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Estimating the critical depth in a trapezoidal channel, which is widely used in various water conservation
and distribution networks, has always been of interest to hydraulic engineering researchers. The common
method for calculating the critical depth of a trapezoidal channel is the trial and error method, but today,
explicit solutions have been proposed as a powerful and suitable alternative method. In this study, using the
dimensional analysis method, different forms of mathematical series and also the two triangle method,
equations for estimating the critical depth of a channel with trapezoidal cross-section were proposed and
their accuracy was evaluated in comparison with the equations of previous researchers. In extracting the
proposed equations, the simple form with fewer repetitions of the mathematical series was considered. A
wide range of geometric and hydraulic data of trapezoidal cross-sections at critical depth conditions were
used. The accuracy and performance of the proposed and existing equations were evaluated using the
absolute of relative error (ARE) and the efficiency index (NSE). The results showed that equations A, B
and E with mean absolute of relative error equal to 0.314, 0.173 and 0.078 percent respectively have the
best performance in estimating the critical depth of a channel with a trapezoidal cross-section. Also, the
accuracy of the proposed equations was evaluated in comparison with the existing equations and the results
were reported.

Introduction

One of the most important hydraulic parameters in the analysis of open channel flows, which used in
determining the flow pattern, calculating specific energy, analyzing flow stability, designing water transfer
structures, and managing flow regime transition conditions is the critical depth (Akan & Iyer, 2021). In
most irrigation and drainage network projects, trapezoidal canals are widely used due to their feasibility,
good stability, and hydraulic efficiency (Das, 2007). The critical depth equation in trapezoidal canals is a
nonlinear and complex equation due to the cross-sectional geometry, which cannot be solved explicitly and
requires the solution of related nonlinear equations. In recent years, the development of explicit solutions
for determining critical depth has been proposed as a powerful method and a suitable alternative to
numerical methods. These solutions are usually extracted using analytical methods, mathematical
approximations, nonlinear regression, dimensional relations, or meta-heuristic algorithms, and research
results show that explicit solutions, in addition to high speed, have acceptable accuracy and can provide
engineers' goals in practical designs and rapid analyses and become a suitable alternative to conventional
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numerical methods. In the present study, by examining different forms of mathematical equations and also
using the dimensional analysis technique and the two triangle method (Arvanaghi et al., 2015), new
equations for determining the critical depth of trapezoidal channels were presented in a simpler form and
with high accuracy, and the results were compared and evaluated with existing relations.

Materials and Methods
aQ?T,

In trapezoidal channels, the critical Froude number equation to calculate the critical depth is Py R

(French, 1987). By substituting the A and T relations and changing the variable A=(my.)/b in the critical
1.5
depth equation, and by changing the variable ¢ = % and substituting it into the critical Froude number

equation, the equations ¢ and A are obtained. The equation A, which is 6th degree equation, cannot be solved
analytically, but with the help of equation ¢ and generating ¢ values for different A in the applicable range,
new equations can be presented to calculate the value of A and consequently the critical depth. With using
the related software and the generated values of ¢ for A, and considering the applicable range of Side slope
(m) and Botom width (b) values, it is possible to examine different forms of equations such as linear, power,
logarithmic, etc. and obtain the relevant coefficients of the equations with appropriate accuracy. To
determining the accuracy of equations, two parameters including the efficiency index (NSE) and the
absolute of the relative error (ARE).

Results and Discussion

Examining the form of equation 13 (combination of parameter ¢ with specific powers based on dimensional analysis)
showed that equation A had the highest accuracy (with an average absolute value of relative error of 0.314 percent and
an efficiency index of 0.995) with 3 iterations of parameter ¢ and specific powers. In this equation, the maximum
observed error was calculated to be 1.738 percent. Next, the power series (equation 14 as a combination of the parameter
¢ with the power and unknown coefficients) was examined, and in the case of 3 iterations of the parameter ¢, equation
B with an average absolute value of the relative error of 0.173 percent, an efficiency index of 0.997, and a maximum
relative error of 1.611 percent was introduced as the best equation. Examining the different iterations of the series of
equation 15 showed that in the case of two iterations of the series, equation D was obtained with an average absolute
value of the relative error equal to 0.294 percent, an efficiency index equal to 0.998, and a maximum relative error equal
to 2.489 percent. In the following, the three-repetition case of the series was also examined, and the equation E was
extracted with an average absolute value of the relative error equal to 0.078 percent, an efficiency index equal to 0.999,
and a maximum relative error equal to 0.988 percent, which indicates a significant reduction in the error in the equation
E and was introduced as the best relation of this series. Comparing the accuracy of the presented series of equations A
to E shows that equation E with the lowest average absolute value of relative error and maximum relative error and the
highest value of efficiency index is the best equation for estimating the critical depth of the trapezoidal channel. In the
results of the two triangle method with the general form of equation 20, it was observed that the semi-logarithmic
equation F with the simple form and the average absolute value of the relative error, efficiency index, and maximum
relative error equal to 0.662 percent, 0.985 percent, and 0.922 percent, respectively, has a suitable accuracy in estimating
the critical depth of the trapezoidal channel. Comparing the performance of the equations presented by previous
researchers shows that the Vatankhah (2013) equation has the highest accuracy among the relations presented and
studied, with an average absolute value of the relative error of 0.010 percent, an efficiency index of 0.999, and a
maximum relative error of 0.029 percent. Wang's (1998) equation in the form of three series repetitions with an average
absolute magnitude of relative error equal to 0.032 percent, an efficiency index equal to 0.999, and a maximum relative
error equal to 0.118 percent ranks second in performance next to Vatankhah's (2013) equation. Chen's (2025) equation
is also in third rank with an average absolute magnitude of relative error equal to 0.106 percent, an efficiency index equal
to 0.998, and a maximum relative error equal to 0.180 percent.

Conclusion

In this study, to calculate the critical depth in a trapezoidal channel, various equations were proposed using dimensional
analysis, mathematical series, and the two triangle method, and their accuracy and performance were evaluated in
comparison with existing equations of researchers. In extracting new equations and evaluating existing equations, an
attempt was made to use equations with minimal repetition of the mathematical series, and the results were compared
with the help of evaluation indices including the average absolute value of the relative error, the efficiency index, and
the maximum relative error. Among the proposed equations in this study, equations A, B, and E with the average absolute
value of relative error equal to 0.314, 0.173, and 0.078 percent, respectively, and also the efficiency index value equal to
0.995, 0.997, and 0.999, respectively, showed good performance in estimating the critical depth of the trapezoidal
channel. Among the previous researchers' equations, Vatankhah (2013) equation with an average absolute magnitude of
relative error of 0.010 percent and an efficiency index of 0.999 had the best performance in estimating critical depth, and
Wang (1998) and Chen (1998) equations with an average absolute magnitude of relative error of 0.032 and 0.106,
respectively, ranked second and third. The E equation, proposed in this study with the form of three power series
iterations, also had a competitive performance compared to the equations of previous researchers, especially Chen's
(2025) equation, with an average absolute value of the relative error of 0.078 percent. The results of this research show
that examining different forms of mathematical power series can be of great help in extracting critical depth estimation
equations with a simple form and appropriate accuracy.

Keywords: Critical depth, Trapezoidal channel, Two triangle method, Power series, Relative error




4
Sl yaun g ol il

./(l:l/m.);.frjb
W EHWS) 3092-6114 : Suig sl LS W
https:/hws.tabrizu.ac.ir/ :4 y&3 ol§ yo f)’%m'&
g dllie

9 &8s 2U 3l (solesiioy Luilg 1gladijed L JUL yo Iy Boe (o
S ySlos

gyl ol O b (3

VE- O/ Y iy G VECENY/ Vil s fl
VE O Y T Lesl s VE O YIY sl s

Ol ol ol olBisls «(g5,5lisS suSiasls ! i 09,5 ¢ luiils =Yg

arvanaghi.hadi@gmail.com : Jgiue 0w g5 3

ol

031588 (5 525 50 518 ooliciusl 530 T 21395 5 JUisil (SBASD 0 00w jsboas o5 (slaiijsd L JLL ;o Sl Gos Al
il oz g (w9, WJUL (p] 0 (S Goe drmlino sl Jglase (g Sl 039 Sgyoud (e (ylis 4 g5 0590
gl 3IUT 51 0oliiwl b (gl cpal 50 wiloudd 7 5hao cuwlio (030l g Wwilel (29 (leneds g o s>l 0590l Lol
g lio 50 Loy 80 g il )l (glaii 393 (G JUIS (Sl yos o (oot (g il y iudiio 90 59y 3 (0L 5 (SL 6 oo Rliia sl 59
o3guzmo . )5 1,8 e £S5y 1SS Slasi b osl o 48 (gOledlln Lailg) gl il 5o 0k (2Ll S92 g0 Ll b
9 &3y Lulgy o Slos g B3 .o osliitwl Jlpo Bos Lulpl )0 (sladijed aaiie (Sdgjuad 9 (owadd sbrodls I rwg
9B (A Lulg, a5 518 o Lid guls .0y, 23yl (NSE) 2,5 a5Li g (ARE) (oo slas 3llae jud a5 5l soliwl b 392 40
SLJU G120 Goe o )0 150 5o (p yitg 00 o[+ VA g e IVY /YA 2l oo 5 o (oo sl $llao ju8 bwgio LE

b )l 35 ol gl g oS (23l 992 g0 baulgy b lie 53 (goledidey Lulgy CBS (piarod )10 (gladijed

® @ This is an open-access article under the CC BY NC license OPEN
@ (https://creativecommons.org/licenses/by-nc/4.0/) , ) ACCESS
BY NC


https://portal.issn.org/resource/ISSN/3092-6114
https://hws.tabrizu.ac.ir/
mailto:arvanaghi.hadi@gmail.com
mailto:arvanaghi.hadi@gmail.com

sl JUB e Sl e pedd

15

. S om*
Oz 200 il a2 U@ = o alaly cl o 8

L2 re slos alaly LS5 6555 2 )5 L Wang (1998)

S92y b alal) cnl o5 @l gladijed JUB Slom Goe et 12

Sezen Jdods (aoyo VFA Bl L sSTas) calie 2do
B, (5leds 3,15 calal,

2 2 2 2
A=(1+493(1 +403(1 + 403(1 + 4p3(1 +

2 02 1/6 1/6 1/6 05

49) ) ) ) ) ™)

S5 5 99 0,3 45 Censl 00 @) 55 abagly gl ool slag b

2 02 0.5

A=+ 4p3(1 +4¢3) ) )
2 2 2 0.2 1/6 05
A=1+493(1+40p3(1 +4¢3) ) ) f)

Vatankhah (2011) 4 Vatankhah & Kouchakzadeh (2007)

U Slme Ges anuls sl Jailgy 095 wlaass (o & Easa
R OSX=%S 3 sdgazme 4o a5 wis S &l glddsged
5361 S L 5 Vatankhah  (2013) .30g 0,95 5 cowlio
(do,0 6X 107 canlin CB0 b 5 & g0 4 slalal, (P9 yS

o8 @l 0.062 S A =2 <12 s3gusme

A= (1 + 4644973 (1 + 0.655p"09)0374) 0452 ®)

o5 ¢ el &b (5w S5 L Varandili et al. (2019)
<30 b pj py% 4 Wang (1998) alaly alive ladaly |5 (5,95

2 2 2 2
A=+ 4931+ 403(1 + 403(1 + 43(1 +
0.5
1/6,1/6 1/
=YY @)

5 3l oduzmy 0,8 Wang (1998) alal, ailen akal,
I s g 2l kS S LSS L slap

sladayl) ks ladons Loy, 2ds oLl eud Chen (2025)
0.0008 < oogusme yo 1) 5 p,% 4 Vatankhah (2013) alal, 4yl
JrAND g (sl Lawgie) cabio cs b g A = < 2135
2,5 &1 (oo,

A = (1 +3.901¢%3(1.433 + 4.084¢%3)23175)*#%¢ (v

PPRV-PE

slegl,z Jedos o (Sdgyaes bl cn et 51 S
e Ol 2 698l ns 53 o5 el Gl Bee 3L la JUS
<l Jasl sloosl (b olyz )l Jelos < ogasa 555l
Akan & Iyer, ) o)l 0,55 b2 w25y s balpd Cupos g
S5 (1525 5 ikl sleaSs (glaesyy el o (2021
(Sl QL 5 el gyl Dzl ClblE s 4 gl
30 Sl Gos doles (Das, 2007) aigd co oolainnl 00 5iuS jgboay
9 b pt dhl) S phie awsin s 4 Gl slaJUls
J> a9 St Jo B mpe Ojpot oS Sl oy
J=oly W86 Ygere SVolre (pl ol hade s e Yol
SIS soe slagss, sl ol Jo 5 00 piiies Ll
S5 asle goae sl g,y YL 288 0529 bl (L 5 (2w)
iy ewdige oS e laghs,  cnl gdlr o
Slle ol 5 008 Glagjluand g sl
ol 539 2 Gloj 9,155 Jole 45l el (ailge b ionS
St dlss Sl Jleiml g adgl ke OB 4 o
.(Salmasi, 2020)

Goe e Sl e sladeoly (5558 S glale o

slagby; slr el (Rl 5 wxeilys (o3 Olprea (S
o s, 31 ol b Ygans ool cpl il o o ylas (g0
Loeslal Luly; o s e g5, o2k, Sloce B (Jolos
~0 Ol Dliddod gl Wgd oo gl Fl 6,550 3 slaek 5!
2515 Jgd BB 85 U et s 5 gy slo ol a5 s
sdos g Jos sla b o 1) plusige Slaal wiilgs o
Jslaie 500 sl s, sl (emlie (35l 5 00,5 03,500 g s
e re Ly, Al 4 5 plores wabalxl Gla A 052 g b ol
Q4 Cod S Cawles cFanwg 05 atels iy B L
Sloied goite Lulph o eslatul ollgs 5 qwaie layel)ly
Loosle myo ladzoly (2bs)) g anwss cg)cnll S9dse pulus]
Olzmen (148598 la U 5o (Sl Bos (e 10 cemlio 230
el o JUS Sy yaup 5 ol (guaige Dliizd )0 e 9590 S
slassyed s JUS Sl e usd (sl Swamee (1993)

myc

m (glaiijed JUS Slm Ges ye) 0 <A= b < 3 odgdmae o

0,5 al)l pj py8 4 glabkaly (JUS &S (2, b g (oSl o)l ol
Sg a0, YIY sg05 ] slas jiSTos a5

}\‘ — ((p—1.4 + 0.747(,0_0'84)_0'476 (\)

! Explicit Solutions



o VE 0 Jlo /Y. 0,leis Y8 0,90 1 Sy oud g ool Lisls a8

Bl 9 i

w5 @l 5 Syge 4 Glgise A abaly o8 ecules o
1 2 1 2
A= a7 + 0,05 + a307 + a,9 + qq ARD)

‘}\ Lg‘)‘dg (.P 03 \.\anJ ﬁél&n 9 JQA;)A 6L{b)‘f9|f).: S8 l;
Cawddy @ > 0 o5l y0 cenlio B0 L 1) 398 alaly LSl o g5 oo
alayly 0yxiego b aw Gz slacdls 51 o055 e cpl o 8]
oMM‘ofuuTmMMMﬁebM)ods.\ww}f
Soygo d Gl 22y G 585 S50 bl e okl o]
2,5 pladl 5 alal,

}\ = al(pnl + az(p"2 + a3(p"3 + a4(p"4 + 4 Ao (Y\)

SaS L oopmiediz g )z w90 sl 1 LSS
o5 oy Al 0> 0 ou 0y polie g basye sla il
ool ool wiSloy ol a4 Jeadia dou g mls Lise 0 &S
SO by 99 U5 y0 b (g b Bo el (e Sl izen
9 }\ Ml:bo S wl.uo R L: oolw .]a.:‘j) A.A.Iy 6‘)3 03
or JB Laly; alides slap 2D > 003k )o (Sl Goe 4t
100,5 Sleidan A Lakul, &5 o S L)
A= (a, +9™) x (ay + ¢7) x (a3 + ¢™) x (a4 +
") + -+ ay (YY)
L} Ja.ﬁ‘j) odlw ﬁ)ﬁ ‘JaJ|5) @L))l B aS Cewl ol )SO L ‘B)y
2,5 5 5 Sl ae ol Yo 2B 5 (6 o 5 olas
JUE Sz e o) JSG gillas (Edia 90 (Bg,) 508 by, 40 b
ilie JUIS il s ala ) 28,5 ,La5 10 L (ve) ABCD (glais 3o
P2 LAOB clin ;o (IS0 ol Gillao 058 co awlows (h) AOB
i Glzu Ges Ll b )18

b=2mh L h=2 Y)

2m

Bos alal) ululy g AOB clie g1 Q' (00 (i85 ,lai 0
el ke JUKS Sl

9,25
_ ZaQ12 1/5 ;o \/;b
e %)
N\ = °/ .
1 ye
A b B 1
h

&l o 53 (Sdg s g (pwiis byl ) USS
Fig 1. Geometric and hydraulic parameters at the critical
section

5 by kuly, alide glapyd cwypn b yol> G o
clie g0 b9, 9 6ol },.Jlﬂ S )'I solawl b BUST N

sl JU gl es cpts sl ailg, «(Arvanaghi etal., 2015)
Ly, b Jol> gl g o @)l YU cdo g Joolw p,8 b (glaisjed
b )l s dmlie S5z ge

oy g olgo =Y

G dnlos gly il yom 05,8 sae alaylj « gladized sla JUKS 4o
«(French, 1987) coul 155 & j90 4 Sl

2
agQA;rc =1 (A)

oy O A =y (b +my.) o To = b+ 2my, akal; -pl o
S 6rSogSb L el J8 Qs g s 0l (290 0 w655l e

:M)ldb
T, = b+ 2my, = b(1 + 279 *)
A ZYC(b'l'myc):byc(l‘l'%) (QED)

my

o)l 39 Lsly, o A = Tc pesin s b

T.=b(1+2X) and A.=by.(1+A) )

ild Sl Fes abuly ;o 398 Laly) (N> L
aQ?(1+2))

P yI(LN? 1 av)
b\ = 3 c e ..
PYE =GP Kl 0 A = (F9) 85 s s L
ol 333 4l
aQ?*m3(1+2))
gbsSA>1+0)® 1 an
le.S

d‘]af‘) »® QT 6)“;\111".’ 9 (P = mbz.s )""“"‘ )"‘""’ L' WLQA )
wgdige Jol A 5 @ sl gl 2 als) (358

V(1)
9= z(x::) 0nH
L
A3 30 + A7 —202h -2 =0 (\0)

S5 L Lol tcncs Jo BB Ldow & g0 4y £ az 0 dloles )
(o )5 o3k yo alise sl A Sl @ polio ade 5 (VF) ala,
al)| Gl e 4z ;0 g A laie duloe (sl (il olg oo
dmls Lally) (5 058 ags sl solal 5IUT (6555 SeS L ol
g Gl oo (V) alaly 4 a5 L A

A° @2 » A @3 (%)
Vo p?» A @b av)
7»40<(p2 >>)\0C(p% )
7»30C(p2>>}\0C(p§ \9)



sl UK e Slpme shes pesd

@‘ﬁ&&“&nd?yb‘ﬁ)wjdﬁmugl)éemdj‘)‘
golae mer F USS j0 iores el ool &1l (glagized UL
VO ISS j0 g pole Geiod b dwlone Laly) (s Lz (3llae 508
Oliize bawg b dlons Laly) (oo sl (3llas 08 polie 8
L pell oS5 Vo) abaly )8 g o Col 00l i) iy
A adal, a5 ol las qeolal RIUT Wil 5 ekie slaglys
Aoy IYVF ol s gl Glac 08 lawgie L) s o i
soly 5 @ bl LSS L1 (R0l o5 pasls
VIVYA ol 00l canlive gl iSlas calal) pl o .0l Lasin
g, Uas olie & e8 A alayly oV S Bllae .ol dewlee do o
Sl 5l Ll ccenl ooy JBlas 4y CoaBge w0 g ails glugs
Jgd b llas amo o (lis caseive ol 38l 29, am A = 8
Ly, gl o ol LT Llw olls Kby by o

ol Sy e slaosyyy

oyl S Sygo 4 VY alal) Slgs cob; (g sl o
Folb JLSSaw Ao jo ad (o p (Lazeial COp2 5 Gl L @
RSN YY ).3‘).3 (e 6Ua.‘> dl.la.c )..\3 Ja....ag...o l.ﬁ B =\.|a.s|) O
sl @ ¥ JS8 Gllhae 035 (S alal) e Olyew
slas Jlaie A > 0.25 s3game 50 a5 aes o plid abaly b oo
s D C A lalg, s i g ojls 8 0y /0 55 B alal, o
Syls gl Bos o)l 10 (50 9, Sae F

Calal) )50 5w )59 Sl (Sl (2L, 6w ol 5
@bl el oy V0l (s sl @llae ;a3 Lagie b
el Cawsdy 3oy YINY ol s gl jiSTas 5 +/99A Ll
dgax B alayl; 4y s oo sl 5llas a8 lawgio «C alal, (o
sl iSlas g oL el Ll wcwl asl jli8l oo e FF
A2 sad LS wgaore Bl alayly g0 o

s yoas ol las (V) adayly (g iliBee (slo )1,S6 o) 1
VAT 2l oo sl 3llae 08 awgie LD alal) o5y 1,550
YIFAR plp cons gl Slas o - /AAY lp SIS Lasls s,
L,.;,a.; Ag, s polie ay5e5 D 5 C lailg, ;o el Cowsdy duo o
YD g5 s sl Hlaie A > 15 odgumme jo g atdly plie
(Y JS8) el onils L

Sode LE abaly a5 0l a0 3 (6w 5] ,STds > caalol jo
S el oy /o YA ply o Gl Glae j08 lawgis
oy AN gl s s iSTas 4 -/999 Ll

ol 5o Q 2l ABCD laspgd JUS (o0 585 Sl o L

Q" =0 +¢' o)
e dlnl, (tlie JUS o Sl Gae S abal, elol

v = (2Ll (¥#)

gm?
WDygo 4 Ve el )l dwlore b ases (o

n ! ! b
Yo =y¥e—h=y V)

2m

JUE Gl es anlze slp pj p 8 @ Glakal, Gy oo

ZQ)ST Cawddy (yL) 6‘4.9.!)50
%= (YA)
Ly A slilar @ ouds oy polis g Lo ye (sla,fiile 5 ST,
OlFse ) Jgoz Bllae b gm polie 65,15 0050 (18,5 Hlas o

sor by e Sl e LS ) Ly, it slae 8

s oolawl y3 lals, 5l us 4 (ARE)

| -1

NSE (%) = 1 — 2~
SE(0) =1 =S5 v
ARE (%) = h‘f x 100 )

N g o8ly polin (eSilea A o ably polia A laly ol 5o
aal; Blhe Cosl (o) p 0590 Lally) Lawgi ond arulne polis
A sy Oy50 daily; awgi sadaiwloe NSE jlade jad> 0 (Y9)
oolly 0g wales iy alal, QT o wll S SGop S ovae
8 hugle g oms sl Glhe ;08 ST polie (V) ddal,
b 5 5 dlons alaly 1 (el oo sl 3llas

slaiized JUU cwasd sbd yio )l Ol i 00guxo —Y Jgo
Table 1. Range of geometric parameters of the trapezoidal

channel
iSTas Jslas Sy
Y \ (M) slagized JUS o lgps oil> s
) N (e ) glaiszs JUS GS o0
Vo= c >0 A

oy g gl =Y

(ARE%) oos sl 3lhae ;08 lawgio mls ¥ Jooo 0
h)lj) 6‘;; (NSE) @‘)lf ua.>l.,.u 9 (MARE%) SMMJ 6Ua> )ASL.)\}



v VE 0 Jlo /Y. 0,leis Y8 0,90 1 Sy oud g ool Lisls a8

Bl 9 i

ladized JUI (Slyou Goe dnmlone (5l 39290 Latlg) b duas bl )3 @i (] 50 ool &l Laslgy <85 -Y Jgur
Table 2. The accuracy of the equations proposed in this study compared to existing equations for calculating the critical

depth of a trapezoidal channel

oals sllas 05 25 las sl 05 Lasgie
= o (sl o (sl abal; p 2 abal; el
NSE MARE% ARE%
02 1/6 05
-/a44 NARYN o[oYY 2 2 2 Wang (1998)
A= (1 +403(1+4p3(1+4¢3) ) )
.34 FRZ R A= (1 + 464493 (1 + 0.655¢%69)0374) 432 Vatankhah (2013)
0 —
-/AV \IFOY V-V 2 2 2 1/6 1/ Varandili 2019
A=(1+493(1+493(1+493) ) ) etal.
</A8A DAY DARY4 A=+ 3.901402/3(1.433 + 4_.()84«)2/3)0-3175)0'4566 Chen (2025)
1
“120 VYTA AR A = —2.971¢5 + 4.425¢% — 0.741¢7 + 0.056 A 4k,
-/2ay YV SANAY A = 5.09¢%7 — 8.87¢"% + 4.55¢°%3! B ala,
-/29A YIVAY ALY A= —1.029¢"%"! 4+ 1.327¢"3872 4 0.482 C by,
+/34Y YITAQ -Ivaf A= (%7 +0.412) (%™ — 1.154) + 1 D b, rol>
IARE AYYN “/+ YA A= (%9755 +0.438) (¢°?°! — 1.136) (¢*°?” — 0.032) + 0.975 E b,
Ve Q"
AV “/aYY Nigal == = 0.64Ln o)t 1.01 Fal,
c
2/5 A
/ Eq. A
——Eq.B
2 1 —Eq.C
Eq.D
1/5 | —Eq.E
x | ——Eq.F
W
< 1 -
<
0/5 -
O T T T T T T T 1 T 1 1 1 1 T T 1 1

0 o5 1 15 2 2/5 3 3/5 4 4/5 5 5/5 6 6/5 7 7/5 8 8/5 9 9/5 10

A
2 1) 9 0 131 & sl By (oru S Sllnn o8 y20lin 395 -V S

Fig 2. Distribution of absolute values of relative error of equations presented by currwnt research

S e plis Al ool (o sl @y ¥ JSS Gillas
Qo8 0 53 B oadaly s sl lade A > 0.25 FRYRC P
Sy90 03l 40 ¢ Gudod il j0 ool &Il Loy, Koo a4 Cani g 0l I3
)l Gl Goe 85515 50 (g 51eS sllas A g
odaliv (VA) akl, (U5 03 b cdin 90 (Bs; oy S 50
sl glhas ;08 hawgie wols p,8 LF oy ) Waeg alaly a5 ol

o b amgr BB GalS saumslis ases ol g8zl 5l
b (Bye sy cnl by G e Olgie @ alall) (pl g Sl E b
E aayl, a5 aos oo HLid E U A ouls &l)) Laygy (5 m <80 anlin
5 o 5 51 5 o sl e ;28 Lagie 5 |
S Gos (e (sl alal) 0 e (2L et lade o YL

Lol glaaised JUIS



sl JUB o Sl Bes presd

Col 0o y3 IV 5l S A (2 3550 035000 IS 50 alay ds o
il e o] ol wss 0 Slae Sl a5

L Geazs ol o 0ol SN E alal, b5l sla azli annlin
O3S p)lez 4 5o alaly (pl S 0l oo LS (g )] 0 8
S fdkes aglie b (rizmen o)l 18 lakized JUI Sl Ges
Gl ;3 laugie a5 050 oo odnliv E alayl; g Chen (2025) alay
Y# oga> ;o Chen (2025) alayl; & coed E alal, s slla>
Esige onl il GLSs Loy SIS (a5ls 5 03gr a8 ao
JUE Sl Bos e )0 B dlal) clie ol canmsplias
Sl (glaai;ed

O gally H1S5es 0,3 L Varandili et al. (2019) akal, ;o
(o, UPOF s50) 090 YU i gl Gllas ,u8 lawgis
b jo i G138 o1 280 g () 55 T JSSam 03 onl iy
VYl oo sllas (3l ;08 Lawgie @l )y I SSan
VIOVl o slla 5STam g+ 120 ply IS el oo
Slaze Lulg, oo 5o alaly cpl e ol cpl 5 a8 awl Cawsdy sus o
285 18 Al A, 0 (Gl ol yo ead &l baly) 5 i
solie a8 ams oo L abail,y Gl (g sl & 595V JSS (3illas
0,8k g sl 3o, VIO B /0 o A > 1 odgams )0 oo slaz
5% 0ad &l Lails) g o iz Lalg) b awslie jo 1) () annds
Siloe T 3o o

Wz Ll a9 S92rge Ly (o j0 a5 Cenl 5S4y p3Y
bl 5 032 Sl @ ey 5o 5,55 sy Bl b s, 9
Sae Gl ]y c8s daly, (B p 0 @ el 1S5 Sl

UPEY plp S o oS 2Slas g o5 el o
G pedt )0 el G803l g 0ls s jo +/ATY 44/AAD (s,
Slooasls s amlie b aal 5,05 (slaisjsd JUIS
5 @S als a4z 51 a5 0sb o0 calin F o E alal, o))
Lol el 53055 5008, & Lo bl 5 o o sl 25T
4>y BB E ahl, 4 cod F abal, oo glas laugino jlads
a3 gm 5 Al ol e sl 55 T S Bllas a5l
S B /D s A odgame sdes 0 abaly pl i sllas polie oS
Fabyl; oo gl haugie jlade ;0 geo50 cpl t)ls )18 as s
Sl Dgpin Sals

olis 3 pladme lawgs oals &l Ll o Slee anlio
sla> 3las 08 laugie L Vatankhah (2013) alayly a5 oo oo
sl Sl 4+ /A8l L asli oy /o Ve Bl oo
o pe balyy oy 1) S8 (n i ey [0V il e
Bllas ja8 hawgio b (5w )|,SGaw 0,8 0 Wang (1998) alayl, .o )lo
SSlas 507299 plpy SIS Lasli s o o[V ply ced gl
Vatankhah (2013) alal, 51 ey o) < NVA ol oed Gl
3 Chen (2025) alayl ;) caalsl )0 0,5 o 1,8 0 Sles pgo 4 (o
@B Pl e s VeVl e sl 3lhas 08 lavge
poms Ay 40 by VA Bl s gl jiSTas 5 < /R9A Ll
S5l gl

(2025) 5 Wang (1998) Vatankhah (2013) Luls, S )3

Q013) ala; 53 &5 Sglis (ul b anl ;50055 alia Ly 5 Chen
Aiad (6w SS90 & yae 4 Chen (2025) alayl, g Vatankhah
Vatankhah (2013) Luly, ows glas a5 F S5 Gillas
o sl yolie a5 aas oo oylis Chen (2025) 3 Wang (1998)

2/5 -
Wang (1998)
5 | Vatankhah (2013)
Varandili et al. (2019)
1/5 - Chen (2025)
——Eq.E
xX
e 1-
<
0/5 -
O '/ T T

T BN E— T 1

0 o5 1 1/5 2 2/5 3 3/5 4 4/5 5 5/5 6 6/5 7 7/5 8 8/5 9 9/5 10

A

S8 i baavgi oy A1 b dpuslono Lnly (oo sl $llan a3 ol gy~ JS
Fig 3. Distribution of absolute values of relative error of equations presented by previous researchers



K VE-O Jlo /Y. o,les Y8 0,90 | Sg,ous g ol Sidls a5

Bl 9 i

(2013) «Chen (2025) laly, o sy a5 09d oo 0ddline ¢ guyy
SR8 ez U Jol sloas, o Wang (1998) 4 B (A Vatankhah
il gloas, ;0D 5 C F E Varandili et al. (2019) g, a5l
alaly g0 o Slas a5 w20 0 lis s ilad S sl 2o U
Gl calio g ladze Laylg, b aslio 0 B g A golpriny

Varandili et 2019) alal, L awslie ;o F gD L Ly, ¢ Jilao o
ey lis 0e2 5l 65wl o Slac al.

6o (saigas &l

5 oabaill bulgy g ey (lize Lailg; 0 Shes b)) sl
3ly (o JUB Slasis 5l Sl Gae GeedS 50 G5 ()
B ol wls 5 ol eolaul (Elhakeem, 2017) ¥ Jsux sillae
20,8 SLF Jgaz o Ly,

a=15cos8 =135 g=9806m/s* 5,5 L Slowlxe
Sy9e slalie (oo sz 3llae ;08 Langio 4y a9 b o el

o 0390 SLJUE (Sdgyoae g owais Olaseino - Jgu
Table 3. Geometric and hydraulic characteristics of the investigated channels

| 5 [HER) 0,100 s @S . .
e BT J 3@‘-‘_1 DIRS o S5 JL\S(}L

yc(m) Q(m*.s™h) m b(m)

\liag! YAIYY VYD Y0 Madera-2

V/VEQ YZIAA VYO \iigd Roza-1

YIYYY ZYITY VYO A7AR% Roza-2

Y/IA-¥ \YV/FA Vb AR East Low

ladized JUB (Sl Gos dmnlrs sl 09290 Lalg) b dmlio )0 Gadond (0l 53 00 &l lulg) (o glas 3llao jud -F Jgur
Table 4. Absolute relative error of the equations proposed in this research compared to existing equations for calculating the
critical depth of the trapezoidal channel

F o E oL D el C o Bl A el Chen  Varandilietal.  Vatankhah Wang alal, pb
) 2 & = & L 02s) 2019) 2013) (1998) UIS ol
VNA < IYAY - VA \/f#7. ofeY </\¥ “[+NY <IYED RN ARAY Madera-2
<IANEA DARIR V/a4y V/Ffa LIARN <IYY . LRR R DAREd o[+YY DARTS Roza-1
<IAFA < /yay VIAOY V/OSY <[+ %0 s/ FA R4 AR </-Y¥ ARRS Roza-2
“JAY - < IYYY VIVOY VIFYD ofeeeyY <[+¥) <[\A DARAS RN ARRE East Low
Bl 03 Lawgie
<INFY AR VNG VIOYY </ F¥ <[+ AY “[\Y AR </-Y¥ ARRS wéb
(ARE)
g8 de abaly ds (pl cpo 0 aS Canl 53w p3Y aisly lis @L@G;M-?

et g (oo sl (3llae ju8 Lawgie (S L E aba,
(2o, <[AAN) Jlade g sl STas Jlade op S
Fabl, oo glhs aSlas jlade bl 1) o Slee oy s
b lhe 195 Laugie bl g alin abaly ol b b5 5
D1 ydew B abayl ) b avglio o F alal, s
L Vatankhah Q013) aka, «pmiony ol Laly, olos 5o
oAl g e [N ply oo sl @l 03 gt
clls Ghmn Bes e (o 1y 0, Slas o yige /439 LIS
Gl ,08 Lasgie L Chen (2025) 5 Wang (1998) Lus, o
Goas, )0 oy NV g /YT il o e gend glas
b Gedos ol )0 goleinday B abaly ainidls J18 a5 pgo
s sla @l )08 hwgio b g Sl (g ) SSaw 02

JU o Gl Ges ansls jslaie 4y (Bl (nl o
— S egobaal 5T (g, sleslitul b (alisee Lails slads o
o lapl o Sles 5 2do 5 ad «il) clie 90 by, 5 2k o
2 S bl peiey GliBe 09390 Ly, b avslie
bdaly) 0d (o 9290 Laly) (2l 5 oz Ll gl 5l
Lls 5 055 L8 oolatul 0y50 (2l gym 1,55 JBlo
wla 3llhae ;08 bwgte Jold obj)l slagasls S5
Al dawlis cd gl 2Slas g SIS e ls (o
LE 9B A Ly, (guios cnl olering Laly) ol 5o

g VY VYV ol o ey e sl 3lae j08 g
9 <124V +/440 ).g‘).g ol e Lg’blf ua>Lw 9 do,0 <[+ YA

slaiyed JUB (S Goe et 50 (srlio 3 Shos ¢ /28]



sl JUK e Sl SRes e

Vatankhah AR, and Easa SM, 2011. Explicit solutions
for critical and normal depths in channels with
different shapes. Flow Measurement and
Instrumentation, 22(1), 43-49, doi.org/10.1016/
j-flowmeasinst. 2010.12.003.

Vatankhah AR, Kouchakzadeh S, 2007. Discussion of
exact equations for critical depth in a trapezoidal
canal. Journal of Irrigation and Drainage
Engineering, 133(5), 508, doi.org/10.1061/
(ASCE)0733-9437 (2007) 133:5 (508).

Wang ZZ, 1998. Formula for calculating critical depth of
trapezoidal open channel. Journal of Hydraulic
Engineering, 124(1), 90-91, doi.org/10.1061/
(ASCE)0733-9429(1998)124:1(90).

Ja;“g) la MLQ.A 5o LsulB)J.ulﬂ o)il.o.c o 0 <[+ YA )J‘).'
oy lid 0g5 51 Chen (2025) alayl,y 0% g oyt yliizo

el slop 8 o) p AT B0 o LS Gubod (pl s
Ly, zleal 4 GLls SS Sl oo (0L, S5 slags

&bw

Akan AO, and Iyer SS, 2021. Open Channel Hydraulics
(2nd edition). Butter worth Heinemann, Oxford.

Arvanaghi H, Mahtabi G, and Rashidi M, 2015. New
solutions for estimation of critical depth in
trapezoidal cross section channel. Journal of
Materials and Environmental Science, 6(9), 2453—
2460.

Chen C, 2025. Novel method for calculating flow depth
in open channels combining the iteration theory and
the curvefitting technique. International Journal of
Agricultural and Biological Engineering, 18(4),
190-194, doi.org/10.25165/j.ijabe.20251804.9037.

Das A, 2007. Flooding probability constrained optimal
design of trapezoidal channels. Journal of Irrigation
and Drainage Engineering, 133(1), 53-60,
doi.org/10.1061/(ASCE)0733-
9437(2007)133:1(53).

Elhakeem M, 2017. Explicit solution for flow depth in
open channels of trapezoidal cross-sectional area:
classic problem of interest. Journal of Irrigation and
Drainage  Engineering, 143(7), 04017011,
doi.org/10.1061/ (ASCE)IR.1943- 4774. 0001179.

French RH, 1987. Open-channel hydraulics. New York:
McGraw-Hill.

Swamee PK, 1993. Critical depth equations for irrigation
canals. Journal of Irrigation and Drainage
Engineering, 119(2), 400-409, doi.org/10.1061/
(ASCE)0733-9437 (1993) 119:2 (400).

Salmasi F. (2020). Critical depth of trapezoidal open
channel using explicit formula and ANN approach.
Iranian Journal of Science and Technology,
Transactions of Civil Engineering, 44 (3): 1023-
1029, doi.org/10.1007/s40996-020-00416-7

Varandili SA, Arvanaghi H, Ghorbani MA, and Yassen
ZM, 2019. A novel and exact analytical model for
determination of critical depth in trapezoidal open
channels. Flow Measurement and Instrumentation,
68, 101575, doi.org/10.1016 /j.flowmeasinst. 2019.
101575.

Vatankhah AR, 2013. Explicit solutions for critical and
normal depths in trapezoidal and parabolic open
channels. Ain Shams Engineering Journal, 4(1), 17—
23, doi.org/10.1016/j.asej.2012.05.002.


https://doi.org/10.25165/j.ijabe.20251804.9037
https://doi.org/10.1061/(ASCE)0733-9437(2007)133:1(53)
https://doi.org/10.1061/(ASCE)0733-9437(2007)133:1(53)
https://doi.org/10.1061/(ASCE)IR.1943-4774.0001179
https://doi.org/10.1061/(ASCE)0733-9437(1993)119:2(400)
https://doi.org/10.1061/(ASCE)0733-9437(1993)119:2(400)
https://doi.org/10.1016/j.flowmeasinst.2019.101575
https://doi.org/10.1016/j.flowmeasinst.2019.101575
https://doi.org/10.1016/j.asej.2012.05.002
https://doi.org/10.1016/j.flowmeasinst.2010.12.003
https://doi.org/10.1016/j.flowmeasinst.2010.12.003
https://doi.org/10.1061/(ASCE)0733-9437(2007)133:5(508)
https://doi.org/10.1061/(ASCE)0733-9437(2007)133:5(508)
https://doi.org/10.1061/(ASCE)0733-9429(1998)124:1(90)
https://doi.org/10.1061/(ASCE)0733-9429(1998)124:1(90)


    𝛼   Q 2   T  c  g   A  c 3 = 1


  φ =     Q m  1 . 5       g  𝛼   b  2 . 5


  φ


  0 ≤ λ =   m   y  c  b ≤ 3


    λ = (   𝜑  − 1 . 4 + 0 . 747   𝜑  − 0 . 84 )  − 0 . 476


  φ =   Q   m  1 . 5       g  𝛼   b  2 . 5


  λ =   ( 1 + 4   𝜑   2 3 ( 1 + 4   𝜑   2 3   ( 1 + 4   𝜑   2 3     ( 1 + 4   𝜑   2 3   ( 1 +                     4   𝜑   2 3 )  0 . 2 )  1 / 6 )  1 / 6 )  1 / 6 )  0 . 5


  λ =   ( 1 + 4   𝜑   2 3   ( 1 + 4   𝜑   2 3 )  0 . 2 )  0 . 5


  λ =   ( 1 + 4   𝜑   2 3   ( 1 + 4   𝜑   2 3   ( 1 + 4   𝜑   2 3 )  0 . 2 )  1 / 6 )  0 . 5


  0 ≤ λ =   m   y  c  b ≤ 3


    6 ×  10  − 6


  0 . 062 ≤ λ =   m   y  c  b < 12


  λ =   ( 1 + 4 . 644   𝜑  2 / 3    ( 1 + 0 . 655   𝜑  0 . 694 )    0 . 374 )  0 . 432


  λ = ( 1 + 4   𝜑   2 3         ( 1 + 4   𝜑   2 3 ( 1 + 4   𝜑   2 3 ( 1 + 4   𝜑   2 3   ( 1 +                     … )  1 / 6 )  1 / 6 )  1 / 6 )  1 / 6 )  0 . 5


  0 . 0008 ≤ λ =   m   y  c  b ≤ 21 . 35


  λ =   ( 1 + 3 . 901   𝜑  2 / 3    ( 1 . 433 + 4 . 084   𝜑  2 / 3 )    0 . 3175 )  0 . 4566


    𝛼   Q 2   T  c  g   A  c 3 = 1


    T  c = b + 2 m   y  c


    A  c =   y  c ( b + m   y  c )


    T  c = b + 2 m   y  c = b ( 1 + 2     m   y  c  b )                    


    A  c =   y  c ( b + m   y  c ) = b   y  c ( 1 +     m   y  c  b )                


  λ =   m   y  c  b


    T  c = b  ( 1 + 2 λ )       a n d           A  c = b   y  c ( 1 + λ )


    𝛼   Q 2 ( 1 + 2 λ )  g   b 2   y  c 3   ( 1 + λ ) 3 = 1


   λ 3 =   (   m   y  c  b ) 3


      y  c 3 = (     b λ  m ) 3


    𝛼   Q 2   m 3 ( 1 + 2 λ )  g   b 5    λ 3 ( 1 + λ ) 3 = 1


  φ =   Q   m  1 . 5       g  𝛼   b  2 . 5


  φ


  λ


    𝜑 2 =    λ 3    ( λ + 1 ) 3  2 λ + 1


   λ 6 + 3  λ 5 + 3  λ 4 +  λ 3 − 2   𝜑 2 λ −   𝜑 2 = 0


  φ


  λ


  λ


  λ


   λ 6 ∝   𝜑   2 ≫ λ ∝   𝜑       1 3      


     λ 5 ∝   𝜑   2 ≫   λ ∝   𝜑       2 5      


     λ 4 ∝   𝜑   2 ≫ λ ∝   𝜑       1 2      


   λ 3 ∝   𝜑   2 ≫ λ ∝   𝜑       2 3


  λ


  λ =   a 1  φ     1 3 +   a 2  φ     2 5 +   a 3  φ     1 2 +   a 4  φ     2 3 +   a 0


  φ


  λ


  φ > 0


  λ =


      a 1  φ      n 1 +   a 2  φ      n 2 +   a 3  φ      n 3 +   a 4  φ      n 4 + … +   a 0


  φ > 0


  λ


    a 0


  λ


  φ > 0


  λ =   ( a 1 +  φ      n 1 ) ×  (   a 2 +  φ      n 2 ) ×  (   a 3 +  φ      n 3 ) ×                      (   a 4 +  φ      n 4 ) + … +   a 0


  b = 2 m h               ی ا               h =   b  2 m


  h   = (   2 𝛼   Q ′ 2  g   m 2 )  1 / 5         ≫         Q ′ =      g  𝛼   b  2 . 5  8   m  1 . 5


    Q  ′ ′ = Q + Q ′


    y  c ′   = (   2 𝛼   Q ′ ′ 2  g   m 2 )  1 / 5


    y  c  ′ ′


      y  c  ′ ′ = y  c ′ − h =   y  c ′ −   b  2 m


      y  c    y  c  ′ ′ = f (     Q  ′ ′  Q )


  φ


  λ


  NSE    ( % ) = 1 −    ∑   | (  λ ∗ −  λ ′ ) |   ∑   | (  λ ∗ −  λ - ) |


  ARE   ( % ) =  |    λ ∗ −  λ ′   λ ∗ | × 100


   λ ∗


   λ -


   λ ′


  λ


  >


  ≥


  φ


  φ


  λ = 8


  φ


  φ


  λ > 0 . 25


  λ > 1 . 5


  λ =     ( 1 + 4   𝜑   2 3 ( 1 + 4   𝜑   2 3   ( 1 + 4   𝜑   2 3 )  0 . 2 )  1 / 6 )  0 . 5


  λ =   ( 1 + 4 . 644   𝜑  2 / 3    ( 1 + 0 . 655   𝜑  0 . 694 )    0 . 374 )  0 . 432


  λ =     ( 1 + 4   𝜑   2 3 ( 1 + 4   𝜑   2 3   ( 1 + 4   𝜑   2 3 )  1 / 6 )  1 / 6 )  0 . 5


  λ =   ( 1 + 3 . 901   𝜑  2 / 3    ( 1 . 433 + 4 . 084   𝜑  2 / 3 )    0 . 3175 )  0 . 4566


  λ = − 2 . 97   1 𝜑     1 3 + 4 . 425   𝜑     2 5 − 0 . 741   𝜑   1 2 + 0 . 056


  λ = 5 . 09   𝜑  0 . 17 − 8 . 87   𝜑  0 . 21 + 4 . 55   𝜑  0 . 31


  λ = − 1 . 029   𝜑  0 . 0971 + 1 . 327   𝜑  0 . 3872 + 0 . 482


  λ =  (   𝜑  0 . 0976 + 0 . 412 )  (   𝜑  0 . 3045 − 1 . 154 ) + 1


  λ =  (   𝜑  0 . 0755 + 0 . 438 )  (   𝜑  0 . 291 − 1 . 136 )  (   𝜑  0 . 027 − 0 . 032 ) + 0 . 975


      y  c    y  c  ′ ′ = 0 . 64 L n  (     Q  ′ ′  Q ) + 1 . 01


  λ > 0 . 25


  λ


  λ


  λ


  φ


  φ


  λ > 1


  φ


  φ


  𝛼 = 1   و     c o s 𝜃 = 1   و       g = 9 . 806   m /   s 2


  b  ( m )


  m


  Q  (   m 3 .   s  − 1 )


   y  c  ( m )

