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Abstract r )

This study presents a novel fractional order dynamical system modeling of disease-mediated predator-prey in-
teractions under climatic stressors. The framework incorporates: (i) temperature dependent growth reduction
(ii) wind modulated predation efficiency (iii) disease mediated predator through a time fractional derivative for-
mulation. We thoroughly examine the qualitative properties, in order to establish sufficient conditions for the
existence, positivity, and uniqueness of solutions. We also look into the quantitative behavior of the system by
analyzing the stability of positive equilibrium points, and derive criteria for both local and global stability. We
conduct comprehensive numerical simulations to verify our theoretical conclusions, showing that analytical results
remain consistent under different parameteric impacts.
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1. INTRODUCTION

A fractional calculus constitutes a paradigm-shifting framework within mathematical biology, offering a sophis-
ticated mathematical formalism that elegantly bridges the gap between the abstract theoretical constructs and the
intricate realities of biological systems. With the rapid evolution of high-performance computational methodologies
and the proliferation of cross-disciplinary research synergies, fractional mathematical biology is emerging as a corner-
stone for groundbreaking advances in mechanistic disease modeling, spatially heterogeneous ecological interactions,
and next-generation biomedical engineering. This developing field promotes a deeper and more comprehensive un-
derstanding of the fundamental mathematical concepts underlying biological processes in addition to improving the
precision of quantitative predictions. Also, fractional calculus allows a nuanced depiction of how organisms and ecosys-
tems respond over time to temperature fluctuations, altered precipitation, and other climatic pressures [9, 20, 24, 25].
This reveals that biological responses to climate stress are rarely instantaneous or linear, often leading to unexpected
shifts in population dynamics, disease spread, and ecosystem stability. These biological responses are effectively regu-
lated by various types of functional mechanisms like Holling type functional responses and others [12, 15, 26, 28]. By
embracing the nonlocal and history-dependent nature of these interactions, fractional models offer deeper insight into
the resilience and vulnerability of biological systems under the relentless influence of a changing climate’s stressors.

Global warming, characterized by rising global temperatures, altered precipitation patterns, and shifting habitat
availability, profoundly reshapes predator-prey dynamics across ecosystems. Reduced prey abundance or diminished
prey body condition, often a consequence of climate extremes can exacerbate food scarcity for predators, leading to
decreased feeding rates and slower predator population growth. In some cases, warming may also reduce ingestion
efficiency in predators, increasing their vulnerability to starvation despite higher metabolic rates. Warming can
suppress prey metabolism and activity, reducing their capacity to evade predation, while also influencing the production
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and transmission of sensory cues that mediate predator-prey interactions. Climate-induced temperature shifts alter
predator functional responses, affecting predation rates, population dynamics, and species sustainability by modifying
predator functional responses [22, 23]. Zimova et al. [33] demonstrated that climate change can restructure predator-
prey interactions, with cascading effects on population stability. Similarly, Post et al. [32] documented the ecological
consequences of predator behavioral responses to global climate change, emphasizing the role of temperature in shaping
trophic dynamics. Laws et al. [15] explains that temperature changes can affect metabolic rates, behavior and
distribution of species, leading to altered food web dynamics. Later on Panja [17] investigates that global warming
negatively affects the growth rate of prey, which in turn influences predator populations. Sekeri [27] modeled climate
variability via fractional derivatives, enabling advanced analytical treatments of ecological stressors in subsequent
studies.

Wind flow exhibits varying patterns and speeds, which can influence a species’ sensory perception and impact its
capacity to recognize predatory signs. The particular predator species involved determines how wind affects predation.
Windy conditions may disrupt the movement of certain organisms, reducing predator efficiency by dislodging, slowing,
or otherwise hindering them. This leads to decreased predation rates, ultimately benefiting prey populations and wind
interference diminishes predator search efficiency, negatively affecting hunting success.. Increased wind flow causes
predators to search less effectively and handle prey for longer periods of time. On the other side, handling time stays
the same when there is no wind. The longer it takes for predators to get prey, the stronger the wind. Extreme
wind conditions can make it impossible for predators to find prey at all. In natural environments, wind speed varies
throughout time instead of staying steady. As a result, wind needs to be represented as a time-dependent variable.
Through the modification of functional responses, Barman et al. [2] investigate how wind can both promote and
prevent predation. The impact of periodically fluctuating wind flow on system stability and bifurcation behavior is
also examined. Panja [19] discovers that depending on how the wind interacts with the behavior of the prey, it can
either stabilize or destabilize the system.

In prey-predator models, disease transmission is typically modeled as a function of direct contact between susceptible
and infected individuals, with the transmission rate depending on the frequency and intensity of such interactions. The
transmission of the disease to susceptible individuals is facilitated through direct contact with infected individuals,
encapsulated by the incidence of transmission term. This process depends on a critical threshold of interaction between
susceptible and infected hosts. Notably, the limited mobility of individuals constrains the frequency of such contacts
within a given time frame, thereby influencing the overall disease dynamics. The disease transmission only in prey
density, only in predator density and in both population density have been studied [4, 7, 10, 11].

Further, Thirthar et al. [30, 31] investigated a model incorporating disease transmission along with global warming,
impact of wind flow, effects of predator hunting, prey fear including global warming. Also, they extended the research in
fractional-order derivatives which established the axiomatic basis of our framework [8, 13, 28, 29]. From the foregoing
investigations, we propose a theoretical framework in which global warming exerts cascading effects on both prey
and predator populations in Caputo’s sense. Specifically, rising temperatures increase predation rates and predator
abundance, thereby intensifying pressure on prey populations. To mitigate this imbalance, disease transmission is
introduced as a compensatory mechanism within the predator population. This dynamic reduces predator numbers,
alleviating predation pressure on the prey. Furthermore, infected predators impaired in their ability to hunt become
dependent on susceptible predators for sustenance.

In this paper, Section 2 deals with the definitions, theorems, and lemmas used throughout the paper and the system
is formulated with some assumptions in Section 3. Also, the existence of well-defined unique solution and that solutions
remains in a non-negative feasible region are investigated. The general stability analysis of the system is discussed in
Section 4. To enhance the above analytical solutions, Section 5 discusses the numerical simulations that impacts the
postulated model.

2. PRELIMINARIES

Some basic definitions and properties of fractional calculus are provided in this section [1, 14, 18-21].
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Definition 2.1. [1, 14] Let g : RT™ — R be a Lebesgue integrable function. The Riemann-Liouville fractional integral
of order n > 0 is defined as

1 t

Pgt) = o [ (6= g,
L'(n) to

and for a sufficiently differentiable function g(¢) and m —1 < n < m, the Caputo fractional order derivative is given

by

- ! _Tmfnfl (m)T .
ol KAl

where I'(n) is the Euler’s Gamma function.

Dig(t) =

Lemma 2.2. [1, 3] Let 0 <1 <1 and p < 0. Then, E,,(pt") and E, ,+1(pt") tend monotonically to zero ast — oo.
Lemma 2.3. [I, 3/Let 0 < n < 1 and |arg(p)| > nn/2. Then, one has t"E, 1 1(4t") =
O (L) , ast— oo.

pZtn

1 1
b T Ta=wmpPt T
Here E, o() is a two parameter family of Mittag-Leffler function [14, 21].
Theorem 2.4. [18, 20] Consider the fractional-order system
D} Pi(t) = g(P),
P;(ty) = P;,, with m € (0,1)and P; € R%,i= (z,y,2).
This equilibrium point P is l.a.s ( locally asymptotically stable) if all the eigenvalues v; of the Jacobian matriz
dg(P . -
J = ga(TZ) satisfy |arg(yy)| > 4.

Theorem 2.5. [19] Assume the function g(t) € RT that implies continuity and differentiability. Then, for any time
t > to,

2 [g(t) —g¢"—g'In g;f)] < (1 — gg(;)> D]g(t),g* € RT,V¥n € (0,1).

3. FORMULATION OF THE SYSTEM

The fractional-order system is postulated under the following assumptions:

(1) Let P,, P, and P, are denoted as the prey, the meso predator, the apex predator respectively. The prey
density P, follows logistic growth with an intrinsic rate r > 0 and carrying capacity k > 0. The impact of
global warming on prey population dynamics is modeled by the term:

1
P)=——,
dj( 1:) 1+ g1 P
where g; > 0 represents the global warming intensity coefficient on prey. The global warming effect exhibits
the following limiting behaviors:
e As g; — 0T, the global warming effect becomes negligible:
lim P.)=1.
g1—0t ’(/}( I)
e As g1 — 00, the global warming effect dominates:
lim ¢(P,) =0.
g1 —o0

i . L . (1492P,) (14+w;) Py P
(2) The mesopredator P, exhibits a functional response, which is nonlinear 7 Th(1+ga P (I tw ) Pe Here, we assume

m , g2 > 0 is the global warming intensity coefficient on predators that quantifies the temperature-
dependent modulation of predator hunting efficiency. We examine the limiting behavior of the system under
two extreme climatic scenarios:

an
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e As go — 0T, the functional response reduces to classical Beddington-DeAngelis form:
(1 + wf)PxPy
1+h(l+wyp)P,’
where predation remains strictly prey-limited, it reduces to standard predator-prey dynamics with baseline

hunting efficiency (1 + wy), unaffected by warming-induced changes in predation.
e As gy — 00, the predation dynamics exhibit saturation behavior:

F(Py, Py) —

F(Py, Py) — %,
where the prey population density loses its dependence on predator abundance, and predator population
growth approaches a maximum rate constrained solely by the handling time h.
(3) &(wy) = 1+ wy is the wind flow dependent on the handling time (h) of the prey density with the following
hypothetical assumptions:
e £(0) = 1, no wind implies no change in handling time.
e &(wy) > 0 for all wy > 0, handling time increases with wind speed.
gfj_%z that represents the transmission of disease to the
meso predator. The disease transmission rate is denoted by J.

(5) We also denote that m; and mg are the fatality rate of the meso and the apex predators respectively.

(4) The apex predator P, exhibits functional response

By the above-mentioned assumptions, the system of Caputo fractional differential equations that modeled the temporal
evolution of the prey-predator system is given by:
Dp. — rP, ( _PI> B (14 g2Py) (1 +wy) P, P,
T 14 g1 P, k 1+h(1+g2P,) (14 wys) P’
(14 g2P)) (1 4+ wy) Py Py, 0P, P,

D'P, = - A e, 3.1

YT+ h(1+gP) (A fw) P, Pyt P Y (8:1)
0P, P.

DJP, = 2V _pp,

t Py"'Pz mol7,

with the prerequisites of the system (3.1) of order € (0, 1):
P,(to) = Py, >0, Py(to) =Py, >0, P.(ty) =P, >0. (3.2)
Define X = {(P,, Py, P.) € R3 : max(|P;|,|P,|,|P:|) < N} for some N > 0.
3.1. Existence of a unique well-defined solution.

Theorem 3.1. Given an arbitrary non-negative prerequisites of the sytem (3.1), determines a unique solution Y (t) €
N, Vt > to.

Proof. Given that an appropriate prerequisites in the region X x (tg,T], T < co. Let us consider the solutions of the
system be Y = (P,, Py, P,) and Y = (P,, Py, P.). Let P(Y) = (P (Y), P»(Y), P3(Y')) and

P (Y) = B (1 _ Pw) (4 g2Py) (1 +wy) PPy
1+ ¢,P,)(1 P2P, 5p2p?
PQ(Y): ( +92 y)( +wf) x y2_ 2y 2_m1Py’
1+h(1+ggpy)(1—|—wf)Pw Py +Pz
5P, P,
P(Y) = ﬁ —moP,.
Y z

For any Y, Y € N, we have
IP(Y) = P(YV)|| = [Pi(Y) = PL(Y)| + [P2(Y) = Po(Y)| + [P3(Y) — Ps(Y)|

(=)=
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rPy (1_5)_ (1+g2P)(A+wp)PePy 7P 1_&
1+ g P, k L+h(1+gP)1+w)P: 1+ gP, k
(1+92py)(1+wf)]5wpy
14+ h(1+4 g2P)(1 +wy) Py

(14 g2Py)(1 4+ wys)P.Py B 6P, P,
T+ h(1+g:P)(1+ws)P, Py, + P

—m1Py — L+ g2Py)(1A+ wf)PZPyA + isp PA 15 + 6P7P —maP, — ?PyPZA + m2pz
1+ h(l+gP)1+ws)P, P, +P, Py + P; P, + P
<|r. Pw_pz _ i. p,* — PEQ _ (1+g2Py)(1 4+ wy) PPy
(14 g1 P)(14 g1 Py) E'(1+g1P:) k(14 giPy) 1+ h(1+ g2Py)(1+ ws) P
_ (1+92Py)({+wf)PxPyA _5 PP APszA - (m1Py —M1]5y)
14+ h(1+4 g2P,)(1 +w;) Py P,+P. p,+P,

(14 g2Py)(1 +wy) P Py (1+92Py)(1+wf)pp
L+h(1+g2P)(1+ws)Pe 14 h(1+ goP,)(1 4+ wy) Py

+

P,P. P,P. 5
) Y — = Y ~ - (m2Pz_m2Pz)
Py+PZ Py+ z

< Pl‘*pz . z(PT2_pr2)+gl(ﬁzP12_Pz‘ﬁ12)
k.
1

_— T' A ~
A+ g P)(1+ g1 Px) 14+ g1 P)(1 + g1 Px)

T (L h(1+ g2P) (1 +ws)Po) (14 h(1 + g2B,) (1 + wy) Py) {(1 + )Pl +g2Pa) (P = Po)

+ (1 +wy) (Pz(l +h(1+ ga(Py + P,)) + h(1 + g2 Py)(1 4 g2P,) (1 + wf)PIPI> (P, — Py)} ‘

1
(14 h(1+ g2P,) (1 +ws)Po) (1 + h(L+4 g2BPy) (1 + wy) Pr)

[(1 w) Bl + 2Po) (P — Pu)

+ (1 +wy) (Px(l +h(1+ g2(Py + Py)) + h(1 + g2P,) (1 + g2 P,) (1 + wf)PxF’m> (P, — 1%)}

- 5(Py15y(Pz —P.)—P.P.(P,~ Py)) —mi(P, — P,)| + 5(Py15y(Pz - P.)

< (r(1 42N+ g1N?) + (1 + ws) (1 + g2 N)N)|P; — Py
+ (1 +ws)((1+22N)N + k(1 + g2N)>N?)|P, — P,|
+ (1 +ws)(1+ g2N)N)|Py — Py
4+ ((1 4+ 2g2N)N + h(1 + g2 N)>N? + §N? + 26N + m)|P, — B, |
+ 6N?|P. — P.| + (6N® + m2)|P. — P.| + 6N?|P, — P,
< (r(14 2N 4+ g1N?) + 2N (1 + w;)(1 + gaN))|Pr — Pu|
+2((1 4 2g2N)N + h(1 + g2N)>N? + m1)|P, — Py| + (26N? + my)|P. — P.|
< Mi|P, — Py| + Ma|P, — P,| + Ms|P. — P.|,

where, My = r(1 + 2N + g1N?) + 2N (1 + wy)(1 + gaN), My = 2((1 4+ 2g2N)N + h(1 + g2N)?>N? 4+ m,), and
Msz = 20N? + my. By assuming M > 0, M = max{M,, My, M3}, resulting in |[P(Y) — P(Y)|| < M|]Y — Y. Thus,
the sytem (3.1) determines a unique solution Y (¢) and P(Y) fulfills the Lipschitz condition. O
(&)
ENE
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3.2. Existence of non-negative and confined solutions.

Theorem 3.2. A solution of the system (3.1) that starts from (Py,, Py, Ps,) € R lies non negative within the feasible

region .
Proof. The following function is considered as
P,(t) = Py(t) + P,(t) + P.(t).
Taking Caputo’s derivative on both sides, resulting in

D] P,(t) = D] P,(t) + D] P,(t) + D] P,(t)
rP, ( Pz> (A +goPy)(1 +wy) P Py

1+ 9P k 1+ n(1+g2Py)(1 +wy)Py
1 P,)(1 P.P, 0P, P, oP,P,
(1+g2P,)(1 4+ wy) y Y P y — myP
1+h(l+g2Py)14+wy)P, Py+ P, P,+ P,
rP, P,
= — 17 -5 - P - P .
1 +91Pw < k > m Y et

For each p > 0, implies that

rP.
D}P,(t P,t)=—5—1(1—
DP(1) + pPu(t) Hglpx(

rP,
<— (1= P, — —p)P, — —p)P,
1+ g P ( > T N

<TP“’<1— +)
71+91Px P

where p < min{r, m;, ma}. Considering that h(P,) =
) _ rk(14p)>
i

) —mi P, —moP,+ p(Py + Py + F,)

1+g yan (1 — L= + p), then the maximum of h(P;) at P,

is max h(P, . Thus, from the previous equation, implies that

k(1 2
DPPu(t) + pPu(t) < %ﬂ
Let P,(0) = P,, be the initial condition, by comparison principle [19, 21]

r 2 s
Pult) <PuyBy(pt?) 4 R [ sttt = 5)7)ds

k(l—l—p)/ . it — s)m)
=Py B, (—pt") + —— 2 )1~ Ej d
0 TI( p )+ 4 ,”7_|_77 S

rh(1+p)? <= (—p)° ° (i+1)—1
=Py By (i) + Zw ; / (t - 5)10+D-1 s

k(1 + p)?
=Py Ey(—pt") + Z T( “7 +

=Py, Ey(—pt") + f’anan(*Pt”)

k(1+p)
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Applying Lemma (2.2),

. 21 1 1
Banl-t") == 3 5y e+ ()

ot
I'(=p) (=p)*t2n
Then, from applying Lemma (2.3),

1 1 1
1By (—ptT) = = +0( )
na o) = ST (—p)3t2n
1
=— ast— oo.
P

Hence, it is obtained that,
1 2
4
Consequently, the solutions of the system (3.1) in R} stays constrained in the feasible region that is non negatively
variant

Py(t

k(1 2
® = {(P;, Py, P.) € RS : Py(t) = m +¢€,€ > 0}.

4. GENERAL STABILITY ANALYSIS OF THE SYSTEM

In this section, we examine the positive equilibrium points, the local and global stability behavior of the equilibrium
points of the given fractional-order system.

4.1. Local stability of the system. All the feasible equilibrium points of the given system (3.1) is obtained by the
roots of the following equations:

TPy <1 B Pz> A+ geP)(A+w)Pb,
1+ g1 P, 14+ h(1+ g2Py)(1 +wy)Py ’

k
(14 g2P))(1+wy) P Py PP,

— —mi P, =0, 4.1
1+h(1+g:P,)(1+ws)Py  Py+ P, 1ty (4.1)
5P, P,
SV E iy P, = 0.
Py+PZ mo 0

The biologically viable equilibrium points of the system (3.1) are:
(1) The trivial equilibrium point 2(0,0,0) = (0,0, 0) exists, where the population densities approaches to extinc-
tion state.
(2) The only prey population equilibrium point Q(FP,,0,0) = (k,0,0) exists, where the meso and apex predators
vanishes.
(3) The no apex predator equilibrium point Q(P,, Py,0) = (Py,, Py,,0), exists if 0 < mih < 1 where P,, =
and P, can be obtained by the cubic equation as follows:

(95 Py (At w ) (T= )
3 2 _

aP3 +bP2 +cP,, +d =0,

where,

a=gs(1+ws)(l—mih), b=2g(1+ws)(l—mih)+ gigoam,

rgo(1 +wp)(t —mah) (A +wp)(d —mih)k —m)
1—mih ’ k(1 —mih)?(1 + wy)

c=(1+ws)(l—mih)+ gm —
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(1—mih)(1+wy)+gim
g2(14wy)

and if d < 0, i.e, (1 4+ wys)(1 — mih)k > m;i. Hence, applying the Descartes’ Rule of Signs, the no apex

(A—mih)(1+wy)+gi1ma

g2(1+wy)

where we can see that a,b > 0 and the cubic equation has a positive root if ¢ < 0, i.e, r >

predator equilibrium point Q(FP,, P,,0) exists under the following conditions r > and

(1 + U)f)(]. — mlh)k >my.
(4) The coexistence equilibrium point Q(Py, Py, P.) = (Py, Py, P}) exists if h(d —mg +m1) < 1 where P; =

z
d—mo+my
(1+92Py*)(1+wf)(1—h(5—m2+m1)) ’

and P is obtained from the quadratic equation:

a1P}* + b1 P} +c1 =0,
where,
a1 = g2 (1 +wg)(1 = (6 —ma2 +m1)) + g1(6 — ma +m1))
b1 = (1 + ’(Uf)(l — h(5 — Mo + ml)) +gl(6 — M2 + ml) —Trga,
o r(0 —mg + mq) .
TR wp) (A =R —ma+my))
we know that a; > 0, applying Descarte’s Rule of Signs, the positive root exists if b; < 0 and ¢; < 0, i.e,
P* o —b1 — \/b% — 4a101
=

20,1

and if § > mgy where P} = MP;.

ma
The Jacobian matrix J(2(Py, Py, P.)) of the fractional-order system (3.1) for the equilibrium point Q(Py, Py, P.) =
(P137 Pya Pz)

P11 P12 P13
J(QPy, Py, P,)) = |p21 P22 P23l (4.2)
P31 P32 P33
where,
B r ( Px(2+glpz)> 4 (I+g2P))(1+wy)Py
RV NE k B+ A1+ g2Py) (1 + wp) P

s — (L+wy) [1+292P, + h(14g2Py)* (1 + wy) P, p1a =0
1+ h(14 g2Py)(1+ ’LUf)PgE]2 7 ’

(14 92Py) (1 + wy) By

Pp21 = )
[1+h(1+ g2P,)(1 +ws) Pa”
by — (1 +wy) [1+2g2Py + h(1 + g2P,)>(1 +wy) P §P? o
22 = - L
(14 h(T 4 g2Py) (1 + wp) Pa]” (Py+ P.)?
P2 SP? P2
= —73} = O = — _z = 7?! — = 0.
P23 (P, + P.)2 P31 » P32 (P, + P.)2’ P33 (P, + P.)2 ma

Theorem 4.1. The unstable trivial equilibrium point €2(0,0,0) = (0,0,0) of a system (3.1) exists.
Proof. The Jacobian matrix J(£2(0,0,0)) at the equilibrium point £2(0,0,0) = (0,0,0) is

T 0 0
J(Q0,0,00) = {0 —m; 0
0 0 —TMMa

The characteristic equation of the Jacobian matrix J(€(0,0,0)) is

(r—¢1)(=m1 — ¢2)(—m2 — ¢3) = 0. (4.3)
an
BE
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Hence, ¢1 = r(> 0), ¢2 = —m1(< 0) and ¢3 = —ma(< 0) are the eigen values of €(0,0,0). Then, |arg ¢1] =0 <

ng,larg ¢2| =7 >3, |arg ¢3| = ™ > n7. By Theorem 2.4, the unstable trivial equilibrium exists. a
Theorem 4.2. The only prey equilibrium point Q(P,,0,0) = (k,0,0) is locally asymptotically stable if % <
ma.
Proof. The Jacobian matrix J(£2(P;,0,0)) at the equilibrium point Q(FP,,0,0) = (k,0,0) is
__r o 1twy 0
T+gik TR0k
JQUP0,0) =1 0 soarer—m 0 | (4.4)
0 0 —Ma
The Jacobian matrix JQ(P,,0,0) consists of the characteristic equation
r 14wy
- - S A S —mg — ¢3) = 0. 45

( 15 g1k ¢1> <1+h(1+wf)k my ¢2>( ma — ¢3) (4.5)

Hence, ¢1 = —755(< 0), ¢2 = H,}({% —my(< 0) and ¢3 = —may(< 0) are the eigenvalues of Q(FP,,0,0).

Then, |argp:| = © > nf,largde| = © > n3,largps| = © > n5. By Theorem 2.4, the only prey equilibrium

Q(P,,0,0) = (k,0,0) is locally asymptotically stable if m < mj. |

Theorem 4.3. The no apex predator equilibrium Q(Py, Py,0) = (Py,, Py,,0) 4s locally asymptotically stable if 6 < ma,
as < 0 and by > 0.
Proof. The Jacobian matrix J(Q(P,, P,,0)) at the equilibrium point Q(P;, P, 0) = (P,,, Py,,0) is

P11 P12 0
J(Q(PQJ,Py,O)) = P21 D22 ) s
0 0 o — mo

where

pi= e <1 - Pm<2+91Pm>> L (+92P) (4 wp)Py,

(14 g1Py,)? k [T+ h(1+g2P, ) (1 +wp) Py, )
s — (14 wy) [14292Py, +h(1+g2P,,)%(1 ;r wy) Py, ] |

[1+h(1 4 g2P,) (14 ws) Py, ]

- (L4 92Py,) (1 +wy)Py, y

[1+h(L+ g2 Py, ) (L+ wy) Py, ]
Das (1 +wy) [1 4292y, +h(1+g2Py )*(1+wy)Puy] s

[1+h(L+ g2 Py, ) (1 +wy) Py, ]?

The characteristic equation exhibits from the Jacobian matrix J(Q(P;, P,,0)) is given as

(6 = ma2— 1) (6° — azd +b2) = 0. (4.6)

It is clear that ¢; = 0 —ma(< 0) if § < my, thus we get |argg:| = 7 > n75. Then, the other roots ¢o 3 is given by the
equation (¢? — agp + bg) = 0, then

a9 + \/ag — 4b2
¢2,3 = fa

where as = p11 + p22 < 0 and b = p11p22 — p12p21 > 0. Hence, under the following conditions if § < ms, as < 0 and
by > 0, the no apex predator equilibrium Q(P,, P, 0) = (P,,, Py, ,0) is locally asymptotically stable.
a

Theorem 4.4. The coexistence equilibrium point Py, Py, P,) = (P, Py, P}) is locally asymptotically stable.
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Proof. The equilibrium point Q(P;, Py, P,) = (Py, Py, P}) is consists of the Jacobian matrix J(Q(Py, P, P.)):
J(Q(PCEvavPZ)) = [pij}SXSv (47)

consists of entries as same as in the matrix (4.2). The corresponding characteristic equation ¥ of the Jacobian matrix
J(QUPy, Py, P,)) is

¢} + V13 + Vags + Vs =0, (4.8)
where

Vi = —(p11 + pa2 + p33),

Vo = paapas + p11(p22 + p33) — (P12p21 + p23ps2),

V3 = p32(p11pes — p13ba1) + p33(p12p21 — p11p2z)-
Consequently, the coexistence equilibrium point Q(Py, P, P.) = (Py, P;, P}) is locally aysmptotically stable if at least
one of the following conditions is true:

e If D(¥) >0,V >0,V3>0and V1V, — V3 >0, for np € (0,1).

o IED(W) <0,V; >0,Vo>0,and Vs >0,0< 17 < 2/3.
. IfD(\I/)<0,V1>O,V2>O, and V1 Vo = V3, for 0 <np < 1.

4.2. Existence of a Hopf bifurcation.

Theorem 4.5. Let Q* is an equilibrium point of the system (3.1), reaches a Hopf bifurcation at the equilibrium point
OF with respect to the parameter v(n, g1, g2, wys,d) at v =v*(n*, g7, 953, wy 0%), if it satisfies the following:

(1) The Jacobian matriz J(UPy, Py, P.)) of the system (3.1) at the equilibrium point Q* has a pair of eigen
values which is a complex conjugate ¢12 = v £ iw, at v(n,g1,92,ws,0) = v*(n*, 97, g5, w},0%) it becomes
purely imaginary.

(2) m(y*(n*agik7g§7w}a 5*)) = V*(n*agf7g;7w;a 6*)12[ - minlSiSQ ‘G/ng)il =0.
dm(v(n,91,92,w¢,5))

(3) . g;ug2 ! ‘V(mgl,gz,wf,ti)fr/*(n*,giﬁg;,w}ﬁ*) 7 0.

Proof. Given the Jacobian matrix of system (3.1) at Q* yields the characteristic equation ¢3 + V;(v)¢? + Va(v)¢ +
V3(v) = 0, where Vi, V5, V5 are smooth functions on v. Let the eigenvalues be ¢1(v) = v(v) + iw(v), ¢2(v) =
y(v) —iw(v), ¢3(r) € R™. Define the bifurcation function m(v) = ¢ — min;<;<3 | arg(¢;(v))|. Since ¢3 is real and
negative, |arg(¢s)| = m > nm/2. Thus m(v) = ¢ — |arg(¢1(v))|. Condition (2) of the theorem, m(v*) = 0, is
equivalent to

. nm w(v”) (mr)
=1 =t ). 4.
|arg(¢1 (v™))] 3 = ~0) an 5 (4.9)
For n € (0,1), this implies v(#*) > 0. Now, it is needed to show that as v crosses v*, the function m(v) changes sign
with nonzero slope. Let 0(v) = |arg(¢1(v))| = tan™!(w(v)/v(v)). Then % = 1+($/7)2 - 257, where o' = dy/dv,

W' =dw/dv. Using (4.9) at v = v*, we have w/vy = tan(nm/2), so 1 + (w/v)? = 1/ cos®(nm/2). Therefore

de 9 (777'(') yw' —wy
——| =—cos’|—) ——
dv 2 2

dm
dv

(4.10)

v* v* v*

Thus, transversality (‘Z—T # 0 at v*) is equivalent to

() () = (W (") # 0, (4.11)

Now, substitute ¢ = v + iw into (4.8) and separate real and imaginary parts:

AWw) =73 =3w? + Vi(y? —w?) + Voy + V3 =0, (4.12)
B(v) = 3v*w — w3 + 2Viqw + Vow = 0. )
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Differentiate A and B with respect to v at v*: % = &1y — Do + &3 =0, ‘fi—f = P9y + P10’ + &4 = 0, where
®; =372 —3w? +2Viy+ Vo, @y = 6yw+2Viw, 3 = (V2 — )V +V+ VY, &4 = 2ywV/ +wVy. From the second
equation of (4.12) we note that at v*, 3y2 —w? +2V;v + Vo = 0, hence ®;(v*) = 0. With ®; = 0, solving for 4" and w’

gives v/ (v*) = %7 W' (v*) = —%g. Substituting these into (4.11) yields yw'—w~' = ’y(—%z) —w %) = —%-

Thus the transversality condition (4.11) becomes
(W) P3(v*) + w(v*) Dy (v*) # 0. (4.13)

Therefore, the system (3.1) undergoes a Hopf bifurcation at the equilibrium Q* as the parameter v crosses the critical
value v*. The numerical results in Section 5 confirm that the bifurcation is supercritical, leading to the emergence of
stable limit cycles. Figures 3, 6, 9, 12, and 15 demonstrate that as v passes through v*, the complex eigenvalues cross
the stability boundary |arg(¢)| = nr/2. O

4.3. Global stability of the system.

Theorem 4.6. The coezistence equilibrium point Q(P,, Py, P.) = (Py, Py, P}) is globally asymptotically stable.

z

Proof. Let us define a function,

* * Pw k * PZ/ k * PZ
X(PQJ7Py)Pz>: (Pw_Pa; _Pwln_P::> +ﬁl (P'U_P’l/ —PylnP;> +52 (PZ_Pz _Pz lnpz*>,
where, a continuous function x > 0 for all values of (Py, Py, P,) # (P;, Py, P;) and x = 0 only at (Py, Py, P;) and
51 > 0,35 > 0 implies that

P, - P;

P, P; P, - P
DI PP = (B2 ) im0 (D2 ) im0 (B 5 ) i)

y P,
_ (PI P;) rP, (1 - P$) (14 6P,)( +uw)P,P,
- P, 1+ ¢ Py k 1+h(1+g2Py)(1 4+ wy)Py
B <Py - P;) (1+g2P)(A +wp) PPy 6P,P,
P, ) 1+h(1+g:P)(I+ws)Py P, + P

P, —Pf\ 6P,P,
z _ Pz
+ o ( P ) P, + P, M

. r Py (1+g2P)(1 +wy)P,
<P -P)[——r(1=-22) -
=( )(l—kgle < k > 1+h(1+ggPy)(1+wf)Pw
. <1 ) p_) (1L+2P))(1+wp)P; )

mle

1+ g P k 1+ h(1+ g2 Py) (1 +wy) Py
* (1+92Py)(1+wf)Pw 0P,
+6,(P,—P -
OB~ Fy) <1+h(1+92Py)(1+wf)Pz Py + P,
(4P 4 wp) Py OP; >
1+h(1+92P;)(1+wf)P;‘ P; +PZ*
P, 5P
Pz _ P* Yy _ Yy
+ B2 ( Z><Py+Pz P;+P;)
< (P, PY) [—r(glk + (P = Py) (4w (B, — Py)
- r ® k(1+glpx)(1+g1P;) 7172
Cg2(L+wp) (Py+ ) (Py = Py)  h(1+g2P)(1+ g2P))(1 + wy)*Po(Py — P)*
172 172
[P+ 9P+ 92Py) (1 + wp)2Py (P, — Py)] }
r1T2
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— px 1+ P*(P, — P*
—l—(Py—P;) [(1+92Py)(1+wf)(Pw Px)+g2( wf) z( y y)
rir2 T172
Pi6P(Py —Py)  BidP, (P, — P;) 3 m}
(Py+P.)(Py+P;)  (Py+P)(Py+Pr) "
* ﬂQéPy(Pz*PZ*) 626PZ(PZJ7P;) :|
+ (P, —FP])| — —
( ){ B+ PP + P T (B BBy + P T
<-[flriE B [h(l+g2Py><1+92P;><1+wf>2Py<Pz—P:)]} (P P2y
k(1+glpI)(1+g1P;) T1T2 z z
[B192(1 + wy) Py B1OP, ] 2
P,—P
* rir2 (Py+Pz)(P;+Pz*) ( . y)
I h(1+ g2Py)(1 4+ g2PF)(1 + wy)? P,
_ Q) | [F 0Pt 021 ) J]](Px—P;)(Py_P;)
T1ir2 r1ir2
[ 0P P, — 051 Py " "
— P,— P (P, — P
@, + Py + Py | ) )
— ml(Py — P;) —mg(P, — P)
< _[ r(gik +1)(Py — Pr)  [M1+g2P)(1 + g2 Py)(1 +ws)>Py (P, — Py)]
k(1 +g1P:)(1 + g1 Py) r172
2 T1T2 r1Tr2
3 |:1(1+wf) n [h(l+92Py)(1+92pgj)(1+wf)2py} 1 0BeP, — b1y
2 r17T2 r1ro 2(Py+PZ)(P;+PZ*)
1 P* 1 P*
4 B1ga( T—i— wy) P} ] (P, — P, — [5192( + wy) ;v:|(PZ _ Py
172 r1ir2

Since the feasible region ® C Ri is compact. By Theorem 3.2 it is positively invariant with respect to system (3.1), and
the Lyapunov function x(Py, Py, P;) is continuously differentiable on ®, we have established that D} x(Py, Py, P,) <
0 V(Py, Py, P;) € ®, with equality holding if and only if (P, P, P.) = (P;, Py, P;) = £*. Define the set S =
{(Py, Py, P.) € ®:°D]}x(Py, Py, P.) =0} = {£*}. Since £* is itself an equilibrium point, it is invariant. Hence, the
largest invariant set contained in S is M = {£*}. By the fractional LaSalle invariance principle [16], every solution
of system (3.1) initiating in ® converges to M as t — co. That is: limy o (P:(t), P,(t), P-(t)) = (P}, Py, P;). It is
concluded that the coexistence equilibrium £* = (Py, Py, P}) is globally asymptotically stable in the feasible region

®. Therefore The coexistence equilibrium £* is globally asymptotically stable in ®. |

5. NUMERICAL SIMULATIONS

Numerical simulations allow researchers to investigate the system’s behavior under different situations when
analytical solutions are impractical due to the inherent nonlinearities provided by fractional-order derivatives. In this
section, a numerical method is approached to evaluate the theoretical results of our fractional-order model, which
includes disease-mediated predator-prey interactions under climatic stressors. The simulations are carried out in
MATLAB, using the Fractional Linear Multi-Step Method (FLMM) via the FLMM?2 toolbox; specifically, a predictor-
corrector scheme is used to estimate the accurate, stable solutions to the Caputo fractional differential equations
[5, 6]. Parameter values were chosen for numerical illustration within biologically plausible ranges, consistent with
prior fractional ecological models [2, 9, 17, 26, 27]. These simulations reveal nonlinear phenomena such as supercritical
Hopf bifurcations, where minimal parameter changes result in substantial dynamical shifts, in addition to validating
our analytical stability criteria.
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FI1GURE 1. The solutions showing the time series plot for the numerical simulations of the system
(3.1) for varying the n =[0.8,0.9,0.95,0.98,0.99, 1].

=095

n=0.98 7 =0.99 n=1

FIGURE 2. The solutions showing the phase portrait plot for the numerical simulations of the system
(3.1) for varying the n = [0.8,0.9,0.95,0.98,0.99, 1].

5.1. Impact of fractional order 7. Here, we conduct numerical simulations to validate the impact of the fractional
order by varying its parameter value . Choosing it as a bifurcation parameter, we observe its influence on the system’s
stability. The parameter values used are: r =5, k = 3, g1 = 0.5, go» = 0.5, wy = 1.5, h = 0.3, 6 = 1.5, my = 0.5,
mgy = 0.6, with a step size of h = 276. The fractional order parameter is varied as n = [0.8,0.9,0.95,0.98,0.99, 1], with
initial conditions (P, Py,, P,) = (0.5,0.4,0.3), the stability behavior is then analyzed. Figure 1 shows a time series
plot, illustrating that as the fractional parameter n increases, the system transitions gradually from a stable to an
unstable state. This transition occurs due to a Hopf bifurcation, where increasing values of a parameter n destabilize
the previously stable equilibrium. Figure 2 presents the corresponding phase portraits, confirming that the bifurcation
direction is supercritical (forward). Consequently, increasing 1 induces a shift from stability to instability, potentially
reducing predation efficiency and causing a decline in population density. This demonstrates that the system (3.1) is
locally asymptotically stable for lower values of 7. In Figure 3, by Theorem 4.5, varying the parameter value with
respect to 1, the hopf bifurcation point occurs at the equilibrium point, [0.584,1.301, 1.946] showing a supercritical
Hopf bifurcation shifting from stability to instability.
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FI1GURE 4. The solutions showing the time series plot for the numerical simulations of the system
(3.1) for varying the g1 = [0,0.05,0.1,0.4,0.5,0.6].

5.2. Impact of global warming ¢g; on prey density P,. We conduct numerical simulations to validate the impact
of global warming ¢g; on prey density by P, varying its parameter value. Choosing it as a bifurcation parameter,
we observe its influence on the system’s stability. The parameter values used are: n = 0.9, r =5, k = 3, g5 = 0.5,
wy =15, h =03, § = 1.5, m; = 0.5, my = 0.6, with a step size of h = 27%. The global warming parameter P,
is varied as g1 = [0,0.05,0.1,0.4,0.5, 0.6], with initial conditions (Py,, Py,, P:,) = (0.5,0.4,0.3), the stability behavior
is then analyzed. Figure 4 reveals distinct behavioral regimes: for g; € [0, 0. 4] the population densities P, (t), Py(t),
and P, (t) exhibit a stable limit cycle because of persistent oscillatory dynamics. As g; approaches 0.5, the intensity
of limit cycle oscillations decreases, leading the bifurcation to occur. When it g; reaches 0.6, the convergence of all
trajectories to constant equilibrium values signifies the onset of a stable steady state. In Figure 5, for g; < 0.5, the
trajectories form closed periodic orbits, showing a limit cycle. Beyond the critical threshold g; > 0.6, these orbits
decreases to a stable point, reflecting the system’s stabilization. This change in dynamics qualitatively resembles a
supercritical Hopf bifurcation, in which the system undergoes a smooth transition from cyclic behavior to a steady state
as g1 increases. Higher values of g lead to damping of the oscillatory behavior, with the system evolving toward an
asymptotically stable state. This parameter-dependent bifurcation suggests that prey populations may transition from
small-amplitude periodic oscillations to steady-state equilibria in response to environmental or biological constraints.
In Figure 6, by Theorem 4.5, varying the parameter value with respect to g1, the Hopf bifurcation point occurs at the
equilibrium point [0.584,1.301, 1.946] showing a supercritical Hopf bifurcation shifting from instability to stability.
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FIGURE 5. The solutions showing the phase portrait plot for the numerical simulations of the system
(3.1) for varying the g1 = [0,0.05,0.1,0.4,0.5,0.6].

FIGURE 6. Bifurcation diagram ofthe system (3.1) with respect to g;.

5.3. Impact of global warming g, on the meso predator density P,. We conduct numerical simulations to
validate the impact of the global warming parameter g on the meso predator density P, by varying its parameter
value. Choosing gs as a bifurcation parameter, we observe its influence on the system’s stability. The parameter
values used are: n =09, r =5,k =3, g1 =05, wy =15, h =03, § = 1.5 m; = 0.5, my = 0.6, with a step
size of h = 276, The global warming parameter on P, is varied as go = [0.3,0.5,0.7,0.9, 1, 2]. With initial conditions
(Pyys Pyy, Psy) = (0.5,0.4,0.3), the system’s stability behavior is analysed. In Figure 7, for 0.3 < go < 0.5, the
system exhibits damped oscillatory behavior and approaches an asymptotically stable equilibrium state. However, for
g2 > 0.7, above a critical value, the trajectories become persistent limit cycles, with the size of oscillations being a
monotonically increasing function of go. This qualitative change, along with the appearance of non-decaying periodic
solutions, confirms the presence of a supercritical Hopf bifurcation. In Figure 8, at lower values of go, the phase
portraits exhibit inward spiraling trajectories, indicating damped oscillations where the system gradually settles into
a stable fixed point. However, as go approaches and exceeds approximately 0.7, the trajectories evolve into closed
loops, marking the emergence of sustained periodic oscillations. This transition suggests the onset of a supercritical
Hopf bifurcation, where the system loses stability at the fixed point and gives rise to a stable limit cycle. Beyond this
threshold, particularly for go = 0.9,1, and 2, the closed trajectories become well-defined and persistent, confirming
that the system has entered a regime of undamped, self-sustained oscillations. Thus, the figure clearly demonstrates
how varying g, governs the shift from equilibrium dynamics to continuous oscillatory behavior. In Figure 9, by
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FI1GURE 7. The solutions showing the time series plot for the numerical simulations of our system
(3.1) for varying the go =[0.3,0.5,0.7,0.9, 1, 2].
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FI1GURE 8. The solutions showing the phase portrait plot for the numerical simulations of the system
(3.1) for varying the go = [0.3,0.5,0.7,0.9,1, 2].

FIGURE 9. Bifurcation diagram of the system (3.1) with respect to gs.
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F1GURE 10. The solutions showing the time series plot for the numerical simulations of the system
(3.1) for varying the wy = [0.01,0.5,1.0, 1.5, 2.0, 2.5].

w, =0.01 w, =0.5 w, =1

T x 1202 ) xosome 2 Xo70se13
2 Y 1.58721 2 Y 1.55404 Y 1.42403
o z 237536 15 z 232573 15 - z 213123

o5

FI1GURE 11. The solutions showing the phase portrait plot for the numerical simulations of the system
(3.1) for varying the wy = [0.01,0.5,1.0,1.5,2.0,2.5].

Theorem 4.5, varying the parameter value with respect to go, the hopf bifurcation point occurs at the equilibrium
point [0.584,1.301, 1.946] showing a supercritical Hopf bifurcation shifting from instability to stability.

5.4. Impact of wind flow wy on the meso predator density P,.  We conduct numerical simulations to validate
the impact of the wind flow w; on the meso predator density P, varying its parameter value. Choosing it as a
bifurcation parameter, we observe its influence on the system’s stability. The parameter values used are: n = 0.9,
r=5%k=3 g =05 g0 =05 h=03 =15 m; =05 my = 0.6, with a step size of h = 276. The
windflow parameter is varied as wy = [0.01,0.5,1.0,1.5,2.0,2.5], with initial conditions (Py,, Py,, P:,) = (0.5,0.4,0.3),
the stability behavior is then analysed. In Figure 10, for smaller values of wy from 0.01 to 1, the system shows damped
oscillations, which progressively converge to a asymptotic steady-state equilibrium. We see a qualitative change as
wy rises to 1.5, the oscillations keep happening with a constant amplitude instead of decaying, indicating the onset
of limit cycle behavior. In the dynamics of the system, this represents a bifurcation point. The system settles into
persistent, regular periodic oscillations for even higher values wy = 2 and wy = 2.5, indicating the existence of a stable
periodic orbit. Wind flow introduces a cyclic control in predator-prey interactions, as seen by the more prominent
oscillation amplitudes in each population variable. In Figure 11, the damped behavior is consistent with trajectories
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FIGURE 12. Bifurcation diagram of the system (3.1) with respect to wjy.

for lower wy values spiralling inward toward a fixed point. When wy rises to 1.5, a supercritical Hopf bifurcation starts
as the trajectories start to form closed cycles. The system exhibits persistent closed cycles at wy = 2 and wy = 2.5,
which is beyond this threshold and validates the stable limit cycles. The larger and more stable these trajectories get
as wy rises, suggesting that the oscillatory behavior gets more intense and organised as wind flow increases. In Figure
12, by Lemma Theorem (4.5), varying the parameter value with respect to wy, the hopf bifurcation point occurs at
the equilibrium point [0.584, 1.301, 1.946] showing a supercritical Hopf bifurcation shifting from instability to stability.

5.5. Impact of disease transmission rate § on apex predator density P,. = We conduct numerical simulations
to validate the impact of the disease transmission rate ¢ on the apex predator density P, varying its parameter value.
Choosing it as a bifurcation parameter, we observe its influence on the system’s stability. The parameter values used
are: 7 =09, r =5k =3, g1 =05, go =05k =03, wg =15 my = 0.5, my = 0.6, with a step size of
h = 275. The rate of disease transmission parameter is varied as § = [0,0.5,0.9,0.95,0.99, 1], with initial conditions
(Pyy, Pyys Pxy) = (0.5,0.4,0.3), the stability behavior is then analyzed. In Figure 13, at lower values of § (e.g., 6 =0
and 0 = 0.5), where transient oscillations decay rapidly and the populations converge monotonically to steady-state
values, the dynamics are characterized by strong damping. There is minimal population transfer into that state, as
indicated by the P, component as very small in this regime. However, when 6 approaches unity (6 = 0.9 to 6 = 1),
the system destabilizes, all three population variables exhibit persistent, periodic oscillations in place of the damped
oscillations. This sustained rhythmic behavior signals the onset of a limit cycle, a key indicator of a Hopf bifurcation.
As § increases, the amplitude of these oscillations increases, but the periodicity endures consistent, demonstrating
that the system persists in a limit cycle regime, and the populations stabilize at new steady-state values. Population
accumulation and significant asymptotic stability result from longer periods of persistent oscillations. In Figure
14, for low values § = 0 to 0.5, the trajectories quickly converge to a fixed point near the P, = 0 plane, reflecting
strong damping and negligible population in P,. As ¢ increases from 0.9 to 1, the spirals widen and persist longer,
stabilizing at higher P, values. At near-resonant conditions § = 0.99 to 1, the system transitions to sustained quasi-
limit cycles, exhibiting underdamped oscillations and intricate population exchange. This evolution demonstrates a
clear transition from a heavily damped regime to a dynamic oscillatory phase, with increasing participation of the P,
state as 0 approaches unity. This indicates a fundamental change in the dynamical regime of the system and visually
validates a Hopf bifurcation-like transition from a fixed point equilibrium to a limit cycle as increases. As J increases
, the phase space trajectory decreases and resolves into a different steady point, showing that the periodic orbit has
vanished and a new stable equilibrium has been established. These qualitative across § values provide strong evidence
of a Hopf bifurcation occurring around § = 1, where a fixed point loses stability and gives rise to a limit cycle. In
Figure 15, by Theorem 4.5, varying the parameter value with respect to d, the Hopf bifurcation point occurs at the
equilibrium point [0.584,1.301, 1.946] showing a supercritical Hopf bifurcation shifting from instability to stability.
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F1GURE 13. The solutions showing the time series plot for the numerical simulations of the system
(3.1) for varying the 6 = [0,0.5,0.9,0.95,0.99, 1].
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FIGURE 14. The solutions showing the phase portrait plot for the numerical simulations of the system
(3.1) for varying the 6 = [0,0.5,0.9,0.95,0.99, 1].

FIGURE 15.

Bifurcation diagram of the system (3.1) with respect to d.
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6. CONCLUSION

In this framework, fractional-order dynamical system modeling disease-mediated predator-prey interactions under
climatic stressors is proposed. The qualitative behavior of the system is investigated by proving the existence of a
unique well-defined solution and non-negative confined solutions. Then, the biologically feasible equilibrium points
and the computed Jacobian matrix helps in examining the local and global stability analysis. Later, in the next
section, we conducted comprehensive numerical simulations to validate our theoretical findings, demonstrating that
the analytical results remain robust under varying parametric influences. Critical dynamical transitions controlled by
key parameters are revealed by the numerical simulations: changes in the fractional order n cause Hopf bifurcations,
which move the system from stability to sustained oscillations, while increasing global warming g1, g2 and wind flow
wy destabilize equilibria, causing limit cycles or damping effects. Higher rates of disease transmission ¢ destabilize
predator populations while stabilizing prey through less predation pressure, exhibiting a threshold-driven bifurcation.
When taken together, these findings show that climatic stresses, epidemiological interactions, and memory effects
via 1, g1, 92, wy,¢ all nonlinearly alter ecosystem resilience. To further establish this concept as a foundation for
ecological forecasting of the next generation, further additions can include stochastic climatic forcing or spatiotemporal
heterogeneities.
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