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Abstract

Humbert confluent hypergeometric functions of two variables arise in many problems of mathematical physics

and applied analysis; however, their behaviour with respect to parameters has not been studied systematically.

In this paper, we investigate derivatives with respect to numerator and denominator parameters for the seven
classical Humbert functions Φ1, Φ2, Φ3, Ψ1, Ψ2, Ξ1 and Ξ2. Using their double-series representations, together

with elementary properties of the Gamma and digamma functions, we derive explicit formulas for first-order

parameter derivatives and express them compactly in terms of Srivastava’s triple hypergeometric function F (3).
By differentiating the underlying partial differential equations, we further obtain simple operator recurrences for

derivatives of arbitrary order; these recurrences yield closed differentiation and reduction formulas in terms of
contiguous Humbert functions. Finally, we show how these results lead to Taylor-type parameter expansions and

illustrate their use with basic numerical examples and plots.
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1. Introduction

Hypergeometric functions and their multivariable analogues play a central role in the theory of special functions, as
well as in many areas of mathematical physics, engineering and applied analysis. Starting from the classical Gauss and
Kummer functions of one variable, various generalizations have been introduced, including the Appell and Lauricella
families of two or more variables (see, for example, [8, 22]). Among their confluent limits, the seven functions introduced
by P. Humbert form a distinguished class of two-variable confluent hypergeometric functions, now customarily denoted
by Φ1, Φ2, Φ3, Ψ1, Ψ2, Ξ1 and Ξ2. They admit simple double-series representations in terms of Pochhammer symbols
and Gamma functions and satisfy systems of linear partial differential equations with polynomial coefficients.

In many applications, the parameters of these functions carry direct physical, geometric, or probabilistic meaning.
Consequently, one is interested not only in the functions themselves but also in their variation with respect to the
parameters. Derivatives with respect to numerator or denominator parameters arise naturally in sensitivity analysis,
perturbation methods, analytic continuation and the derivation of asymptotic expansions. For single-variable hyper-
geometric functions such as 2F1, 1F1 and more general pFq series, parameter derivatives have been studied extensively
and can be expressed in terms of polygamma functions and shifted hypergeometric functions (see, e.g., [4–6] and the
references therein). Parameter derivatives of several two-variable Horn and related hypergeometric functions have also
been investigated in recent work [2, 7]. By contrast, a systematic treatment of parameter derivatives for the seven
classical Humbert confluent hypergeometric functions of two variables has been lacking.

Recent studies show that Humbert-type functions continue to attract attention in several directions, including
(p, q)- and basic Humbert functions, bibasic Humbert series, k-Humbert extensions, and large-argument asymptotics
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for Ψ1 and Ψ2; see, for example, [3, 9, 12, 13, 18–20]. These developments motivate a unified parameter-differentiation
framework for the classical Humbert family.

The aim of this work is to provide such a systematic treatment. Starting from the double-series definitions of
the seven Humbert functions and using elementary properties of the Gamma, digamma and polygamma functions,
together with standard identities for the Pochhammer symbol, we first derive explicit formulas for the derivatives with
respect to each numerator and denominator parameter. We then recast these first-order parameter derivatives in a
compact, unified form in terms of Srivastava’s triple hypergeometric function F (3), which plays a natural role as a
building block for multivariable parameter differentiation.

A second ingredient of our approach is the use of the systems of partial differential equations satisfied by the Humbert
functions. By differentiating these PDEs with respect to the parameters, we obtain simple operator recurrence relations
that express nth-order parameter derivatives in terms of lower-order ones. Combining these recurrences with shift
identities for Pochhammer symbols leads to closed differentiation and reduction formulas relating parameter derivatives
to contiguous Humbert functions and to higher-order derivatives with respect to the variables.

Finally, to illustrate the applicability of the theoretical results, we present a short numerical study for selected
Humbert functions. In particular, we compute sample values and two- and three-dimensional plots for Φ1 and its
derivative with respect to a numerator parameter, using the series representations implied by our formulas. These
numerical illustrations confirm that the parameter-derivative calculus developed in this paper can be implemented
efficiently and can provide a practical tool for applications.

The paper is organized as follows. In Section 2, we recall the basic notation and properties of the Gamma and
polygamma functions, the Pochhammer symbol, the Humbert confluent hypergeometric functions, and Srivastava’s
triple hypergeometric function F (3). The same section also records the explicit first-order parameter derivative formu-
las, including the complete list of F (3)-forms for the first-order parameter derivatives. In Section 3, we derive general
recurrence relations for nth-order derivatives with respect to the parameters by differentiating the underlying systems
of partial differential equations. Section 4 contains explicit differentiation and reduction formulas in terms of contigu-
ous Humbert functions, while Section 5 discusses representative applications. Numerical examples, error estimates,
and graphical illustrations are presented in Section 6. Concluding remarks and some perspectives for further work are
given in Section 7.

2. Preliminaries

In this section, we collect the basic notation and auxiliary results that will be used throughout the paper. Unless
otherwise stated, all parameters are complex and are chosen to avoid poles of the Gamma function; the variables x
and y are complex numbers lying in the domains of convergence explicitly indicated below.

2.1. Gamma function, Pochhammer symbol and polygamma functions. We recall that the Euler Gamma
function Γ(z) is defined for ℜ(z) > 0 by (see, e.g., [1, 10, 16])

Γ(z) =

∫ ∞

0

tz−1e−t dt,

and is extended to a meromorphic function on C with simple poles at the non-positive integers. The rising factorial,
or Pochhammer symbol, (a)n is given by (see, e.g., [15, 17])

(a)0 := 1, (a)n := a(a+ 1) · · · (a+ n− 1) =
Γ(a+ n)

Γ(a)
, n ∈ N.

The logarithmic derivative of the Gamma function is the digamma function (see, e.g., [1, 16])

Ψ(z) :=
d

dz
log Γ(z) =

Γ′(z)

Γ(z)
, (2.1)

and its higher derivatives

Ψr(z) :=
dr

dzr
Ψ(z), r ∈ N,
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are called the polygamma functions. Using the well-known representation of Ψ as a convergent series, one obtains the
identity

Ψ(z + n)−Ψ(z) =
n−1∑
k=0

1

z + k
, n ∈ N, (2.2)

and, more generally,

Ψr(z + n)−Ψr(z) = (−1)rr!
n−1∑
k=0

1

(z + k)r+1
, r ∈ N0, n ∈ N. (2.3)

From (2.1)–(2.2) and the representation of (z)n in terms of Gamma functions, we readily obtain the derivative of
the Pochhammer symbol with respect to its parameter:

d

dz
(z)n = (z)n

[
Ψ(z + n)−Ψ(z)

]
= (z)n

n−1∑
k=0

1

z + k
, n ∈ N. (2.4)

Similarly, differentiation of the reciprocal of a Pochhammer symbol yields

d

dz

1

(z)n
= − 1

(z)n

n−1∑
k=0

1

z + k
, n ∈ N, (2.5)

which will be used below for derivatives with respect to denominator parameters.
We shall also use the following simple rearrangement formula for double series:

∞∑
n=0

∞∑
k=0

A(k, n) =
∞∑

n=0

n∑
k=0

A
(
k, n− k

)
, (2.6)

valid whenever both sides converge absolutely. This identity allows us to convert sums over independent indices into
sums over triangular regions, a step that will be convenient when expressing derivatives in terms of triple hypergeo-
metric series.

2.2. Humbert confluent hypergeometric functions of two variables. We now recall the seven Humbert con-
fluent hypergeometric functions of two variables, which are confluent forms of the classical Appell functions (see, e.g.,
[11, 14, 22]). They are defined in terms of double power series as follows:

Φ1(a, b; c;x, y) :=
∞∑

m,n=0

(a)m+n(b)m
(c)m+n m!n!

xmyn, |x| < 1, |y| < ∞, (2.7)

Φ2(a, b; c;x, y) :=
∞∑

m,n=0

(a)m(b)n
(c)m+n m!n!

xmyn, |x| < ∞, |y| < ∞, (2.8)

Φ3(a; b;x, y) :=

∞∑
m,n=0

(a)m
(b)m+n m!n!

xmyn, |x| < ∞, |y| < ∞. (2.9)

The two Humbert functions of Ψ-type are given by

Ψ1(a, b; c, d;x, y) :=

∞∑
m,n=0

(a)m+n(b)m
(c)m(d)n m!n!

xmyn, |x| < 1, |y| < ∞, (2.10)

Ψ2(a; b, c;x, y) :=
∞∑

m,n=0

(a)m+n

(b)m(c)n m!n!
xmyn, |x| < ∞, |y| < ∞, (2.11)
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and the two Humbert functions of Ξ-type are defined by

Ξ1(a, b, c; d;x, y) :=
∞∑

m,n=0

(a)m(b)n(c)m
(d)m+n m!n!

xmyn, |x| < 1, |y| < ∞, (2.12)

Ξ2(a, b; c;x, y) :=
∞∑

m,n=0

(a)m(b)m
(c)m+n m!n!

xmyn, |x| < 1, |y| < ∞. (2.13)

Each of these double series defines an analytic function in the indicated domain of convergence and admits analytic
continuation in the parameters a, b, c, d, provided that poles of the Gamma function are avoided. The functions (2.7)–
(2.13) satisfy systems of linear partial differential equations with polynomial coefficients; these systems will later be
used to derive recurrence relations for higher-order derivatives with respect to the parameters.

2.3. Srivastava’s triple hypergeometric function. A central role in our analysis is played by Srivastava’s triple
hypergeometric function, which provides a natural framework for the expressions arising from parameter differentiation
of the Humbert functions [21, 22]. Following the notation used in the literature, we write

F (3)

[
(a) :: (b); (b′); (b′′) : (c); (c′); (c′′)
(e) :: (g); (g′); (g′′) : (h); (h′); (h′′)

∣∣∣∣x, y, z] :=

∞∑
m,n,p=0

A(m,n, p)

m!n! p!
xmynzp, (2.14)

where the coefficient A(m,n, p) is given by

A(m,n, p) =

A∏
i=1

(ai)m+n+p

B∏
i=1

(bi)m+n

B′∏
i=1

(b′i)n+p

B′′∏
i=1

(b′′i )m+p

C∏
i=1

(ci)m

C′∏
i=1

(c′i)n

C′′∏
i=1

(c′′i )p

E∏
i=1

(ei)m+n+p

G∏
i=1

(gi)m+n

G′∏
i=1

(g′i)n+p

G′′∏
i=1

(g′′i )m+p

H∏
i=1

(hi)m

H′∏
i=1

(h′
i)n

H′′∏
i=1

(h′′
i )p

. (2.15)

Here (a) denotes the collection of parameters a1, . . . , aA, and similarly for the other grouped parameters (b), (b′), (b′′),
(c), (c′), (c′′), (e), (g), (g′), (g′′), (h), (h′) and (h′′). The precise convergence conditions for the triple series (2.14)
can be found in the standard references on multiple hypergeometric functions and will not be repeated here. In all
subsequent applications, (x, y, z) will be chosen so that the corresponding series is absolutely convergent.

In what follows, we shall use several specializations of (2.14) in which many of the parameter groups are empty
or contain only a single parameter. In particular, the first-order parameter derivatives of the Humbert functions
in subsection 2.4 will be expressed in terms of F (3) with carefully chosen parameter arrays, whereas higher-order
derivatives will be related to iterated differential operators acting on such triple hypergeometric series.

2.4. Explicit first-order parameter derivatives and F (3) forms. We now record the first-order parameter deriva-
tives stated in the abstract. These formulas follow directly from (2.4) and (2.5); they are included explicitly so that
the later recurrence relations are anchored in concrete series identities. Define

Hα(N) := Ψ(α+N)−Ψ(α) =
N−1∑
j=0

1

α+ j
, Hα(0) := 0. (2.16)

For compactness, let the coefficient of xmyn in each Humbert series be denoted by

AΦ1
m,n :=

(a)m+n(b)m
(c)m+nm!n!

xmyn, AΦ2
m,n :=

(a)m(b)n
(c)m+nm!n!

xmyn, (2.17)

AΦ3
m,n :=

(a)m
(b)m+nm!n!

xmyn, AΨ1
m,n :=

(a)m+n(b)m
(c)m(d)nm!n!

xmyn, (2.18)

AΨ2
m,n :=

(a)m+n

(b)m(c)nm!n!
xmyn, AΞ1

m,n :=
(a)m(b)n(c)m
(d)m+nm!n!

xmyn, (2.19)
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AΞ2
m,n :=

(a)m(b)m
(c)m+nm!n!

xmyn. (2.20)

Within the domains of absolute convergence, termwise differentiation gives

∂Φ1

∂a
=

∑
m,n≥0

AΦ1
m,nHa(m+ n),

∂Φ1

∂b
=

∑
m,n≥0

AΦ1
m,nHb(m),

∂Φ1

∂c
= −

∑
m,n≥0

AΦ1
m,nHc(m+ n), (2.21)

∂Φ2

∂a
=

∑
m,n≥0

AΦ2
m,nHa(m),

∂Φ2

∂b
=

∑
m,n≥0

AΦ2
m,nHb(n),

∂Φ2

∂c
= −

∑
m,n≥0

AΦ2
m,nHc(m+ n), (2.22)

∂Φ3

∂a
=

∑
m,n≥0

AΦ3
m,nHa(m),

∂Φ3

∂b
= −

∑
m,n≥0

AΦ3
m,nHb(m+ n), (2.23)

and

∂Ψ1

∂a
=

∑
m,n≥0

AΨ1
m,nHa(m+ n),

∂Ψ1

∂b
=

∑
m,n≥0

AΨ1
m,nHb(m), (2.24)

∂Ψ1

∂c
= −

∑
m,n≥0

AΨ1
m,nHc(m),

∂Ψ1

∂d
= −

∑
m,n≥0

AΨ1
m,nHd(n), (2.25)

∂Ψ2

∂a
=

∑
m,n≥0

AΨ2
m,nHa(m+ n),

∂Ψ2

∂b
= −

∑
m,n≥0

AΨ2
m,nHb(m),

∂Ψ2

∂c
= −

∑
m,n≥0

AΨ2
m,nHc(n), (2.26)

∂Ξ1

∂a
=

∑
m,n≥0

AΞ1
m,nHa(m),

∂Ξ1

∂b
=

∑
m,n≥0

AΞ1
m,nHb(n), (2.27)

∂Ξ1

∂c
=

∑
m,n≥0

AΞ1
m,nHc(m),

∂Ξ1

∂d
= −

∑
m,n≥0

AΞ1
m,nHd(m+ n), (2.28)

∂Ξ2

∂a
=

∑
m,n≥0

AΞ2
m,nHa(m),

∂Ξ2

∂b
=

∑
m,n≥0

AΞ2
m,nHb(m),

∂Ξ2

∂c
= −

∑
m,n≥0

AΞ2
m,nHc(m+ n). (2.29)

The positive signs correspond to numerator parameters, while the negative signs correspond to denominator param-
eters. Equations (2.21)–(2.29) are often the most convenient forms for numerical computation, because they only
require the same double summation as the original Humbert function with an additional digamma-difference factor.

The same identities can be encoded as special cases of Srivastava’s triple hypergeometric function F (3). To make
this statement explicit, we give the full F (3)-forms for the three parameter derivatives of Φ1. Empty parameter
groups are denoted by “−”, and a group such as (a, 1) means that both parameters a and 1 occur in that group. For
c /∈ {0,−1,−2, . . .},

∂

∂a
Φ1(a, b; c;x, y) =

bx

c
F (3)

[
(a+ 1) :: −;−; (b+ 1) : (1);−; (a, 1)
(c+ 1) :: −;−; (2) : −;−; (a+ 1)

∣∣∣∣x, y, x]
+

y

c
F (3)

[
(a+ 1) :: −;−; (a) : (b); (1); (1)
(c+ 1) :: −; (2); (a+ 1) : −;−;−

∣∣∣∣x, y, y] , (2.30)

∂

∂b
Φ1(a, b; c;x, y) =

ax

c
F (3)

[
(a+ 1) :: −;−; (b+ 1) : (1);−; (b, 1)
(c+ 1) :: −;−; (2) : −;−; (b+ 1)

∣∣∣∣x, y, x] , (2.31)

∂

∂c
Φ1(a, b; c;x, y) = −abx

c2
F (3)

[
(a+ 1) :: −;−; (b+ 1) : (1);−; (c, 1)
(c+ 1) :: −;−; (2) : −;−; (c+ 1)

∣∣∣∣x, y, x]
− ay

c2
F (3)

[
(a+ 1) :: −;−; (c) : (b); (1); (1)
(c+ 1) :: −; (2); (c+ 1) : −;−;−

∣∣∣∣x, y, y] . (2.32)
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These formulas are obtained from (2.21) by writing, for example, Ha(m+n) = Ha(m)+Ha+m(n), expanding the finite
sums in (2.16), and then applying the triangular rearrangement (2.6). For completeness, we now give the corresponding
full F (3)-forms for the remaining six Humbert functions. The denominator parameters are again assumed to avoid
non-positive integers, and the identities extend by analytic continuation wherever both sides are defined.

For Φ2 one obtains

∂

∂a
Φ2(a, b; c;x, y) =

x

c
F (3)

[
− :: −;−; (a+ 1) : (1); (b); (a, 1)
(c+ 1) :: −;−; (2) : −;−; (a+ 1)

∣∣∣∣x, y, x] , (2.33)

∂

∂b
Φ2(a, b; c;x, y) =

y

c
F (3)

[
− :: −; (b+ 1);− : (a); (1); (b, 1)
(c+ 1) :: −; (2);− : −;−; (b+ 1)

∣∣∣∣x, y, y] , (2.34)

∂

∂c
Φ2(a, b; c;x, y) = −ax

c2
F (3)

[
− :: −;−; (a+ 1) : (1); (b); (c, 1)
(c+ 1) :: −;−; (2) : −;−; (c+ 1)

∣∣∣∣x, y, x]
− by

c2
F (3)

[
− :: −; (b+ 1); (c) : (a); (1); (1)
(c+ 1) :: −; (2); (c+ 1) : −;−;−

∣∣∣∣x, y, y] . (2.35)

For Φ3 the two parameter derivatives are

∂

∂a
Φ3(a; b;x, y) =

x

b
F (3)

[
− :: −;−; (a+ 1) : (1);−; (a, 1)
(b+ 1) :: −;−; (2) : −;−; (a+ 1)

∣∣∣∣x, y, x] , (2.36)

∂

∂b
Φ3(a; b;x, y) = −ax

b2
F (3)

[
− :: −;−; (a+ 1) : (1);−; (b, 1)
(b+ 1) :: −;−; (2) : −;−; (b+ 1)

∣∣∣∣x, y, x]
− y

b2
F (3)

[
− :: −;−; (b) : (a); (1); (1)

(b+ 1) :: −; (2); (b+ 1) : −;−;−

∣∣∣∣x, y, y] . (2.37)

For Ψ1, the four first-order parameter derivatives can be written as

∂

∂a
Ψ1(a, b; c, d;x, y) =

bx

c
F (3)

[
(a+ 1) :: −;−; (b+ 1) : (1);−; (a, 1)
− :: −;−; (2, c+ 1) : −; (d); (a+ 1)

∣∣∣∣x, y, x]
+

y

d
F (3)

[
(a+ 1) :: −;−; (a) : (b); (1); (1)

− :: −; (2, d+ 1); (a+ 1) : (c);−;−

∣∣∣∣x, y, y] , (2.38)

∂

∂b
Ψ1(a, b; c, d;x, y) =

ax

c
F (3)

[
(a+ 1) :: −;−; (b+ 1) : (1);−; (b, 1)
− :: −;−; (2, c+ 1) : −; (d); (b+ 1)

∣∣∣∣x, y, x] , (2.39)

∂

∂c
Ψ1(a, b; c, d;x, y) = −abx

c2
F (3)

[
(a+ 1) :: −;−; (b+ 1) : (1);−; (c, 1)
− :: −;−; (2, c+ 1) : −; (d); (c+ 1)

∣∣∣∣x, y, x] , (2.40)

∂

∂d
Ψ1(a, b; c, d;x, y) = −ay

d2
F (3)

[
(a+ 1) :: −;−;− : (b); (1); (d, 1)

− :: −; (2, d+ 1);− : (c);−; (d+ 1)

∣∣∣∣x, y, y] . (2.41)

For Ψ2, the corresponding formulas are

∂

∂a
Ψ2(a; b, c;x, y) =

x

b
F (3)

[
(a+ 1) :: −;−;− : (1);−; (a, 1)

− :: −;−; (2, b+ 1) : −; (c); (a+ 1)

∣∣∣∣x, y, x]
+

y

c
F (3)

[
(a+ 1) :: −;−; (a) : −; (1); (1)

− :: −; (2, c+ 1); (a+ 1) : (b);−;−

∣∣∣∣x, y, y] , (2.42)

∂

∂b
Ψ2(a; b, c;x, y) = −ax

b2
F (3)

[
(a+ 1) :: −;−;− : (1);−; (b, 1)

− :: −;−; (2, b+ 1) : −; (c); (b+ 1)

∣∣∣∣x, y, x] , (2.43)
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∂

∂c
Ψ2(a; b, c;x, y) = −ay

c2
F (3)

[
(a+ 1) :: −;−;− : −; (1); (c, 1)

− :: −; (2, c+ 1);− : (b);−; (c+ 1)

∣∣∣∣x, y, y] . (2.44)

For Ξ1, one has

∂

∂a
Ξ1(a, b, c; d;x, y) =

cx

d
F (3)

[
− :: −;−; (a+ 1, c+ 1) : (1); (b); (a, 1)

(d+ 1) :: −;−; (2) : −;−; (a+ 1)

∣∣∣∣x, y, x] , (2.45)

∂

∂b
Ξ1(a, b, c; d;x, y) =

y

d
F (3)

[
− :: −; (b+ 1);− : (a, c); (1); (b, 1)
(d+ 1) :: −; (2);− : −;−; (b+ 1)

∣∣∣∣x, y, y] , (2.46)

∂

∂c
Ξ1(a, b, c; d;x, y) =

ax

d
F (3)

[
− :: −;−; (a+ 1, c+ 1) : (1); (b); (c, 1)

(d+ 1) :: −;−; (2) : −;−; (c+ 1)

∣∣∣∣x, y, x] , (2.47)

∂

∂d
Ξ1(a, b, c; d;x, y) = −acx

d2
F (3)

[
− :: −;−; (a+ 1, c+ 1) : (1); (b); (d, 1)

(d+ 1) :: −;−; (2) : −;−; (d+ 1)

∣∣∣∣x, y, x]
− by

d2
F (3)

[
− :: −; (b+ 1); (d) : (a, c); (1); (1)
(d+ 1) :: −; (2); (d+ 1) : −;−;−

∣∣∣∣x, y, y] . (2.48)

Finally, for Ξ2, the complete F (3)-forms are

∂

∂a
Ξ2(a, b; c;x, y) =

bx

c
F (3)

[
− :: −;−; (a+ 1, b+ 1) : (1);−; (a, 1)
(c+ 1) :: −;−; (2) : −;−; (a+ 1)

∣∣∣∣x, y, x] , (2.49)

∂

∂b
Ξ2(a, b; c;x, y) =

ax

c
F (3)

[
− :: −;−; (a+ 1, b+ 1) : (1);−; (b, 1)
(c+ 1) :: −;−; (2) : −;−; (b+ 1)

∣∣∣∣x, y, x] , (2.50)

∂

∂c
Ξ2(a, b; c;x, y) = −abx

c2
F (3)

[
− :: −;−; (a+ 1, b+ 1) : (1);−; (c, 1)
(c+ 1) :: −;−; (2) : −;−; (c+ 1)

∣∣∣∣x, y, x]
− y

c2
F (3)

[
− :: −;−; (c) : (a, b); (1); (1)

(c+ 1) :: −; (2); (c+ 1) : −;−;−

∣∣∣∣x, y, y] . (2.51)

The double-series formulas (2.21)–(2.29) and the explicit F (3)-forms (2.30)–(2.51) give two equivalent representations
of the same first-order parameter derivatives: the former are often the most convenient for numerical computation,
whereas the latter exhibit the promised triple-hypergeometric structure in full detail.

3. Higher-order derivatives of Humbert confluent hypergeometric functions with respect to
parameters

In this section, we derive recursive formulas for derivatives of arbitrary order with respect to the parameters of the
Humbert confluent hypergeometric functions. The key idea is to make systematic use of the linear partial differential
equations (PDEs) satisfied by each Humbert function and to differentiate these PDEs with respect to the parameters.
Because the operators involved are linear in the parameters, this procedure leads to simple recurrence relations that
express the nth parameter derivative in terms of the corresponding (n− 1)st derivative.

Throughout this section, we use the shorthand notation

p :=
∂

∂x
, q :=

∂

∂y
, r :=

∂2

∂x2
, s :=

∂2

∂x ∂y
, t :=

∂2

∂y2
.

3.1. The case of Φ1. We begin with the function

Φ1(a, b; c;x, y) =

∞∑
m,n=0

(a)m+n(b)m
(c)m+n m!n!

xmyn.
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It is known that Φ1 satisfies a pair of second-order linear PDEs of hypergeometric type; see, for example, [8, 22].
For our purposes it is convenient to write these equations in the compact operator form

DΦ1(a, b; c;x, y) = 0, (3.1)

MΦ1(a, b; c;x, y) = 0, (3.2)

where

D = x(1− x) r + y(1− x) s+ y(1− y) t+
[
c− (a+ b+ 1)x

]
p− by q − ab, (3.3)

M = y t+ x s+ (c− y) q − x p− a. (3.4)

Here D and M act on functions of (x, y), but their coefficients depend linearly on the parameters a, b, c. This
dependence allows us to generate parameter-derivative relations in a straightforward way.

First-order parameter derivatives. To illustrate the method, first consider the derivative with respect to a. Differen-
tiating (3.1) with respect to a and using that ∂/∂a commutes with D except through the coefficients, we obtain

D

(
∂Φ1

∂a

)
+

∂D

∂a
Φ1 = 0.

From (3.3) we compute

∂D

∂a
= −x p− b,

so that

D

(
∂Φ1

∂a

)
= (x p+ b)Φ1. (3.5)

The right-hand side is particularly simple: it consists of a first-order differential operator in (x, y) applied to the
original function Φ1. Using similar calculations for the derivatives with respect to b and c, we obtain

D

(
∂Φ1

∂b

)
= (x p+ y q + a)Φ1, (3.6)

D

(
∂Φ1

∂c

)
= −pΦ1. (3.7)

On the other hand, differentiating the second PDE (3.2) with respect to a, b, c yields

M

(
∂Φ1

∂a

)
= Φ1, (3.8)

M

(
∂Φ1

∂b

)
= 0, (3.9)

M

(
∂Φ1

∂c

)
= −qΦ1. (3.10)

Equations (3.5)–(3.10) are the basic relations for the first-order parameter derivatives of Φ1 obtained purely from the
PDEs.

In many applications, it is convenient to rewrite the right-hand sides in terms of contiguous Humbert functions
such as Φ1(a + 1, b; c;x, y) and Φ1(a, b + 1; c;x, y). Such representations will be used later in connection with the
differentiation formulas of section 4; for the moment we keep the simpler operator form, which is sufficient to obtain
recurrence relations for higher-order derivatives.
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Recursive formulas for the nth derivatives. We now differentiate the relations (3.5)–(3.7) repeatedly with respect to
the parameters. For instance, applying ∂n−1/∂an−1 to (3.5) gives

D

(
∂nΦ1

∂an

)
+ (n− 1)

∂D

∂a

∂n−1Φ1

∂an−1
= (x p+ b)

∂n−1Φ1

∂an−1
.

Since ∂D/∂a = −(x p+ b), this becomes

D

(
∂nΦ1

∂an

)
= n(x p+ b)

∂n−1Φ1

∂an−1
.

The same argument, applied to the derivatives with respect to b and c, produces the corresponding recurrence formulas.
For later reference, we write them compactly as

D

(
∂nΦ1

∂an

)
= n (x p+ b)

∂n−1Φ1

∂an−1
,

D

(
∂nΦ1

∂bn

)
= n (x p+ y q + a)

∂n−1Φ1

∂bn−1
,

D

(
∂nΦ1

∂cn

)
= −n p

∂n−1Φ1

∂cn−1
.

(3.11)

Similarly, repeated differentiation of (3.8)–(3.10) leads to

M

(
∂nΦ1

∂an

)
= n

∂n−1Φ1

∂an−1
,

M

(
∂nΦ1

∂bn

)
= 0,

M

(
∂nΦ1

∂cn

)
= −n q

∂n−1Φ1

∂cn−1
.

(3.12)

Equations (3.11) and (3.12) constitute a system of simple recurrence relations that can be used inductively to
generate the nth derivatives of Φ1 with respect to a, b and c, once the (n− 1)st derivatives are known. When desired,
the operators (x p+ b) and (x p+ y q + a) acting on Φ1 or its derivatives can be replaced by contiguous combinations
of Humbert functions, using the differentiation formulas in section 4.

3.2. Other Humbert functions. For the remaining Humbert confluent hypergeometric functions Φ2,Φ3, Ψ1,Ψ2,Ξ1,Ξ2,
we follow the same strategy. Each of these functions satisfies a pair of second-order PDEs of hypergeometric type

(see, e.g., [11, 14, 22]). Denoting by (P,Q), (D̃, M̃), (D,M), etc., the corresponding pairs of differential operators, we
again differentiate the PDEs with respect to the parameters and obtain recursive relations. Because the calculations
are entirely analogous to those carried out for Φ1, we state only the resulting formulas.

The function Φ2. Let P and Q be the two PDE operators satisfied by Φ2. Then, for n ≥ 1, we have

P

(
∂nΦ2

∂an

)
= n

∂n−1Φ2

∂an−1
,

P

(
∂nΦ2

∂bn

)
= 0,

P

(
∂nΦ2

∂cn

)
= −n p

∂n−1Φ2

∂cn−1
,

(3.13)
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and

Q

(
∂nΦ2

∂an

)
= 0,

Q

(
∂nΦ2

∂bn

)
= n

∂n−1Φ2

∂bn−1
,

Q

(
∂nΦ2

∂cn

)
= −n q

∂n−1Φ2

∂cn−1
.

(3.14)

The function Φ3. For the function Φ3(a; b;x, y), let D̃ and M̃ denote the corresponding PDE operators. Then

D̃

(
∂nΦ3

∂an

)
= n

∂n−1Φ3

∂an−1
,

D̃

(
∂nΦ3

∂bn

)
= −n p

∂n−1Φ3

∂bn−1
,

(3.15)

and

M̃

(
∂nΦ3

∂an

)
= 0,

M̃

(
∂nΦ3

∂bn

)
= −n q

∂n−1Φ3

∂bn−1
.

(3.16)

The functions Ψ1 and Ψ2. If we again use the notation (D,M) for the pair of PDE operators of Ψ1 (the symbols are
the same as for Φ1, but they act now on Ψ1), we obtain

D

(
∂nΨ1

∂an

)
= n (x p+ b)

∂n−1Ψ1

∂an−1
,

D

(
∂nΨ1

∂bn

)
= n (x p+ y q + a)

∂n−1Ψ1

∂bn−1
,

D

(
∂nΨ1

∂cn

)
= n p

∂n−1Ψ1

∂cn−1
,

D

(
∂nΨ1

∂dn

)
= 0,

(3.17)

and

M

(
∂nΨ1

∂an

)
= n

∂n−1Ψ1

∂an−1
,

M

(
∂nΨ1

∂bn

)
= 0,

M

(
∂nΨ1

∂cn

)
= 0,

M

(
∂nΨ1

∂dn

)
= −n q

∂n−1Ψ1

∂dn−1
.

(3.18)
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For Ψ2(a; b, c;x, y) we obtain analogous formulas:

D

(
∂nΨ2

∂an

)
= n

∂n−1Ψ2

∂an−1
,

D

(
∂nΨ2

∂bn

)
= −n p

∂n−1Ψ2

∂bn−1
,

D

(
∂nΨ2

∂cn

)
= 0,

(3.19)

and

M

(
∂nΨ2

∂an

)
= n

∂n−1Ψ2

∂an−1
,

M

(
∂nΨ2

∂bn

)
= 0,

M

(
∂nΨ2

∂cn

)
= −n q

∂n−1Ψ2

∂cn−1
.

(3.20)

The functions Ξ1 and Ξ2. Finally, for Ξ1(a, b, c; d;x, y), using again a suitable pair of PDE operators (D,M), we
obtain

D

(
∂nΞ1

∂an

)
= n (x p+ c)

∂n−1Ξ1

∂an−1
, (3.21)

D

(
∂nΞ1

∂bn

)
= 0, (3.22)

D

(
∂nΞ1

∂cn

)
= n (x p+ a)

∂n−1Ξ1

∂cn−1
, (3.23)

D

(
∂nΞ1

∂dn

)
= −n p

∂n−1Ξ1

∂dn−1
, (3.24)

while

M

(
∂nΞ1

∂an

)
= 0, (3.25)

M

(
∂nΞ1

∂bn

)
= n

∂n−1Ξ1

∂bn−1
, (3.26)

M

(
∂nΞ1

∂cn

)
= 0, (3.27)

M

(
∂nΞ1

∂dn

)
= −n q

∂n−1Ξ1

∂dn−1
. (3.28)

For Ξ2(a, b; c;x, y) we similarly obtain

D

(
∂nΞ2

∂an

)
= n (x p+ b)

∂n−1Ξ2

∂an−1
, (3.29)

D

(
∂nΞ2

∂bn

)
= n (x p+ a)

∂n−1Ξ2

∂bn−1
, (3.30)

D

(
∂nΞ2

∂cn

)
= −n p

∂n−1Ξ2

∂cn−1
, (3.31)

and
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M

(
∂nΞ2

∂an

)
= 0, (3.32)

M

(
∂nΞ2

∂bn

)
= 0, (3.33)

M

(
∂nΞ2

∂cn

)
= −n q

∂n−1Ξ2

∂cn−1
. (3.34)

To summarise, all Humbert confluent hypergeometric functions admit simple and parallel recurrence relations for
derivatives of arbitrary order with respect to their parameters. These relations are obtained by a uniform procedure
based on differentiating the underlying PDEs and are especially convenient when combined with the contiguous-
relation formulas of the next section, where the operators (x p + λ) and (x p + y q + λ) are rewritten in terms of
Humbert functions with shifted parameters.

4. Differentiation formulas for the Humbert confluent hypergeometric functions

In this section, we derive differentiation and contiguous-relation formulas for the Humbert confluent hypergeometric
functions of two variables. We also obtain several reduction formulas with respect to the variables that express higher-
order derivatives in terms of contiguous Humbert functions. Throughout, we continue to use the notation

p :=
∂

∂x
, q :=

∂

∂y
,

so that, for example, xp stands for the differential operator x ∂/∂x.
The results obtained here may be viewed as explicit realizations of the operator recurrence relations derived in

section 3. For instance, in the case of Φ1, the relations (3.11)–(3.12) express the nth parameter derivatives in terms of
the corresponding (n− 1)st derivatives by means of the differential operators xp+ b, xp+ yq + a and p, acting on Φ1

and its parameter derivatives. In the present section, we show that these operators can be rewritten in a simple way
as combinations of contiguous Humbert functions with shifted parameters by acting on the double-series definitions
recalled in section 2. In this way, the abstract operator recurrences of section 3 are converted into closed formulas for
parameter and variable derivatives.

The proofs of the differentiation formulas follow a common pattern. One starts from a series representation such
as (2.7)–(2.13), applies a simple shift identity for Pochhammer symbols (for example, (a+ 1)n = (a)n

(
1 + n/a

)
), and

then rearranges the resulting series to recognize the defining series of a contiguous Humbert function. For this reason,
we give a detailed proof only in a prototype case (Theorem 4.1); for the remaining theorems, we provide only brief
proof indications or omit the proofs when they are identical.

Theorem 4.1. Let Φ1 = Φ1(a, b; c;x, y) be the Humbert function defined in (2.7). Then the following differentiation
and contiguous relations hold:

(xp+ yq + a)Φ1(a, b; c;x, y) = aΦ1(a+ 1, b; c;x, y), (4.1)

(xp+ b) Φ1(a, b; c;x, y) = bΦ1(a, b+ 1; c;x, y), (4.2)

(xp+ yq + c− 1)Φ1(a, b; c;x, y) = (c− 1)Φ1(a, b; c− 1;x, y). (4.3)

Consequently,

(a− c+ 1)Φ1(a, b; c;x, y) = aΦ1(a+ 1, b; c;x, y)− (c− 1)Φ1(a, b; c− 1;x, y). (4.4)

Proof. Using the identity

(a+ 1)m+n = (a)m+n

(
1 +

m+ n

a

)
,
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in the defining series of Φ1(a + 1, b; c;x, y) and comparing with the series for Φ1(a, b; c;x, y), we obtain (4.1) after a
straightforward rearrangement. In the same way, using

(b+ 1)m = (b)m

(
1 +

m

b

)
,

we obtain (4.2). Finally, by means of

1

(c− 1)m+n
=

(
1 +

m+ n

c− 1

)
1

(c)m+n
,

we arrive at (4.3). The relation (4.4) then follows by eliminating the operator xp+ yq from (4.1) and (4.3). In view of
(3.11), these formulas identify the operators occurring on the right-hand side of the recurrence relations of Section 3
with explicit shifts in the parameters. □

Theorem 4.2. The mixed parameter-derivative formulas

(xp+ yq + a)
∂

∂b
Φ1(a, b; c;x, y) = a

∂

∂b
Φ1(a+ 1, b; c;x, y), (4.5)

(xp+ b)
∂

∂a
Φ1(a, b; c;x, y) = b

∂

∂a
Φ1(a, b+ 1; c;x, y), (4.6)

hold. More generally, for every integer n ≥ 1 we have

(xp+ yq + a)
∂n

∂bn
Φ1(a, b; c;x, y) = a

∂n

∂bn
Φ1(a+ 1, b; c;x, y), (4.7)

(xp+ b)
∂n

∂an
Φ1(a, b; c;x, y) = b

∂n

∂an
Φ1(a, b+ 1; c;x, y). (4.8)

Proof. Differentiating (4.1) and (4.2) with respect to b and a, respectively, and observing that xp+ yq+ a and xp+ b
do not depend on these parameters, we obtain (4.5)–(4.6). Repeated differentiation yields (4.7) and (4.8), which are
compatible with the recurrences (3.11)–(3.12). □

Theorem 4.3. For every integer r ≥ 1, the derivatives of Φ1 with respect to the variables satisfy the reduction formulas

∂r

∂xr
Φ1(a, b; c;x, y) =

(a)r(b)r
(c)r

Φ1(a+ r, b+ r; c+ r;x, y), (4.9)

∂r

∂yr
Φ1(a, b; c;x, y) =

(a)r
(c)r

Φ1(a+ r, b; c+ r;x, y). (4.10)

Proof. Termwise differentiation of the defining double series of Φ1 with respect to x gives

∂r

∂xr
Φ1(a, b; c;x, y) =

∑
m,n≥0

(a)m+n(b)m
(c)m+n m!n!

(m)r x
m−ryn,

where (m)r = m(m − 1) · · · (m − r + 1) and the terms with m < r vanish. Writing (m)r = Γ(m + 1)/Γ(m + 1 − r)
and shifting the summation index, we obtain (4.9). The proof of (4.10) is similar and therefore omitted. When these
relations are combined with (3.11)–(3.12), they yield explicit expressions for all mixed derivatives with respect to
parameters and variables. □

Theorem 4.4. Let Φ2 = Φ2(a, b; c;x, y) be the Humbert function defined in (2.8). Then

(xp+ a) Φ2(a, b; c;x, y) = aΦ2(a+ 1, b; c;x, y), (4.11)

(yq + b) Φ2(a, b; c;x, y) = bΦ2(a, b+ 1; c;x, y), (4.12)

(xp+ yq + c− 1)Φ2(a, b; c;x, y) = (c− 1)Φ2(a, b; c− 1;x, y). (4.13)

In particular,

(a+ b− c+ 1)Φ2(a, b; c;x, y) = aΦ2(a+ 1, b; c;x, y) + bΦ2(a, b+ 1; c;x, y)− (c− 1)Φ2(a, b; c− 1;x, y). (4.14)
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Theorem 4.5. For every integer n ≥ 1, we have

(xp+ a)
∂n

∂bn
Φ2(a, b; c;x, y) = a

∂n

∂bn
Φ2(a+ 1, b; c;x, y), (4.15)

(yq + b)
∂n

∂an
Φ2(a, b; c;x, y) = b

∂n

∂an
Φ2(a, b+ 1; c;x, y). (4.16)

These relations are the explicit counterparts of the recurrences (3.13)–(3.14) for Φ2.

Theorem 4.6. For every integer r ≥ 1, the reduction formulas

∂r

∂xr
Φ2(a, b; c;x, y) =

(a)r
(c)r

Φ2(a+ r, b; c+ r;x, y), (4.17)

∂r

∂yr
Φ2(a, b; c;x, y) =

(b)r
(c)r

Φ2(a, b+ r; c+ r;x, y), (4.18)

hold.

Theorem 4.7. Let Φ3 = Φ3(a; b;x, y) be the Humbert function defined in (2.9). Then

(xp+ a) Φ3(a; b;x, y) = aΦ3(a+ 1; b;x, y), (4.19)

(xp+ yq + b− 1)Φ3(a; b;x, y) = (b− 1)Φ3(a; b− 1;x, y). (4.20)

Consequently,

(a− b+ 1)Φ3(a; b;x, y) = aΦ3(a+ 1; b;x, y)− (b− 1)Φ3(a; b− 1;x, y). (4.21)

Theorem 4.8. For every integer n ≥ 1,

(xp+ a)
∂n

∂bn
Φ3(a; b;x, y) = a

∂n

∂bn
Φ3(a+ 1; b;x, y). (4.22)

Theorem 4.9. For every integer r ≥ 1 we have

∂r

∂xr
Φ3(a; b;x, y) =

(a)r
(b)r

Φ3(a+ r; b+ r;x, y), (4.23)

∂r

∂yr
Φ3(a; b;x, y) =

1

(b)r
Φ3(a; b+ r;x, y). (4.24)

Theorem 4.10. Let Ψ1 = Ψ1(a, b; c, d;x, y) be the Humbert function of Ψ-type. Then

(xp+ yq + a)Ψ1 = aΨ1(a+ 1, b; c, d;x, y), (4.25)

(xp+ b)Ψ1 = bΨ1(a, b+ 1; c, d;x, y), (4.26)

(xp+ c− 1)Ψ1 = (c− 1)Ψ1(a, b; c− 1, d;x, y), (4.27)

(yq + d− 1)Ψ1 = (d− 1)Ψ1(a, b; c, d− 1;x, y). (4.28)

These imply the contiguous relations

(a− b− d+ 1)Ψ1 = aΨ1(a+ 1, b; c, d;x, y)− bΨ1(a, b+ 1; c, d;x, y)− (d− 1)Ψ1(a, b; c, d− 1;x, y), (4.29)

(a− c− d+ 2)Ψ1 = aΨ1(a+ 1, b; c, d;x, y)− (c− 1)Ψ1(a, b; c− 1, d;x, y)− (d− 1)Ψ1(a, b; c, d− 1;x, y), (4.30)

(b− c+ 1)Ψ1 = bΨ1(a, b+ 1; c, d;x, y)− (c− 1)Ψ1(a, b; c− 1, d;x, y). (4.31)

Theorem 4.11. For every integer n ≥ 1, we have

(xp+ yq + a)
∂n

∂bn
Ψ1 = a

∂n

∂bn
Ψ1(a+ 1, b; c, d;x, y), (4.32)

(xp+ b)
∂n

∂an
Ψ1 = b

∂n

∂an
Ψ1(a, b+ 1; c, d;x, y). (4.33)
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Theorem 4.12. For every integer r ≥ 1,

∂r

∂xr
Ψ1(a, b; c, d;x, y) =

(a)r(b)r
(c)r

Ψ1(a+ r, b+ r; c+ r, d;x, y), (4.34)

∂r

∂yr
Ψ1(a, b; c, d;x, y) =

(a)r
(d)r

Ψ1(a+ r, b; c, d+ r;x, y). (4.35)

Theorem 4.13. Let Ψ2 = Ψ2(a; b, c;x, y) be the second Humbert function of Ψ-type. Then

(xp+ yq + a)Ψ2 = aΨ2(a+ 1; b, c;x, y), (4.36)

(xp+ b− 1)Ψ2 = (b− 1)Ψ2(a; b− 1, c;x, y), (4.37)

(yq + c− 1)Ψ2 = (c− 1)Ψ2(a; b, c− 1;x, y). (4.38)

In particular,

(a− b− c+ 2)Ψ2 = aΨ2(a+ 1; b, c;x, y)− (b− 1)Ψ2(a; b− 1, c;x, y)− (c− 1)Ψ2(a; b, c− 1;x, y). (4.39)

Theorem 4.14. For every integer n ≥ 1,

(xp+ yq + a)
∂n

∂bn
Ψ2 = a

∂n

∂bn
Ψ2(a+ 1; b, c;x, y). (4.40)

Theorem 4.15. For every integer r ≥ 1,

∂r

∂xr
Ψ2(a; b, c;x, y) =

(a)r
(b)r

Ψ2(a+ r; b+ r, c;x, y), (4.41)

∂r

∂yr
Ψ2(a; b, c;x, y) =

(a)r
(c)r

Ψ2(a+ r; b, c+ r;x, y). (4.42)

Theorem 4.16. Let Ξ1 = Ξ1(a, b, c; d;x, y) be the Humbert function of Ξ-type. Then

(xp+ a) Ξ1 = aΞ1(a+ 1, b, c; d;x, y), (4.43)

(yq + b) Ξ1 = bΞ1(a, b+ 1, c; d;x, y), (4.44)

(xp+ c) Ξ1 = cΞ1(a, b, c+ 1; d;x, y), (4.45)

(xp+ yq + d− 1) Ξ1 = (d− 1) Ξ1(a, b, c; d− 1;x, y). (4.46)

Consequently,

(a− c) Ξ1 = aΞ1(a+ 1, b, c; d;x, y)− cΞ1(a, b, c+ 1; d;x, y), (4.47)

(a+ b− d+ 1)Ξ1 = aΞ1(a+ 1, b, c; d;x, y) + bΞ1(a, b+ 1, c; d;x, y)− (d− 1) Ξ1(a, b, c; d− 1;x, y), (4.48)

(b+ c− d+ 1)Ξ1 = bΞ1(a, b+ 1, c; d;x, y) + cΞ1(a, b, c+ 1; d;x, y)− (d− 1) Ξ1(a, b, c; d− 1;x, y). (4.49)

Theorem 4.17. For every integer n ≥ 1 the following differentiation formulas hold:

(xp+ a)
∂n

∂bn
Ξ1 = a

∂n

∂bn
Ξ1(a+ 1, b, c; d;x, y), (4.50)

(xp+ a)
∂n

∂cn
Ξ1 = a

∂n

∂cn
Ξ1(a+ 1, b, c; d;x, y), (4.51)

(yq + b)
∂n

∂an
Ξ1 = b

∂n

∂an
Ξ1(a, b+ 1, c; d;x, y), (4.52)

(yq + b)
∂n

∂cn
Ξ1 = b

∂n

∂cn
Ξ1(a, b+ 1, c; d;x, y), (4.53)

(xp+ c)
∂n

∂an
Ξ1 = c

∂n

∂an
Ξ1(a, b, c+ 1; d;x, y), (4.54)

(xp+ c)
∂n

∂bn
Ξ1 = c

∂n

∂bn
Ξ1(a, b, c+ 1; d;x, y). (4.55)



Unco
rre

cte
d Pro

of
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Theorem 4.18. For every integer r ≥ 1,

∂r

∂xr
Ξ1(a, b, c; d;x, y) =

(a)r(c)r
(d)r

Ξ1(a+ r, b, c+ r; d+ r;x, y), (4.56)

∂r

∂yr
Ξ1(a, b, c; d;x, y) =

(b)r
(d)r

Ξ1(a, b+ r, c; d+ r;x, y). (4.57)

Theorem 4.19. Let Ξ2 = Ξ2(a, b; c;x, y) be the second Humbert function of Ξ-type. Then

(xp+ a) Ξ2 = aΞ2(a+ 1, b; c;x, y), (4.58)

(xp+ b) Ξ2 = bΞ2(a, b+ 1; c;x, y), (4.59)

(xp+ yq + c− 1) Ξ2 = (c− 1) Ξ2(a, b; c− 1;x, y). (4.60)

In particular,

(a− b) Ξ2(a, b; c;x, y) = aΞ2(a+ 1, b; c;x, y)− bΞ2(a, b+ 1; c;x, y). (4.61)

Theorem 4.20. For every integer n ≥ 1,

(xp+ a)
∂n

∂bn
Ξ2 = a

∂n

∂bn
Ξ2(a+ 1, b; c;x, y), (4.62)

(xp+ b)
∂n

∂an
Ξ2 = b

∂n

∂an
Ξ2(a, b+ 1; c;x, y). (4.63)

Theorem 4.21. For every integer r ≥ 1,

∂r

∂xr
Ξ2(a, b; c;x, y) =

(a)r(b)r
(c)r

Ξ2(a+ r, b+ r; c+ r;x, y), (4.64)

∂r

∂yr
Ξ2(a, b; c;x, y) =

1

(c)r
Ξ2(a, b; c+ r;x, y). (4.65)

5. Applications

The differentiation formulas obtained in the preceding sections can be used in a variety of problems arising in
physics, applied mathematics, engineering, and related areas. In particular, many applications require the evaluation
of Humbert confluent hypergeometric functions for parameter values that are close to, but not exactly equal to, a
prescribed set of numerator or denominator parameters. In such situations, the explicit formulas for derivatives with
respect to the parameters provide a convenient tool for constructing local parameter expansions and for analysing
special parameter configurations.

We first illustrate how the relations derived in sections 2.4–4 simplify when the parameters satisfy certain algebraic
constraints.

Special parameter configurations. Consider the Humbert function

Φ1(a, b; c;x, y),

whose defining series has been recalled in section 2. Along the diagonal a = c in the parameter space, the function
effectively depends on a reduced number of parameters. Combining the first-order derivative formulas with respect to
a and c (see subsection 2.4), one finds that(

∂

∂a
+

∂

∂c

)
Φ1(a, b; c;x, y)

∣∣∣∣
a=c

= 0. (5.1)

Thus, when a and c are varied simultaneously along the diagonal a = c, the value of Φ1 remains unchanged. In other
words, Φ1 is locally constant under the combined variation of a and c subject to a = c.

A completely analogous phenomenon occurs for the Humbert function

Ψ1(a, b; c, d;x, y).
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If we restrict to the diagonal b = c, then the first-order parameter derivative formulas for Ψ1 imply that(
∂

∂b
+

∂

∂c

)
Ψ1(a, b; c, d;x, y)

∣∣∣∣
b=c

= 0. (5.2)

Hence, in this case Ψ1 is invariant under simultaneous variations of b and c along the line b = c in the (b, c)-plane.
Relations of the type (5.1) and (5.2) are typical in problems where the physical or geometric model singles out

particular combinations of numerator and denominator parameters.

Taylor expansions with respect to parameters. An important class of applications of the parameter-derivative
formulas obtained in sections 2.4–4 consists of Taylor expansions with respect to the parameters. Such expansions
allow one, for instance, to approximate Humbert confluent hypergeometric functions near a given set of parameter
values or to study their sensitivity with respect to small perturbations of those parameters.

Let us fix a reference value a0 ∈ C and expand Φ1 with respect to the parameter a around a = a0. Using the
existence of the nth-order derivatives ∂nΦ1/∂a

n and the formulas established in section 2.4, we obtain the Taylor
expansion

Φ1(a, b; c;x, y) =
∞∑

n=0

(a− a0)
n

n!

∂n

∂an
Φ1(a, b; c;x, y)

∣∣∣∣
a=a0

, (5.3)

whenever the series converges. In the same way, fixing a reference value c0 ∈ C and expanding with respect to the
denominator parameter c gives

Φ1(a, b; c;x, y) =
∞∑

n=0

(c− c0)
n

n!

∂n

∂cn
Φ1(a, b; c;x, y)

∣∣∣∣
c=c0

. (5.4)

The explicit expressions for the derivatives with respect to a and c, obtained earlier in terms of Srivastava’s triple
hypergeometric function F (3), turn the formal Taylor series (5.3)–(5.4) into computable expansions. Similar Taylor
expansions can be written with respect to any other numerator or denominator parameter, for Φ1 as well as for the
remaining Humbert functions Φ2, Φ3, Ψ1, Ψ2, Ξ1 and Ξ2, by making use of the corresponding nth-order parameter
derivatives derived in section 3.

Together with the reduction formulas for variable derivatives obtained in section 4, these parameter expansions
provide a flexible framework for analytical and numerical investigations of Humbert confluent hypergeometric functions
in a broad range of applications. The first part of this discussion identifies parameter configurations with reduced
sensitivity, whereas the second explains how parameter-derivative formulas enter Taylor expansions around prescribed
reference values.

6. Numerical illustrations

In this section, we present numerical examples and graphical representations that illustrate the differentiation
formulas obtained in the preceding sections. For concreteness we focus on the Humbert confluent hypergeometric
function

Φ1(a, b; c;x, y) =
∞∑

m,n=0

(a)m+n(b)m
(c)m+n m!n!

xmyn,

together with its derivative with respect to the parameter a. All computations are carried out for the parameter choice

a = 3
2 , b = 3

4 , c = 5
2 ,

and for (x, y) in the square [0, 0.8] × [0, 0.8], which lies well inside the region of absolute convergence of the defining
double series.
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18 R. ŞAHIN, A. SHEHATA, S. I. MOUSTAFA AND O. YAĞCI

6.1. Numerical evaluation. For the numerical evaluation of Φ1, we truncated the defining double series to all terms
with m+ n ≤ Nmax. Unless otherwise stated, the values reported below use Nmax = 40. The derivative with respect
to a was computed by differentiating the series termwise and using

∂

∂a
(a)m+n = (a)m+n

[
Ψ(a+m+ n)−Ψ(a)

]
, (6.1)

where Ψ denotes the digamma function. Inserting (6.1) into the double series for Φ1 yields the computational formula

∂Φ1

∂a
(a, b; c;x, y) =

∑
m,n≥0

(a)m+n(b)m
(c)m+nm!n!

[
Ψ(a+m+ n)−Ψ(a)

]
xmyn, (6.2)

truncated with the same triangular condition m+ n ≤ Nmax.
Table 1 displays representative numerical values of Φ1(a, b; c;x, y) and ∂Φ1/∂a(a, b; c;x, y) at several points (x, y).

All values are rounded to six decimal places.

Table 1. Sample numerical values of Φ1(a, b; c;x, y) and ∂Φ1/∂a(a, b; c;x, y) for a = 1.5, b = 0.75, c = 2.5.

x y Φ1(a, b; c;x, y)
∂Φ1

∂a
(a, b; c;x, y)

0.1 0.1 1.113819 0.079604
0.1 0.5 1.430456 0.325267
0.3 0.3 1.409546 0.318193
0.5 0.5 1.851703 0.749493
0.7 0.1 1.720944 0.717414
0.7 0.5 2.259061 1.278011

Table 1 shows that, for the chosen parameter values, both Φ1 and ∂Φ1/∂a increase monotonically as either x or y
increases. Moreover, the derivative ∂Φ1/∂a is strictly positive at all sample points, reflecting the increase of Φ1 with
respect to the parameter a in this range of variables.

6.2. Truncation error, convergence and validation. The numerical truncation used in (6.2) is triangular: all
terms with total degree m+n > Nmax are omitted. To estimate the tail, we compared successive triangular truncations
against a high-precision reference computed with Nmax = 100. The most demanding point among the sample points
in Table 1 is (x, y) = (0.7, 0.5); the convergence at this point is shown in Table 2.

Table 2. Convergence of the triangular truncation for Φ1 and ∂Φ1/∂a at (x, y) = (0.7, 0.5). The
reference values are computed with Nmax = 100.

Nmax Φ1 absolute error ∂Φ1/∂a absolute error
10 2.252963220 6.10× 10−3 1.262287332 1.57× 10−2

15 2.258366455 6.94× 10−4 1.275998691 2.01× 10−3

20 2.258973836 8.69× 10−5 1.277737867 2.73× 10−4

30 2.259059188 1.59× 10−6 1.278005070 5.54× 10−6

40 2.259060743 3.25× 10−8 1.278010490 1.22× 10−7

As an independent validation, we used the limiting cases in which Φ1 reduces to classical single-variable hypergeo-
metric functions:

Φ1(a, b; c; 0, y) = 1F1(a; c; y), Φ1(a, b; c;x, 0) = 2F1(a, b; c;x). (6.3)

For the same parameters and Nmax = 40, the comparison is summarized in Table 3.
The estimates in Tables 2 and 3 justify the use of Nmax = 40 for the numerical figures and the rounded values

reported in Table 1.
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Table 3. Validation of the truncated Φ1 series against the classical reductions in (6.3).

Point Reduction truncated value absolute difference
(0, 0.5) 1F1(a; c; 0.5) 1.361290826370 < 10−60

(0.7, 0) 2F1(a, b; c; 0.7) 1.610246558986 1.59× 10−8

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
x

0.5

1.0

1.5

2.0
va

lu
e

2D plot for y0 = 0.3, a = 1.5, b = 0.75, c = 2.5
1(a, b; c; x, y0)

1/ a

Figure 1. Plot of Φ1(a, b; c;x, y0) (solid line) and ∂Φ1/∂a(a, b; c;x, y0) (dashed line) as functions of
x for a = 1.5, b = 0.75, c = 2.5 and y0 = 0.3.

6.3. Two-dimensional plots. To visualize more clearly the dependence of Φ1 and its parameter derivative on the
variable x, we consider the one-parameter family

x 7−→ Φ1(a, b; c;x, y0), x 7−→ ∂Φ1

∂a
(a, b; c;x, y0),

using the same parameter values as above and with y0 = 0.3 fixed. Both functions were evaluated on a uniform grid
in the interval 0 ≤ x ≤ 0.8.

Figure 1 shows the resulting curves. The solid line corresponds to Φ1(a, b; c;x, y0), while the dashed line corresponds
to ∂Φ1/∂a. As expected, both functions increase smoothly with x, while the derivative with respect to a grows more
rapidly than Φ1 itself, indicating enhanced sensitivity to changes in a as x moves away from the origin.

6.4. Three-dimensional surface plot. We finally illustrate the joint dependence of Φ1 on the variables (x, y) in
the square [0, 0.8] × [0, 0.8]. Using the same truncation and parameter values as before, we computed Φ1(a, b; c;x, y)
on a uniform 40× 40 grid in this domain and constructed the corresponding surface plot.

The resulting graph is displayed in Figure 2. The surface is smooth and strictly increasing in both variables, with
a moderate curvature near the origin and a steeper rise towards the corner (x, y) = (0.8, 0.8). This behaviour is
consistent with the positivity of the coefficients in the defining double series of Φ1 for the present choice of parameters.

These numerical examples provide a concrete illustration of the analytical results obtained in the earlier sections
and demonstrate that the parameter-derivative formulas can be implemented efficiently in practical computations.
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20 R. ŞAHIN, A. SHEHATA, S. I. MOUSTAFA AND O. YAĞCI

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
x 0.0

0.1
0.2

0.3
0.4

0.5
0.6

0.7
0.8

y

1.00
1.25
1.50
1.75
2.00
2.25
2.50
2.75
3.00
3.25

1(
a,

b;
c;

x,
y)

3D surface of 1(a, b; c; x, y)

Figure 2. Three-dimensional surface plot of Φ1(a, b; c;x, y) for a = 1.5, b = 0.75, c = 2.5 and
(x, y) ∈ [0, 0.8]× [0, 0.8].

7. Concluding remarks

In this paper, we have carried out a systematic study of derivatives with respect to the parameters of the Humbert
confluent hypergeometric functions of two variables. More precisely, we considered all seven classical Humbert functions
Φ1, Φ2, Φ3, Ψ1, Ψ2, Ξ1 and Ξ2 and developed a unified framework for their differentiation with respect to numerator
and denominator parameters.

Starting from the double-series representations recalled in section 2 and using elementary properties of the Gamma,
digamma and polygamma functions, we first derived explicit formulas for the first-order derivatives with respect to each
parameter. We then recast these formulas in a compact, uniform manner in terms of Srivastava’s triple hypergeometric
function F (3), which plays a natural role as a basic building block for multivariable parameter derivatives.

A second main ingredient of our approach is the use of the systems of linear partial differential equations satisfied by
the Humbert functions. By differentiating these systems with respect to the parameters, we obtained simple operator
recurrences for parameter derivatives of arbitrary order, as described in section 3. In section 4, these recurrences were
combined with shift identities for Pochhammer symbols to produce explicit differentiation and reduction formulas that
express parameter derivatives in terms of contiguous Humbert functions and higher-order derivatives with respect to
the variables.

To complement the theoretical developments, section 6 presented numerical illustrations for the function Φ1 and its
derivative with respect to a numerator parameter. Sample values, convergence checks, validation against single-variable
reductions, and two- and three-dimensional plots were obtained directly from the double-series representations, thereby
demonstrating that the parameter-derivative formulas can be implemented in a straightforward and numerically stable
way.

The results obtained here provide an analytic toolkit for working with Humbert confluent hypergeometric functions
in contexts where parametric dependence is essential, such as sensitivity analysis, perturbation methods, and parameter
fitting in applied models. Several directions for further research remain open. One natural extension is to consider
generalized Humbert-type and related multivariable hypergeometric functions and to derive analogous parameter
derivative formulas for them. Another direction is the development of dedicated numerical algorithms that exploit the
present formulas to compute Humbert functions and their parameter derivatives efficiently over wider regions of the
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parameter and variable space. We hope that the results presented here will serve as a useful starting point for such
investigations and for further applications in mathematical physics and applied analysis.
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