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Abstract

Drug delivery through reservoir-based microneedle has become highly important owing to its non-invasiveness and

the ability to deliver a wide range of drugs. In this paper, we consider a system of partial differential equations

to describe the transport of bounded drug, free drug and water in the reservoir, microneedle, skin and blood
vessel. The system of equations is completed with interface boundary conditions, initial and boundary conditions.

Additionally, the initial and boundary value problem is studied from an analytical point of view for stability, and

from a numerical point of view for qualitative behaviour. Finally, it is shown that the results agree well with the
experimental data.
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1. Introduction

The skin is one of the ways through which drug could be delivered with local and systemic effectiveness. The
stratum corneum is the outermost layer of the skin and the main defense barrier for the drug to pass through, which
leads to a decrease in the effectiveness of the drug [21]. On the other hand, subcutaneous injection is painful and
usually rejected by patients. In order to overcome these problems, new drug delivery technologies have been emerged
[12].

Over the last two decades, the drug delivery system using microneedles has been considered as a conventional
method for delivering vaccines, drugs and cosmetics [14]. A microneedle consists of micron-sized needles allowing drug
molecules to pass through the last layer of the skin and painlessly enter the inner layers of it [9, 13, 19].

In general, microneedles are divided into five categories, namely solid, hollow, coated, dissolving, and swellable
microneedles [5, 8, 22, 25, 30]. Solid microneedle enhances drug absorption through the skin by creating microscopic
openings, but does not contain active ingredients. After removal of the solid microneedle, semi-solid products, like
creams or patches, should be used. On the other hand, hollow microneedle delivers liquid products through its hollow
needle holes, acting as a medicinal reservoir for slow skin penetration. Coated microneedles however are solid needles
with a medicine coating, with the microneedle penetrating the skin and releasing the drug into lower layers. Of note,
the ingredients of the dissolved microneedles are water-soluble or biodegradable materials, such as sugar and polymer,
and the drug is encapsulated inside the matrix. After being used on the surface of the skin, they are completely
dissolved or destroyed. Through these microneedles, the drug is injected under the stratum corneum, without any
dangerous residue on the surface of the skin after use. Furthermore, swellable microneedles release drugs into the skin
by swelling and absorbing body fluids.

The materials used in the preparation and manufacturing of microneedles should comprise neutral materials, not
causing sensitivity, high mechanical strength or high biocompatibility. The materials used to make microneedles
include silicon, metal, glass, ceramide, polymers and sugar [12]. Herein, the microneedles used were made of polymers.
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Figure 1. Mechanism of microneedles drug delivery.

There has been a great body of evidence concerning the use of different types of polymers as microneedles. Clearly,
there is dire need for organizing and optimizing the laboratory results in order to maximize the use of these microneedles
[28]. In this regard, mathematical modeling saves time and reduces laboratory defects. The modeling considers different
concentrations, including bounded drug, free drug and water in the reservoir, microneedle, skin and blood vessels [26].
Several studies have been conducted on the optimization of all types of microneedles in different dimensions [29–32].
In these models, some medicine is loaded in a reservoir connected to the microneedle. After contact with the water
that reaches the reservoir from the skin, the drug breaks down and turns into free drug. Finally, the drug starts to
spread and reaches the blood vessel through the skin [11, 20].

To describe drug delivery through microneedles, many models have been presented, each of which deals with different
aspects of this category [1, 5, 6, 10, 13]. None of them has however considered the mechanical property caused by
the viscoelasticity of the polymer, in which changes Fick’s second law, interpreted as non-Fickian law [2, 16]. In this
paper, we used Maxwell model to consider the relationship between stress and strain [7]. This mechanical property
of the polymeric microneedle acts as a barrier against the infiltration of water from the skin into the microneedle and
delays the infiltration of water into the reservoir, thus affecting the drug’s decomposition. Therefore, the study of
this model is highly conducive to increasing the accuracy of drug delivery through microneedles. Additionally, herein,
to study the stability of the problem, due to the non-linearity of the equations in the reactive sentences, we acted
through linearization around short and long times. To study the effect of the parameters and analyze the sensitivity
of the data, we solved the problem numerically and checked the error caused by using the numerical method. Note
that the model developed in this paper agrees with the experimental and simulation results in Paper [31]. As can be
seen from the results, about 20% of the initial loaded drug has been distributed in 24 hours.

This paper is summarized in several sections as follows: In section 2, we present the model and the initial and
boundary conditions. Section 3 however presents the stability study of the model by linearizing the equations around
short and long times while in section 4, we report numerical results and data sensitivity analysis study. Finally, in
section 5, we discuss the conclusions and future work.

2. Mathematical model

Assuming that the microneedle enters the skin with a polymeric property and causes slight changes in the skin that
we ignore . It is assumed that the polymeric microneedle has viscoelastic properties [27, 29]. The reservoir that is
actually attached to the microneedle base contains the drug (Figure 1. About 60 to 75% of the skin is made up of
water [18]. After the microneedle penetrates the skin, the water inside the skin is collected around the microneedle,
and due to the absorbent property of the microneedle, the water penetrates into the microneedle. From there, the
water enters the drug reservoir and reacts with the drug molecules. It causes the drug to be released. Due to the
difference in concentration, the released drugs enter the microneedle and from there, enter the skin and finally into
the circulatory system.

2.1. Governing equation. In this study, a two-dimensional model of the insertion of a microneedle (Ωm) into the
skin (Ωs) with a reservoir (Ωr) attached to the back containing the drug is developed (Figure 2). At the end of the
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Figure 2. Computational domain and nomenclature of boundaries and interface boundaries.

skin, there is a blood vessel (Ωv). The boundaries of the reservoir are indicated by Γr,l, Γr,r and Γr,u. The interface
boundary of the reservoir and the microneedle is marked with Γr,m. The outer boudary of the microneedle, which is
outside the skin, is indicated by Γm,l and Γm,r. Γm,s is the interface boundary between microneedle and skin. Skin
boundaries are indicated by Γs,l, Γs,r and Γs,u. The interface boundary of skin and blood vessel is indicated by Γs,v.
Finally, the blood vessel boundaries are Γv,l, Γv,r and Γv,d.

As described above, diffusion-reaction equations are used to transport water and drug from reservoir, microneedle,
and skin. The device consists of three components: water, bounded drug and free drug. At first, there is only the
bounded drug in the reservoir, which turns into a free drug after entering the water. Since the microneedle tends to
absorb free drugs due to its polymer property, so some of the free drug entered into the microneedle is absorbed by
the microneedle and becomes a bounded drug [24]. Similarly, some of the free drug that entered into the skin reacts
with cell receptors and becomes bounded drug [23].

As the reservoir absorbs water from the skin through the microneedle, the drug in the reservoir dissolves in response
to incoming water and becomes a free drug and is ready to be dispensed. Therefore, to describe this phenomenon in
the reservoir, we use the following equations:

∂Cf,r

∂t
= ∇.(Df,r∇Cf,r) + krCb,rCw,r, (2.1)

∂Cb,r

∂t
= −krCb,rCw,r, (2.2)

∂Cw,r

∂t
= ∇.(Dw,r∇Cw,r)− krCb,rCw,r, (2.3)

where Ci,r, i = f, b, w represent free drug, bounded drug and water concentration, respectively, Di,r, i = f, w are free
drug diffusion coefficient and water diffusion coefficient in the reservoir, respectively and kr is the solubilisation rate
constant.

The free drug released from the reservoir enters the microneedle. The polymeric microneedle retains some of the
released drug due to the drug’s contact with the polymer. The viscoelastic property of microneedles, which prevents
water from entering the skin, is considered here, which has not been considered in the previous papers. The drug
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Figure 3. Maxwell fluid model.

enters the skin after microneedle. Similarly, some of the drug is metabolized in the skin by skin cells. Therefore, the
equations that measure the amount of drug and water inside the microneedle and the skin are as follows:

∂Cf,i

∂t
= ∇.(Df,i∇Cf,i)− kiCf,i, (2.4)

∂Cb,i

∂t
= kiCf,i, (2.5)

∂Cw,i

∂t
= ∇.(Dw,i∇Cw,i), (2.6)

for i = m, s, where Cf,i, Cb,i, Cw,i, i = m, s are free drug, bounded drug and water concentration in microneedle when
i = m and skin when i = s and ki, i = m, s are the binding rate constants in microneedle and skin, respectively.

To consider the viscoelastic properties of the polymeric microneedle, ∇.(Dσ∇σ) is added to (2.6) and for the
microneedle, (2.6) will be as follows:

∂Cw,m

∂t
= ∇.(Dw,m∇Cw,m) +∇.(Dσ∇σ), (2.7)

where σ is the stress and Dσ is the viscoelastic diffusion coefficient. In fact, this sentence is a description of the
mechanical properties of polymeric materials. In other words, this statement states that the microneedle acts as a
barrier against the penetration of water through the skin.

In order to consider the mechanical properties of polymeric microneedle, we bring the Maxwell model to define the
relationship between stress and strain. In this model, a damper and a spring are connected in series (Figure 3). The
model obtained after mathematical operations on it, is as follows [7]:

∂σ

∂t
+

E

µ
σ = E

∂ϵ

∂t
, (2.8)

where ϵ is the strain, E denotes the Young modulus of the spring and µ denotes the viscosity of the damper.
In the last equation, according to [17], we assume that strain is a linear function of water, in other words ϵ = f(Cw,m).

Also, to show that the polymeric microneedle acts as a barrier against water entering from the skin, like [2–4], we
consider a minus sign on the right side of the last equation. Therefore, after these explanations, the last equation
becomes as follows:

∂σ

∂t
+

E

µ
σ = −E

∂Cw,m

∂t
. (2.9)

After passing through the skin, the drug enters the circulatory system in the blood vessels. The advection-diffusion
equation is used to describe the drug concentration, Cf,v, in the blood vessel. Therefore, this equation is as follows:

∂Cf,v

∂t
+ v.∇Cf,v = ∇.(Df,v∇Cf,v), (2.10)

where Df,v is the diffusion coefficient of free drug in blood vessel and v is the velocity of drug in blood flow and is
described by the incompressible Navier-Stokes equation as follows [4]:ρ

∂v

∂t
−∇.µb(∇v + (∇v)T ) + ρ(v.∇)v +∇p = 0,

ρ.∇v = 0,
(2.11)
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where ρ is the blood density, µb is the blood viscosity and p is the pressure.

2.2. Initial, boundary and interface conditions. Inside the reservoir:

Cf,r = 0, Cb,r = cb,r0, Cw,r = 0, at t = 0, (2.12)

where cb,r0 is the initial bounded drug which is loaded in the reservoir.
Inside the microneedle:

Cf,m = 0, Cb,m = 0, Cw,m = 0, at t = 0, (2.13)

Inside the skin:

Cf,s = 0, Cb,s = 0, Cw,s = cw,s0, at t = 0, (2.14)

where cw,s0 is the initial water in the skin.
Inside the blood vessels:

Cf,v = 0,v = 0, p = 0, at t = 0. (2.15)

In parts of the reservoir, microneedle located outside the skin and skin, no flux boundary condition is assumed as
following:

Df,r∇Cf,r · ηr = 0, Dw,r∇Cw,r · ηr = 0, (2.16)

Df,m∇Cf,m · ηm = 0, Dw,m∇Cw,m · ηm = 0, (2.17)

Df,s∇Cf,s · ηs = 0, (Dw,s∇Cw,s +Dσ∇σ) · ηs = 0, (2.18)

where ηi, i = r,m, s are the exterior unit normal.
In blood vessel the following boundary conditions are assumed for the free drug concentration and velocity:

(Df,v∇Cf,v − vCf,v) · ηv = 0, (2.19)

Cf,v = 0, (2.20)

v = U, (2.21)

v = 0, (2.22)

p = 0, (2.23)

where ηv is the exterior unit normal and U is the maximum flow velocity at the inlet of the blood vessel.
The boundary conditions considered in the model, are shown in the Figure 4.
The interface boundary conditions for the free drug concentration and water are considered as following, respectively:



Df,r∇Cf,r · ηr = ιr,m(Cf,r − Cf,m),

Df,m∇Cf,m · ηm = −Df,r∇Cf,r · ηr,
Df,m∇Cf,m · ηm = ιm,s(Cf,m − Cf,s),

Df,s∇Cf,s · ηs = −Df,m∇Cf,m · ηm,

Df,s∇Cf,s · ηs = ιs,v(Cf,s − Cf,v),

(Df,v∇Cf,v − vCf,v) · ηv = −Df,s∇Cf,s · ηs,

(2.24)

and 
Dw,s∇Cw,s · ηs = ιm,s(Cw,s − Cw,m),

(Dw,m∇Cw,m +Dσ∇σ) · ηm = −Dw,s∇Cw,s · ηs,
(Dw,m∇Cw,m +Dσ∇σ) · ηm = ιr,m(Cw,m − Cw,r),

Dw,r∇Cw,r · ηr = −(Dw,m∇Cw,m +Dσ∇σ) · ηm,

(2.25)

where ιr,m, ιm,s, ιs,v are the partition coefficients of the interfaces.
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Figure 4. Boundary conditions for different domains.

3. Theoretical results

To study the stability behaviour of problem (2.1)-(2.25), we need to linearize problem (2.1)-(2.3) for short and long
times. For short times, the system is linearized in the neighborhood of the initial state, and for long times, the system
is linearized in the neighborhood of the static solution. Let C̃f,r, C̃b,r and C̃w,r be a solution of (2.1)-(2.3). The
linearized system at this solution can be written in the following form

∂Cf,r

∂t
= ∇.(Df,r∇Cf,r) + krC̃b,rCw,r + krCb,rC̃w,r, (3.1)

∂Cb,r

∂t
= −krC̃b,rCw,r − krCb,rC̃w,r, (3.2)

∂Cw,r

∂t
= ∇.(Dw,r∇Cw,r)− krC̃b,rCw,r − krCb,rC̃w,r. (3.3)

For small times the concentration of water in the reservoir is very small so we consider

C̃w,r = 0, C̃b,r = cb,r0.

For large times, that is when the bounded drug changed to free drug and released and the reservoir is full of water,
we assume

C̃w,r = cw,s0, C̃b,r = 0.

Stability for short times: In this case, Equations (3.1)-(3.3) become

∂Cf,r

∂t
= ∇.(Df,r∇Cf,r) + krcb,r0Cw,r, (3.4)

∂Cb,r

∂t
= −krcb,r0Cw,r, (3.5)

∂Cw,r

∂t
= ∇.(Dw,r∇Cw,r)− krcb,r0Cw,r. (3.6)
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In what follows we use the energy method to analyze (2.4)-(2.25) and (3.4)-(3.6).
From (2.9) and by considering Cw,m(0) = 0 we easily get

σ =
E2

µ

∫ t

0

e−
E
µ (t−s)Cw,m(s)ds− ECw,m(t) + σ(0)e−

E
µ t,

and using this equality in the (2.7) and considering σ(0) is constant, we obtain for Cw,m the following equation

∂Cw,m

∂t
= ∇.(Dw,m∇Cw,m) +∇.

(
Dσ∇

(E2

µ

∫ t

0

e−
E
µ (t−s)Cw,m(s)ds− ECw,m(t) + σ(0)e−

E
µ t
))

= ∇.(Dw,m∇Cw,m) +

∫ t

0

e−
E
µ (t−s)∇.(

E2

µ
Dσ∇Cw,m(s))ds+∇.((−EDσ)∇Cw,m)

+∇.(e−
E
µ t∇σ(0)) = ∇.((Dw,m − EDσ)∇Cw,m) +

∫ t

0

e−
E
µ (t−s)∇.(

E2

µ
Dσ∇Cw,m(s))ds,

therefore

∂Cw,m

∂t
= ∇.(Dw,m∇Cw,m) +

∫ t

0

e−
E
µ (t−s)∇.(Dv∇Cw,m(s))ds, (3.7)

where Dw,m = Dw,m − EDσ and Dv = E2

µ Dσ.

Let V = [H1(Ωr)]
2 × L2(Ωr)× [H1(Ωm)]2 × L2(Ωm)× [H1(Ωs)]

2 × L2(Ωs)×H1(Ωv) and let c = (Cf,r, Cw,r, Cb,r,
Cf,m, Cw,m, Cb,m, Cf,s, Cw,s, Cb,s, Cf,v) ∈ V , then we have

∑
j=r,m,s

∑
i=f,b,w

(
∂Ci,j

∂t
, vi,j)Ωj

+ (
∂Cf,v

∂t
, vf,v)Ωv

+
∑

j=r,m,s

∑
i=f,w

(Di,j∇Ci,j ,∇vi,j)Ωj

+

∫ t

0

e−
E
µ (t−s)(Dv∇Cw,m(s),∇vw,m)ds

+ (Df,v∇Cf,v,∇vf,v)Ωv + (v.∇Cf,v, vf,v)Ωv

+ krcb,r0(Cw,r, vf,r − vb,r − vw,r)Ωr

−
∑

j=m,s

kj(Cf,j , vf,j − vb,j)Ωj

= −(ιr,m[Cf (t)], [vf ])Γr,m
− (ιm,s[Cf (t)], [vf ])Γm,s

− (ιs,v[Cf (t)], [vf ])Γs,v − (ιm,s[Cw(t)], [vw])Γm,s

− (ιr,m[Cw(t)], [vw])Γr,m
, (3.8)

for all vi,j , j = r,m, s, i = f, b, w and vf,v in V and c(0) = (0, 0, cb,r0, 0, 0, 0, 0, cw,s0, 0, 0).
In (3.8) the following notations were used:

(ιr,m[Cf (t)], [vf ])Γr,m =

∫
Γr,m

ιr,m[Cf (t)][vf ]dµ,

[Cf (t)] = Cf,r(t)− Cf,m(t), [vf (t)] = vf,r − vf,m,

Cf,r, Cf,m, vf,r, vf,m on Γr,m are given by Trace Theorem [15]). In (3.8) (ιm,s[Cf (t)], [vf ])Γm,s ,
(ιs,v[Cf (t)], [vf ])Γs,v

, (ιm,s[Cw(t)], [vw])Γm,s
and (ιr,m[Cw(t)], [vw])Γr,m

are defined analogously.
We establish in what follows an estimate for the energy functional

ε(c(t)) =
∑

j=r,m,s

∑
i=f,b,w

∥Ci,j(t)∥2Ωj
+ ∥Cf,v(t)∥2Ωv

+
∑

j=r,m,s

∑
i=f,w

∫ t

0

∥∇Ci,j(s)∥2Ωj
ds

+

∫ t

0

∥∇Cf,v(s)∥2Ωv
ds+

∫ t

0

(
∥[Cf (s)]∥2Γr,m∪Γm,s∪Γs,v

+ ∥[Cw(s)]∥2Γm,s∪Γr,m

)
ds. (3.9)
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Theorem 3.1. Let c ∈ V be a solution of the variational problem (3.8). Then

ε(c(t)) ≤ ε(c(0))eΦt, (3.10)

where ϵ1, ϵ6 ̸= 0 satisfy

Df,v − ϵ21 > 0, Dw,m − ϵ26 > 0, (3.11)

and

Φ =
min{2Di,j , 2(Df,v − ϵ21), 2(Dw,m − ϵ26),max{2ιr,m, 2ιm,s, 2ιs,v}}

max{ D2
vµ

4ϵ26E
, 1
2ϵ21

∥v∥2L∞(Ωv)
, 2(krcb,r0 + k2

rcb,r
2
0(ϵ

2
2 + ϵ23)), 2(km + k2

mϵ24), 2(ks + k2
sϵ

2
5),

1
2ϵ2z

, }
, (3.12)

where i = f, b, w, j = r,m, s, z = 2, 3, 4, 5.

Proof. Taking in (3.8) vi,j = Ci,j , i = f, b, w, j = r,m, s and vf,v = Cf,v, we easily obtain

1

2

∑
j=r,m,s

∑
i=f,b,w

d

dt
∥Ci,j(t)∥2Ωj

+
1

2

d

dt
∥Cf,v(t)∥2Ωv

+
∑

j=r,m,s

∑
i=f,w

Di,j∥∇Ci,j(t)∥2Ωj
+

∫ t

0

e−
E
µ (t−s)(Dv∇Cw,m(s),∇Cw,m)ds

+Df,v∥∇Cf,v(t)∥2Ωv
+ (v.∇Cf,v, Cf,v)Ωv

− krcb,r0∥Cw,r(t)∥2Ωr

+ krcb,r0(Cw,r, Cf,r)Ωr
− krcb,r0(Cw,r, Cb,r)Ωr

− km∥Cf,m(t)∥2Ωm

+ km(Cf,m, Cb,m)Ωm
− ks∥Cf,s(t)∥2Ωs

+ ks(Cf,s, Cb,s)Ωs

= −ιr,m∥[Cf (t)]∥2Γr,m
− ιm,s∥[Cf (t)]∥2Γm,s

− ιs,v∥[Cf (t)]∥2Γs,v

− ιm,s∥[Cw(t)]∥2Γm,s
− ιr,m∥[Cw(t)]∥2Γr,m

. (3.13)

For any non zero constants ϵi, i = 1, · · · , 6 we have the following inequalities

(v.∇Cf,v, Cf,v)Ωv ≤ 1

4ϵ21
∥v(t)∥2L∞(Ωv)

∥Cf,v(t)∥2Ωv
+ ϵ21∥∇Cf,v(t)∥2Ωv

, (3.14)

krcb,r0(Cw,r, Cf,r)Ωr
≤ k2rcb,r

2
0ϵ

2
2∥Cw,r(t)∥2Ωr

+
1

4ϵ22
∥Cf,r(t)∥2Ωr

, (3.15)

−krcb,r0(Cw,r, Cb,r)Ωr
≤ k2rcb,r

2
0ϵ

2
3∥Cw,r(t)∥2Ωr

+
1

4ϵ23
∥Cb,r(t)∥2Ωr

, (3.16)

km(Cf,m, Cb,m)Ωm ≤ k2mϵ24∥Cf,m(t)∥2Ωm
+

1

4ϵ24
∥Cb,m(t)∥2Ωm

, (3.17)

ks(Cf,s, Cb,s)Ωs
≤ k2sϵ

2
5∥Cf,s(t)∥2Ωs

+
1

4ϵ25
∥Cb,s(t)∥2Ωs

, (3.18)

∫ t

0

e−
E
µ (t−s)(Dv∇Cw,m(s),∇Cw,m)ds ≤ ϵ26∥∇Cw,m(t)∥2Ωm

+
D2

vµ

8ϵ26E

∫ t

0

∥∇Cw,m(s)∥2Ωm
ds. (3.19)

Using the inequalities (3.14)-(3.19) in (3.13) we obtain
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∑
j=r,m,s

∑
i=f,b,w

d

dt
∥Ci,j(t)∥2Ωj

+
d

dt
∥Cf,v(t)∥2Ωv

+
∑

j=r,m,s

∑
i=f,w

2Di,j∥∇Ci,j(t)∥2Ωj

+ 2(Df,v − ϵ21)∥∇Cf,v(t)∥2Ωv
+ 2(Dw,m − ϵ26)∥∇Cw,m(t)∥2Ωm

+max{2ιr,m, 2ιm,s, 2ιs,v}
(
∥[Cf (t)]∥2Γr,m∪Γm,s∪Γs,v

+ ∥[Cw(t)]∥2Γm,s∪Γr,m

)
≤ D2

vµ

4ϵ26E

∫ t

0

∥∇Cw,m(s)∥2Ωm
ds+

1

2ϵ21
∥v(t)∥2L∞(Ωv)

∥Cf,v(t)∥2Ωv

+ 2(krcb,r0 + k2rcb,r
2
0(ϵ

2
2 + ϵ23))∥Cw,r(t)∥2Ωr

+ 2(km + k2mϵ24)∥Cf,m(t)∥2Ωm

+ 2(ks + k2sϵ
2
5)∥Cf,s(t)∥2Ωs

+
1

2ϵ22
∥Cf,r(t)∥2Ωr

+
1

2ϵ23
∥Cb,r(t)∥2Ωr

+
1

2ϵ24
∥Cb,m(t)∥2Ωm

+
1

2ϵ25
∥Cb,s(t)∥2Ωs

. (3.20)

If we fix ϵ1, ϵ6 satisfying (3.11) then

ε(c(t)) ≤ Φ

∫ t

0

ε(c(s))ds+ ε(c(0)),

where Φ is defined by (3.12). Finally by using Gronwall’s Lemma we obtain (3.10). □

From inequality (3.10), we can conclude the uniqueness of the solution of the (3.8) and also the stability of this
solution in a limited time interval.

Stability for large times: In this case the equations (3.1)-(3.3) become

∂Cf,r

∂t
= ∇.(Df,r∇Cf,r) + krcw,s0Cb,r, (3.21)

∂Cb,r

∂t
= −krcw,s0Cb,r, (3.22)

∂Cw,r

∂t
= ∇.(Dw,r∇Cw,r)− krcw,s0Cb,r. (3.23)

For this case the variational formulation (3.8) becomes∑
j=r,m,s

∑
i=f,b,w

(
∂Ci,j

∂t
, vi,j)Ωj + (

∂Cf,v

∂t
, vf,v)Ωv +

∑
j=r,m,s

∑
i=f,w

(Di,j∇Ci,j ,∇vi,j)Ωj

+

∫ t

0

e−
E
µ (t−s)(Dv∇Cw,m(s),∇vw,m)ds

+ (Df,v∇Cf,v,∇vf,v)Ωv
+ (v.∇Cf,v, vf,v)Ωv

+ krcw,s0(Cb,r, vf,r − vb,r − vw,r)Ωr

−
∑

j=m,s

kj(Cf,j , vf,j − vb,j)Ωj

= −(ιr,m[Cf (t)], [vf ])Γr,m
− (ιm,s[Cf (t)], [vf ])Γm,s

− (ιs,v[Cf (t)], [vf ])Γs,v
− (ιm,s[Cw(t)], [vw])Γm,s

− (ιr,m[Cw(t)], [vw])Γr,m . (3.24)

Following the proof of Theorem 3.1, we can get the Theorem 3.2 as following.

Theorem 3.2. Let c ∈ V be a solution of the variational problem (3.24). Then

ε(c(t)) ≤ ε(c(0))eΦt, (3.25)
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Figure 5. Computational mesh.

Table 1. Values of the drug diffusivity and water diffusivity in different domains used in the numerical experiments.

sub-domain free drug diffusivity(m2/s) water diffusivity(m2/s)
Reservoir 1× 10−11 3× 10−10

Microneedle 7.5× 10−10 1.56× 10−10

Skin 3.6× 10−11 1.56× 10−10

Vessel 1× 10−11 -

where ϵ1, ϵ6 ̸= 0 satisfy

Df,v − ϵ21 > 0, Dw,m − ϵ26 > 0, (3.26)

and

Φ =
min{2Di,j , 2(Df,v − ϵ21), 2(Dw,m − ϵ26),max{2ιr,m, 2ιm,s, 2ιs,v}}

max{ D2
vµ

4ϵ26E
, 1
2ϵ21

∥v∥2L∞(Ωv)
, 2(k2

rcw,s
2
0(ϵ

2
2 + ϵ23)− krcw,s0), 2(km + k2

mϵ24), 2(ks + k2
sϵ

2
5),

1
2ϵ2z

, }
, (3.27)

where i = f, b, w, j = r,m, s, z = 2, 3, 4, 5.

From the inequality obtained in this theorem, the same results as the previous theorem are obtained.

4. Numerical solutions

In this section, the obtained equations are discretized by finite element method using COMSOL Multiphysics 5.3a
software. The meshing of different parts is shown in Figure 5. The adaptive differential backward formula with orders
between 1 and 2 is used for integration with respect to time. The time step length is considered constant in 0.01s
after testing the sensitivity of the time step length. The piecewise second-order finite element space is used as P2 for
the concentration and pressure, and the piecewise linear finite element space is used as P1 for the velocity.

The numerical values of drug and water diffusion coefficient in different domains are represented in Table 1 and
other parameters values in Table 2, respectively [29, 31].

To make sure that the numerical results do not depend on the mesh size, we consider the following meshes:

• Mesh 1: 1103 elements;
• Mesh 2: 1469 elements;
• Mesh 3: 4076 elements;
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Table 2. Values of the other parameters used in the numerical experiments.

Symbol Explanation Numerical value
kr Solubilisation rate constant((m3/(mol.s))) 6× 10−9

kj(j = m, s) Binding rate constants(1/s) 1× 10−4

cb,r0 Initial bounded drug(mg) 100
cw,s0 Initial water concentration(mol/m3) 5.4× 104

ιi,j(i = r,m, s, j = m, s, v) Partition coefficients(m/s) 1× 10−5

µb The blood viscosity(Pa.s) 3× 10−4

ρ The blood density(kg/m3) 5.1× 105

U Maximum flow velocity(m/s) 1.2× 10−7

Dσ Viscoelastic diffusion coefficient(Pa) 5× 10−15

E Young modulus(Pa) 10−3

µ viscosity (Pa.s) 10−1

COMSOL 5.3.1.201 ���������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

Figure 6. Average drug concentration in the blood vessel.

Table 3. Different errors for free drug concentration in blood vessel.

h L∞ L2 H1

0.001 1.3× 10−12 1.54× 10−11 3.81× 10−10

0.01 2.2× 10−12 2.14× 10−11 5.88× 10−10

0.1 3.6× 10−12 3.56× 10−11 7.43× 10−10

• Mesh 4: 11350 elements.

The adequacy of the mesh density has been investigated using convergence tests. Considering two different meshes,
the convergence of the solutions and the independence of the mesh have been investigated. To illustrate this claim
more clearly, Figure 6 and Table 3 show the comparison among different meshes for the average drug concentration
in blood vessel. Of note, the reference solution is defined by hmax = 1 × 10−4. According to this figure, the changes
among the meshes are almost unrecognizable suggesting that the numerical results do not depend on the mesh size.

We examined the role of drug reservoir in drug delivery through microneedles. Two parameters can play a role in
this phenomenon, one being the diffusion coefficient of the drug in the reservoir and the other being the solubility rate
of the drug. Once water enters the reservoir, after reacting with the bounded drug, the drug is released and begins to
spread. In fact, we examined the effect of these two parameters on the amount of drug reaching the blood vessel.

Figure 7(a) illustrates the effect of diffusion coefficient. In fact, by keeping the solubility rate constant, we change
the diffusion coefficient accordingly, by increasing this parameter, the amount of drug reaching the blood vessel rises.
Figure 7(b) also demonstrates the effect of solubility rate on drug delivery. In fact, by keeping the diffusion coefficient
constant and changing this parameter, we can see that with an increase in the solubility rate, more drug reaches the



Unco
rre

cte
d Pro

of

12 E. AZHDARI, AND A. EMAMI

COMSOL 5.3.1.201 ���������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

(a) Effect of diffusion coefficient (Df,r)
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(b) Effect of solubility rate (kr)

Figure 7. Average drug concentration in the blood vessel.

blood vessel. The larger the value of this parameter is, the more drug is released, thereby, almost all the bounded drug
becomes free drug, and the amount of the released drug reaches its maximum level in less than 10 hours. Compared to
the case where we consider the lowest value for this parameter, we saw that less drug is released in the same amount of
time and it takes a long time to reach its maximum state. Therefore, drug solubility in the reservoir and its diffusion
coefficient in the domain of the reservoir play a major role in drug delivery from the reservoir to the blood vessel
through the microneedle. Hence, less solubility of the drug and having a low diffusion coefficient cause less penetration
of the drug from the reservoir to the blood vessel.

In order to check the effect of the amount of drug loaded in the reservoir, different amounts of drug, including 80mg,
90mg, 100mg, 110mg and 120mg, are loaded in the reservoir, as shown in Figure 8(a). This figure shows that the
time it takes for the drug to reach its maximum state is the same for all the doses, being about 25 hours in all cases.
The maximum drug concentration in the blood vessel reaches 8 × 10−5 when 120mg drugs are used in the reservoir
while it reaches the maximum value of 5× 10−5 when 80mg drugs are loaded in the reservoir.

Another way to evaluate the amount of the drug that has reached the blood vessel is measuring the depth of the
microneedle inserted into the reservoir. Cheung indicated that the amount of drug delivered to the blood vessel is
directly proportional to the amount of microneedle inserted into the skin [10]. Figure 8(b) exhibits the effect of this
phenomenon. In fact, this figure shows the amount of drug concentration in the blood vessel for different depths of
microneedle penetration into the skin.

The value of the viscoelastic diffusion coefficient (Dσ), which determines the value of the mechanical property of
the polymeric microneedle, ranges between of 3 × 10−15 to 3 × 10−12 to study its effect on drug delivery. As the
degree of hardness increases, the flexibility of the polymeric microneedle decreases and the elasticity of the polymer
changes, which results in a reduction in the amount of water absorbed by the microneedle. Figure 9(a) shows the
change in the amount of water inside the microneedle with different Dσ values. The amount of water increases with a
reduction in the value of this parameter. Moreover, the time required for the microneedle to reach the fibers increases.
For further clarification, Figure 9(b) illustrates the times between 20 and 40 hours. According to this figure, with
the increase in the value of this parameter, the amount of water entering the microneedle declines, indicating that
the polymeric microneedle acts as a barrier against the water entering from the skin. Figures 9(c) and 9(d) depict
the average concentration of the drug released in the reservoir. With an increase in the value of this parameter, the
amount of drug released clearly decreases because with the rise in the value of this parameter, the water entered from
the microneedle into the reservoir decreases; less drug is therefore released. Figure 9(d) further explains the time
interval between 20 and 40 hours.
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(a) Effect of the amount of drug loaded
in the reservoir
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(b) Effect of the depth of the micronee-
dle inserted into the reservoir

Figure 8. Average drug concentration in the blood vessel.
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(a) Effect of viscoelastic diffusion coef-

ficient (Dσ).
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(b) zoom of (a) for times between 20 and

40 hours
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(c) Effect of viscoelastic diffusion coeffi-

cient (Dσ)

COMSOL 5.3.1.201 ���������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

(d) zoom of (c) for times between 20 and

40 hours

Figure 9. Average water concentration in the microneedle ((a) and (b)) and average drug concen-
tration in the reservoir ((c) and (d)).
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(a) reservoir
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(b) microneedle
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(c) skin
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(d) blood vessel

Figure 10. Free drug concentration (Cf,i, i = r,m, s, v) in different domains after 150 hours.

Figure 10 shows the concentration of free drug in different domains after 150 hours. The maximum drug concen-
tration value is shown in different figures, which is 4.88× 10−5 in the reservoir, while being 1.16× 10−6, 4.85× 10−7

and 4.84× 10−11 in the microneedle, skin and blood vessel, respectively. By comparing these maximum amounts, the
amount of drug reaching the blood vessel is almost six times less than that released in the reservoir, which is because
of the distance between the reservoir and the blood vessel.

Figure 11(a) shows the comparison of the experimental results with the proposed model for the amount of drug
delivered to the bloodstream. The figure clearly shows that the experimental results match what the model predicts.
Because some of the loaded drug remains in the reservoir, microneedle, and skin, not all of the drug reaches the
bloodstream. Figure 11(b) shows the amount of bound drug in different domains with respect to time. The mass of
bound drug in each domain is calculated as the sum of the concentration in each domain. First, the amount of 4 drugs
is loaded into the tank, and there is no drug in the microneedle and the skin. Over time, after reacting with water,
the bounded drug is released and enters the microneedle. Some of this drug remains in the microneedle due to the
reaction between the drug and the polymer. In the same way, some of the drug released from the microneedle enters
the skin, and due to drug and tissue reactions, some of this drug remains in the skin.
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(a) Effect of the amount of drug loaded in the
reservoir
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(b) Effect of the depth of the microneedle in-
serted into the reservoir

Figure 11. Average drug concentration in the blood vessel.

5. Conclusions and future works

A mathematical model was presented by [31] to describe the drug transfer from the reservoir attached to the
polymeric microneedle to the blood vessel. Due to the mechanical properties of the polymeric microneedle, which
stems from the viscoelastic properties of the polymer, preventing water from entering the skin, the non-Fickian law
replaces the Fick’s law. The presented model along with the initial and boundary conditions were theoretically and
numerically studied and the following results were obtained:

• Studying the stability and uniqueness of the solution of the weak variational formulation by linearizing the
model around short and long times (Theorems 3.1 and 3.2);

• The non-dependence of numerical results on the meshing size of the geometry of the problem when using
Comsol software (Figure 6 and Table 3);

• The effect of the parameters of diffusion coefficient, Df,r, in the reservoir and solubility rate constant, kr, on
the transfer of the drug to the blood vessel (Figure 7);

• Investigating the effect of viscoelastic diffusion coefficient, Dσ, on the water entering from the skin into the
polymeric microneedle (Figure 9).

• The results are in good agreement with the numerical and experimental results (Figure 11(a)).

In this paper, the viscoelastic property of microneedles was investigated when water enters the microneedle from
the skin, and the polymer acts as a barrier. The same barrier exists when the water exits the microneedle and enters
the reservoir, when the free drug enters the microneedle, and when the free drug exits the microneedle and enters the
skin. For the sake of simplicity, this feature was investigated only once water entered the microneedle from the skin,
and a similar result was obtained.

The swelling of the microneedle after water enters the skin causes a time-dependent change in the boundary between
the microneedle and the skin. As a result, the domain of the mathematical solution of the transfer equations also
changes with time, leading to the moving boundary problem. In near future, we will delve into this problem and
investigate it.
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