0782e-05 5.2168e-09
PG-FEM 1.4826e-04 1.1954e-06 4.8174e-06 1.1925e-08
ADTM 0.4 2.9956e-04 1.6838e-04 6.0359e-05 4.2984e-09
PG-FEM 1.7569e-04 1.1984e-06 4.8648e-06 1.1925e-08
ADTM 0.6 3.2581e-04 1.9297e-04 7.2298e-05 1.1229e-07
PG-FEM 2.0130e-04 1.2014e-06 4.9121e-06 1.1926e-08
ADTM 0.8 3.2153e-04 2.0013e-04 7.8209e-05 3.6381e-07
PG-FEM 2.2487e-04 1.2043e-06 4.9593e-06 1.1927e-08
ADTM 1.0 2.9142e-04 1.9179e-04 7.8540e-05 7.2998e-07
PG-FEM 2.4624e-04 1.2073e-06 5.0064e-06 1.1928e-08

0.4

ADTM 0.2 4.0349e-04 2.1685e-04 7.4750e-05 1.0117e-08
PG-FEM 1.9863e-04 1.7342e-06 6.9683e-06 1.7315e-08
ADTM 0.4 4.8688e-04 2.8015e-04 1.0305e-04 8.2174e-09
PG-FEM 2.2206e-04 1.7368e-06 7.0104e-06 1.7316e-08
ADTM 0.6 4.9539e-04 2.9140e-04 1.1544e-04 2.8118e-07
PG-FEM 2.4328e-04 1.7394e-06 7.0524e-06 1.7317e-08
ADTM 0.8 4.5622e-04 2.9116e-04 1.1674e-04 5.7399e-07
PG-FEM 2.6220e-04 1.7421e-06 7.0943e-06 1.7318e-08
ADTM 1.0 3.8010e-04 2.5792e-04 1.0888e-04 1.3386e-06
PG-FEM 2.7876e-04 1.7447e-06 7.1360e-06 1.7319e-08

1.0

ADTM 0.2 8.8541e-04 5.1163e-04 1.6963e-04 2.2521e-08
PG-FEM 3.9764e-04 2.8625e-06 1.1465e-05 2.8612e-08
ADTM 0.4 1.0049e-03 6.0421e-04 2.2306e-04 1.7910e-08
PG-FEM 3.0689e-04 2.8638e-06 1.1485e-05 2.8612e-08
ADTM 0.6 9.8125e-04 6.1570e-04 2.2650e-04 6.1461e-07
PG-FEM 3.1398e-04 2.8650e-06 1.1505e-05 2.8613e-08
ADTM 0.8 8.1123e-04 5.3908e-04 1.9708e-04 1.4601e-06
PG-FEM 3.1904e-04 2.8663e-06 1.1525e-05 2.5767e-08
ADTM 1.0 6.1485e-04 4.3470e-04 1.9056e-04 2.8662e-06
PG-FEM 3.2221e-04 2.8675e-06 1.1544e-05 2.8613e-08

Example 6.2. Second, we give the case of interaction of a single solitary wave. The initial condition for the second
problem s as follows

ν(ψ, 0) = s− 1
2b0k sech(kψ)−

3
4c2 sech

2(kψ),

φ(ψ, 0) = b0 + k sech(kψ),

and the boundary conditions as

ν(−10, τ) = ν(10, τ) = 0, νψ(−10, τ) = νψ(10, τ) = 0,

φ(−10, τ) = φ(10, τ) = 0, φψ(−10, τ) = φψ(10, τ) = 0. (6.8)

The exact solution to the JM equation is of the form [35]

ν(ψ, τ) = s− b0
2 k sech (k(Rτ + ψ))− 3c2

4 sech2 (k(Rτ + ψ)) ,

φ(ψ, τ) = b0 + k sech (k(Rτ + ψ)) ,

where

k =
√
c2, R =

1

2

(
b20 + c22

)
, s =

1

4

(
c2 − b20

)
.
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Figure 3. Numerical Solution of ν(ψ, τ) and φ(ψ, τ) at t = 1.5 seconds and α = 0.75.

The initial condition as shown

ν(−10, τ) = ν(10, τ) = 0, νψ(−10, τ) = νψ(10, τ) = 0,

φ(−10, τ) = φ(10, τ) = 0, φψ(−10, τ) = φψ(10, τ) = 0. (6.9)

Table 7. Error norm L∞ for φ(ψ, τ) at ∆ψ = 0.02, ∆τ = 0.001.

ψ α = 1 [35] α = 1 α = 0.05 α = 0.5

0.1 1.6105e-10 9.0758e-10 2.3630e-09 7.5645e-09
0.2 6.2775e-10 9.0870e-10 2.3624e-09 7.5643e-09
0.3 1.3488e-09 9.0982e-10 2.3618e-09 7.5641e-09
0.4 2.2318e-09 9.1094e-10 2.3611e-09 7.5638e-09
0.5 3.1376e-09 9.1206e-10 2.3605e-09 7.5636e-09
0.6 3.8782e-09 9.1094e-10 2.3598e-09 7.5634e-09
0.7 4.2181e-09 9.1431e-10 2.3592e-09 7.5631e-09
0.8 3.8832e-09 9.1543e-10 2.3585e-09 7.5629e-09
0.9 2.5762e-09 9.1655e-10 2.3579e-09 7.5627e-09

CPU time 1.43 Sec 2.09 Sec 2.07 Sec

Table 7 presents absolute maximum error (L∞ norms) for the numerical solution of φ(ψ, τ) with discretization
parameters ∆ψ = 0.02 and ∆τ = 0.001. The results are compared with the B-spline solution [35] at α = 1, demon-
strating excellent agreement with the published work. Additionally, the table extends the analysis to fractional orders
α = 0.05 and α = 0.5, revealing how error characteristics evolve with varying fractional parameters. The comparison
shows that while all cases maintain high numerical precision, the error distribution exhibits distinct patterns across
different α values, with the fractional cases displaying systematically larger errors compared to the integer-order case
(α = 1).

Table 8 presents the absolute errors for both ν(ψ, τ) and φ(ψ, τ) at different values of the fractional order α (α = 1
and α = 0.05).

In figure 3The solutions exhibit characteristic subdiffusive behavior (α = 0.75), with smooth spatial decay and
memory-driven temporal evolution. Coupling between ν and φ is evident through phase alignment, while attenuated
wavefronts reflect fractional damping.

Figure 4 demonstrates the transition from fractional (α = 0.75) to classical (α = 1) dynamics. The α = 0.75
solutions exhibit characteristic subdiffusive behavior: smoothed spatial gradients and delayed temporal evolution due



Unco
rre

cte
d Pro

of

16 W. ADEL, M. RAMADAN, I. M.HANAFY, AND H. SAMY

Table 8. Absolute error for different fractional orders α at ν(ψ, τ) and φ(ψ, τ) of Example 6.2.

ψ τ
α = 1 α = 0.05

ν φ ν φ

0.2

1 2.6865e-05 7.4850e-05 5.1597e-05 2.8131e-05
5 2.6871e-05 7.4856e-05 5.1596e-05 2.8132e-05
10 2.6879e-05 7.4863e-05 5.1596e-05 2.8133e-05
15 2.6886e-05 7.4870e-05 5.1595e-05 2.8134e-05
20 2.6894e-05 7.4877e-05 5.1594e-05 2.8135e-05

0.4

1 2.4451e-05 6.7182e-05 5.3364e-05 2.5145e-05
5 2.4457e-05 6.7187e-05 5.3364e-05 2.5146e-05
10 2.4464e-05 6.7193e-05 5.3363e-05 2.5147e-05
15 2.4471e-05 6.7200e-05 5.3362e-05 2.5148e-05
20 2.4478e-05 6.7206e-05 5.3362e-05 2.5149e-05

0.6

1 2.2331e-05 6.0354e-05 5.4939e-05 2.2483e-05
5 2.2336e-05 6.0359e-05 5.4938e-05 2.2483e-05
10 2.2343e-05 6.0365e-05 5.4938e-05 2.2483e-05
15 2.2350e-05 6.0371e-05 5.4937e-05 2.2484e-05
20 2.2356e-05 6.0377e-05 5.4937e-05 2.2484e-05

0.8

1 2.0472e-05 5.4278e-05 5.6341e-05 2.0102e-05
15 2.0489e-05 5.4293e-05 5.6340e-05 2.0103e-05
20 2.0495e-05 5.4298e-05 5.6339e-05 2.0104e-05

CPU time= 1.43 Sec CPU time= 2.09 Sec
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Figure 4. Numerical Solution of ν(ψ, τ) and φ(ψ, τ) when α = 0.75 and α = 1.

to memory effects. In contrast, the α = 1 case shows sharper wavefronts and faster equilibration, consistent with
standard diffusion/wave propagation. The persistent amplitude difference between ν and φ at α = 0.75 highlights
stronger system memory coupling, while their convergence at α = 1 reflects Markovian behavior. This comparison
validates the fractional model’s capability to capture intermediate transport regimes between diffusion and wave
propagation.
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7. Conclusion

In this study, we developed and analyzed a Petrov–Galerkin finite element method (PG-FEM) based on quintic
B-splines for solving the time-fractional Jaulent–Miodek (JM) coupled system with Caputo derivatives. Stability
was established through Von Neumann analysis, and the method was shown to capture nonlinear wave phenomena
with high accuracy, as verified by error norms and benchmark comparisons. The results confirm that fractional-
order models yield deeper insights than classical integer-order formulations by effectively representing memory effects,
anomalous transport, and dispersion characteristics. Numerical experiments further demonstrated the capability of
the proposed scheme to resolve compactons, soliton interactions, and long-term wave propagation without spurious
oscillations. Beyond accuracy, the framework offers practical advantages: quintic B-spline discretization improves
precision, the Thomas algorithm enhances computational efficiency, and the method accommodates a wide range
of fractional orders, including very small values of α. These features establish PG-FEM as a robust approach for
studying nonlinear fractional PDEs relevant to viscoelasticity, porous media flow, nonlinear optics, and biological
wave processes. Future directions include incorporating adaptive mesh refinement, hybrid spectral–finite element
strategies, and validation through experimental comparisons to strengthen the physical applicability of the fractional
JM system and further bridge the gap between mathematical modeling and real-world nonlinear wave phenomena.
Future work will extend this study through adaptive mesh refinement, hybrid spectral–finite element strategies, and
comparisons with experimental data to validate the physical relevance of the fractional JM system. In addition,
a detailed error analysis will be conducted to rigorously validate the numerical results obtained with the proposed
technique.
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