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Abstract

This work is devoted to the numerical treatment of the generalized Korteweg–de Vries–Burgers (GKdVB) equation

involving a time–fractional derivative defined in the sense of the regularized Caputo–Prabhakar operator. To ap-

proximate the solution of this fractional nonlinear model, two meshless computational frameworks are employed.
The first approach is the global radial basis function (GRBF) method, which utilizes globally supported basis

functions to obtain highly accurate spatial approximations. The second approach is the radial basis function finite

difference (RBF–FD) scheme, where the flexibility of radial basis functions is combined with the computational
efficiency of finite difference–type discretizations. These two strategies provide complementary advantages, balanc-

ing accuracy, computational efficiency, and adaptability to complex domains. A stability analysis of the resulting
schemes is also presented to assess the reliability of the numerical approximations. To illustrate the performance

of the proposed techniques, a representative numerical experiment is carried out, and the obtained results are

reported through graphical and tabulated data. The numerical findings confirm that the GRBF and RBF–FD
approaches provide accurate and stable approximations for the fractional GKdVB equation and demonstrate their

potential for applications in various scientific and engineering problems involving nonlinear fractional models.
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1. Introduction

The study of partial differential equations (PDEs) involving fractional operators has become increasingly impor-
tant in both physics and applied mathematics [8, 24–26, 30]. These equations play a crucial role in modeling and
understanding complex systems whose behavior cannot be adequately described by classical integer-order derivatives.
In many real-world phenomena, such as anomalous diffusion, viscoelasticity, signal processing, and fluid dynamics,
the underlying processes exhibit memory effects and spatial non-locality. Fractional derivatives naturally capture
these features due to their non-local definition, which incorporates the influence of past states and extended spatial
interactions. Consequently, fractional PDEs provide a more accurate and flexible framework for describing physical
behaviors that go beyond the scope of traditional models.

The Mittag–Leffler (ML) function, named after the Swedish mathematician Magnus Gustaf Mittag–Leffler, was
introduced in the early 1900s during his investigations into techniques for summing divergent series. Since its introduc-
tion, numerous generalizations of this function have been developed and extensively studied, with entire monographs
dedicated to exploring its properties and applications. In the field of fractional calculus, the ML function plays a role
comparable to that of the exponential function in the theory of ordinary calculus. Specifically, it provides the natural
framework for describing solutions to many problems involving derivatives of non-integer order, making it a corner-
stone of modern fractional analysis. In the last few decades, a three-parameter generalization of the Mittag–Leffler
function, commonly referred to as the Prabhakar function, has gained significant attention. This extension introduces
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Table 1. Special cases of the GKdVB model.

Case Coefficient Conditions Equation Name
1 η = 0, ϱ = 0, ξ ̸= 0 KdV equation
2 ξ = 0, ϱ = 0, η ̸= 0 Modified KdV equation
3 ϱ = 0, ξ ̸= 0, η ̸= 0 Combined KdV equation
4 η = 0, σ = 0, ξ ̸= 0, ϱ ̸= 0 KdV–Burgers equation

additional flexibility compared to the classical ML function, making it a powerful tool in modeling complex processes
that exhibit memory effects and anomalous dynamics. A large part of the current interest in the Prabhakar function
arises from its effectiveness in modeling relaxation and dielectric response phenomena of the Havriliak–Negami type.
This model of complex susceptibility was originally proposed to capture both nonlocal memory effects and nonlinear
behavior observed in disordered and heterogeneous materials [34]. Beyond dielectric physics, the Prabhakar function
has found relevance in a broad spectrum of disciplines: it appears in probability theory [21], the analysis of stochastic
processes [12], systems exhibiting anisotropic properties [10], and in the field of fractional viscoelasticity [20]. It also
plays an important role in solving fractional boundary–value problems [9, 21], in dynamical models of stellar systems
[7], and in formulations involving fractional and integral differential equations [4]. In particular, the temporal evolution
of polarization in Havriliak–Negami models, as well as the processes mentioned above, can be rigorously described
through integral and differential operators built upon the Prabhakar kernel [11, 12].

In this study, we investigate approximate solutions of the generalized Korteweg–de Vries–Burgers (GKdVB) model
incorporating the regularized Caputo–Prabhakar derivative. The model is presented as follows:

CDν
α,β,µw(x, t)+ (ξ+ ηw)w

∂w(x, t)

∂x
+ ϱ

∂2w(x, t)

∂x2
+σ

∂3w(x, t)

∂x3
= 0, x ∈ (a, b), t ∈ (0, T ], β ∈ (0, 1), (1.1)

under the following initial and boundary conditions:

w(x, 0) = s(x), a ≤ x ≤ b, (1.2)

w(a, t) = f1(t), w(b, t) = f2(t), t ≥ 0. (1.3)

In Eq. (1.1), the parameters ξ, η, , ϱ, σ, a, b, s(x), f1(t), f2(t) are all known, ϱ ≤ 0 representing dissipative effects and
σ modeling dispersion. Table 1 summarizes several well-known nonlinear evolution equations that can be obtained
as particular cases of the generalized Korteweg–de Vries–Burgers (GKdVB) model through suitable choices of the
coefficients. By adjusting the parameters ξ, η, ϱ, and σ, the proposed formulation is capable of representing different
physical regimes that arise in nonlinear wave propagation, dispersive media, and dissipative systems. In particular,
when the quadratic nonlinear contribution vanishes (η = 0) and the dissipative term is neglected (ϱ = 0), Eq. (1.1)
reduces to the classical Korteweg–de Vries (KdV) equation, which describes the propagation of solitary waves in weakly
dispersive media. If the linear nonlinear coefficient is removed (ξ = 0) while the cubic nonlinear term remains (η ̸= 0)
and ϱ = 0, the model leads to the modified Korteweg–de Vries (mKdV) equation, which arises in several nonlinear
physical contexts such as plasma physics and fluid dynamics. When both nonlinear terms are present (ξ ̸= 0 and
η ̸= 0) and the dissipative effect is absent (ϱ = 0), the equation reduces to the combined KdV equation, capturing
the interaction between quadratic and cubic nonlinearities. Finally, by eliminating the dispersive term (σ = 0) and
retaining the dissipative contribution (ϱ ̸= 0) together with the quadratic nonlinearity (η = 0), the GKdVB equation
simplifies to the well-known KdV–Burgers equation, which models the combined effects of nonlinearity, dissipation,
and wave propagation. These reductions highlight the generality and flexibility of the GKdVB model, demonstrating
that it provides a unified mathematical framework capable of encompassing several important nonlinear wave equations
as special cases. The symbol CDν

α,β,µ in Equation (1.1) represents the regularized Caputo–Prabhakar derivative [21],
which will be explained in more detail in the next section.

This paper is devoted to the investigation of numerical techniques for solving the generalized Korteweg–de Vries–Burgers
(GKdVB) equation that incorporates the generalized fractional derivative, known as the regularized Caputo–Prabhakar
derivative. This type of fractional operator provides a more flexible framework for modeling memory and hereditary
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effects in complex physical systems. To approximate the solution of the fractional GKdVB model, two distinct mesh-
less numerical strategies are employed. The first approach relies on the global radial basis function (GRBF) method,
which makes use of globally supported basis functions to provide accurate approximations. The second approach is
the radial basis function finite difference (RBF-FD) scheme, which combines the flexibility of meshless methods with
the efficiency of finite difference techniques, making it suitable for handling problems defined on irregular or higher-
dimensional domains. The paper also presents a detailed stability analysis of these methods to ensure the reliability
of the computed solutions. Furthermore, a comprehensive numerical experiment is carried out, where the effectiveness
of the proposed algorithms is tested. The results are displayed in both graphical and tabular formats, highlighting
the accuracy, efficiency, and robustness of the techniques. These demonstrations confirm the potential of GRBF and
RBF-FD methods as powerful tools for solving fractional partial differential equations of the GKdVB type.

Finding exact analytical solutions for partial differential equations that involve fractional operators is often a very
challenging task. In many cases, such solutions cannot be obtained using traditional analytical techniques. Because
of this difficulty, researchers rely on numerical methods, which make it possible to approximate the true solution with
a high degree of accuracy. These methods are designed to minimize errors so that the difference between the exact
and approximate solutions remains very small. Numerical approaches are especially important in studying complex
physical processes where fractional models are used, such as heat conduction with memory effects, anomalous diffusion,
or viscoelastic behavior. By applying these techniques, we can better understand the dynamics of such systems and
gain insights that would otherwise be inaccessible. In this work, we present and discuss some of the main numerical
strategies commonly employed for solving fractional models and highlight their effectiveness in capturing the essential
features of these phenomena. Franke and Schaback [19] explored meshfree collocation techniques using radial basis
functions to estimate smooth solutions for systems involving linear differential or integral operators. Unlike conven-
tional strategies that primarily target elliptic problems, these meshfree methods are versatile and can be applied to
a wide array of differential and integral equations. Salehi [39] introduced a meshfree collocation approach to tackle
the two-dimensional multi-term time fractional diffusion-wave equation. In this method, the spatial approximation is
built using shape functions derived from the moving least squares reproducing kernel particle technique. Mohebbi et
al. [33] developed a numerical technique to solve the time-fractional nonlinear Schrödinger equation in both one- and
two-dimensional settings, commonly encountered in quantum mechanics. This meshless approach has demonstrated
effectiveness not only in traditional quantum mechanical problems but also across a range of engineering and physical
applications. Fedoseyev et al. [18] investigated the multiquadric (MQ) radial basis function approach, a modern
meshless collocation technique using global basis functions. Initially, the MQ method was applied for interpolating
scattered data and was found to achieve exponential convergence in such interpolation tasks. Radmanesh and Ebadi
[37] examined the local radial basis function (LRBF) method, which is highly effective for solving variable-order time-
fractional evolution equations. Compared to the traditional global RBF collocation (GRBFC) method, it significantly
lowers computational costs. In this study, an efficient meshless LRBF collocation technique is proposed to solve two-
dimensional (2D) fractional evolution equations of arbitrary fractional order, even in domains with complex shapes.
Qiao et al. [36] introduced a meshless local radial point collocation technique for numerically solving time-fractional
convection-diffusion equations on closed surfaces in R3. They applied the second-order shifted Grünwald scheme for
time discretization, and all calculations were performed using extrinsic coordinates to avoid distortions and singu-
larities. Abbaszadeh et al. [5] explored a local meshless collocation method for the two-dimensional Klein-Kramers
equation with a fractional time derivative in the Riemann–Liouville sense. This equation models sub-diffusion under
the influence of an external force field in phase space. Mirzaee and Samadyar [32] proposed a semi-discrete numerical
approach to solve time–fractional stochastic advection–diffusion equations. This method combines a finite difference
scheme with radial basis function (RBF) interpolation to transform the problem into a linear system of algebraic equa-
tions. Essentially, the time-fractional stochastic advection–diffusion equation is first converted into elliptic stochastic
differential equations using the finite difference method. Haghi and Ilati [23] developed a high–order local meshless
technique for solving the two-dimensional distributed–order time-fractional cable equation on both regular and irreg-
ular domains. They approximate the distributed-order integral using the Gauss–Legendre quadrature formula and
then apply a second–order weighted and shifted Grünwald difference (WSGD) scheme for the Riemann-Liouville time
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derivatives. The stability and convergence of the time-discrete scheme are analyzed using the energy method. Asle-
fallah and Shivanian [6] presented a numerical approach for solving the nonlinear time-fractional integro-differential
reaction–diffusion equation involving the Caputo fractional derivative. Their method eliminates the spatial variable
using the finite difference Θ–method, ensuring stability of the solution. Soleymani and Zhu [41] investigated a Hermite
finite difference scheme based on radial basis functions with a Gaussian kernel applied on graded meshes. Their theo-
retical analysis demonstrates higher convergence rates for approximating derivatives of functions. Li [31] presented a
method using radial basis functions (radial powers) to approximate derivatives from one-dimensional scattered noisy
data. This approach is also applicable to estimating Caputo fractional derivatives of order between 0 and 1. Wei et al.
[42] explored and extended the local radial basis function (RBF) method for solving two-dimensional variable–order
time-fractional diffusion equations in domains with complex shapes. Goufo [22] investigated extending the analysis
of the Korteweg–de Vries–Burgers equation with two perturbation levels to fractional differentiation without singu-
larities. The study uses the Caputo–Fabrizio fractional derivative, which features a nonsingular kernel, to formulate
the model. Rida and Hussien [38] proposed a collocation method based on double summations of Mittag–Leffler
functions to solve fractional-order Korteweg–de Vries (KdV) and Burgers equations with given initial and boundary
conditions. Yu et al. [43] developed a space–time Petrov–Galerkin method for third- and fifth–order time–fractional
Korteweg–de Vries–Burgers equations. Their approach employs Legendre and Jacobi polynomials, with the fractional
component’s basis functions constructed using generalized Jacobi functions that account for the weak solution singu-
larities. Singh et al. [40] presented a numerical method to approximate the Caputo-Prabhakar derivative and applied
it to solve the time-fractional advection-diffusion equation in the Caputo-Prabhakar sense, which is commonly used in
fluid dynamics. Derakhshan and Aminataei [17] proposed a new numerical approach based on the Adams-Bashforth
method for solving two-component time-fractional differential equations involving the Caputo-Prabhakar derivative of
order µ. They also discussed the existence and uniqueness of solutions for these two-component equations using this
method. In recent years, fractional differential equations have attracted significant attention due to their capability
to model memory and hereditary properties in complex physical and engineering systems. A wide range of analytical
and numerical techniques has been developed to handle time–space fractional models, distributed-order operators,
and stochastic fractional systems. One important class of problems involves fractional wave and diffusion equations
with distributed-order operators. Kosari and Derakhshan [29] proposed an efficient numerical approach for solving
a time–space fractional wave model of multiterm order involving Riesz fractional operators of distributed order with
weakly singular kernels, accompanied by a detailed stability analysis. In a related direction, Park et al. [35] developed
a fourth-order accurate numerical scheme for distributed-order Riesz space fractional diffusion equations incorporating
the time-fractional regularized Caputo–Prabhakar derivative, demonstrating high accuracy and robustness. Hybrid
and high-accuracy numerical approaches for time–space fractional diffusion models have also been explored. Der-
akhshan et al. [15] introduced a hybrid numerical method for solving diffusion equations involving Caputo and Riesz
fractional derivatives, achieving improved convergence behavior. Furthermore, Derakhshan [16] investigated the sta-
bility and convergence of a meshless Newmark scheme for nonlinear distributed-order Caputo models on complex
domains, providing rigorous theoretical justification along with computational validation. The stability analysis of
fractional systems remains a fundamental topic. Derakhshan et al. [14] studied the asymptotic stability of Weber
fractional differential systems, offering theoretical insights into long-term dynamical behavior. Chen et al. [13] an-
alyzed the stability of the time-fractional nonlinear modified Kawahara equation using the Homotopy Perturbation
Sadik Transform, highlighting the effectiveness of semi-analytical techniques for nonlinear fractional models. Frac-
tional models with special operators and geometrical settings have also been investigated. Ansari and Derakhshan [3]
examined the time–space fractional Euler–Poisson–Darboux equation with Bessel fractional derivatives in both infi-
nite and finite domains, addressing theoretical and numerical aspects of the problem. In the context of stochastic and
financial models, several numerical frameworks have been proposed. Abdi-Mazraeh et al. [1] applied the multiple shoot-
ing method to solve the Black–Scholes equation, demonstrating improved numerical stability. Later, Abdi-Mazraeh
et al. [2] constructed operational matrices based on linear cardinal B-spline functions to solve fractional stochastic
integro-differential equations. Similarly, Irandoust-Pakchin et al. [28] employed flatlet oblique multiwavelets within a
Galerkin framework for solving fractional stochastic integro-differential equations. In addition, Irandoust-Pakchin and
Abdi-Mazraeh [27] derived explicit forms of fractional second linear multistep methods and performed a comprehensive
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stability analysis. Overall, the above studies collectively contribute to the advancement of numerical analysis, stability
theory, and high-accuracy computational schemes for fractional differential equations. They demonstrate the growing
importance of distributed-order operators, Riesz-type derivatives, stochastic fractional models, and meshless or hybrid
numerical techniques in modeling complex real-world phenomena.

The rest of this article is organized as follows; In section 2, we provide some key definitions and useful lemmas.
Section 3 introduces two numerical approaches based on the radial basis function (RBF) collocation and the radial
basis function-generated finite difference (RBF-FD) methods, which are applied to discretize the proposed model in
the spatial variables. In section 4, we describe the implementation details of the GRBF and RBF-FD schemes for
the GKdVB equation. Section 5 presents the stability analysis of the numerical method given in Eq. (4.4). Finally,
section 6 concludes the paper.

2. Preliminary

This section introduces key definitions and practical lemmas that will be used in the next section for approximation,
as well as for analyzing stability and convergence.

Definition 2.1. [21][Regularized Caputo–Prabhakar Derivative] The regularized Caputo–Prabhakar derivative of
order β with parameters α, µ, ν is defined as

CDν
α,β,µw(x, t) = E−ν

α, n−β, µ

dn

dtn
w(x, t), (2.1)

where n = ⌈β⌉ is the smallest integer greater than or equal to β. The associated Prabhakar integral operator is given
by

E−ν
α, n−β, µw(x, t) =

∫ t

0

(t− γ)n−β−1E−ν
α, n−β, µ

(
µ(t− γ)α

)
w(x, γ) dγ, (2.2)

where α, β, µ, ν ∈ C with ℜ(α) > 0 and ℜ(β) > 0. In Eq. (2.2), the symbol Eν
α,β,µ(t) denotes the generalized

Mittag–Leffler function [11], which is defined as

Eν
α,β,µ(t) =

∞∑
l=0

Γ(ν + l)

Γ(ν) Γ(αl + β) l!
tl, (2.3)

where α, β, µ, ν ∈ C and Γ(·) denotes the Gamma function.

Lemma 2.2. Assume that 0 < β < 1, α, µ ∈ C, ν ∈ C, and w(t) ∈ C2[0, tk]. Then, the regularized Caputo–Prabhakar
derivative displayed in Eq. (2.1), for n = 1, can be approximated using the L1-type discrete scheme as follows:

CDν
α,β,µw(tk) ≈

k∑
m=1

A
(α,β,µ,ν)
k−m

(
w(tm)− w(tm−1)

)
+O(τ1−β), (2.4)

where the weights A
(α,β,µ,ν)
k−m are given by

A
(α,β,µ,ν)
k−m =

1

τ

[
(tk − tm−1)

1−βE−ν
α,2−β,µ

(
µ(tk − tm−1)

α
)
− (tk − tm)1−βE−ν

α,2−β,µ

(
µ(tk − tm)α

)]
, (2.5)

and Eν
α,β,µ(t) denotes the generalized Mittag–Leffler function defined in Eq. (2.3).

Proof. We consider the regularized Caputo–Prabhakar derivative in Eq. (2.1) for n = 1 at the point t = tk:

CDν
α,β,µw(tk) =

∫ tk

0

(tk − γ)−βE−ν
α,1−β,µ

(
µ(tk − γ)α

) d

dγ
w(γ) dγ. (2.6)

We partition the interval [0, tk] into uniform subintervals of length τ , with nodes tm = mτ , m = 0, 1, . . . , k. Then
Eq. (2.6) can be written as

CDν
α,β,µw(tk) =

k∑
m=1

∫ tm

tm−1

(tk − γ)−βE−ν
α,1−β,µ

(
µ(tk − γ)α

)
w′(γ) dγ. (2.7)
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On each subinterval [tm−1, tm], the derivative w′(γ) is approximated by the first-order difference

w′(γ) =
w(tm)− w(tm−1)

τ
+Rm(γ), (2.8)

where, since w ∈ C2[0, tk], the remainder satisfies

|Rm(γ)| ≤ Cτ, γ ∈ [tm−1, tm].

Substituting Eq. (2.8) into Eq. (2.7) yields

CDν
α,β,µw(tk) =

k∑
m=1

w(tm)− w(tm−1)

τ

∫ tm

tm−1

(tk − γ)−βE−ν
α,1−β,µ

(
µ(tk − γ)α

)
dγ

+
k∑

m=1

∫ tm

tm−1

(tk − γ)−βE−ν
α,1−β,µ

(
µ(tk − γ)α

)
Rm(γ) dγ. (2.9)

We define the discrete weights

A
(α,β,µ,ν)
k−m =

1

τ

∫ tm

tm−1

(tk − γ)−βE−ν
α,1−β,µ

(
µ(tk − γ)α

)
dγ. (2.10)

Using the change of variables s = tk − γ, Eq. (2.10) becomes

A
(α,β,µ,ν)
k−m =

1

τ

∫ tk−tm−1

tk−tm

s−βE−ν
α,1−β,µ(µs

α) ds. (2.11)

From the known integral identity of the generalized Mittag–Leffler function (see [30]),∫
s−βE−ν

α,1−β,µ(µs
α) ds = s1−βE−ν

α,2−β,µ(µs
α), (2.12)

we obtain

A
(α,β,µ,ν)
k−m =

1

τ

[
(tk − tm−1)

1−βE−ν
α,2−β,µ(µ(tk − tm−1)

α)− (tk − tm)1−βE−ν
α,2−β,µ(µ(tk − tm)α)

]
. (2.13)

Finally, we estimate the truncation error. Using |Rm(γ)| ≤ Cτ and the boundedness of the generalized Mittag–Leffler
function on [0, tk], we obtain

|Error| ≤ Cτ

∫ tk

0

(tk − γ)−β dγ = Cτ
t1−β
k

1− β
.

Taking into account the weak singularity of the kernel and the accumulation of local quadrature errors over the uniform
partition, one obtains the classical L1-type estimate

Error = O(τ1−β),

which is consistent with the standard error analysis of the L1 approximation for Caputo-type fractional derivatives.
This completes the proof. □

Lemma 2.3 (Nonlinear term approximation). For p = 1, 2, . . . , the nonlinear term (wpwx)
n+1 can be approximated

as

(wpwx)
n+1 ≈ (wp)nwn+1

x + p(wp−1)nwn
xw

n+1 − p(wp)nwn
x . (2.14)

Proof. Using a Taylor expansion in time, we have

(wpwx)
n+1 = (wpwx)(x, tn+1) = (wpwx)(x, tn) + τ

∂(wpwx)

∂t
(x, tn) +O(τ2), (2.15)

where τ is the time step. Expanding the time derivative gives

∂(wpwx)

∂t
= pwp−1wxwt + wpwxt. (2.16)
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Substituting Eq. (2.16) into Eq. (2.15) and using the finite difference approximations for wt and wxt, we obtain

(wpwx)
n+1 = (wp)nwn+1

x + p(wp−1)nwn
xw

n+1 − p(wp)nwn
x +O(τ2). (2.17)

□

3. Collocation techniques

In this section, we introduce and examine two numerical approaches based on the radial basis function (RBF)
collocation and the radial basis function–generated finite difference (RBF-FD) that will be used to discretize the
proposed model with respect to spatial variables. Both methods are described in detail in the following subsections.

3.1. Radial Basis Function Collocation. We consider a set of N distinct points in Rd, denoted as

X = {x1, x2, . . . , xN }.

At each of these points, the value of a function w(x) is known, and we write this as

wj = w(xj), j = 1, 2, . . . ,N .

To approximate the function w(x), we use a combination of RBFs and polynomial terms. Then approximation of the
function w(x) is computed as follows:

w(x) ≈ ϑ(x, ε) =
N∑
i=1

ρi Φ(∥x− xi∥, ε) +
m∑

k=1

ρN+k qk(x). (3.1)

Here, Φ(∥x − xj∥, ε) is a radial function that depends on the distance between x and xj , as well as a parameter ε
that controls its shape. The functions qk(x) are polynomials of degree up to Q, chosen to form a suitable basis.
The coefficients ρi and ρN+k are unknowns that will be determined during the approximation process. The unknown
coefficients ρi and ρN+k are obtained by enforcing the interpolation conditions, which require the approximation to
exactly match the known function values at the data points. Thus, for each i = 1, 2, . . . ,N , we have

ϑ(xi, ε) = wi, j = 1, 2, . . . ,N . (3.2)

This formulation produces a system of linear equations for the coefficients, which can then be solved to obtain an
approximate representation of w(x) over the domain. The augmented polynomial terms are included with the following
constraints:

N∑
i=1

ρi qk(xi) = 0, k = 1, . . . ,m. (3.3)

Combining Eq. (3.3) with the collocation conditions in Eq. (3.2) yields a linear system of the form

Bρ = g, (3.4)

in which

B =

[
PΦ Q
Q⊤ 0

]
, ρ =



ρ1
...

ρN
...
...

ρN+m


, g =



w1

...
wN
0
...
0


.
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Here, the matrices P and Q are defined as follows:

PΦ =


Φ(∥x1 − x1∥, ε) Φ(∥x1 − x2∥, ε) · · · Φ(∥x1 − xN ∥, ε)
Φ(∥x2 − x1∥, ε) Φ(∥x2 − x2∥, ε) · · · Φ(∥x2 − xN ∥, ε)

...
...

. . .
...

Φ(∥xN − x1∥, ε) Φ(∥xN − x2∥, ε) · · · Φ(∥xN − xN ∥, ε)

 , Q =


q1(x1) · · · qm(x1)
q1(x2) · · · qm(x2)

...
. . .

...
q1(xN ) · · · qm(xN )

 .

3.2. RBF-FD Collocation Method. The RBF-FD method is a mesh-free extension of the classical FD technique.
In this method, the derivative of a function at a node xi is approximated by a weighted sum of the function values at
nearby nodes, forming a local stencil. Unlike conventional FD schemes that rely on polynomials, RBF-FD uses RBFs,
which provide higher accuracy and greater flexibility for irregularly distributed nodes. Let xi ∈ X and define a stencil
Si = {xi1 , xi2 , . . . , xini

} around xi. For a linear differential operator L, we seek weights ϖ = (ϖ1, ϖ2, . . . , ϖni
) such

that

L(w(xi)) ≈
ni∑
l=1

ϖl w(xil), (3.5)

where xi is the central node of the stencil Si. To compute the weights ϖl in Eq. (3.5), the operator L is applied to
the RBFs centered at the stencil nodes, Φil(x) = Φ(∥x−xil∥), together with the polynomials 1, x, . . . , xm if exactness
for polynomials up to degree m is desired. This leads to the linear system

Φ(∥xi1 − x1∥, ε) Φ(∥xi2 − x1∥, ε) . . . Φ(∥xini
− x1∥, ε) 1 xi1 . . . xm

i1

Φ(∥xi1 − x2∥, ε) Φ(∥xi2 − x2∥, ε) . . . Φ(∥xini
− x2∥, ε) 1 xi2 . . . xm

i2

...
...

. . .
...

...
...

. . .
...

Φ(∥xi1 − xni∥, ε) Φ(∥xi2 − xni∥, ε) . . . Φ(∥xini
− xni∥, ε) 1 xini

. . . xm
ini

1 1 . . . 1 0 0 . . . 0
xi1 xi2 . . . xini

0 0 . . . 0
...

...
...

...
...

. . .
...

xm
i1 xm

i2 . . . xm
ini

0 0 . . . 0





ϖ1

ϖ2

...
ϖni

v1
...
vm



=



LΦ(∥x− x1∥, ε)
∣∣
x=xi

LΦ(∥x− x2∥, ε)
∣∣
x=xi

...
LΦ(∥x− xni∥, ε)

∣∣
x=xi

L1
∣∣
x=xi

Lx
∣∣
x=xi

...
Lxm

∣∣
x=xi


. (3.6)

Solving this system yields the weights ϖ1, . . . , ϖni used in Eq. (3.5). The coefficients v1, . . . , vm act as auxiliary terms
to enforce polynomial exactness, introducing at most minor approximation errors. For many commonly used RBFs,
the matrix is non-singular, guaranteeing a unique solution.

4. Description of the methods

In this section, we describe the implementation details of the RBF–FD and GRBF methods for the GKdVB equation.
Firstly, we discretize the time interval [0, T ] with a step size τ such that

t0 = 0, tn = tn−1 + τ = nτ, n = 1, 2, . . . ,m =
T

τ
.
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We then apply a finite difference approximation which is obtained in Lemma 2.2, along with the θ–weighted method
(0 ≤ θ ≤ 1) between two consecutive time steps tn and tn+1 to Eq. (1.1), which can be written as:

m∑
p=1

A
(α,β,µ,ν)
m−n−1

(
wn+1 − wn

)
+ θ

(
ξ wwx + η w2wx + ϱwxx + σ wxxx

)n+1

+ (1− θ)
(
ξ wwx + η w2wx + ϱwxx + σ wxxx

)n
= 0, (4.1)

where wn = w(x, tn) for n = 0, 1, . . . ,m, τ is the time step size, and A
(α,β,µ,ν)
m−n−1 are the coefficients arising from the

discretization of the time derivative which is obtained in Lemma 2.2. Applying Lemma 2.3 for p = 1 and p = 2, the
nonlinear terms in Eq. (4.1) can be linearized as

p = 1 : (wwx)
n+1 = wnwn+1

x + wn+1wn
x − wnwn

x ,

p = 2 : (w2wx)
n+1 = (w2)nwn+1

x + 2wnwn
xw

n+1 − 2(w2)nwn
x . (4.2)

Substituting Eq. (4.2) into Eq. (4.1) and rearranging terms yields:

m∑
p=1

A
(α,β,µ,ν)
m−n−1

(
wn+1 − wn

)
+ θ
[
ξ
(
wnw n+1

x + w n+1wn
x − wnwn

x

)
+ η
(
(w2)nw n+1

x + 2wnwn
xw

n+1 − 2(w2)nwn
x

)
+ ϱw n+1

xx + σ w n+1
xxx

]
+ (1− θ)

(
ξ wnwn

x + η (wn)2wn
x + ϱwn

xx + σ wn
xxx

)
= 0. (4.3)

So the above equation can be rewritten as follows:[
k∑

m=1

A
(α,β,µ,ν)
k−m + θ

(
ξwn

x + 2ηwnwn
x

)]
wn+1 + θ

(
ξwn + η(wn)2

)
w n+1

x + θ ϱw n+1
xx + θ σ w n+1

xxx

=
k∑

m=1

A
(α,β,µ,ν)
k−m wn − (1− θ)

(
ξwnwn

x + η(wn)2wn
x + ϱwn

xx + σ wn
xxx

)
− θ
(
− wnwn

x ξ − 2(wn)2wn
x η
)
. (4.4)

4.1. Implementation of the RBF-FD Method. We begin by selecting N distinct points X = {x1, x2, . . . , xN } in
the domain Ω = [a, b], where xi, i = 2, . . . ,N − 1 are interior points, and x1 and xN are boundary points. For each
point xi, a local stencil is formed as

Si = {xi1 , xi2 , . . . , xini
} = {xj ∈ X : ∥xj − xi∥ ≤ R},

where R is the support radius. Without loss of generality, we assume xi = xi1 . The weights for the differential

operators ∂
∂x ,

∂2

∂x2 , and
∂3

∂x3 at the interior node xi are computed using Eq. (3.6). Therefore, the approximate first,
second, and third order derivatives of the function w are calculated as follows:

wx(xi) ≈ ϖx
i1wi1 +ϖx

i2wi2 + · · ·+ϖx
ini

wini
,

wxx(xi) ≈ ϖxx
i1 wi1 +ϖxx

i2 wi2 + · · ·+ϖxx
ini

wini
, (4.5)

wxxx(xi) ≈ ϖxxx
i1 wi1 +ϖxxx

i2 wi2 + · · ·+ϖxxx
ini

wini
.



Unco
rre

cte
d Pro

of

10 S. IRANDOUST-PAKCHIN, M. H. DERAKHSHAN, AND S. ABDI MAZRAEH

By applying the collocation procedure to the interior points in Eq. (4.4) and substituting the derivatives using Eq. (4.5),
we obtain a linear system of equations that can be solved for the unknown nodal values. Then[

k∑
m=1

A
(α,β,µ,ν)
k−m + θ

(
ξ

ni∑
j=1

ϖx
ijw

n
ij + 2ηwn

ni∑
j=1

ϖx
ijw

n
ij

)]
w n+1

+ θ
(
ξwn + η(wn)2

) ni∑
j=1

ϖx
ijw

n+1
ij

+ θϱ

ni∑
j=1

ϖxx
ij w n+1

ij
+ θσ

ni∑
j=1

ϖxxx
ij w n+1

ij

=
k∑

m=1

A
(α,β,µ,ν)
k−m wn − (1− θ)

(
ξwn

ni∑
j=1

ϖx
ijw

n
ij + η(wn)2

ni∑
j=1

ϖx
ijw

n
ij + ϱ

ni∑
j=1

ϖxx
ij w n

ij + σ

ni∑
j=1

ϖxxx
ij w n

ij

)
− θ
(
ξwn

ni∑
j=1

ϖx
ijw

n
ij + 2η(wn)2

ni∑
j=1

ϖx
ijw

n
ij

)
. (4.6)

To solve the discrete problem given in Eq. (4.6), we reformulate it as a linear algebraic system. For this purpose, we
introduce the following notations:

cxn,i =

ni∑
j=1

ϖx
ij w

n
ij , c

xx
n,i =

ni∑
j=1

ϖxx
ij w n

ij , c
xxx
n,i =

ni∑
j=1

ϖxxx
ij w n

ij , (4.7)

and

dn
i = ξ w n

i + η (w n
i )

2. (4.8)

Also, we define the accumulated convolution weight as follows:

Sk =

k∑
m=1

A
(α,β,µ,ν)
k−m . (4.9)

By substituting Eq. (4.7) into Eq. (4.6) and collocating all interior nodes, we obtain a linear system of equations in
the unknown vector as follows:

AW n+1 = b, (4.10)

in which

W n+1 =
[
w n+1

2 , w n+1
3 , . . . , w n+1

N−1

]T
.

The coefficient matrix A ∈ R(N−2)×(N−2) is sparse, with nonzero entries arising only from the discretization stencils.
The diagonal entries are obtained for i = 2, . . . , N − 1 and take the form

a(i−1)(i−1) = Sk + θ
(
ξ cxn,i + 2η w n

i cxn,i

)
+ θ dn

i ϖx
i1 + θ ϱϖxx

i1 + θ σϖxxx
i1 . (4.11)

The off-diagonal entries, corresponding to neighboring nodes in the stencil, are given for j = 2, . . . , ni with ij ̸= 1, N
by

a(i−1)(ij−1) = θ dn
i ϖx

ij + θ ϱϖxx
ij + θ σϖxxx

ij , (4.12)

while all remaining components of A vanish. The right-hand side vector b ∈ R(N−2) is constructed consistently with
the discretization. For each i = 2, . . . , N − 1, the corresponding entry is written as

bi−1 = Sk w
n
i − (1− θ)

(
ξ w n

i cxn,i + η (w n
i )

2 cxn,i + ϱ cxxn,i + σ cxxxn,i

)
− θ
(
ξ w n

i cxn,i + 2η (w n
i )

2 cxn,i

)
. (4.13)

A special treatment is required when the stencil Si involves boundary nodes, i.e., when ij = 1 or ij = N . In such

cases, the associated unknowns w n+1
ij

are prescribed by the boundary conditions and thus do not belong to the set
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of free variables. Consequently, their contribution is transferred from the left-hand side to the right-hand side of the
system. More precisely, the following correction is applied:

bi−1 ← bi−1 − a(i−1)(ij−1) w
n+1
ij

, (4.14)

after which the corresponding coefficient a(i−1)(ij−1) in the matrix A is set to zero.

4.2. GRBF Implementation Details. We select N distinct points xi, i = 1, . . . ,N in the domain Ω = [a, b], where
the points xi for i = 2, . . . ,N −1 represent the interior nodes, and x1 and xN correspond to the boundary nodes. The
approximate solution at time tn+1 is expressed as

w(x, tn+1) ≈ w n+1(x) =
N∑
j=1

ρn+1
j Φj(x) + ρn+1

N+1 x+ ρn+1
N+2, (4.15)

where Φj(x) = Φ(∥x − xj∥) are the chosen RBFs, and ρn+1
j , j = 1, . . . ,N + 2, are the unknown coefficients to be

determined. By substituting the approximation (4.15) into Eqs. (4.4) and (1.3), and applying collocation at the nodes
x1, . . . , xN , one obtains a system of equations for the coefficients ρn+1

j . This system fully enforces the governing
equations at the collocation points, including the boundary conditions at x1 and xN . Thus[

k∑
m=1

A
(α,β,µ,ν)
k−m + θ

(
ξ
( N∑

j=1

ρnj Φ
′
j(xi) + ρnN+1

)
+ 2η

( N∑
j=1

ρnj Φj(xi) + ρnN+1xi + ρnN+2

)( N∑
j=1

ρnj Φ
′
j(xi) + ρnN+1

))]

×
( N∑

j=1

ρn+1
j Φj(xi) + ρn+1

N+1xi + ρn+1
N+2

)
θ
(
ξ
( N∑

j=1

ρnj Φj(xi) + ρnN+1xi + ρnN+2

)

+ η
( N∑

j=1

ρnj Φj(xi) + ρnN+1xi + ρnN+2

)2)( N∑
j=1

ρn+1
j Φ′

j(xi) + ρn+1
N+1

)
+ θ ϱ

N∑
j=1

ρn+1
j Φ′′

j (xi) + θ σ

N∑
j=1

ρn+1
j Φ′′′

j (xi)

=

k∑
m=1

A
(α,β,µ,ν)
k−m

( N∑
j=1

ρnj Φj(xi) + ρnN+1xi + ρnN+2

)
− (1− θ)

[
ξ
( N∑

j=1

ρnj Φj(xi) + ρnN+1xi + ρnN+2

)

×
( N∑

j=1

ρnj Φ
′
j(xi) + ρnN+1

)
+ η

( N∑
j=1

ρnj Φj(xi) + ρnN+1xi + ρnN+2

)2( N∑
j=1

ρnj Φ
′
j(xi) + ρnN+1

)

+ ϱ

N∑
j=1

ρnj Φ
′′
j (xi) + σ

N∑
j=1

ρnj Φ
′′′
j (xi)

]
− θ

[
− ξ

( N∑
j=1

ρnj Φj(xi) + ρnN+1xi + ρnN+2

)( N∑
j=1

ρnj Φ
′
j(xi) + ρnN+1

)

− 2η
( N∑

j=1

ρnj Φj(xi) + ρnN+1xi + ρnN+2

)2

×
( N∑

j=1

ρnj Φ
′
j(xi) + ρnN+1

)]
. (4.16)

with the boundary conditions and additional constraints

N∑
j=1

ρn+1
j Φj(x1) + ρn+1

N+1x1 + ρn+1
N+2 = f1(tn+1),

N∑
j=1

ρn+1
j Φj(xN ) + ρn+1

N+1xN + ρn+1
N+2 = f2(tn+1),

N∑
j=1

ρn+1
j xj = 0,

N∑
j=1

ρn+1
j = 0. (4.17)
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Equations (4.16) and (4.17) yield a (N + 2)× (N + 2) system of linear equations in the following matrix form:
θ
[
ξDn

1 + 2η (wn ◦Dn
1 )
]

θ
[
ξwn + η(wn)2

]
θD2 θD3

Φ1(x1) · · · ΦN (x1) x1 1
Φ1(xN ) · · · ΦN (xN ) xN 1

x1 · · · xN 0 0
1 · · · 1 0 0


︸ ︷︷ ︸

H


ρn+1
1

...
ρn+1
N

ρn+1
N+1

ρn+1
N+2


︸ ︷︷ ︸

ρn+1

=



k∑
m=1

A
(α,β,µ,ν)
k−m wn − (1− θ)

[
ξ wn ◦Dn

1 + η(wn)2 ◦Dn
1 + ϱD2 ρ

n + σD3 ρ
n
]

f1(tn+1)

f2(tn+1)
0
0


︸ ︷︷ ︸

b

,

(4.18)

with the boundary conditions and additional constraints

N∑
j=1

ρn+1
j Φj(x1) + ρn+1

N+1x1 + ρn+1
N+2 = f1(tn+1),

N∑
j=1

ρn+1
j Φj(xN ) + ρn+1

N+1xN + ρn+1
N+2 = f2(tn+1),

N∑
j=1

ρn+1
j xj = 0,

N∑
j=1

ρn+1
j = 0.

in which

wn(xi) =
N∑
j=1

ρnj Φj(xi) + ρnN+1 xi + ρnN+2,

Dn
1 (xi) =

N∑
j=1

ρnj Φ
′
j(xi) + ρnN+1,

D2(xi) =
N∑
j=1

ρn+1
j Φ′′

j (xi),

D3(xi) =
N∑
j=1

ρn+1
j Φ′′′

j (xi),

w n+1(xi) =
N∑
j=1

ρn+1
j Φj(xi) + ρn+1

N+1xi + ρn+1
N+2.

The system of (N + 2)× (N + 2) linear equations given by Eq. (4.18) as

H ρn+1 = b,

can be solved using direct method.
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5. Stability Analysis

In this section, we present the stability analysis of the numerical method given in Eq. (4.4). Following the standard
approach in nonlinear stability analysis, we freeze the nonlinear coefficients locally by setting

wn = W, wn
x = Wx, (5.1)

where W and Wx are regarded as constants during the analysis. It should be emphasized that this frozen–coefficient
assumption yields a local linearized stability result rather than a full nonlinear guarantee. The derived condition
ensures boundedness of small perturbations around the reference state (W,Wx) for sufficiently small temporal and
spatial discretization parameters, but it does not imply unconditional stability of the fully nonlinear problem. For
convenience, we introduce the following notations:

S =
k∑

m=1

A
(α,β,µ,ν)
k−m , A = ξWx + 2ηWWx, B = ξW + ηW 2. (5.2)

Substituting (5.1)–(5.2) into (4.4) yields the following frozen-coefficient equation:(
S + θA

)
wn+1 + θB wn+1

x + θϱwn+1
xx + θσ wn+1

xxx =
(
S + (2θ − 1)ξWWx + (3θ − 1)ηW 2Wx

)
wn

+ (1− θ) ϱwn
xx + (1− θ)σ wn

xxx. (5.3)

To carry out von Neumann stability analysis, we assume a Fourier mode solution of the form

wn
j = ζneiκxj , (5.4)

where κ is the wave number and ζ is the amplification factor. For a Fourier mode of this form, the spatial derivatives
can be represented as

wx 7→ iκ, wxx 7→ −κ2, wxxx 7→ −iκ3. (5.5)

Substituting (5.4)–(5.5) into (5.3), we obtain(
α2 + iβ2

)
ζ n+1 =

(
α1 + iβ1

)
ζn, (5.6)

which implies

ζ =
α1 + iβ1

α2 + iβ2
. (5.7)

The coefficients α1, β1, α2, β2 in Eq. (5.7) are given by

α2 = S + θA− θϱκ2, β2 = θ
(
Bκ− σκ3

)
,

α1 = S + (2θ − 1) ξWWx + (3θ − 1) ηW 2Wx + (1− θ)ϱκ2, β1 = (1− θ)σκ3. (5.8)

The squared modulus of the amplification factor is obtained as follows:

|ζ|2 =
α2
1 + β2

1

α2
2 + β2

2

=
N

D
, N = α2

1 + β2
1 , D = α2

2 + β2
2 . (5.9)

For stability, we require |ζ| ≤ 1 for all κ. A sufficient condition is

D −N ≥ 0, (5.10)

which ensures that |ζ| ≤ 1. Then,

D −N = (α2
2 + β2

2)− (α2
1 + β2

1)

= (α2 − α1)(α2 + α1) + (β2 − β1)(β2 + β1). (5.11)
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Thus

α2 − α1 = S + θA− θϱκ2 −
[
S + (2θ − 1)A+ (1− θ)ϱκ2

]
= (1− 2θ)A− ϱκ2,

α2 + α1 = 2S + (3θ − 1)A,

β2 − β1 = θ(Bκ− σκ3)− (1− θ)(Bκ− σκ3) = (2θ − 1)(Bκ− σκ3), (5.12)

β2 + β1 = (Bκ− σκ3).

Substituting Eqs. (5.12) into Eq. (5.11), we obtain

D −N = (α2 − α1)(α2 + α1) + (β2 − β1)(β2 + β1)

=
[
(1− 2θ)A− ϱκ2

][
2S + (3θ − 1)A

]
+ (2θ − 1)(Bκ− σκ3)2

= (2θ − 1)(2AS + (3θ − 1)A2 + (Bκ− σκ3)2)− 2ϱκ2S − (3θ − 1)ϱκ2A. (5.13)

Since ϱ ≤ 0, S > 0 (sum of coefficients), and θ ≥ 1/2, each term in D −N is nonnegative, then , we conclude that

• The term (2θ − 1)(Bκ− σκ3)2 ≥ 0,
• The term −ϱκ2(2S + (3θ − 1)A) ≥ 0,
• The term (2θ − 1)A(2S + (3θ − 1)A) ≥ 0 if A ≥ 0.

A direct expansion of D −N shows that the dominant terms are nonnegative when

θ ≥ 1
2 , ϱ ≤ 0, A = ξWx + 2ηWWx ≥ 0. (5.14)

Therefore, condition (5.14) guarantees that the amplification factor satisfies |ζ| ≤ 1 for all κ, thereby establishing the
linear stability of the scheme (4.4).

5.0.1. Fully Discrete Stability Analysis. In this subsection, the stability of the fully discrete numerical scheme is
investigated. The time discretization of the Prabhakar-type Caputo derivative is obtained using a convolution formula
of second–order accuracy. For the temporal grid points tn = nτ , the approximation can be written as

CDν
α,β,µw(x, tn) ≈

1

τ2

n∑
k=0

ω
(ν,α,β,µ)
k w(x, tn−k), (5.15)

where τ denotes the time step and ω
(ν,α,β,µ)
k are the discrete convolution weights. These coefficients satisfy the

properties

ω
(ν,α,β,µ)
0 > 0, ω

(ν,α,β,µ)
k ≥ 0,

∞∑
k=0

ω
(ν,α,β,µ)
k <∞.

Let the spatial derivatives be approximated by RBF-based differentiation operators. Denoting the nodal solution
vector at time level tn by

Wn = (w(x1, tn), w(x2, tn), . . . , w(xN , tn))
T
,

the first-, second-, and third-order spatial derivatives are approximated by the matrices Dx, Dxx, and Dxxx, respec-
tively. Hence the spatial operators satisfy the norm estimates

∥Dx∥ ≤ C1h
−1, ∥Dxx∥ ≤ C2h

−2, ∥Dxxx∥ ≤ C3h
−3,

where h represents the characteristic distance between neighboring nodes. Using these approximations, the fully
discrete scheme can be written as

1

τ2

n∑
k=0

ω
(ν,α,β,µ)
k W n−k = −ξW n ◦ (DxW

n)− ηDxxxW
n + µDxxW

n + Fn, (5.16)
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where ◦ denotes the Hadamard product and Fn represents the discrete forcing term. Expanding the convolution term
explicitly yields

1

τ2

(
ω
(ν,α,β,µ)
0 Wn + ω

(ν,α,β,µ)
1 Wn−1 + ω

(ν,α,β,µ)
2 Wn−2 + · · ·+ ω(ν,α,β,µ)

n W0
)
= −ξWn ◦ (DxW

n)− ηDxxxW
n

+ µDxxW
n + Fn. (5.17)

The matrixDxxx corresponds to a dispersive operator and is skew-symmetric in the discrete L2 inner product, therefore
it does not contribute to the growth of the numerical energy. In contrast, Dxx is negative semidefinite and provides a
dissipative mechanism that stabilizes the scheme. The nonlinear convective term −ξW n ◦ (DxW

n) can be bounded
by using the operator estimate for Dx. Taking the discrete L2 norm of the numerical solution leads to the estimate

∥W n∥2 ≤
1

ω
(ν,α,β,µ)
0

(
n∑

k=1

ω
(ν,α,β,µ)
k ∥W n−k∥2 + τ2∥Fn∥2

)
+ Cτ2h−1∥W n∥2. (5.18)

Consequently, the numerical energy remains bounded provided that the temporal step size satisfies the restriction

τ2 ≤ ω
(ν,α,β,µ)
0

Ch−1 + µ
.

Under this condition, the discrete solution satisfies the global stability estimate

∥W n∥2 ≤ C

(
∥W 0∥2 + max

0≤k≤n
∥F k∥2

)
+O(τ2) +O(hp), (5.19)

where p denotes the order of spatial accuracy associated with the RBF approximation. This estimate shows that
the proposed numerical scheme is stable in the discrete L2 norm and that the numerical solution remains uniformly
bounded for all time levels.

6. Numerical illustrations

In this section, one test problem is solved using the proposed methods to verify their accuracy and efficiency. The
approximate solutions are compared with the exact solutions, and the proper initial and boundary conditions are
directly obtained from the exact solutions for all problems. For all test problems, we set θ = 1

2 and use uniform
nodes on Ω = [a, b] with step size δx. The MQ-RBF with augmented polynomials 1 and x in Eqs. (4.5) and (4.15)
has been employed. Matlab software with the Gaussian elimination command is used to solve the linear systems in
Eqs. (4.18) and (4.10), and the Kdtree package by Guy Shechter is used to construct stencils with support radius
R = nsδx. To efficiently construct the local RBF–FD stencils, a nearest-neighbor search is performed using the
KDTree algorithm. As described in Table 2, the KDTree data structure enables fast identification of the ns closest
nodes for each computational point, significantly reducing the computational cost of stencil construction. To evaluate
the performance of the numerical method, we consider the maximum absolute error, the root-mean-square (RMS)
error, the convergence orders in time and space, and the percentage error at each collocation point. The maximum
error is defined by

L∞ = max
1≤i≤N

∣∣We(xi)− w(xi)
∣∣,

while the RMS error is given by

RMS =

√√√√ 1

N

N∑
i=1

(
We(xi)− w(xi)

)2
.

The convergence orders in time and space are computed as

Time-order =
log (Ej(τj)/Ej+1(τj+1))

log (τj/τj+1)
, Space-order =

log (Ej(δxj)/Ej+1(δxj+1))

log (δxj/δxj+1)
,
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Figure 1. Visualization of the numerical solution w(x, t) for the GKdVB equation which is computed
by the RBF-FD method, with parameters ξ = 6, η = 0, ϱ = 0, and σ = 1 when α = 0.75, β = 0.95,
µ = 1.25 and ν = 0.85 . The left panel shows the surface plot and the right panel shows the contour
plot for Example 6.1.

and the percentage error at the collocation node xi is

PE(xi) =

∣∣We(xi)− w(xi)
∣∣

|We(xi)|
· 100.

Here, xi, i = 1, . . . ,N , denote the collocation points, We and w are the exact and numerical solutions of w(x, t),
respectively, and Ej represents the L∞ error corresponding to the time step τj or spatial discretization δxj . In

practical computations, the generalized Mittag–Leffler function appearing in the weights A
(α,β,µ,ν)
k−m is evaluated by

truncating its infinite series representation. The series is terminated once the magnitude of successive terms falls
below a prescribed tolerance, which ensures sufficient accuracy while keeping the computational cost moderate as k
increases.

Table 2. Neighbor search using the KDTree package by Guy Shechter.

Algorithm: KDTree-based Neighbor Search
Input: Set of nodes X = {xi}Ni=1 and stencil size ns.
Step 1: Construct the KDTree data structure using the node set X.
Step 2: For each node xi in the computational domain:

(a) Query the KDTree to find the ns nearest neighbors of xi.
(b) Store the indices of these nodes as the stencil set Ni.

Step 3: Use the neighbor set Ni to construct the local RBF–FD stencil and compute the corresponding differ-
entiation weights.
Output: Local stencil Ni for each node xi.

Example 6.1. In the first test case, we examine the GKdVB equation (1.1) with parameters ξ = 6, η = 0, ϱ = 0, and
σ = 1 over the domain Ω = [0, 30], which supports a solitary–wave-type profile. The exact solution is prescribed as

w(x, t) = t
5
2 r sech2

(√
r

2
(x− r)− 7

)
, r = 0.5.
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Figure 2. Visualization of the absolute error function E(x, t) for the GKdVB model which is com-
puted by the RBF-FD method, with parameters ξ = 6, η = 0, ϱ = 0, and σ = 1 when α = 0.75,
β = 0.95, µ = 1.25 and ν = 0.85 . The left panel shows the surface plot and the right panel shows
the contour plot for Example 6.1.
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Figure 3. Visualization of the numerical solution w(x, t) for the GKdVB model which is computed
by the GRBF method, with parameters ξ = 6, η = 0, ϱ = 0, and σ = 1 when α = 0.75, β = 0.95,
µ = 1.25 and ν = 0.85 . The left panel shows the surface plot and the right panel shows the contour
plot for Example 6.1.

It must be clarified that this analytical expression serves as a manufactured solution for validating the performance
of the numerical schemes. In the context of nonlinear wave propagation, solutions often exhibit complex behaviors
influenced by competing physical mechanisms. For the selected parameters (η = 0, ϱ = 0, σ = 1), the governing
equation effectively simplifies to a KdV-type structure influenced by the Caputo–Prabhakar fractional time derivative,
which models hereditary memory effects. To ensure the selected solution satisfies the equation exactly, we rewrite the
model by introducing a forcing term f(x, t):

CDν
α,β,µw + (ξ + ηw)wwx + ϱwxx + σwxxx = f(x, t),

where f(x, t) is explicitly determined by substituting w(x, t) into the left-hand side of the homogeneous equation. This
procedure guarantees that the chosen solution precisely satisfies the modified equation under the specified parameter set
(ξ = 6, η = 0, ϱ = 0, σ = 1), thereby ensuring that the subsequent error and convergence analysis is fully reproducible
and robustly benchmarked against a known analytical result. For this test, the RBF–FD method is applied with
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Figure 4. Visualization of the absolute error function E(x, t) for the GKdVB model which is com-
puted by the GRBF method with parameters ξ = 6, η = 0, ϱ = 0, and σ = 1 when α = 0.75, β = 0.95,
µ = 1.25 and ν = 0.85 . The left panel shows the surface plot and the right panel shows the contour
plot for Example 6.1.

Table 3. Comparison of solution errors for Test Problem 6.1 using methods with τ = 0.001.

Method T ϵ δx ns Cond(A) L∞ RMS

RBF-FD 1 20 0.01 51 1.912× 103 5.73× 10−8 1.56× 10−8

GRBF 1 1.6 0.2 - 1.565× 108 1.61× 10−7 4.28× 10−8

RBF-FD 2 20 0.01 51 1.913× 103 2.68× 10−7 5.73× 10−8

GRBF 2 1.6 0.2 - 1.564× 108 6.50× 10−7 1.38× 10−7

RBF-FD 3 20 0.01 51 1.914× 103 6.20× 10−7 1.35× 10−7

GRBF 3 1.6 0.2 - 1.563× 108 1.35× 10−6 2.95× 10−7

RBF-FD 4 20 0.01 51 1.915× 103 1.11× 10−6 2.51× 10−7

GRBF 4 1.6 0.2 - 1.564× 108 2.18× 10−6 4.95× 10−7

RBF-FD 5 20 0.01 51 1.916× 103 1.81× 10−6 4.20× 10−7

GRBF 5 1.6 0.2 - 1.565× 108 3.06× 10−6 7.35× 10−7

RBF-FD 10 20 0.01 51 1.917× 103 2.92× 10−5 7.08× 10−6

GRBF 10 1.6 0.2 - 1.566× 108 7.98× 10−6 2.21× 10−6

RBF-FD 20 20 0.01 51 1.918× 103 1.02× 10−4 2.50× 10−5

GRBF 20 1.6 0.2 - 1.567× 108 1.10× 10−4 2.60× 10−5

RBF-FD 50 20 0.01 51 1.920× 103 4.87× 10−2 2.50× 10−2

GRBF 50 1.6 0.2 - 1.568× 108 5.82× 10−2 2.83× 10−2

parameters ε = 4, δx = 0.05, τ = 0.001, and ns = 51, whereas the GRBF method employs ε = 7, δx = 0.05, and
τ = 0.001. We apply both numerical approaches to approximate this manufactured solution. The resulting errors,
quantified using the L∞ and RMS norms, are listed in Table 3. Table 4 reports the corresponding convergence rates
with respect to temporal and spatial discretizations. The approximate solutions and their contour representations,
computed via the RBF–FD and GRBF schemes, are illustrated in Figures 1–4. Table 3 compares the numerical errors
for τ = 0.001, including the infinity norm (L∞), the RMS error, and the condition number for each method at selected
time levels T . The results show that both approaches significantly outperform the referenced methods, demonstrating



Unco
rre

cte
d Pro

of

CMDE Vol. *, No. *, *, pp. 1-22 19

Table 4. Estimated convergence rates for the RBF-FD (left) and GRBF (right) methods at T = 1,
showing temporal (top) and spatial (bottom) discretization effects for Test Problem 6.1.

RBF-FD GRBF

δt δx L∞ Ct δt δx L∞ Ct

0.4 0.01 1.472× 10−4 - 0.4 0.2 1.489× 10−4 -
0.2 0.01 3.185× 10−5 2.210 0.2 0.2 3.215× 10−5 2.180
0.1 0.01 7.910× 10−6 2.015 0.1 0.2 7.990× 10−6 2.020
0.05 0.01 1.960× 10−6 2.015 0.05 0.2 2.005× 10−6 1.995
0.025 0.01 4.710× 10−7 2.060 0.025 0.2 5.130× 10−7 1.960

δt δx L∞ Cx δt δx L∞ Cx

0.001 1.6 4.910× 10−2 - 0.001 1.6 9.570× 10−3 -
0.001 0.8 3.610× 10−4 7.100 0.001 0.8 4.080× 10−5 7.850
0.001 0.4 8.590× 10−5 2.065 0.001 0.4 4.950× 10−7 6.340
0.001 0.2 1.455× 10−5 2.560 0.001 0.2 1.585× 10−7 1.655
0.001 0.1 5.360× 10−7 4.780 0.001 0.1 3.250× 10−8 2.290
0.001 0.05 1.285× 10−7 2.070 0.001 0.05 1.205× 10−8 1.455

their superior accuracy and numerical stability in capturing the evolving solitary wave structure. Table 4 provides the
estimated convergence orders for T = 1. The upper block of the table presents temporal errors and convergence rates
obtained by refining the time step δt, while the lower block reports spatial accuracy for varying mesh widths δx. The
results confirm that both schemes exhibit the expected accuracy trends, with the RBF–FD method achieving higher
temporal orders and the GRBF method showing more rapid spatial error decay for relatively coarse meshes. It should
be noted that the spatial convergence rates reported in Table 4 for the RBF–FD method exhibit some non-monotonic
variations as the spatial resolution is refined. This behavior is mainly related to the sensitivity of the RBF–FD
approximation to the selection of the shape parameter ε and the stencil size ns. In our simulations, several values of
these parameters were tested in order to obtain a stable and accurate differentiation matrix, and slight adjustments
were made during the grid refinement process. For example, the shape parameter was varied within a moderate range
such as ε = 0.8, 1.1, and 1.4, while the stencil size was chosen between ns = 25 and ns = 30 depending on the node
distribution. As a consequence, the estimated spatial convergence rates may fluctuate slightly between successive
refinements, which explains the irregular values observed in Table 4, while the overall error magnitude continues to
decrease with mesh refinement. The stability coefficient takes a simplified form because η = 0. In this case

A = ξWx.

Using the prescribed manufactured solution w(x, t) its spatial derivative becomes

Wx = −t5/2r
√
r sech2(θ) tanh(θ), θ =

√
r

2
(x− r)− 7.

Hence

A = −6 t5/2r
√
r sech2(θ) tanh(θ).

Since sech2(θ) is strictly positive and bounded while tanh(θ) varies smoothly between −1 and 1, the coefficient A
remains bounded over the computational domain. Therefore, the frozen–coefficient stability assumption used in the
analysis is satisfied for the considered solitary-wave solution and parameter set.

7. Conclusion

In this work, we investigated the numerical solution of the generalized Korteweg–de Vries–Burgers (GKdVB) equa-
tion involving the regularized Caputo–Prabhakar derivative. This type of fractional operator is useful for describing
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complex systems with memory effects that classical models cannot capture. To solve the model, two meshless numerical
techniques were applied. The first was the global radial basis function (GRBF) method, which provides accurate re-
sults using globally supported functions. The second was the radial basis function finite difference (RBF–FD) method,
which combines the flexibility of meshless methods with the efficiency of finite differences. These two approaches com-
plement each other in terms of accuracy and computational performance. The stability of the proposed algorithms
was also examined, confirming their reliability. Numerical experiment with tables and figures further demonstrated
the effectiveness of both methods. Overall, the results show that GRBF and RBF–FD are powerful and reliable tools
for solving the fractional GKdVB equation, and they can be applied to a wide range of scientific and engineering
problems.
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