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Abstract

In this paper, an effective numerical algorithm based on the fuzzy transform with cubic B-splines as basic functions

is designed to solve multi-terms fractional differential equations (FDEs, for short) with variable coefficients. An

analytical approximation with desirable regularity is given to the involving initial value problem. The proposed
method provides a non-recursive approximate solution based on an operational matrix and a vector of known

quantities. The convergence analysis of the method is carried out. An estimation error is also provided, which
enables us to report the error for the problems whose exact solutions are not available. The good performance of

our method over the available methods is shown by numerical results.
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1. Introduction

The fuzzy transform (F -transform for short) that was introduced for the first time by Perfilieva in 2006 [25], converts
every continuous function to a vector of real numbers. Each component of this vector is a minimizer of the weighted
least squares error. The inverse F -transform is defined using direct F -transform. Despite its fuzzy origin, since the
inverse F -transform is an approximation to the primary function, the subject of F -transform can be studied in the
classical approximation theory. Thus, many researchers have made considerable efforts to improve its approximation
properties [1, 4, 20, 30, 36]. The approximation properties of F -transform in both continuous and discrete forms depend
on two items: basic functions as weight functions and basis functions as the basis of the approximation subspace for
the direct Fm-transform (the generalization of F -transform) components. By reviewing the associated literature, it
is realized that there are two approaches for developing the F -transform. Some researchers have focused on the basis
functions [1, 36], and some others have made efforts on modifying the basic functions [4, 30]. In the area of modifying
the basic functions, two essential works have been done by Stefanini [30] and Bede et al. [4]. Stefanini [30] improved
the smoothing properties of F -transform by introducing a parametric form of the basic functions and generalizing
the support of basic functions. Bede et al. [4] introduced a new type of F -transform by generalizing the support
of basic functions. They developed new varieties of F -transforms using the B-splines, Shepard kernel, Bernstein
polynomials, and Favard-Szasz-Mirakjan kernel. Furthermore, they proved Korovkin’s theorem for the F -transform
approximation, an important theorem in the classical approximation theory. Besides these researches, valuable works
have been done to generalize F -transform components. In [27], Perfilieva et al. generalized F -transform components
from constants functions to polynomials of degree up to m. To this end, they extended the basis functions from {1} to
{1, x, x2, . . . , xm}. They called this new type of F -transform as Fm-transform. Similarly, Alikhani et al. [1] replaced
the polynomial basis functions with trigonometric polynomials of degree up to m. Finally, Zeinali et al. [36] extended
the basis functions to the most general form.
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Besides the significant applications of F -transform in engineering and computer sciences [29, 34], it has been used
in the numerical solution of differential, and integral equations [19, 26, 33, 36, 37]. In [19], a Cauchy problem has been
solved using a continuous F -transform method, where they made a comparison between the F -transform method and
classical methods such as finite difference and Runge – Kutta. Perfilieva et al. [26], applied the F -transform method for
solving two-point boundary value problems with constant coefficients. They conclude that the F -transform method is
more accurate for noisy problems than the classical methods such as finite difference. In [33], the discrete version of the
F -transform was used to introduce a Picard-like numerical method for solving a delay differential equation. Numerical
solutions of the two-point boundary value problems with variable coefficients based on continuous Fm-transform have
been studied in [36]. It seems that the research in this field is still too young, and more studies can be done.

In recent years, fractional calculus has been attracting the attention of many researchers because of its more accurate
description of physical problems such as damping laws, electromagnetic acoustics, viscoelasticity, electroanalytical
chemistry neuron modeling, diffusion processing, and material science(see for example [6]). Also, many efforts have
been made to find solutions for the fractional differential and integral equations in the analytical and numerical forms.
The efforts included in introducing finite difference [35], collocation-shooting [2], operational matrix [28] and many
other methods [3, 17, 22]. Recently, differential equations of multi-term have been the focus of many researches
[13, 14, 16, 18, 23].

There is a long history of research on the Abel integral equation, a special equivalent form of fractional differential
equations. A number of its numerical solution methods such as algorithms based on relevant mesh shift [5, 8],
quadrature based methods [11, 24], collocation approximation methods [9, 10, 32] etc. exist in the literature.

The main goal of this paper is to propose a numerical method to solve multi-term differential equation of fractional
order. To do this, at first Abel integral equation of the second kind is solved numerically. Then the proposed algorithm
is generalized to solve single and multi-term fractional differential equations with variable coefficients. The proposed
algorithm is based on a discrete form of F -transform with generalized B-spline basic functions.

The most important advantages of the proposed method may be summarized as follow:

• the error bound depends only on the modulus of continuity of approximate solution;
• the method is flexible in implementation;
• it gives sufficiently smooth piecewise best approximation in a small support;
• it doesn’t require any starting point or auxiliary function for starting;
• it is as accurate as of the most of existing numerical methods.

This paper is organized as follows. In section 2, the basic concepts of fractional calculus and the fuzzy transform
are introduced. Section 3 is divided into two subsections. In subsection 3.1, a numerical method based on the discrete
fuzzy transform is discussed for solving Abel integral equations. The same technique is used in subsection 3.2 to
find numerical solutions to linear single-term fractional differential equations with variable coefficients. Section 4 is
devoted to the generalization of this method for solving multi-term fractional differential equations. The stability of
the method with respect to data perturbation is discussed in section 5. An error estimate is also derived in section 6
for problems whose exact solutions are not available. Illustrative examples are presented in section 7 to confirm the
theoretical results and the effectiveness of the method. Finally, a brief conclusion is given in section 8.

2. Preliminaries

Here, the basic definitions of fractional operators and fuzzy transforms, and their fundamental properties are
presented that will be used throughout the next sections.

2.1. Fractional operators.

Definition 2.1. [21] Let µ ∈ R; we say f ∈ Cµ[a, b] if there exists a real number γ > µ such that f(x) = (x− a)
γ
g(x)

for x ∈ [a, b], where g ∈ C[a, b].

Definition 2.2. [21] Let µ ∈ R and m ∈ N ∪ {0}. We say f ∈ Cm
µ [a, b], if f (m) ∈ Cµ[a, b].
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Definition 2.3. [21] Let α ≥ 0, µ ≥ −1 and f ∈ Cµ[a, b]. Then the operator Jα
a , defined by

Jα
a f(x) =

{
1

Γ(α)

∫ x

a
f(t)

(x−t)1−α dt, α > 0, x ≥ a

f(x), α = 0,
(2.1)

for a ≤ x ≤ b, is called the Riemann-Liouville fractional integral operator of order α.

Definition 2.4. [21] Let n− 1 < α ≤ n, n ∈ N and f ∈ Cn
−1[a, b]. Then the operator Dα

a , defined by

Dα
a f(x) = Jn−α

a f (n)(x) =
1

Γ(n− α)

∫ x

0

f (n)(t)

(x− t)1−(n−α)
dt, (2.2)

for a ≤ x ≤ b, is called the Caputo fractional differential operator of order α.

Proposition 2.5. [7, 12, 21] Let f ∈ Cµ[a, b] , µ ≥ −1. Then

(1) Jα
a J

ν
a f = Jα+ν

a f, α, ν > 0.

(2) Jα
a (x− a)

β
= Γ(β+1)

Γ(α+β+1) (x− a)
α+β

, α > 0, β > −1, x ≥ a.

(3) Jα
aD

α
a f(x) = f(x)−

∑n−1
k=0

f(k)(a)
k! (x− a)k, n− 1 < α ≤ n, x ≥ a f ∈ Cn

−1[a, b].
(4) Dα

aJ
α
a f(x) = f(x), x ≥ a, n− 1 < α ≤ n.

(5) Dα
a c = 0, where c is a constant.

(6) Dα
a (x− a)

β
=

{
0, β ∈ {0, 1, . . . , n− 1} ,
Γ(β+1)

Γ(β+1−α) (x− a)
β−α

, β ≥ n,

where n− 1 < α ≤ n.

2.2. Discrete F - transform.

Definition 2.6. Let [a, b] ⊂ R, n ≥ 2 and a = x1 < . . . < xn = b be partition of [a, b]. Considering x0 = x1 and
xn+1 = xn, the fuzzy sets A1, . . . , An, identified with their membership functions, form a fuzzy partition of [a, b] if the
following conditions are satisfied for k = 1, . . . , n.

1. (locality) Ak(x) = 0 for all x ∈ [a, xk−1]
⋃
[xk+1, b];

2. (continuity) Ak(x) is continuous;
3. (positivity) Ak(x) > 0 for all x ∈ (xk−1, xk+1). The membership functions A1, . . . , An are called basic

functions.

Let the nodes x1, . . . , xn are equidistant with step size h, and in addition to the conditions 1–3 we have

4. Ak(x) is strictly increasing on [xk−1, xk], for k = 2, . . . , n; and it is strictly decreasing on [xk, xk+1] for all
k = 1, . . . , n− 1;

5. Ak(xk − x) = Ak(xk + x) for all k = 2, . . . , n− 1, and all x ∈ [0, h];
6. Ak(x) = Ak−1(x− h) for all k = 2, . . . , n, and all x ∈ [xk−1, xk+1].

Then A1, . . . , An, n ≥ 2, is called an h-uniform fuzzy partition of [a, b].

According to [25], the discrete direct F -transform of f is defined as

Fk =

∑M
j=1 f(tj)Ak(tj)∑M

j=1Ak(tj)
, k = 1, . . . , n,

where {t1, t2, . . . , tM} is a sufficiently dense set with respect to the fuzzy partition of [a, b], i.e.,

∀k, ∃j, Ak(tj) > 0. (2.3)

The discrete direct F - transform can be represented by the vector

F [f ] = [F1, . . . , Fn],

where Fk, k = 1, . . . , n are called the components of F - transform.
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The inverse F - transform of f is defined by

f̂(x) =
n∑

k=1

FkAk(x).

2.3. F -transform with cubic B-splines. Bede and Stefanini introduced a generalization of fuzzy partition by
extending the support of Ai from (xi−1, xi+1) to (xi−r, xi+r) for r ∈ N [4, 30]. One of the most important examples
is the generalization of basic functions to B-spline functions. The type of fuzzy transform that is introduced here has
very good smoothness properties.

Let P : a = x1 < x2 < . . . < xn = b, and x−r+1 < . . . < x0 < a and b < xn+1 < . . . < xn+r be the auxiliary knots.
Then the kth B-spline of order r − 1 with r ≥ 1 is defined by

Br
k(t) = r(xr+k − xk)[xk, . . . , xr+k](.− t)r−1

+ , k ∈ {−r + 1, . . . , n},

where (. − t)+(x) = (x − t)+ = max{0, x − t} and [x0, . . . , xr]f stands for the divided difference of order r for the
function f (see [31]). Due to the properties of B-splines, (P,Br

k) defines a fuzzy r-partition, i.e.,
∑n

k=−r+1B
r
k(t) = r.

In order to simplify the calculation, we will use the normalized form Nr
k (t) =

1
rB

r
k(t) of B-splines, which can be created

recursively using the following simple recurrence formulaN
1
k (t) =

{
1, xk ≤ t < xk+1,

0, otherwise,

Nr
k (t) =

t−xk

xk+r−1−xk
Nr−1

k (t) + xk+r−t
xk+r−xk+1

Nr−1
k+1 (t), r ≥ 2,

(2.4)

for k = −r + 1, . . . , n. Then the following identity holds

n∑
k=−r+1

Nr
k (x) = 1, (2.5)

i.e., the normalized B-splines form a fuzzy partition. For r = 4, the recurrence relation implies the formula of
normalized cubic B-splines as follows

N4
k (t) =

1

6h3



(t− xk)
3, xk ≤ t < xk+1,

(t− xk)
2(xk+2 − t) + (t− xk)(t− xk+1)(xk+3 − t) + (xk+4 − t)(t− xk+1)

2, xk+1 ≤ t < xk+2,

(t− xk)(xk+3 − t)2 + (xk+4 − t)(t− xk+1)(xk+3 − t) + (xk+4 − t)2(t− xk+2), xk+2 ≤ t < xk+3,

(xk+4 − t)3, xk+3 ≤ t < xk+4,

0, t < xk or t ≥ xk+4,

for k = −3,−2,−1, . . . , n.
The inverse F - transform with respect to the normalized B-splines is modified as

f̂r(x) =
n∑

k=−r+1

Fk,rN
r
k (x),

where

Fk,r =

∑M
j=1N

r
k (tj)f(tj)∑M

j=1N
r
k (tj)

, k = −r + 1, . . . , n.

The components of the discrete F -transform are the minimizer of the following discrete L2−error:

M∑
j=1

(f(tj)− y)
2
Nr

k (tj), k = −r + 1, . . . , n,

on R. In addition to satisfying with the above best approximation property, the following theorem is met.
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Theorem 2.7. [4] For any continuous function f : [a, b] → R, we have

f(x) = f̂r(x) + E(r, f),

where |E(r, f)| ≤ rω(f, δ), δ = max
1≤k≤n−1

|xk+1 − xk| and ω(f, δ) denotes the modulus of continuity for the function f

on [a, b].

Remark 2.8. Due to the fact that the above mentioned approximation is exact for f(x) = 1, ∀x ∈ [a, b], we have

1∑M
j=1N

r
k (tj)

n∑
k=−r+1

M∑
j=1

Nr
k (tj)N

r
k (x) = 1.

3. The method to single-term fractional differential equations

In this section, we propose a method based on fuzzy transform with cubic B-splines to the FDEs of single-term.
We give the formulation and analysis of the method in detail. To avoid confusion, we first go into detail regarding
linear Abel integral equations, and then we discuss the single-term FDEs with variable coefficients.

3.1. Linear Abel integral equations. We consider an Abel integral equation of the form

y(x) = f(x) + µ(x)

∫ x

a

(x− t)ν−1y(t)dt, 0 < ν < 1, x ∈ [a, b], (3.1)

where f and µ are given continuous functions. Existence and uniqueness of a continuous solution for such equations
are guaranteed by Theorem 7.2.1 in [15].

Let {t1, t2, . . . , tM} be a sufficiently dense set with respect to the fuzzy partition of [a, b] that satisfies (2.3). We
look for an approximation of the form

y(t) ≃ yn(t) =
n∑

k=−r+1

Fk,r(yn)N
r
k (t), (3.2)

where Fk,r(yn) =
1
sk

∑M
j=1N

r
k (tj)yn(tj) and sk =

∑M
j=1N

r
k (tj). Substituting from (3.2) in (3.1), we obtain

yn(x) = f(x) + µ(x)

∫ x

a

(x− t)ν−1
n∑

k=−r+1

Fk,r(yn)N
r
k (t)dt

= f(x) + µ(x)

n∑
k=−r+1

Fk,r(yn)

∫ x

a

(x− t)ν−1Nr
k (t)dt

= f(x) + µ(x)
n∑

k=−r+1

1

sk

M∑
j=1

Nr
k (tj)yn(tj)

∫ x

a

(x− t)ν−1Nr
k (t)dt

= f(x) + µ(x)
M∑
j=1

yn(tj)
n∑

k=−r+1

1

sk
Nr

k (tj)

∫ x

a

(x− t)ν−1Nr
k (t)dt.

Then, by putting x = ti for i = 1, . . . ,M , we derive a linear system of algebraic equations as follows

yn(ti) = f(ti) +
M∑
j=1

bijyn(tj), (3.3)

with

bij = µ(ti)
n∑

k=−r+1

1

sk
Nr

k (tj)

∫ ti

a

(ti − t)ν−1Nr
k (t)dt, i, j = 1, 2, . . .M.

We write the system (3.3) in the compact form

(I −B) y = f, (3.4)
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and solve it for the unknown vector y, where

y =

 yn(t1)...
yn(tM )

 , f =

 f(t1)...
f(tM )

 , B =

 b11 . . . b1M
...

. . .
...

bM1 . . . bMM

 .
Proposition 3.1. Let B be given as in (3.4). Then

∥B∥ ≤ ∥µ∥∞
(b− a)ν

ν
,

where ν is given as in (3.1).

Proof. We know that

∥B∥ = max
1≤i≤M

M∑
j=1

|bij |.

On the other hand, we have

M∑
j=1

|bij | = |µ(ti)|
∫ ti

a

(ti − t)
ν−1
( n∑

k=−r+1

1

sk

M∑
j=1

Nr
k (tj)N

r
k (t)

)
dt,

for i = 1, 2, . . .M . Since
∑n

k=−r+1
1
sk

∑M
j=1N

r
k (tj)N

r
k (t) = 1 (see Proposition 2.8), we deduce

∥B∥ ≤ ∥µ∥∞
(b− a)ν

ν
,

where ∥µ∥∞ = sup
a≤t≤b

|µ(t)|. This completes the proof. □

Theorem 3.2. Let {yn(tj)}Mj=1 be the solution set of (3.3) and y(x) satisfies Eq. (3.1). If 1− ∥µ∥∞ (b−a)ν

ν > 0, then

max
1≤j≤M

|y(tj)− yn(tj)| ≤ Cω(y, h) (3.5)

for some constant C ≥ 0.

Proof. We first notice that, by the assumption

1− ∥µ∥∞
(b− a)ν

ν
> 0,

the system (3.3) is solvable and has a unique solution for each M > 2. Put x = ti in Eq.(3.1), i.e.,

y(ti) = f(ti) + µ(ti)

∫ ti

a

(ti − t)ν−1y(t)dt. (3.6)

Since

y(t) =

n∑
k=−r+1

 1

sk

M∑
j=1

Nr
k (tj)y(tj)

Nr
k (t) + E(r, y), (3.7)

with |E(r, y)| ≤ rω(y, h), we arrive at

y(ti) = f(ti) + µ(ti)

∫ ti

a

(ti − t)µ−1

 n∑
k=−r+1

1

sk

M∑
j=1

Nr
k (tj)y(tj)N

r
k (t) + E(r, y)

 dt. (3.8)

On the other hand, from (3.3) we have

yn(ti) = f(ti) + µ(ti)
M∑
j=1

yn(tj)
n∑

k=−r+1

1

sk
Nr

k (tj)

∫ ti

a

(ti − t)ν−1Nr
k (t)dt. (3.9)



Unco
rre

cte
d Pro

of

CMDE Vol. *, No. *, *, pp. 1-19 7

Subtracting (3.9) from (3.8) implies

|y(ti)− yn(ti)| =

∣∣∣∣∣∣µ(ti)
∫ ti

a

(ti − t)ν−1

 n∑
k=−r+1

1

sk

M∑
j=1

Nr
k (tj)

(
y(tj)− yn(tj)

)
Nr

k (t) + E(r, y)

 dt

∣∣∣∣∣∣
≤ |µ(ti)| max

1≤j≤M
|y(tj)− yn(tj)|

∫ ti

a

(ti − t)
ν−1
( n∑

k=−r+1

1

sk

M∑
j=1

Nr
k (tj)N

r
k (t)

)
dt

+

∫ ti

a

(ti − t)
ν−1|E(r, y)|dt

≤ max
1≤j≤M

|y(tj)− yn(tj)|∥µ∥∞
(b− a)ν

ν
+ rω(y, h)

(b− a)ν

ν
.

(In the last inequality we used the identity
∑n

k=−r+1
1
sk

∑M
j=1N

r
k (tj)N

r
k (t) = 1).

Since we have this inequality for i = 1, . . . ,m, it yields

max
1≤i≤M

|y(ti)− yn(ti)| ≤ max
1≤j≤M

|y(tj)− yn(tj)|∥µ∥∞
(b− a)ν

ν
+ rω(y, h)

(b− a)ν

ν
. (3.10)

Finally, since 1− ∥µ∥∞ (b−a)ν

ν > 0, we conclude that

max
1≤j≤M

|y(tj)− yn(tj)| ≤ Cω(y, h),

where C = r(b−a)ν

ν−∥µ∥∞(b−a)ν . □

3.2. Fractional differential equations with a single fractional term. Consider a fractional initial value problem
(FIVP) of the from{

Dα
a y(x) + p(x)y(x) = f(x), n− 1 < α < n,

y(k)(a) = bk, k = 0, 1, . . . , n− 1,
(3.11)

where n = ⌈α⌉, p and f are given continuous functions, bks are known real numbers and Dα
a denotes a fractional

differential operator in the Caputo sense.
To solve Problem (3.11) by the method of subsection 3.1, we need to write it in the form of Eq. (3.1). To do so,

we set

ϕ(x) = Dα
a y(x),

and use Proposition 2.5, poperty 3 to get

y(x) =
n−1∑
k=0

bk
k!
(x− a)k +

1

Γ(α)

∫ x

a

(x− t)
α−1

ϕ(t)dt, n− 1 < α < n. (3.12)

Then Problem (3.11) reduces to the equivalent integral equation:

ϕ(x) +
p(x)

Γ(α)

∫ x

a

(x− t)
α−1

ϕ(t)dt = f(x)− p(x)
n−1∑
k=0

bk
k!
(x− a)k, n− 1 < α < n. (3.13)

It is then straightforward to use the method of subsection 3.1 to Eq. (3.13) to get an approximation ϕn(x) to ϕ(x).
We use then ϕn(x) on the right hand side of (3.12) to obtain the approximate solution

yn(x) =
n−1∑
k=0

bk
k!
(x− a)k +

1

Γ(α)

∫ x

a

(x− t)
α−1

ϕn(t)dt, (3.14)

to the Problem (3.11).
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At this stage we are ready to discuss the convergence of the proposed method for FDEs with single fractional term.
Let y(x) and yn(x) be the exact and approximate solutions of the Problem (3.11) respectively, where yn(x) is obtained
by the aforementioned method. Now, we are going to prove that ∥y − yn∥∞ → 0 as n→ ∞.

Theorem 3.3. Let P = max
x∈[a,b]

|p(x)| and L = 1− P (b−a)α

αΓ(α+1) > 0. Then

∥y − yn∥∞ ≤ Dω(ϕ, h), (3.15)

where D = r(b−a)2α

αΓ(α+1)−Pα(b−a)α + r(b−a)α

Γ(α+1) .

Proof. From (3.12) and (3.14), we have

|y(x)− yn(x)| ≤
1

Γ(α)

∫ x

a

(x− t)
α−1|ϕ(t)− ϕn(t)|dt, (3.16)

where ϕ verifies (3.13) and

ϕn(t) =
n∑

k=−r+1

1

sk

M∑
j=1

Nr
k (tj)ϕn(tj)N

r
k (t). (3.17)

By Theorem 2.7, we have

ϕ(t) =
n∑

k=−r+1

1

sk

M∑
j=1

Nr
k (tj)ϕ(tj)N

r
k (t) + E(r, ϕ), (3.18)

where |E(r, ϕ)| ≤ rω(ϕ, h). Subtracting (3.17) from (3.18) yields

|ϕ(t)− ϕn(t)| ≤
n∑

k=−r+1

1

sk

M∑
j=1

Nr
k (tj)|ϕ(tj)− ϕn(tj)|Nr

k (t) + |E(r, ϕ)|

≤ max
1≤j≤M

|ϕ(tj)− ϕn(tj)|
n∑

k=−r+1

1

sk

M∑
j=1

Nr
k (tj)N

r
k (t) + rω(ϕ, h)

≤ max
1≤j≤M

|ϕ(tj)− ϕn(tj)|+ rω(ϕ, h). (3.19)

and so, by using Theorem 3.2, we obtain

max
t∈[a,b]

|ϕ(t)− ϕn(t)| ≤ Cω(ϕ, h), (3.20)

with C = r(b−a)α

α− P
Γ(α)

(b−a)α
+ r.

Finally, from Eqs. (3.16) and (3.20), we deduce

|y(x)− yn(x)| ≤
1

Γ(α)

∫ x

a

(x− t)
α−1|ϕ(t)− ϕn(t)|dt ≤

1

Γ(α+ 1)
max
t∈[a,b]

|ϕ(t)− ϕn(t)|(b− a)
α

≤ Cω(ϕ, h)(b− a)
α

Γ(α+ 1)
= Dω(ϕ, h),

which completes the proof. □

Corollary 3.4. By the hypothesis of Theorem 3.3, we have ∥y− yn∥∞ → 0 as n→ ∞., i.e., the approximate solution
yn(x) converges to the exact solution y(x).
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4. Multi-term fractional differential equations

In this section, we discuss the formulation of F−transform method for solving a class of multi-term fractional initial
value problems of the formD

α
a y(x) +

L∑
i=1

pi(x)D
αi
a y(x) = f(x), m− 1 < α ≤ m, x ∈ [a, b],

y(k)(a) = bk, k = 0, 1, . . . ,m− 1,

(4.1)

where 0 ≤ αL ≤ αL−1 ≤ . . . ≤ α1 < α, m = ⌈α⌉, pi and f are given continuous functions, Dα
a and Dαi

a are fractional
differential operators in the Caputo sense, and bks are given real numbers.

To solve problem (4.1) by the method of section 3, we try to find an equivalent integral equation to this problem.
Let

ϕ(x) = Dα
a y(x). (4.2)

Then by Proposition 2.5 (3), we have

y(x) =
m−1∑
k=0

bk
k!
(x− a)k + Jα

a ϕ(x), m− 1 < α < m, (4.3)

and hence

Dαi
a y(x) =

m−1∑
k=⌈αi⌉

bk
Γ(k + 1− αi)

(x− a)k−αi + Jα−αi
a ϕ(x), m− 1 < α < m. (4.4)

for αi > 0. Using (4.2)-(4.4) in (4.1), it is reduced to a fractional integral equation of the form

ϕ(x) +
L∑

i=1

pi(x)J
α−αi
a ϕ(x) = f(x)−

L∑
i=1

m−1∑
k=⌈αi⌉

bk
pi(x)(x− a)k−αi

Γ(k + 1− αi)
, (4.5)

and using definition 2.3, it yields the weakly singular integral equation

ϕ(x) +
L∑

i=1

pi(x)

Γ(α− αi)

∫ x

a

(x− t)
α−αi−1

ϕ(t)dt = g(x), (4.6)

for the function ϕ(x), where

g(x) := f(x)−
L∑

i=1

m−1∑
k=⌈αi⌉

bk
pi(x)(x− a)k−αi

Γ(k + 1− αi)
. (4.7)

To find an approximate solution to Eq. (4.6), we formulate the F - transform technique as follows.
Let

ϕ(x) ≃ ϕn(x) =
n∑

k=−r+1

Fk(ϕn)N
r
k (x), (4.8)

where

Fk(ϕn) =

∑M
j=1 ϕn(tj)N

r
k (tj)∑M

j=1N
r
k (tj)

, k = −r + 1, . . . , n, (4.9)

defines the discrete F -transform for the function ϕn. To get the approximation (4.8) to the function ϕn, it is sufficient
to find the set {ϕn(tj)}Mj=1 for a dense subset of points {tj}Mj=1 in [a, b]. To do so, we replace ϕ(x) by the right hand
side of (4.8) under the integral sign in Eq. (4.6) and arrive at
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ϕ(x) +
L∑

i=1

pi(x)

Γ(α− αi)

n∑
k=−r+1

Fk(ϕ)

∫ x

a

(x− t)
α−αi−1

Nr
k (t)dt = g(x), (4.10)

which can be simplified as

ϕ(x) +
n∑

k=−r+1

Fk(ϕ)Qk(x) = g(x), x ∈ [a, b], (4.11)

with

Qk(x) :=
L∑

i=1

pi(x)

Γ(α− αi)

∫ x

a

(x− t)
α−αi−1

Nr
k (t)dt. (4.12)

To find the unknown values {ϕ(tj)}Mj=1 from Eq. (4.11), we set sk =
∑M

j=1N
r
k (tj), then

Fk(ϕ) =
1

sk

M∑
j=1

ϕ(tj)N
r
k (tj).

Substituting this in Eq. (4.11) and rearranging the summations yield

ϕ(x) +

M∑
j=1

(
n∑

k=−r+1

1

sk
Nr

k (tj)Qk(x)

)
ϕ(tj) = g(x), x ∈ [a, b], (4.13)

Now, set x = ti for i = 1, . . . ,M and

bij =

n∑
k=−r+1

1

sk
Qk(ti)N

r
k (tj), i, j = 1, . . . ,M. (4.14)

This leads to determining the unknown values {ϕ(tj)}Mj=1 as the solution of the linear system

ϕ(ti) +
M∑
j=1

bijϕ(tj) = g(ti), i = 1, . . . ,M, (4.15)

which can be written in the compact form

(I +B) Φ = G (4.16)

with Φ = [ϕ(t1), . . . , ϕ(tM )]
T
, G = [g(t1), . . . , g(tM )]

T
and B = [bij ]

M
i,j=1 .

Combining the relations (4.8) and (4.3), an approximate solution to the original multi-term fractional problem (4.1)
will be obtained from:

y(x) ≃ yn(x) =
n−1∑
k=0

bk
k!
(x− a)k + Jα

a ϕn(x), (4.17)

where ϕn(x) is computed by (4.8).

Remark 4.1. The integrals included in the system (4.16) may be evaluated numerically.

Algorithm: The steps of our proposed method for solving the general multi-term FIVP (4.1) can be summarized
as follows:

1: Input a, b, r, n,M,α, L, αi, i = 1, . . . , L.
2: set m = ⌈α⌉.
3: Input the functions f(x), pi(x), i = 1, . . . , L.
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4: Use a uniform partition for the interval [a, b] to create the points xj , j = −r + 1, . . . , n.
5: Use the recurrence relation (2.4) to calculate Nr

k (t) for k = −r + 1, . . . , n.
6: Input the initial values bk, i = 0, . . . ,m− 1.
7: Use the formula (4.7) to calculate g(x).
8: Calculate Qk(x) from (4.12).
9: Select the points tj from [a, b] for j = 0, . . . ,M .

10: Compute bij from (4.14).

11: Set G = [g(t1), . . . , g(tM )]
T
and B = [bij ]

M
i,j=1 .

12: Solve the linear system (4.16) for the vector Φ.
13: Compute Fk(ϕn) from (4.9) for k = −r + 1, . . . , n.
14: Obtain the function ϕn(x) from (4.8).
15: Use the relation (4.17) to find an approximate solution to (4.1).
16: End.

5. Effects of Data Perturbations

In this section, we examine how perturbed data influences the variation of solutions. To do so, we first present
Lemma 6.19, as cited in [14]:

Lemma 5.1. Let ν, T, ϵ1, ϵ2 > 0, and δ : [0, T ] → R be continuous. Assume that for all x ∈ [0, T ],

|δ(x)| ≤ ϵ1 +
ϵ2

Γ(ν)

∫ x

0

(x− t)ν−1|δ(t)| dt.

Then, for all x ∈ [0, T ],

|δ(x)| ≤ ϵ1Eν

(
ϵ2x

ν
)
,

where Eν denotes the Mittag–Leffler function of order ν,

Eν(z) :=
∞∑
k=0

zk

Γ(νk + 1)
.

The following theorem demonstrates the effect of variations in the initial value and the right-hand side function
on the solution of Problem (4.1). Without loss of generality, we prove the stability concept for the case a = 0. The
general case can be addressed by applying a suitable transformation to reduce it to this specific scenario. Furthermore,
the influence of the variation of coefficient functions on the solution can be investigated using a similar approach.

Theorem 5.2. Let y be a solution of Problem (4.1) on the interval [0, T ], where T > 0. Let z be the solution to the
following fractional initial value problem:D

α
0 z(x) +

L∑
i=1

pi(x)D
αi
0 z(x) = g(x), m− 1 < α ≤ m,

z(k)(0) = ck, k = 0, 1, . . . ,m− 1,

(5.1)

assuming g is a continuous function and ck are given real numbers. Then, the following inequality holds:

max
0≤x≤T

|y(x)− z(x)| ≤ C1 max
1≤k≤m

|bk − ck|+ C2 max
0≤x≤T

|f(x)− g(x)|, (5.2)

for some constants C1, C2 ≥ 0.

Proof. Let ϕ(x) = Dα
0 y(x) and ψ(x) = Dα

0 z(x). Then, recalling (4.5) for ψ, we have

ψ(x) +
L∑

i=1

pi(x)J
α−αi
0 ψ(x) = g(x)−

L∑
i=1

m−1∑
k=⌈αi⌉

ck
pi(x)x

k−αi

Γ(k + 1− αi)
. (5.3)
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Subtracting equations (4.5) and (5.3), we obtain the following inequality:

|ψ(x)− ϕ(x)| ≤
L∑

i=1

|pi(x)|Jα−αi
0 |ψ(x)− ϕ(x)|+ |g(x)− f(x)|+

L∑
i=1

m−1∑
k=⌈αi⌉

|ck − bk|
pi(x)x

k−αi

Γ(k + 1− αi)
.

For the first term on the right-hand side of the inequality, we have:

L∑
i=1

|pi(x)|Jα−αi
0 |ψ(x)− ϕ(x)| ≤M1

L∑
i=1

1

Γ(α− αi)

∫ x

0

(x− t)
α−αi−1|ψ(t)− ϕ(t)|dt

≤ M1

Γ(α− α1)

∫ x

0

(x− t)
α−α1−1|ψ(t)− ϕ(t)|

(
L∑

i=1

Γ(α− α1)

Γ(α− αi)
(x− t)α1−αi

)

≤ M

Γ(α− α1)

∫ x

0

(x− t)
α−α1−1|ψ(t)− ϕ(t)|dt.

WhereM1,M depend only on T, α, αi and max
i

( max
x∈[0,T ]

|pi(x)|). Here we used the fact that αi ≤ α1 < α by assumptions

in Problem (4.1). Combining these inequalities, we can find N1 > 0 such that

|ψ(x)− ϕ(x)| ≤ |f(x)− g(x)|+N1

m−1∑
k=0

|ck − bk|+
M

Γ(α− α1)

∫ x

0

(x− t)
α−α1−1|ψ(t)− ϕ(t)|dt

≤ max
x∈[0,T ]

|f(x)− g(x)|+N max
k

|ck − bk|+
M

Γ(α− α1)

∫ x

0

(x− t)
α−α1−1|ψ(t)− ϕ(t)|dt,

for some N > 0. At this stage, we can employ Lemma 5.1 to arrive at:

max
x∈[0,T ]

|ψ(x)− ϕ(x)| ≤
(

max
x∈[0,T ]

|f(x)− g(x)|+N max
k

|ck − bk|)Eα−α1(Mx(α−α1)

)
,

for x ∈ [0, T ]. Thus , under the conditions that max
x∈[0,T ]

|f(x) − g(x)| ≤ ϵ and max
k

|ck − bk| ≤ ϵ, it follows that

max
x∈[0,T ]

|ψ(x)− ϕ(x)| = O(ϵ). □

6. Error estimation

Let us define the error function en(x) associated to the approximation yn(x) as en(x) = yn(x) − y(x), where y(x)
denotes the exact solution of the Problem (4.1). Since yn(x) is an approximate solution of (4.1), it then satisfies the
perturbed problem

D
α
a yn(x) +

L∑
i=1

pi(x)D
αi
a yn(x) = f(x) +Hn(x), m− 1 < α < m,

y
(k)
n (a) = bk, k = 0, 1, . . . ,m− 1,

(6.1)

where the perturbation term Hn(x) can be computed from

Hn(x) = Dα
a yn(x) +

L∑
i=1

pi(x)D
αi
a yn(x)− f(x), m− 1 < α < m. (6.2)

Subtracting both sides of (4.1) and (6.1), we conclude the error function en(x) satisfying the initial value problemD
α
a en(x) +

L∑
i=1

pi(x)D
αi
a en(x) = Hn(x), m− 1 < α < m,

e
(k)
n (a) = 0, k = 0, 1, . . . ,m− 1.

(6.3)
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Table 1. Absolute values of the error functions |en(x)| and |ẽn(x)| for the Example 7.1.

n=10 n=10 n=20 n=20 n=50 n=50

x |en(x)| |ẽn(x)| |en(x)| |ẽn(x)| |en(x)| |ẽn(x)|
0 0 0 0 0 0 0
0.2 3.8667e-04 9.6651e-03 9.9018e-04 9.9977e-05 6.2101e-05 5.8689e-05
0.4 3.0025e-04 1.4351e-04 6.8009e-04 3.4872e-04 3.3608e-04 1.7338e-04
0.6 1.6769e-03 1.3184e-03 2.8415e-04 6.7050e-05 3.6042e-04 3.5202e-04
0.8 6.4026e-04 1.8750e-04 2.9125e-04 2.6894e-04 7.0364e-04 2.8981e-04
1 2.0579e-03 1.2354e-03 1.4246e-03 3.4434e-04 1.3032e-03 5.9596e-07

This is the same problem as defined in (4.1) only with different right hand side and homogeneous initial conditions.
Therefore, by setting

ψn(x) = Dα
a en(x), (6.4)

the equivalent integral equation takes the form

ψn(x) +
L∑

i=1

pi(x)

Γ(α− αi)

∫ x

a

(x− t)
α−αi−1

ψn(t)dt = Hn(x), m− 1 < α < m. (6.5)

Solving (6.5) by the same way of (3.13), gives an estimation ẽn(x) to the error function en(x) according to the relation
(4.17) with bk = 0 for k = 1, . . . ,m− 1, i.e.,

en(x) ≃ ẽn(x) =
1

Γ(α)

∫ x

a

(x− t)
α−1

ψ̃n(t)dt, (6.6)

where ψ̃n denotes the approximate solution of Eq. (6.5).

7. Numerical experiments

In this section, we consider the following examples in order to illustrate the accuracy of the proposed method,
confirm the presented theoretical results, and compare our results with those in the literature.

Example 7.1. Consider the multi-term FIVP{
Dα

0 y(x) + y(x) = xλ + Γ(λ+1)
Γ(λ−α+1)x

λ−α, 0 ≤ α ≤ λ ≤ 1, x ∈ [0, 1],

y(0) = 0,
(7.1)

with the exact solution y(x) = xλ.
For this problem we have L = 1, p1(x) = 1, α1 = 0. We choose α = 1

4 and λ = 1
2 , then m = ⌈α⌉ = 1 and the right

hand side is f(x) =
√
x+ 2

√
π

Γ(0.25)x
0.25. Hence, the integral equation in (4.6) takes the form

ϕ(x) +
1

Γ(0.25)

∫ x

0

ϕ(t)

(x− t)
0.75 dt =

√
x+

2
√
π

Γ(0.25)
x0.25, (7.2)

where ϕ(x) = D
1
2
0 y(x).

Now, we implement our method on the Eq. (7.2), and we report the results of the error functions |en(x)| and |ẽn(x)|
for n = 10, 20, 50 in Table 1. The related plots for the function |en(x)| are shown in Figure 1. These results show a
good accuracy of our method. The approximate solution for the Problem (7.1) is computed by (4.17), where ϕn(x) is
the approximate solution of Eq. (7.2). Table 1 shows the corresponding results after perturbing the right-hand side
of Eq. (7.1) with ϵ = 10−3.
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Table 2. Absolute values of the error functions |en(x)| and |ẽn(x)| for the Example 7.1 with pertur-
bation ϵ = 10−3.

n=10 n=10 n=20 n=20 n=50 n=50

x |en(x)| |ẽn(x)| |en(x)| |ẽn(x)| |en(x)| |ẽn(x)|
0 0 0 0 0 0 0
0.2 4.6107e-05 9.6590e-03 1.4232e-03 1.0031e-04 4.9568e-04 5.8613e-05
0.4 7.7774e-04 1.4268e-04 1.1576e-03 3.4853e-04 1.4185e-04 1.7321e-04
0.6 2.1802e-03 1.3176e-03 2.1977e-04 6.6943e-05 1.4366e-04 3.5178e-04
0.8 1.1773e-04 1.8748e-04 2.3122e-04 2.6871e-04 1.8089e-04 2.8959e-04
1 1.5207e-03 1.2351e-03 8.8747e-04 3.4443e-04 7.6594e-04 4.4773e-07

Figure 1. The plots of the absolute error for Example 7.1 (α = 1
4 , λ = 1

2 ).

Example 7.2. Consider the multi-term FIVP
D2y(x) + sin(x)D

1
2
0 y(x) + xy(x) = f(x),

y(0) = y′(0) = 0,

f(x) = x9 − x8 + 56x6 − 42x5 + sin(x)
(

32768
6435 x

15
2 − 2048

429 x
13
2

)
,

(7.3)

with exact solution y(x) = x8 − x7. Let ϕ(x) = D2y(x). Then{
y(x) = J2

0ϕ(x) =
∫ x

0
(x− t)ϕ(t)dt,

D
1
2 y(x) = J

3
2
0 ϕ(x) =

1
Γ( 3

2 )

∫ x

0
(x− t)

1
2ϕ(t)dt,

(7.4)

and so the integral equation equivalent to the Problem (7.3) is obtained in the form

ϕ(x) +

∫ x

0

k(x, t)ϕ(t)dt = f(x),

where k(x, t) =
(

2sin(x)√
π

(x− t)
− 1

2 + x
)
(x− t).

Absolute values of the error functions |en(x)| and |ẽn(x)| are presented in Table 3 for n = 10, 20, 50. Figure 2 shows
the related plots for the function |en(x)|.

Example 7.3. Consider the multi-term FIVP{
Dy(x) +

√
xD0.5

0 y(x) + xy(x) = 3
2

√
x+ 3

√
π

4 x1.5 + x2.5,

y(0) = 0
(7.5)
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Table 3. Absolute values of the error functions |en(x)| and |ẽn(x)| for Example 7.2.

n=10 n=10 n=20 n=20 n=50 n=50

x |en(x)| |ẽn(x)| |en(x)| |ẽn(x)| |en(x)| |ẽn(x)|
0 0 0 0 0 0 0
0.2 4.9784e-05 6.7091e-05 9.4213e-06 9.9242e-06 1.3499e-06 1.1824e-06
0.4 7.0575e-04 6.0500e-04 1.7267e-04 1.4481e-04 2.9483e-05 2.1644e-05
0.6 2.0289e-03 1.0157e-03 6.2222e-04 3.7960e-04 1.7987e-04 4.3261e-05
0.8 3.5611e-03 9.4190e-03 4.7652e-05 1.2039e-03 7.7764e-04 3.4689e-04
1 5.6656e-02 8.0877e-02 1.0886e-02 1.3305e-02 1.4235e-03 2.0112e-03

Figure 2. Plots of the error function |en(x)| for the Example 7.2.

Table 4. Absolute values of the error functions |en(x)| and |ẽn(x)| for Example 7.3.

n=10 n=10 n=20 n=20 n=50 n=50

x |en(x)| |ẽn(x)| |en(x)| |ẽn(x)| |en(x)| |ẽn(x)|
0 0 0 0 0 0 0
0.2 7.9893e-03 9.3433e-04 3.4016e-03 9.4745e-04 9.7265e-04 4.4882e-04
0.4 8.4089e-03 5.1484e-03 3.2530e-03 3.6658e-03 8.9399e-04 1.6315e-03
0.6 6.5945e-03 1.5873e-02 2.5306e-03 1.0170e-02 6.9271e-04 4.3873e-03
0.8 2.4917e-03 3.2213e-02 1.0825e-03 2.0652e-02 3.1742e-04 8.9018e-03
1 7.3497e-04 5.4186e-02 3.8342e-04 3.5276e-02 1.2178e-04 1.5246e-02

with the exact solution y(x) = x1.5. Here, we have α = 1, m = ⌈α⌉ = 1, L = 2, p1(x) = x1/2, p2(x) = x, α1 =

0.5, α2 = 0 and f(x) = 3
2

√
x+ 3

√
π

4 x1.5 + x2.5. Hence, letting ϕ(x) = Dy(x), the integral equation in (4.6) reduces to

ϕ(x) +

∫ x

0

k(x, t)ϕ(t)dt =
3

2

√
x+

3
√
π

4
x1.5 + x2.5, (7.6)

where k(x, t) = x+
√

x
π(x−t) .

For this example the absolute values of the error functions |en(x)| and |ẽn(x)| for n = 10, 20, 50 are reported in
Table 4. Figure 3 shows the related plots for the function |en(x)|.
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Figure 3. Plots of the function |en(x)| for Example 7.3.

Example 7.4. Consider the multi-term FIVP
D

3/2
0 y(x) + 2Dy(x) + 3

√
xD

1/2
0 y(x) + (1− x)y(x) = f(x),

y(0) = 0, y′(0) = b =

{
0, m = 5, 7, 9,

1, m = 3,

(7.7)

where f(x) is determined such that y(x) = xm/3 cos(xm/3) to be exact solution of the problem for m = 3, 5, 7, 9.

Let ϕ(x) = D
3/2
0 y(x). Then

y(x) = bx+ J
3
2
0 ϕ(x) = bx+ 2√

π

∫ x

0
(x− t)

1
2ϕ(t)dt,

Dy(x) = b+ J
1
2
0 ϕ(x) = b+ 1√

π

∫ x

0
(x− t)

− 1
2ϕ(t)dt,

D
1
2
0 y(x) =

b
√
x

Γ( 3
2 )

+ J1
0ϕ(x) =

2b
√
x√

π
+ 2√

π

∫ x

0
ϕ(t)dt.

(7.8)

Substituting from above for the terms D
3/2
0 y(x), Dy(x), D

1/2
0 y(x), y(x) in Eq. (7.7), the equivalent integral equation

for the function ϕ is written in the form

ϕ(x) +

∫ x

0

k(x, t)ϕ(t)dt = f(x)− 2b− 6bx√
π
− bx(1− x), 0 ≤ x ≤ 1,

where

k(x, t) =
2√

π(x− t)
+ 3

√
x+

2√
π
(1− x)

√
x− t.

For n = 10, 20, 50 and m = 3, 5, 7, 9, the absolute values of exact and estimate errors have been reported in Tables
5-8 for x = 0, 0.2, . . . , 1. Figure 4 shows the plots of absolute errors for n = 10, 20, 50.

Table 5. Absolute values of the error functions |en(x)| and |ẽn(x)| for Example 7.4(m=3).

n=10 n=10 n=20 n=10 n=50 n=10

x |en(x)| |ẽn(x)| |en(x)| |ẽn(x)| |en(x)| |ẽn(x)|
0 0 0 0 0 0 0
0.2 6.4771e-04 4.4610e-04 1.8598e-04 8.9730e-05 3.4101e-05 3.1511e-05
0.4 1.0969e-03 2.9068e-04 3.0333e-04 5.1742e-04 5.2531e-05 6.1540e-04
0.6 1.2792e-03 3.8638e-03 3.4688e-04 2.7896e-03 5.7150e-05 2.5571e-03
0.8 1.2355e-03 1.1883e-02 3.3029e-04 7.7064e-03 5.9399e-05 6.6860e-03
1 1.5571e-03 2.5428e-02 3.8931e-04 1.5959e-02 6.8577e-05 1.3621e-02
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8. Conclusion

In this paper, a new simple and effective numerical algorithm is designed for solving a class of multi-term fractional
differential equations with variable coefficients. The new algorithm uses fuzzy transforms with cubic B-splines, which
possess the following important advantages:

• The error bound is dependent only on the modulus of continuity of the approximate solution.
• The method is flexible in implementation.
• A sufficiently smooth piecewise best approximation is given in a small support.
• No starting point or auxiliary function is required for starting.
• Accuracy comparable to that of most existing numerical methods is achieved.
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