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Abstract - ~

This paper presents the limited reconstruction of high-order spectral volume (SV) methods that rigorously satisfy
the maximum principle and preserve positivity for scalar hyperbolic conservation laws and the compressible Euler
equations, respectively. Standard high-order numerical methods often violate these physical constraints at the
discrete level, leading to nonphysical oscillations and solutions—such as negative density or pressure. To address
this, we introduce carefully designed limiter functions that modify the SV reconstruction polynomials within each
cell while maintaining the scheme’s high-order accuracy. This approach enforces the maximum-principle-preserving
(MPP) and positivity-preserving (PP) properties in the numerical solution. A set of numerical tests shows that
the method produces accurate, stable results for both smooth and discontinuous problems, confirming its high
resolution and robustness.
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1. INTRODUCTION

The focus of this paper is the development of high-order spectral volume (SV) schemes that satisfy the discrete
maximum principle and preserve positivity in the numerical solution of hyperbolic conservation laws. Specifically, we
consider the following one-dimensional scalar hyperbolic conservation law:

ug + f(u)y =0, u(z,0) = up(z), (1.1)
and the 1D compressible Euler equations of gas dynamics:
wy + f(w), =0, w(x,0) = wo(z), (1.2)
where
p W2
w=| m |, flw)= wi/wy +p . (1.3)
E wao (w3 + p) /wq

Periodic boundary conditions are imposed, with (z,t) ranging over [a,b] x [0,T], where T is the final time. The
physical variables—density p, velocity u, momentum m, total energy F, pressure p, and internal energy e—are related
via m = pu, E = 1pu? + pe, and p = (v — 1)pe, where v > 1 is the adiabatic index (v = 1.4 for air). Here, c = \/vp/p
is the speed of sound, and u — ¢, u, and u + ¢ are the eigenvalues of the Jacobian matrix f/(w).

The exact solutions to these equations satisfy important physical principles, including conservation, the maximum
principle (in the scalar case (1.1)), and positivity of density and pressure (in the Euler system (1.2)). Preserving these
properties at the discrete level is essential for ensuring the physical reliability of numerical simulations. However,
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conventional high-order schemes may generate nonphysical artifacts such as overshoots, undershoots, or negative
densities and pressures—particularly near discontinuities—due to numerical oscillations. To address these challenges,
several numerical schemes have been proposed, including Runge-Kutta discontinuous Galerkin (DG) methods [4], finite
volume and finite difference WENO methods [6, 9], and spectral volume (SV) methods [23]. While these methods
reduce oscillations, they can still fail to satisfy the discrete maximum principle (DMP) or the positivity-preserving
(PP) condition. Therefore, additional modifications are required to enforce these properties in high-order schemes.

For the scalar case, the entropy solution satisfies the maximum principle. If M = max, uo(z) and m = min, ug(x),
then

u(z,t) € [m, M], Vux,t. (1.4)
A corresponding numerical scheme should enforce this condition discretely:
@ € [m, M), V¥n,j, (1.5)

where @} denotes the cell average at time level n. Moreover, if the initial data is nonnegative, the solution remains
nonnegative:

ug(z) > 0= u(z,t) >0, Vt>0, (1.6)
and the proposed scheme must preserve this property:
uy >0, Vn,j. (1.7)

In practice, standard monotone schemes satisfying the maximum principle are at most second-order accurate [10].
Thus, high-order methods require additional strategies to ensure MPP properties. Two major approaches have been
proposed. The first approach involves parametrized MPP flux limiters introduced by Xu [28], designed to adjust
high-order fluxes so they satisfy the DMP. In [25], this limiter is enforced only during the last stage of Runge-Kutta
WENO schemes, allowing larger time steps while preserving high-order accuracy. Christlieb et al. [2] extended this
approach to high-order ENO/WENO schemes. Xiong et al. applied the limiter to DG schemes for convection-diffusion
equations [26], while Yang [29] and Liang [12] further generalized it to other frameworks including finite volume
methods. Farzi [15] adapted the limiter for SV methods with TVD Runge-Kutta integration. The second approach,
proposed by Zhang and Shu [30], modifies the reconstruction polynomial itself. Unlike flux limiters, this method
enforces the DMP by scaling the polynomial. It was inspired by a linear rescaling technique developed by Liu and
Osher [14], and has been applied to DG and WENO discretizations coupled with strong stability preserving time
integration. Although effective, this approach may require more restrictive CFL conditions to maintain both accuracy
and the MPP property [30]. Extensions include DG schemes on triangular meshes [31], convection-diffusion equations
[32], and compact WENO schemes [8]. Applications have also been reported for traffic flow on networks [19] and
scalar conservation laws using MPP finite element techniques [7]. Additional implementations include DG schemes
for transport equations [27] and central DG schemes for hyperbolic conservation laws [13].

For the compressible Euler system (1.2), although the maximum principle does not generally apply, physical variables
like density and pressure must remain positive. Several first-order schemes ensure positivity preservation [16], but
high-order schemes may produce unphysical negative values, particularly under strong shocks. The framework by
Zhang and Shu [33] ensures positivity while maintaining high-order accuracy, and has been extended to DG [17, 34]
and WENO schemes [2, 3, 18].

In this paper, we extend the MPP/PP limiting framework of Zhang and Shu [30] to spectral volume schemes for
both scalar equations and the compressible Euler system. The SV scheme, introduced by Wang et al. [23], is a
high-order conservative Godunov-type method. Each SV is subdivided into control volumes (CVs), and polynomial
reconstruction is performed using only local CV data. Unlike high-order finite volume methods (e.g., WENO [6]
or k-exact methods [1]), which require wide stencils, the SV method relies solely on intra-cell information, reducing
memory usage and computational cost. Moreover, polynomial evaluations are performed at Legendre-Gauss-Lobatto
points, improving accuracy and stability.

The organization of the rest of this paper is as follows; In section 2, the SV method for one-dimensional scalar
conservation laws is introduced. Section 3 presents the MPP limiter for the SV method. In section 4, we extend
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the approach to enforce positivity for the compressible Euler equations. Numerical results validating the proposed
MPP/PP schemes are provided in section 5. Concluding remarks are presented in section 6.

2. SV METHODS FOR HYPERBOLIC CONSERVATION LAWS

Let us consider the one-dimensional hyperbolic conservation law (1.1), and partition the domain D = [a,b] as
follows:
N
D: USz, 522[131_%,1‘1_,'_%], (2'1)
i=1

where {z; 1 MY, denotes a set of N + 1 partitioning points in [a, b], which define N non-overlapping cells S;, i =
1,..., N, referred to as spectral volumes (SVs).
Let h; = Tyl — X1 and define h = maxj<;<n h;. For a given approximation order k, each SV S; is further

1 i—

subdivided into k subcells using the points {x; ;, 1 }?:0, where z; 1 = x;

1 and Tipypl =Tip1. These subcells will be
addressed as control volumes (CVs) and denoted by C; ;:

Cij=(zi; 1.0501), J=1,....k (2.2)
The cell average of the state variable v at time ¢ over the control volume C; ; is defined as:
_ 1 Tig+d ) )
i, (t) = / w(z,t)dx, j=1,...,k, it=1,...,N, (2.3)
hij Ja, o

Li— g

1,3
Using the k available CV averages in S;, we reconstruct a kth-order polynomial p;(x) approximating w(z) within
the SV S;:

where hjj; = x; j 1 —; ;1 is the width of Cj ;.

pi(z) =u(z) + O(W*), z€S; i=1,...,N. (2.4)
The reconstruction polynomial p; must satisfy the following moment-matching condition:
1 xi,"+l
T pie)de =T t), =1, 4k (2.5)
hig Je,, o

This constraint ensures a unique reconstruction. The main purpose of p;(z) is to approximate the state variable at
CV interfaces:

Wigas =pi( 1) =ulz 1) + OF), j=0,...k i=1,...,N. (2.6)

From (2.5), it follows that the coefficients of p; depend linearly on the CV averages %; ;, the mesh sizes h; ;, and
the approximation order k. Hence, the interface values u; ; 41 can be written as:

ui7j+% :chlai,l, i=0,...k, (2.7)

where the coefficients c;; depend on k and the local mesh configuration.
To compute ¢;;, we follow the reconstruction strategy introduced by Shu in [21], assuming the form:

k
= du(@) Wiy (2:8)
=1

Following [21, 23], this approach utilizes the primitive function of u(x) in S;, leading to the coefficients:

Z H w+%_$i,q+§)v (2.9)

m=0 ¢=0
M#ET g£m,r

C]l_¢l( 2]+ _hzlz

(zr+
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where
w(@)=(@ -z 1)@ —x;3) .. (¥ — 1) (2.10)

If the control volumes are of uniform size, then the coefficients simplify to:

k k k
cji = 0. 2.11
L= ;Hq O(T_q Z;: 1;[00 q) (2.11)

By performing the integration of (1.1) over a generic control volume C; ; and assuming CVs are treated indepen-
dently, we obtain the semi-discrete formulation:
du; ;
dt
where F; ; i1 denotes the numerical flux at x; ; i1

Since the reconstructed field is dlscontlnuous at the boundaries of each S;, fluxes at these boundaries must be
computed using a Riemann solver:

h,]+( § 7Fi,j—%):0’ (2.12)

F 1 = Friemann (U154 1,%; 1), (2.13)
F’i,k-',-% = FRiemann (ui,k+% ) ui+17% ) (214)

Within each SV, where the reconstruction is continuous, analytical fluxes can be directly evaluated at interior CV
boundaries:

Fyyn=fu 1), j=1,....k—1 (2.15)

Common numerical flux functions include:
1. Lax-Friedrichs flux:

1
Frp(usur) = 5 [f(w) + f(ur) = alur —up)], o = max|f'(u)]. (2.16)
The flux is termed global if a is computed over the entire domain of u, and local if restricted to the interval
[ur, wy).

2. Roe flux with entropy fix:

fw), if f'(u) >0 for u € [min(uy, u,), max(ug, u, )],
Fr(ug,uy) = < f(uy), if f'(u) <0 for u € [min(uy, u,), max(ug, u, )], (2.17)
Frr(u,uy.), Otherwise.

For time integration of (2.12), we employ the total variation diminishing (TVD) Runge-Kutta methods [20]. The
system is rewritten as:

du
— = L({u 2.1
o = L@, (2.18)
where
u= (w1, L@ =[Li;@]5, (2.19)
1
Lij=— I <Fi,j+% - Fi,j—%) : (2.20)

Let 7@ = %", and set "' = (3. The third-order TVD Runge-Kutta scheme is given by:

(=)=
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7 =70 4 At L@?),
1
7@ 4 L[5 ey
v 4 1 [’U + At L(v )}, (2.21)
7 = @@W+§[ﬁ”-%AtL@@Dy

We conclude this section by discussing the choice of partitioning points for constructing the control volumes. The SV
method uses only the local information within each SV, avoiding wide stencils and enhancing computational efficiency.
The choice of partitioning points, whether uniform or non-uniform, significantly affects the stability and smoothness
of high-order reconstructions.

For k > 3, uniform CV partitioning can introduce strong oscillations near SV boundaries. To mitigate this,
clustering nodes such as Gauss-Lobatto points are employed:

xi7j+% = —CO8 (]]:;T> ) j = Oa ceey kv (222)

defined on the standard interval [—1,1]. These points help reduce endpoint oscillations.
Alternatively, a hyperbolic tangent clustering can be used:

9
tanh ('Z‘] — u)
Tidts T tanh () ’

where g controls the grid density near the SV boundaries. For a comprehensive discussion of clustering strategies in
spectral volume methods, see [23].

J=0,....k, (2.23)

3. MAXIMUM-PRINCIPLE-PRESERVING SV SCHEME FOR SCALAR EQUATIONS

This section uses the limiter from [30] to regulate the maximum/minimum of the reconstruction polynomial derived
from the SV method for scalar hyperbolic conservation laws in one dimension, as given in equation (1.1). We first
discuss the Euler forward temporal discretization; and subsequently consider higher-order temporal discretization
methods.

The discretized form of (2.18) using the Euler forward method is expressed as:

T =T Ny [Py (1) —Fley @) (3.)

where \; ; = }ﬁ—t For implementation of (3.1), it is crucial to compute the numerical flux function F(.,.) at both

ends of each SV S’h which typically requires an exact or approximate Riemann solver. We will utilize a monotone

flux, as specified in [5], where the monotone flux F(.,.) results in a first-order monotone scheme that keeps the strict

maximum principle property. We have the following lemma to prove this result for the Lax-Friedrichs flux (2.16),
where Fi,j+%(ﬂ) = Frr(@};,u; 1)

Lemma 3.1. Consider the first-order Laz—Friedrichs scheme under the CFL condition Aa < 1, where A = max; j A;
and a = max |f'(u)|. If@}; € [m, M] for alli,j, then Hfjl € [m, M| for all4,j.

Proof. Let us consider the first order scheme with the Lax—Friedrichs flux:

ﬂ?jl =u;; — N [For( ;i) — For(ui;_, 05 5)]. (3.2)

For simplicity, let
_=—n _ =N — n — ..
U=y, Uy =gy, U =g, A= Aige
Then the scheme becomes

@ =u = 5 (flug) = flus)) + 5 (uy — 2u+us).
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By the mean value theorem, there exists ¢ between u_ and uy such that

flug) = flu) = f(E)(uy —u_).

Substituting this gives

7t =ut 3 ((a— f©)us —2au+ (a+ f(§)u-).

This can be written as a convex combination:

" = au_ + fu + yuy,

where

a=3@+f(©), v=3@-f©), f=1-la

Clearly, o + 8 + v = 1. Moreover, since |f'(£)| < a, we have a + f/(£§) > 0, hence a« > 0 and v > 0. The CFL
condition Aa < 1 ensures 8 > 0. Therefore, all coefficients «, 3, are nonnegative and sum to 1.

Thus u"*! is a convex combination of u_,u,uy. If all three values lie in the interval [m, M], then so does their
convex combination. Since this holds for every cell, the maximum principle is preserved:

m<utt <M, Vi j.

] (]

We proceed with high order reconstruction with the polynomial p; in the spectral volume S;. We need to limit the

nodal values u:'j_l /2 and wu; /2 1N some way so that ﬂf;‘l € [m, M] reduces whenever @, € [m, M]. Noting that

]
the N-point Legendre—Gauss—Lobatto quadrature rule integrates polynomials of degree up to 2IN — 3 exactly over the
interval C; ; = [; j_1/2,%; j4+1/2], its application yields a sufficient condition to ensure that ﬂ?jl € [m, M] holds for
the numerical scheme (3.1).

Denote LGL nodes as follows

Bij={#;1=1,...,N},

—
w
w

3)

where, z; ;_1/0 = ;f:z{j, chN] = T; j11/2, and let w = {@*, o = 1,..., N} be the quadrature weights for the interval [—1, 1
such that 25:1 w* = 1. Define 7; o = p;(@5;) and select N so that be the smallest integer satisfying 2N — 3 > k,
therefore

N
1 ooyt
Uy = h—/ pi(x)dx = Zwam,a. (3.4)
0,J JCyj )
In the following theorem, for convenience, in the cell C; ;, if j = 1 we denote 7; o = Ui 1t L and if j = k we denote

Vi,N+1 = U1y, 1 and otherwise we denote 50 = u; j_1 and U5 ny1 = u; 4 1.

Theorem 3.2. Consider a spectral volume method with the Laz—Friedrichs flux (2.16) applied at the two ends of each
Si, and let p;(x) be the reconstruction polynomial of degree k on S;. If the point values ;o (@ =0,...,N +1) and
the CV averages ;' ; all lie in the interval [m, M|, then ﬂ:‘jl € [m, M] under the CFL condition

Aa < minw,, (3.5)
where A = max; ; A ; and a = max |f'(u)].

Proof. The proof proceeds by expressing each cell-average update as a convex combination of one-step Lax—Friedrichs-
type updates and then invoking the scalar maximum-principle preservation of the first-order Lax—Friedrichs scheme.

Fix an SV index ¢ and a CV index j. By the spectral-volume reconstruction and the quadrature relation (3.4) we
may write the cell average u;' ; (and similarly the flux difference appearing in the update) as a weighted sum over the

(=)=
E)NE
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reconstruction nodes {7; o} with positive weights {©®} satisfying > ©® = 1. In particular, for the flux difference
that enters the update formula (3.1) one has the identity

N
F(u; ;1) — Fue(left data, right data) = > [Fur (i P041) — Fr(@ia—1, Pia)]

a=1
so that the update for u; ; can be rearranged as
N s s
ﬂffrl = Z e (ﬁi,a - (:)Z‘j [FLF (P05 Dijat1) — FLr (D01, ﬁza)D (3.6)
a=1

Define, for each «,

by
@ . 3
Gi,j =Via —

s ~

,’j [FLF(Pi,0s Disat1) — FLE(Dia-1, Pia)]-

Then (3.6) reads ﬂﬁj‘l =), WG

We now show that each G7; € [m, M]. Observe that Gf; has exactly the form of a single-step Lax-Friedrichs
v i
update applied to the triple (9;,a—1, %0, Vi a+1) but with a local time-step coefficient A* := %{j Indeed, using the
@
LF flux Fir(z,y) = 5(f(z) + f(y) — a(y — x)) one rewrites
Giofj = ﬁi,a —\* (FLF(ﬁi7a, lA/i,oz«H) — FLF(ﬁi,afla ﬁi,a))»

which is precisely the Lax—Friedrichs one-step formula (compare with Lemma for the scalar case).
By the assumption 7; o—1, %, Vi,a+1 € [m, M] and by the scalar maximum-principle preservation of the first-order
Lax—Friedrichs update (cf. the Lemma 3.1), it suffices to ensure the CFL condition for this local step:

~ s s
M\ag = g < 1.
w()(

Thus, if for the given cell we require

E et
Aija < minw®,

then every A®a < 1 and therefore G¢; € [m, M] for all a.

Finally, since {&®} are nonnegative weights summing to one, the representation Eff - Yoa w*Gy; is a convex
combination of values in [m, M], and hence ﬁffl € [m, M]. As this argument holds for every CV index j and SV
index i, the theorem follows. O |

Following this theorem, the reconstruction polynomial needs to be adjusted so that its values p;(z) fall within the
range of m to M for all x in S;. The primary challenge lies in maintaining cell averages through a limiting process.
Limiting the reconstruction polynomial is not straightforward as in the case of TVD/TVB limiters, because it directly
modifies the cell boundary values, however, the focus of MPP limiter is on modifying the reconstruction polynomial
and it requires the constraint of maintaining the prescribed cell averages. In this regard, limiting based on the spectral
volume is not a trivial task, and proceeding with respect to the control volume, the reconstruction polynomial p;
must be restricted to the control volume C;; prior to enforcement of the the maximum principle property. The
reconstruction within the spectral volume S; can be discontinuous across neighboring cells.

For all j, assume @ ; € [m, M], we introduce the modified polynomial p; ;(x) as follows

i,J

~ . . ) M —ui; m—u;;

pij(v) = 0(pi(w) —u;) + % ;, 6 =min { ‘ M, ) v a 15, (3.7)
with

M; ;= max p;(x), m;; = min p;(z). (3.8)

z€C; 5 z€Cy 5
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Let u” 12 = = Pij(wij-1/2) and Uiy = Pi,j (i j+1/2), in this case we obtain an improved version of (3.1) as
following:

U"+1 ﬂ?’j — Aimj [F(ﬂ_

~+ ~—
i\j 112 Ui y1y2) = F(

ii—1j2 0 1y)) (3.9)

The uniform high order of accuracy of underlying limiter is denoted in the following lemma.
Lemma 3.3. Letu;'; € [m, M]. Then the definitions (3.7) and (3.8) yield a (k + 1)th order accurate limiter.

Proof. We need to show that p; ;(z) — p;(z) = O(h**1) for any = € C; ;, where h = max; ; h; ;. We only prove the
case when p;(z) is not constant and

M —a}.
= —2L
M =iy’
the other cases being analogous. Since u;'; < M and u;'; < M; j, we obtain
Dij(z) = pi(x) = 0(pi(x) — ) + ;' — pi(z)
= (0 - 1)( ( ) _ui,j)
M — M;
= M, J (pz( ) U, ,J)

0,5 173

From the definition of # in (3.7), we have § < 1, which corresponds to an overshoot, i.e. M < M; ;. Since p;(z) is a
degree-k polynomial reconstruction with error O(h**1), it follows that

M;; — M = O(h™).

Thus, it remains to show that

pi(x) —
Mo < C,
ij — U4 5

for some constant Cj depending only on k. To this end, write

k
pi(x) = ag + a1 (LEE:J) + -+ ak(whz”) )

J

and consider the rescaled polynomial

p($)=a0+a1x+~-.+akx’f’ rel=[— %7%}
The cell average of p(x) on I is p = uy ;> and maxger p(x) = M; ;. Therefore,
pil®) — Wiyl p(z) —p
max |—————> | =max|————————
z€Ciy | M; 5 —ug; zel |maxyecr p(y) —

The numerator and denominator define equivalent norms on the finite-dimensional space P* of polynomials of degree
at most k. Hence, the quotient is uniformly bounded by a constant C} depending only on k. Combining this with the
factor M — M; ; = O(h**1) proves the claim. O

Since it is sufficient to control the values at the quadrature points, Equation (3.8) can be replaced by:

M ;= nax. pi(z), mi; = Iglgn pi(z), (3.10)

’ i z€Di
and enforcing limiter (3.7) with (3.10) is sufficient to ensure this condition is met
pij(x) € [m, M]. (3.11)
By replacing (3.8) with (3.10), the accuracy of the scheme is preserved, and its conservativeness is maintained, since
the modification does not alter the cell average of the polynomial.
an
BE
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Theorem 3.4. Assume that p;(z) is an SV-reconstruction polynomial of degree k, and let m and M be defined in
(1.4). If the scheme (3.1) is (k + 1)th-order accurate for smooth solutions and satisfies u;'; € [m, M], then the revised
scheme, consisting of (3.7), (3.10), and (3.9), also achieves (k + 1)th-order accuracy and preserves the mazimum
principle

wp € [m, M,
under the CFL condition specified in (3.5).

Proof. Define v; j o = p; j(27;) for a =1,..., N. For the boundary cases, set
i1,0 = Pi—1,6(Z( 1), Uit N1 = Di2(E0)),

when j = 1, and
Tik,0 = Pie—1(E1 1), ik, N+1 = i1, (30%),

when j = k. For the interior indices j # 1, k, define
Uijo = ﬁi,jfl(jj;j)a Ui jN+1 = ﬁi,jJrl(i‘?fj)-

With these definitions, the limiter given in (3.7) and (3.10) guarantees that all revised values 7; ; o lie within [m, M].
By Theorem 3.2, it then follows that the maximum principle is preserved, i.e.

att e [m, M].

This completes the proof. O O

Remark 3.5. The high order SSP time discretization, being a convex combination of Euler forward, will indeed
satisfy the MPP property.

4. POSITIVITY PRESERVING LIMITERS FOR EULER SYSTEMS
This section extends the positivity preserving limiters developed in [31] to kth order accurate spectral finite volume

scheme for solving compressible Euler equations of gas dynamics.

4.1. SV scheme for Euler systems. The SV scheme for (1.2) is
dw, _ >
dt’j h’Z] + (Fi7j+1/2(’UJ) — Fi,j—l/?(w)) = 0, (41)

where the numerical flux Fj;i;/o is a vector function of mass, momentum and total energy at the CV boundary
namely z; ;12 and is defined by

Fi,1/2 = FRiemann(wi717k+1/27wi,1/2)7 (4-2)
similarly
Fi,k+1/2 = FRiemann(wi,k+1/2a wi+1,1/2)~ (43)

Due to the continuity of the reconstructed field at internal control volume interfaces within a spectral volume, the
numerical flux coincides with the exact flux function.

Fijiip=F(wijiy2), j=1,.... k=1 (4.4)

Note that w; j41/2,7=1,...,N,j =0,...,k are the high order approximations of the point values w(z; j41/2,t"),i =
1,...,N,j=0,...,k These values are obtained from polynomial vectors q;(x) = (p;(x), m;(x), E;(x))T with degree
k, where k > 1, defined on S;, that are reconstructed from a high order SV approximation, which was discussed in the
section 2.
an
BE



10 JAVAD FARZI

4.2. Positivity preserving limiters. The primary aim of this subsection is to design a conservative, positivity-
preserving SV scheme with high-order accuracy for the numerical solution of the compressible Euler equations governing
gas dynamics. We first employ the first-order Euler forward method for time discretization, providing a foundation for
the development of more advanced higher-order techniques, which will be addressed subsequently. The Euler forward
temporal discretization of Equation (4.1) is formulated as follows:

W?jl = Wi ; = Aij[Fijp1 (@) = Fy ;1 (W)], (4.5)
A
where \; ; = ht]

Let p(w) = (y — 1) (E - ”21—2) denote the pressure function. It can be shown that the eigenvalues of the Hessian
P
matrix aa—u;p are nonpositive if and only if p > 0. Therefore, p is a concave function of w = (p,m, E)T whenever p > 0,

and it satisfies Jensen’s inequality. Specifically, for w; = (p1, m1, E1)T and wy = (p2, ma, E2)T, and for any 0 < s < 1,
we have

p(swy + (1 — s)ws) > sp(wy) + (1 — s)p(ws), if p1 >0, ps > 0. (4.6)
The set of admissible states is defined as

G:{w’p>0, p>0}, (4.7)

then G is a convex set.

We aim to introduce a positivity preserving limiter for the SV scheme, such that the cell averages of the numerical
solution at each grid point C;; remain within the set G at every time step ¢,. This is achieved by employing the
N-point Legendre Gauss-Lobatto quadrature rule on each Cj; ;, which provides exact results for the integration of
polynomials of degree up to 2N — 3. We determine these points as (3.3) on each C; ; and let w = {&*,a=1,...,N}

be the quadrature weights for the interval [—1, 1] such that Zivzl @® =1.

Theorem 4.1. Let w;fjl be an approximation produced by a kth order reconstruction in the scheme (4.5), a sufficient
condition for u’)f;“l €Gis

qz(jzof]) € Ga Vj,a, (48)
under the CFL condition
MI(ul + €)oo < @', (4.9)

where A = max; j A\, j and o 1s a constant depending on the specific scheme.

The proof is mainly simillar to the proof of positivity in [31] for finite volume methods and we omit it.
Following this theorem, it is necessary to modify q;(z) on each C; ; so that q;(z) € G for all z € B; ;. Modifing
1

q;(z) on each C; j, letting p'; = (v — 1)(@?3 — 5(m};)?/p};), is done in two steps:

a. First, regulate a small number € = min; {10*13,ﬁ§fj,pzj} .

b. Then, ensure the density remains positive in each cell C; ;. Within every C; ;, replace p;(x) with

pi,j (@) = 01(pi(x) — pi;) + Pirys (4.10)
where
P —€
61 = min {:)w’ 1} ; Pmin = min p;(27). (4.11)
Pij — Pmin a ’

With the mentioned modifications, the cell average of p; j(z) over C; ; is still p;'; and p; j(27;) > e. Now set
& 5(x) = (pig(x),mi(x), Ei(x))".
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c. Finally, ensure that the pressure remains positive in each cell C; ;. Define

Qij ={a;;(@7;), v=1,....N}. (4.12)
For every q € Q; ;, if p(q) < €, determine sq by solving

pl(1 —sq) @}, + sqq] =& (4.13)
If p(q) > ¢, assign sq = 1. Next, compute the updated polynomial vector as

Qij(z) = 02(Qi j(z) — @f;) + @7, (4.14)
where

0o = in sq. (4.15)

5. NUMERICAL EXAMPLES

This section evaluates the performance of the proposed limiters when applied to high-order spectral volume schemes
through a series of numerical experiments. In section 5.1, we first investigate the maximum-principle-preserving
schemes in the context of scalar conservation laws. Then, in section 5.2, we present examples for the compressible
Euler equations to examine their positivity-preserving capability. In all test cases, the local Lax—Friedrichs flux is
adopted as the baseline first-order monotone flux. Unless otherwise specified, the SVs are partitioned using the
Gauss—Lobatto points defined in Equation (2.22). For temporal integration; we employ the third-order Runge-Kutta
method given in Equation (2.21), with the time step At selected small enough to ensure that spatial discretization
errors dominate over temporal ones.

5.1. Scalar conservation laws. Comparisons between the SV schemes with and without the MPP limiter, denoted
by MPP and Non-MPP respectively, are presented in the following examples in tabular or graphical form. The
minimum and maximum numerical solutions of the SV scheme are denoted by @, and Uqa-

Example 5.1. We consider the linear advection equation [30]
up +uy =0, u(x, 0) = UO(‘r)a (51)

subject to periodic boundary conditions on the interval [—1,1]. To assess the accuracy of the high-order RK SV
method combined with the MPP limiter, we choose a smooth initial profile

uo(z) = sin* (7).

The SVs are partitioned using the clustering points defined in (2.23) with parameter y = 2.6. We compute solutions
at final time 7" = 1 using third-, fourth-, and fifth-order RK SV schemes, both with and without the MPP limiter.
The Ly and L., errors, along with the corresponding convergence orders, are reported in Table 1. Additionally, the
maximum and minimum cell averages, Umin and Umax, produced by each scheme are also listed. From Table 1, it is
evident that the inclusion of the MPP limiter guarantees strict compliance with condition (1.4) while maintaining the
designed order of accuracy.

Example 5.2. We now examine equation (5.1) with a square-wave initial profile on the interval [0, 1] under periodic
boundary conditions [23]:
1 3
17 1 S € S VRl
up(z) = (5.2)
0, otherwise.

In this test, the domain [0, 1] is divided into thirty spectral volumes. Figure 1 presents the numerical results at time
T = 1 obtained using second- through fourth-order SV schemes, both with and without the MPP limiter. Without
the limiter, the computed solutions exceed the theoretical bounds, whereas applying the MPP limiter ensures that the
results remain strictly within the range [0, 1]. Moreover, the MPP limiter not only enforces the admissible range but
also suppresses spurious oscillations and produces sharper resolution near discontinuities. For comparison, Figure 1

(&)
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also includes results from the CVTVDM SV scheme [24], demonstrating that the MPP SV approach yields noticeably
crisper transitions than the CVTVDM SV method.

Example 5.3. In this example, we consider Burgers’ equation
u?
wi(3), -0

TABLE 1. Errors and orders for SV scheme with and without MPP limiter, for Example 5.1 with the
clustering points (2.23) with p = 2.6.

Order N Ljerror Ly order L error L., order Umin Umax

k=3 Non-MPP 10 6.73e-02 7.47e-02 0.02453292 0.87177772
20 1.30e-02 2.37 1.33e-02 2.49 -0.0038517 0.92745706
40 1.76e-03 2.89 1.71e-03 2.96 -0.0008285 0.98216634
80 2.21e-04 2.99 2.14e-04 3.00 -0.0001181 0.99569083
160 2.77e-05 3.00 2.73e-05 2.97 -0.0000154 0.99894619
320 3.47e-06 3.00 3.45e-06 2.98 -0.0000020 0.99973970

MPP 10 5.66e-02 4.41e-02 0.03454840 0.87221496
20 1.04e-02 2.44 1.34e-02 2.47 0.00035028 0.92748916

40 1.71e-03 2.60 1.72e-03 2.96 0.00000450 0.98216682

80  2.22e-04 2.95 2.29e-04 291 0.00000060 0.99569040

160 2.77e-05 3.00 3.18e-05 2.85 0.00000009  0.99894586

320 3.47e-06 3.00 4.18e-06 2.93 0.00000000 0.99973949

k=4 Non-MPP 5 9.46e-02 1.03e-01 0.01988184 0.67467557
10 1.26e-02 291 1.14e-02 3.17 0.02251894 0.92937077

20 7.61le-04 4.05 7.06e-04 4.02 0.00137857 0.93727609

40  4.58e-05 4.05 4.14e-05 4.09 0.00010017 0.98374920

80  2.80e-06 4.03 2.59e-06 4.00 0.00000691  0.99590023

160 1.74e-07 4.01 1.62e-07 4.00 0.00000045 0.99897271

MPP 5  7.64e-02 1.04e-01 0.04765392 0.66542588
10 9.22¢-03 3.05 1.15e-02 3.18 0.02348970 0.92924633

20 ~ 7.31e-04 3.66 8.72e-04 3.72 0.00144035 0.93723789

40 4.63e-05 3.98 5.87e-05 3.89 0.00009907 0.98374447

80 2.87e-06 4.01 3.31e-06 4.15 0.00000662  0.99589982

160 1.79e-07 4.01 1.96e-07 4.08 0.00000043  0.99897269

k=5 Non-MPP 4 1.00e-01 8.80e-02 0.37366224 0.37633776
8  4.45e-03 4.49 5.86e-03 3.91 0.05642309 0.69359753

16 1.90e-04 4.55 1.87e-04 4.97 0.00433120 0.90463485

32 5.83e-06 5.02 9.32e-06 5.13 0.00028804 0.97478287

64 1.81e-07 5.01 1.57e-07 5.08 0.00001837  0.99360520

128 5.69e-09 4.99 4.81e-09 5.03 0.00000116  0.99839555

MPP 4 6.38e-02 8.98e-02 0.36803999 0.38196001
8  3.65e-03 4.13 9.99e-03 3.91 0.05677892  0.69369266

16 1.95e-04 4.23 1.87e-04 5.00 0.00431365 0.90463522

32 5.82e-06 5.06 6.50e-06 4.85 0.00028710 0.97478285

64 1.81e-07 5.00 2.29e-07 4.83 0.00001833  0.99360520

128 5.69e-09 4.99 7.53e-09 4.93 0.00000115 0.99839555
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FIGURE 1. Numerical solutions of Equation (5.1) with square wave (5.2) at time 7" = 1 with 30
spectral volumes.

on the domain [—1, 1] with periodic boundary conditions [23]. The initial condition is taken as
1
uo(x) =1+ 3 sin(mx), (5.3)

for which the exact solution remains smooth up to time t = %

We perform computations at T' = 0.3 using third- to fifth-order Runge-Kutta spectral volume schemes, both with
and without the MPP limiter. The corresponding I.; and L., errors and convergence rates are presented in Table 2.
It is evident that the RK SV schemes incorporating the MPP limiter (3.5) achieve the expected order of accuracy in
both norms.

At time t = %, the solution begins to develop a shock, which becomes fully formed for ¢ > % We apply the third-
order MPP RK SV method with N = 50 spectral volumes at t = %7 and the numerical results are displayed in Figure 2.
Without the limiter, the minimum and maximum cell averages of the RK SV solution are iy, = 5.0033 x 10~! and
Umax = 1.4996, indicating no overshoots or undershoots at this time. The figure illustrates that the scheme captures
sharp solution features without spurious oscillations at the onset of shock formation.

Table 3 presents the maximum and minimum cell average values at T = 1 for the third-order RK SV scheme,
both with and without the application of limiters. It is evident that, in the absence of limiters, the solution exhibits
significant overshoots and undershoots. Conversely, when the MPP limiter is employed, these undesirable oscillations
are effectively suppressed, with the cell averages remaining confined within the interval [%, %] The impact of the
MPP limiter is further demonstrated in Figure 3, which shows the numerical solution obtained using the third-order
RK SV scheme with forty spectral volumes at T" = 1, highlighting the reduction of overshoot and undershoot near
shock and discontinuity.

Example 5.4. The one-dimensional Buckley—Leverett equation is given by

ut—i—%f(u) =0, zel[-1,1], (5.4)
where the flux function is the nonconvex Buckley—Leverett flux
4u?
= 5.5
1) = o (o (55)
The initial condition is prescribed as
1, -05<x<0,
u(z,0) = (5.6)
0, otherwise.
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FIGURE 2. Numerical solutions of Burger’s equation with initial function (5.3) at times T'= 0.3 and
T =1, respectively with 40 spectral volumes.
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F1GURE 3. Numerical solutions of Buckley-Leverett equation with initial function (5.6) at time T =
0.4 with 100 spectral volumes.

The solution is computed up to time 7" = 0.4 under periodic boundary conditions. Table 4 summarizes the maximum
and minimum values of the numerical solutions obtained using second- through fifth-order RK SV schemes. The
results reveal that overshoots and undershoots occur when the MPP limiter is not applied, whereas these nonphysical
oscillations are successfully eliminated upon incorporating the MPP limiter. The computational results of fourth order
RK SV scheme using N = 100 spectral volumes at T' = 0.4 are displayed in Figure 3. The exact solution is obtained
from the high order WENO scheme on a very fine mesh. We can observe that the fifth order RK SV scheme with the
limiter can produce high resolution and non-oscillatory numerical solutions. From the SV scheme without limiter, we
obtain the maximum and minimum of the numerical solutions to be 1.00011633041 and —0.00004485179 respectively,
while by the SV scheme with limiter, the maximum and minimum of the numerical solutions are exactly 0 and 1 the
same as indicated by the initial conditions.

5.2. Compressible Euler equation. To show that PP SV scheme can preserve the positivity of numerical solution
of compressible Euler equation, we choose three problems here. The parameter « is taken to be 1.4 for all tests.

Example 5.5. In the first one, we use the Euler equation with initial conditions[34] p(x,0) = 7, p(z,0) = 0.2 and
u(x,0) is a piecewise constant state with a jump at a = 0, where, u; = —1, v, = 1. It contains double rarefaction
waves. In this test, the computational domain [—1,1] is divided into 400 spectral volumes. Figure 1 shows the curves

(=)=
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TABLE 2. Errors and orders for SV scheme with/without MPP flux limiter, for Example 5.3 with GL-nodes.

Order N Lj error L; order Ly, error L., order Umin Umax
k=3 Non-MPP 10 1.92e-03 6.50e-03 0.51245644  1.48787860
20  2.56e-04 2.90 1.34e-03 2.28 0.50205745  1.49796750
40  3.33e-05 2.95 2.23e-04 2.58 0.50194727  1.49805308
80  4.19e-06 2.99 3.14e-05 2.83 0.50050011  1.49949989
160 5.33e-07 2.97 4.12e-06 2.93 0.50012675  1.49987325
320 6.73e-08 2.99 5.27e-07 2.97 0.50003191  1.49996809
MPP 10  1.89e-03 6.50e-03 0.51252773  1.48754854
20  2.54e-04 2.90 1.34e-03 2.28 0.50208041 1.49791238
40  3.35e-05 2.92 2.23e-04 2.58 0.50194350 1.49804549
80 4.31e-06 2.96 3.14e-05 2.83 0.50049923  1.49949684
160 5.65e-07 2.93 4.12e-06 2.93 0.50012657  1.49987209
320 7.52e-08 2.91 5.27e-07 2.97 0.50003187  1.49996781
k=4 Non-MPP 5 2.44e-03 8.66e-03 0.54932844  1.43670494
10  1.52e-04 4.00 8.35e-04 3.38 0.51242525 1.48756261
20 1.79e-05 3.09 1.59¢-04 2.39 0.50206198  1.49793665
40 1.11e-06 4.01 1.21e-05 3.72 0.50194767  1.49805229
80  7.06e-08 3.97 8.07e-07 3.90 0.50050013  1.49949986
160  4.50e-09 3.97 5.37e-08 3.91 0.50012675  1.49987325
MPP 5 2.37e-03 8.91e-03 0.54936960 1.43654967
10 1.53e-04 3.95 8.35e-04 3.42 0.51242512  1.48755779
20  1.80e-05 3.09 1.59e-04 2.39 0.50206211 1.49793596
40 1.11e-06 4.02 1.21e-05 3.72 0.50194766  1.49805222
80  7.20e-08 3.94 8.07e-07 3.90 0.50050013  1.49949984
160 4.76e-09 3.92 5.37e-08 3.91 0.50012675 1.49987324
k=05 Non-MPP 4  2.50e-03 1.09e-02 0.55720671  1.40087396
8  8.90e-05 4.81 5.24e-04 4.38 0.51623477 1.47807760
16  4.94e-06 4.17 5.25e-05 3.32 0.50602411 1.49656819
32 1.47e-07 5.07 3.13e-06 4.07 0.50087762  1.49823347
64 5.03e-09 4.87 1.11e-07 4.81 0.50042933  1.49977213
128 1.64e-10 4.94 3.65e-09 4.93 0.50005659  1.49989699
MPP 4 2.50e-03 1.09e-02 0.55720570  1.40084810
8  9.00e-05 4.80 5.40e-04 4.34 0.51623485 1.47807435
16 4.94e-06 4.18 5.25e-05 3.37 0.50602412 1.49656813
32 1.47e-07 5.07 3.13e-06 4.07 0.50087762  1.49823347
64 5.08e-09 4.85 1.11e-07 4.81 0.50042933 1. 49977213
128 1.69e-10 4.91 3.65e-09 4.93 0.50005659  1.49989699

of the density, velocity, pressure and energy at T'= 0.18. We can observe that fourth order RK SV schemes with the
positivity preserving limiter produce strictly positive solutions.

Example 5.6. The second one is Sod’s Shock Tube problem with the initial condition[22] u(z,0) = 0 and p(z, 0), p(z, 0)
are picewise constant with a jump at a = 0.5. where, p; = 1, p, = 0.125, p; = 1 and p, = 0.1. It is evolved in the
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TaBLE 3. Max/Min cell averages for Burger’s equation with GL-nodes at T' = 1.

Order Non-MPP MPP

k=3 N Umin Umaz Umin Umaz
10 0.51437096087 1.50267962429 0.57812174623 1.42412341390
20  0.50320386975 1.51440022019 0.53435901300 1.46402758414
40 0.50125583445 1.51309536258 0.51069689911 1.48713349504
80 0.50011917341 1.51398168263 0.50306977042 1.49498043589
160 0.49982230505 1.51418950464 0.50082980175 1.49786640654
320 0.49974337521 1.51424636958 0.50021484186 1.49942956224

TABLE 4. Max/Min cell averages for Buckley-Leverett equation with GL-nodes subdivided N = 100

at T'=0.4.
Order Non-MPP MPP
amin amaac amin ﬂmax
k=2 -0.00235073880 1.00488881933 0 1
k=3 -0.00003201803 0.99978555727 0 1
k=4 -0.00004485179 1.00011633041 0 1
k=5 -0.00003714247 0.99998514632 0 1

computational domain [—6,6] with periodic boundary conditions until 7" = 1. The exact solution of this problem
contains a rarefaction wave, a contact discontinuity and a shock wave. The numerical results of fourth order RK SV
scheme with positivity preserving limiter using N = 100 SVs are plotted in Figure 5. As can be seen, the RK SV
scheme with limiter can produce high resolution results with out numerical oscillations that the primitive variables,
density and pressure, are strictly positive.

Example 5.7. The last one is Lax shock tube problem [11], where the initial conditions are piecewise constant with
a jump at a = 0.5 and p; = 0.445, p, = 0.5, p; = 3.528, p, = 0.571, u; = 0.698 and u, = 0. The exact solutions
of this system consist of ‘a rarefaction wave, a contact discontinuity and a shock wave. Computing the numerical
approximation of this system with parameters N = 100 and 7' = 0.16 on the domain [0, 1] yields the visible results
in the Figure 6. The curves refer to the results obtained from positivity preserving fourth order SV scheme. In
fact without positivity preserving limiter, The code violates due to the failure of convergence of the nonlinear solver.
Practically, the positivity preserving limiter adds stability to the nonlinear solver.
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FIGURE 5. Simulation of Sod’s Shock Tube problem at time T'= 1 with N = 100.
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FIGURE 6. Simulation of Lax shock tube problem at time 7' = 0.16 with N = 100.

6. CONCLUSION

In this paper, we present high order accurate maximum-principle-satisfying spectral volume scheme for hyperbolic
conservation laws. Via careful theoretical analysis and extensive numerical tests, we show that under an appropriate
CFL condition And by applying a simple scaling limiter on the reconstruction, we can construct high order SV scheme
that maintains the maximum principle. Our results indicate that the SV scheme with reconstruction-limiting function
can be regarded as a structurally simple algorithm that is conventionally applicable to the numerical solution of
equations. The advantages of MPP SV scheme are that it maitain high order of accuracy in smooth regions and
resolves discontinuities uniformly with a sharper conduction.
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