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Abstract

This study presents a robust semi-analytical algorithm for solving third-order nonlinear Emden–Fowler type equa-

tions, which frequently arise in astrophysics, chemical reactor theory, and mathematical physics. The proposed

algorithm leverages the Differential Transform Method (DTM) to simplify the complexities introduced by nonlin-
ear terms, transforming them into manageable algebraic equations. The novelty of this approach lies in its ability

to handle singular behavior at x = 0 while maintaining high computational efficiency and accuracy. Rigorous error
analysis confirms the algorithm’s rapid convergence and superior accuracy compared to existing methods. Nu-

merical experiments validate the theoretical predictions, highlighting the algorithm’s effectiveness and reliability

in solving complex nonlinear differential equations.
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1. Introduction

In theoretical and mathematical physics, nonlinear singular boundary value problems are frequently used to model
various real-world phenomena derived from scientific material science. Jonathan Homer Lane, a theoretical physicist,
first introduced the nonlinear singular boundary value problem in 1846 to study the heating efficiency of a spherical gas
cloud under classical thermodynamics [22]. Over the years, these equations have been instrumental in modeling numer-
ous scientific phenomena, including stellar structure [8], isothermal gas spheres [9], catalytic diffusion reactions [16, 23],
heat conduction associated with the human head [11, 18], and electrohydrodynamic flow problem [14, 24] to name a
few. We consider the higher-order nonlinear Emden-Fowler type singular differential equation (EFSDE) in its general
form [39, 40]:

x−λ dn

dxn

(
xλ dm

dxm

)
s+ χ(x)h(x, s) = 0, (1.1)

where χ(x) and h(x, s) are familiar continuous real-valued functions, and λ signifies the shape factor. Equation (1.1)
encompasses various nonlinear singular problems depending on the values of n, m, and h(x, s):

(i) When n = m = 1, Eq. (1.1) simplifies to the second-order Lane-Emden-Fowler equation:

x−λ d

dx

(
xλ d

dx

)
s+ χ(x)h(x, s) = 0. (1.2)

This equation arises, for instance, in heat explosion analysis [9], quantum mechanics [32], and non-isothermal
reaction-diffusion systems [30].
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(ii) Setting χ(x) = 1 and h(s) = sm yields the classical Lane-Emden equation, which models polytropic stellar
interiors [29].

(iii) For χ(x) = 1 and h(s) = es, Eq. (1.1) becomes the second-type Lane-Emden equation, describing isothermal
gas spheres.

Third-order EFSDEs are derived by setting m+ n = 3 with m,n ≥ 1 in Eq. (1.1), leading to two cases:
Case I: Let m = 1 and n = 2, resulting in:

s′′′(x) +
2λ

x
s′′(x) +

λ(λ− 1)

x2
s′(x) + χ(x)g(s) = 0. (1.3)

Here, x = 0 exhibits multisingularity with shape factors 2λ and λ(λ− 1).
Case II: Let m = 2 and n = 1, yielding:

s′′′(x) +
λ

x
s′′(x) + χ(x)g(s) = 0. (1.4)

A singularity occurs at x = 0 in this scenario, characterized by the shape factor λ. For Eqs. (1.3) and (1.4), the
boundary conditions over the domain Ω = [x0, x1] include:

Type I: s(x0) = s0, s
′(x0) = s1, s

′′(x0) = s2,
Type II: s(x0) = s0, s

′(x0) = s1, s(x1) = s2,
Type III: s(x0) = s0, s

′(x0) = s1, s
′(x1) = s2.

Here, the parameters si for i = 0, 1, 2 are given real numbers. The dual challenges of a singular point at x =
0 and the highly nonlinear structure of h(x, s) make analytical approaches exceptionally demanding. Some semi-
analytical approaches developed to address Eqs. (1.3)–(1.4) include the variational iteration methodology (VIM) [39],
the Adomian decomposition method (ADM) [40], the differential transform method (DTM) [7], and the optimal
homotopy analysis technique [35]. These methods leverage series expansions, recurrence relations, or iterative schemes
to handle nonlinear terms and singularities, though their accuracy often depends on truncation limits or convergence
criteria. Consequently, developing high-order, computationally efficient numerical algorithms remains crucial for robust
solutions. Recent advances in numerical strategies encompass the cubic B-spline collocation scheme [13], the Bernoulli
polynomial-based collocation method [34], uniform Haar wavelet discretization [37], artificial neural networks with
adaptive learning [33, 38], Bernoulli and Hermite wavelet techniques [20], the spectral Legendre, Jacobi, and Chebyshev
approaches [3, 10, 41], the Vieta-Fibonacci-quasilinearization methodology [15], and the combined quasilinearization
and quintic trigonometric B-spline collocation scheme [6]. Other methods proposed to solve various orders of singular
Lane-Emden-Fowler equations can be found in Refs. [1, 4, 5, 17, 19, 21, 31]. Each method offers distinct trade-offs
between computational complexity, convergence rate, and implementation ease, highlighting the need for context-
specific algorithm selection.

In this work and by extending the above-mentioned research studies, we propose a robust semi-analytical algorithm,
the DTM to address third-order EFSDEs (1.3)–(1.4). The DTM, rooted in Taylor series expansions, transforms
differential equations into algebraic recurrence relations, enabling efficient handling of nonlinearities and singularities
without spatial discretization [25–28, 36]. Key contributions include:

• Analytical approximation capability through recursive algebraic systems,
• Effective handling of singular terms via term-wise transformation, avoiding L’Hospital’s rule,
• Reduced computational cost by bypassing numerical quadrature or collocation matrices,
• Adaptability to both initial and boundary value problems with high accuracy.

The proposed algorithm outperforms existing methods such as ADM [12], VIM [39], and the new cubic B-spline
scheme (NCBS) [13] in simplicity and analytical tractability. Numerical experiments validate its convergence and
accuracy. The subsequent sections of this research work are arranged as: Section 2 details the fundamentals of DTM,
discusses its convergence and error analysis, and illustrates the application of DTM to a special case (ii) of the model
problem (1.1). Section 3 presents four numerical test examples that demonstrate the practical implementation and
efficacy of the suggested algorithm. Finally, Section 4 concludes the study and outlines potential future work.
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2. DTM: The Proposed Semi-analytical Technique

Here, we introduce a method generating rapidly convergent successive approximations, showing equal effectiveness
for linear and nonlinear cases. This powerful method offers two key advantages: (1) high efficiency in obtaining
solutions, and (2) versatility in handling both exact and approximate formulations. Its applications span technology,
finance, engineering, and natural science disciplines (physics, chemistry, biology, and earth science). This section
presents a basic definition and the essential properties of a differential transform for the reader’s better understanding.

Definition 2.1. In the time domain ℑ, a differential transformation of an analytic function y (x) is given by

ζ (κ) =
1

κ!

[
dκy(x)

dxκ

]
x=0

. (2.1)

Definition 2.2. Inverse differential transformation of ζ (κ) is given by

y (x) =
∞∑
κ=0

ζ (κ)xκ. (2.2)

Using Eqs. (2.1) and (2.2), we get

y (x) =
∞∑
κ=0

1

κ!

[
dκy(x)

dxκ

]
x=0

xκ. (2.3)

The following Table 1 outlines fundamental operations of the DTM where y(x) is original functions and Y (k) is
differential transforms of original function.

2.1. Analysis of convergence behavior and error estimation. The error analysis examines the discrepancies
between the series solutions and exact results, typically quantifying truncation and rounding errors to assess accuracy.
In the following, we will state and prove a theorem related to the convergence analysis of our method.

Theorem 2.3. Consider an operator Ω : H → H on a Hilbert space H, and let g(η) denote the exact solution of
Eq. (1.4). The series

∑∞
i=0 ζi, derived from the expansion

∑∞
k=0 ζk x

k, converges to g(η) if there exists a constant
γ ∈ [0, 1) such that

∥ζk+1∥ ≤ γ ∥ζk∥ ∀k ∈ N0 := N ∪ {0}.
For further details, see [28].

Proof. We express the partial sum in the form

S0 = 0,

S1 = S0 + ζ1 = ζ1,

S2 = S1 + ζ2 = ζ1 + ζ2,

...

SN = SN−1 + ζN = ζ1 + ζ2 + ζ3 + · · ·+ ζN .

We shall now demonstrate that the sequence {SN}∞N=0 forms a Cauchy sequence in the Hilbert space H. We have

∥SN+1 − SN∥ = ∥ζN+1∥ ≤ γ ∥ζN∥ ≤ γ2 ∥ζN−1∥ ≤ . . . ≤ γN+1 ∥ζ0∥ .
Take N,M ∈ N, N ≥ M , we get

∥SN − SM∥ =
∥∥(SN − SN−1) + (SN−1 − SN−2) + · · ·+ (SM+2 − SM+1) + (SM+1 − SM )

∥∥
≤ ∥SN − SN−1∥+ ∥SN−1 − SN−2∥+ · · ·+ ∥SM+2 − SM+1∥+ ∥SM+1 − SM∥
≤ γN+1∥ζ0∥+ γN+2∥ζ0∥+ γN+3∥ζ0∥+ . . .

≤
(
γN+1 + γN+2 + γN+3 + . . .

)
∥ζ0∥
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Table 1. The operational foundation of DTM [36].

Function Differential Transform

y(t) = α f(t)± β g(t) Y (κ) = αF (κ)± β G(κ), (α, β are constants)

y(t) = dmg(t)
dtm Y (κ) = (κ+ 1)(κ+ 2) . . . (κ+m)G(κ+m)

y(t) = f(t)g(t) Y (k) =
κ∑

l=0

F (l)G(κ− l)

y(t) = tm δ(κ−m) =

{
1, κ = m

0, κ ̸= m

y(t) = eat Y (κ) = aκ

κ!

y(t) = (1 + t)m Y (κ) = m(m−1)(m−2)...(m−κ+1)
k!

y(t) = sin(ωt+ α) Y (κ) = ωκ

κ! sin
(
πκ
2 + α

)
y(t) = cos(ωt+ α) Y (κ) = ωk

k! cos
(
πκ
2 + α

)
y(t) = g1(t) g2(t) . . . gn(t)

Y (k) =
κ∑

κ1=0

κ1∑
κ2=0

. . .
κn−2∑

κn−1=0
G1(κ1)G2(κ2 − κ1) . . . Gn(κn−1)

f(y) = ym
F (κ) =

 Y m(0), κ = 0,

1
Y (0)

κ∑
l=1

(m+1)l−κ
κ Y (l)F (κ− l), κ ≥ 1.

f(y) = eqy
F (κ) =

eqY (0), κ = 0,

q
κ−1∑
l=0

l+1
κ Y (l + 1)F (κ− l − 1), κ ≥ 1.

=
γN+1

1− γ
∥ζ0∥,

This established that lim
N,M→∞

∥SN − SM∥ = 0 proving {Sn}∞n=0 is a Cauchy sequence in the Hilbert space H. By

completeness, there exists S ∈ H such that SN → S. Here, ∥·∥ denotes the infinity norm (i.e., the supremum
norm). □

Remark 2.4. For every i ∈ N0, the numbers γi in Theorem 2.3 can be defined as

γi =

{
∥ζi+1∥
∥ζi∥ , if ∥ζi∥ ̸= 0,

0, if ∥ζi∥ = 0.

Corollary 2.5. If 0 ≤ γi < 1 for i = 1, 2, 3, . . ., then the series form
∞∑
i=0

ζi converges to the exact solution.

2.1.1. Residual Error and Maximum Residual Error. To evaluate the accuracy and effectiveness of the DTM solution
for the model (1.1), the residual and the maximum absolute residual errors are defined as used in [42],

Resi (x) =

∣∣∣∣x−λ dn

dxn

(
xλ dm

dxm

)
Si + χ (x)h (x, Si)

∣∣∣∣ , (2.4)

Ri = max
0≤x≤1

Resi(x), 1 ≤ i ≤ N, (2.5)

for fixed values of m,n. Here, each Si represents the i-th partial sum of the series solution generated by the DTM.
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3. Numerical Results

To validate the performance of DTM, three benchmark test examples spanning linear and nonlinear differential
equations with various initial and boundary conditions will be solved with known analytical solutions. The computa-
tional outcomes obtained via DTM are rigorously compared with those from established available techniques such as
the variational iteration methodology (VIM) [39], new cubic B-spline scheme (NCBS) [13], and Adomian decomposi-
tion method (ADM) [12]. Quantitative metrics, including absolute error norms, convergence rates, and computational
efficiency, were analyzed to assess accuracy and robustness. Additionally, we utilize the Python software package to
derive the coefficients in DTM.

Test problem 3.1. Consider parameter values as m = 2, n = 1, λ = 2, Eq. (1.1) reduces to the second kind of
third-order nonlinear EFSDE [2]:

d3s

dx3
+

2

x

d2s

dx2
− 25

8

(
16x2 + 52x5 + 7x10

)
s7 = 0. (3.1)

Considering x0 = 0, x1 = 1, s0 = s1 = s2 = 0, one gets Type II boundary conditions given as:

s (0) = 1, s′ (0) = 0, s′′ (0) = 0. (3.2)

The true analytical form of solution related to Test problem (3.1) is 1√
1−x5

.

Applying fundamental properties of DTM to Eqs. (3.1) and (3.2), we have

8
k∑

l=0

δ (l − 1) (k + 3− l) (k + 2− l) (k + 1− l)S (k + 3− l) + 16(k + 1)(k + 2)S(k + 2)

− 25
k∑

l=0

(
16δ(l − 3) + 52δ(l − 8) + 7δ(l − 13)

)
E(k − l) = 0. (3.3)

Here, we have

E(k) =


S7(0), k = 0,

1
S(0)

k∑
l=1

8l−k
k S(l)E(k − l), k ≥ 1,

(3.4)

and the transformed initial conditions are

S(0) = 1, S(1) = 0, S(2) = 0. (3.5)

Through the application of DTM, we derive a series-based analytical solution, with coefficients determined compu-
tationally via Python. The coefficients are initialized by evaluating S(0), S(1), and S(2) from the initial conditions
stated in Eq. (3.4). Subsequently, S (3) and S (4) are found by inserting k = 1 and k = 2 into Eq. (3.3). In order to
facilitate the reader’s understanding, we include a few reference evaluations. For k = 1, Eq. (3.3) reduces to

8
1∑

l=0

δ (l − 1) (4− l) (3− l) (2− l)S (4− l) + 16 (2) (3)S(3)− 25
1∑

l=0

(
16δ(l − 3) + 52δ(l − 8)

+ 7δ(l − 13)
)
E(1− l) = 0. (3.6)

Using Eq. (3.4) and the transformed initial condition in Eq. (3.5), Eq. (3.6) gives S (3) = 0. For k = 2, Eq. (3.3)
reduces to

8
2∑

l=0

δ (l − 1) (5− l) (4− l) (3− l)S (5− l)− 25
2∑

l=0

(
16δ(l − 3) + 52δ(l − 8) (3.7)

+ 7δ(l − 13)
)
E(2− l) + 192S(4) = 0.
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Using Eq. (3.4), the transformed initial condition in Eq. (3.5), and S (3) = 0, Eq. (3.7) reduces to S(4) = 0. For k = 2,
Eq. (3.3) simplifies to

8

3∑
l=0

δ (l − 1) (6− l) (5− l) (4− l)S (6− l)− 25

3∑
l=0

(
16δ(l − 3) + 52δ(l − 8) + 7δ(l − 13)

)
E(3− l) + 320S(5) = 0. (3.8)

Using Eq. (3.4) and the transformed initial condition in Eq. (3.5), S (3) = 0 and S (4) = 0, Eq. (3.7) reduces to S (5) =
1
2 . By repeatedly substituting values of k into Eq. (3.3) and utilizing the coefficients S(0), S(1), S(2), S(3), S(4), S(5),
and the coefficients S(k) for various values of k are computed. Then, by applying the inverse transform formula defined
in Eq. (2.2), we obtain the approximate series solution:

s(x) = 1 + 0.5x5 + 0.375x10 + 0.3125x15 + 0.2734375x20 + . . . . (3.9)

For analytical validation, the 15th-order DTM series solution is compared with the exact solution, s(x) = 1√
1−x5

as

illustrated in Figure 1. The figure demonstrates excellent agreement between the two solutions. Table 2 represents a
comparison of the exact solution and the DTM approximation for selected values of x. The absolute error highlights
the accuracy and convergence of the DTM-based approach. To show the convergence of the approximate series solution
obtained by DTM of Test problem 3.1 given in Eq. (3.1) and from Corollary 2.5 we have,

γ0 =
∥ζ1∥
∥ζ0∥

< 1, γ1 =
∥ζ2∥
∥ζ1∥

< 1, γ2 =
∥ζ3∥
∥ζ2∥

< 1, . . . .

Consequently, for the series form Eq. (3.9), γn tends to 0 as n tends to infinity. Therefore, from Corollary 2.5 we
can say that the obtained approximate solution is convergent to the exact solution. The maximum residual error is

Figure 1. Comparison between exact solution and DTM solution of order 14 (left panel) and the
related absolute error (right panel) in Test problem 3.1.

evaluated at x = 0.5, and the corresponding values for each order of approximation are summarized in Table 3. From
the data shown in Table 3, it is observed that the maximal residual error reduces rapidly as the series order increases.
At N = 5, the error is relatively high, but this decreases sharply to 2.560670× 10−1 at N = 10, and continues to drop
to 4.596894× 10−5 at N = 25. This exponential decay in error magnitude demonstrates the efficiency and accuracy of
the DTM in approximating the exact solution. These findings indicate that even for strongly nonlinear problems with
singularities, DTM is capable of yielding highly accurate solutions with only moderate increases in the series order.
The minimal residual error at higher orders affirms the suitability of the method for solving complex EFSDEs with
precision, making it a valuable analytical tool in the study of singular boundary value problems.
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Table 2. Comparison between the exact solution and the DTM approximation for various values of
x in Test problem 3.1.

x Exact solution DTM Absolute error

0.0 1 1 0
0.1 1.0000050000375003 1.0000050000375003 0.000000× 10+0

0.2 1.0001600384102430 1.0001600384102430 0.000000× 10+0

0.3 1.0012172188310886 1.0012172188310675 2.109424× 10−14

0.4 1.0051596601787673 1.0051596601507970 2.797029× 10−11

0.5 1.0160010160015240 1.0160010084509850 7.550539× 10−9

0.6 1.0413051651230136 1.0413044117159145 7.534071× 10−7

0.7 1.0963686463811178 1.0963296167875147 3.902959× 10−5

0.8 1.2195847484251134 1.2182529544169194 1.331794× 10−3

0.9 1.5626716896710573 1.5235840103066867 3.908768× 10−2

Table 3. Maximum residual error for Test problem 3.1.

N 5 10 15 20 25

RN 2.853990 2.560670× 10−1 1.675247× 10−2 9.252909× 10−4 4.596894× 10−5

Test problem 3.2. In the second test case, we take m = 2, n = 1, λ = 2. Then, Eq. (1.1) reduces to the second kind
of third-order nonlinear EFSDE:

d3s

dx3
+

2

x

d2s

dx2
− 9

8

(
x6 + 8

s5

)
= 0. (3.10)

By setting x0 = 0, x1 = 1, s0 = s1 = s2 = 0, we have the Type I boundary conditions given as:

s(0) = 1, s′(0) = 0, s′′(0) = 0. (3.11)

Although the nonlinear term contains
1

s5
, the imposed initial condition s(0) = 1 ensures that the solution remains

nonzero in a neighborhood of the origin. Therefore, the problem remains locally well-posed and the singularity at x = 0
is not encountered in the considered domain. One can easily check that s(x) =

√
1 + x3 is the exact solution of model

problem 3.2.

Rearranging Eq. (3.10) and applying fundamental properties of DTM, following recursive formula is obtained:

8
k∑

l=0

l∑
m=0

δ (m− 1)E(l −m) (k + 3− l) (k + 2− l) (k + 1− l)S (k + 3− l)

+ 16
k∑

l=0

E(l)(k + 1− l)(k + 2− l)S(k + 2− l) = 9(δ(k − 7)) + 72δ(k − 1), (3.12)

where

E(k) =


S5(0), if k = 0,

1
S(0)

k∑
l=1

6l−k
k S(l)E(k − l), if k ≥ 1,

(3.13)

and the transformed I.C. and B.C. conditions are

S(0) = 1, S(1) = 0, S(2) = 0. (3.14)
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DTM is employed to obtain an analytical series solution, and its coefficients are calculated using Python. The values
of S(0), S(1), and S(2) are derived from the initial and boundary conditions specified in Eq. (3.11). Similarly, by
substituting k = 0 and k = 1 into Eq. (3.12), the coefficients S(3) and S(4) are computed. To compute S(3), we
substitute k = 1 into Eq. (3.12), leading to the double summation expression:

8
1∑

l=0

l∑
m=0

δ (m− 1)E(l −m) (4− l) (3− l) (2− l)S (4− l) + 16
1∑

l=0

E(l)(2− l)(3− l)S(3− l) = 72. (3.15)

By simplifying Eq. (3.15) appropriately and using transformed I.C. and B.C. (3.14), we arrive at the value S(3) = 1
2 .

For k = 2, Eq. (3.12) leads to the double summation expression:

8
2∑

l=0

l∑
m=0

δ (m− 1)E(l −m) (5− l) (4− l) (3− l)S (5− l) + 16
2∑

l=0

E(l)(3− l)(4− l)S(4− l)

= 9(δ(2− 7)) + 72δ(2− 1). (3.16)

Simplification of Eq. (3.16) results in:

S(4) = −144S(3)E(1)− 32E(2)S(2)

384
. (3.17)

Applying the recursive definition of E(2), we get

E (2) =
1

S (0)

2∑
l=1

6l − 2

2
S (l)E (2− l). (3.18)

By utilizing known values S(0), S(1), S(2), S(3), we obtain E(2) = 0 and S(4) = 0. By repeatedly substituting
values of k into Eq. (3.3) and utilizing the coefficients S(0), S(1), S(2), S(3), S(4), S(5), and the coefficients S(k) for
various values of k are computed. Then, by applying the inverse transform formula defined in Eq. (2.2), we obtain the
approximate series solution:

s(x) = 1 + 0.5x3 − 0.125x6 + 0.625x9 + . . .. (3.19)

To assess the analytical performance of the DTM, Figure 2 compares the 9th-order series approximation with the actual
solution s(x) =

√
1 + x3. This comparison reveals excellent agreement for small x, with enhanced accuracy achieved

through higher-order approximations. Table 4 highlights the absolute error of the DTM solution, demonstrating its
superior accuracy, particularly for smaller values of x. To show the convergence of the approximate series solution
obtained by DTM of Test problem 3.2 given in Eq. (3.10) and from Corollary 2.5 we have,

γ0 =
∥ζ1∥
∥ζ0∥

< 1, γ1 =
∥ζ2∥
∥ζ1∥

< 1, γ2 =
∥ζ3∥
∥ζ2∥

< 1, . . . .

Thus, for the series form in Eq. (3.19), it follows that γn → 0 as n → ∞. herefore, from Corollary 2.5 we can say
that the obtained approximate solution is convergent to the exact solution. To assess the accuracy and convergence
behaviour of the DTM for the nonlinear third-order singular differential equation described in Eq. (3.10), the residual
error is computed for increasing values of the series order N = 3, 6, 9, 12, 15. The boundary conditions specified
in Eq. (3.11) correspond to a Type I formulation. The exact analytical solution for this problem is known to be

s(x) =
√
1 + x3 . The residual errors at various orders are summarized in Table 5. From the data, it is evident that

increasing the order of approximation significantly reduces the residual error initially from N = 3 to N = 5, indicating
improved accuracy. However, beyond N = 10, the residual error approaches a saturation point near unity. This
trend suggests that while higher-order DTM solutions do converge towards the exact solution, the rate of convergence
diminishes at higher orders. Nonetheless, the 15th-order solution demonstrates a high level of accuracy, confirming
the robustness of the DTM for nonlinear boundary value problems of this nature.
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Figure 2. Comparison between exact solution and DTM solution of order 9 (left panel) and the
related absolute error (right panel) in Test problem 3.2.

Table 4. Comparison of the exact solution s(x) =
√
1 + x3 with numerical approximations obtained

using NCBS, VIM, and DTM methods in Test problem 3.2.

x Exact solution NCBS VIM DTM Absolute error

0.0 1.0 1.0 1.0 1.0 0.0
0.1 1.0004998750624610 1.000499880240 1.0004998751 1.0004999375088541 6.244639× 10−8

0.2 1.0039920318408906 1.003992049053 1.0039920318 1.0039960045333334 3.972692× 10−6

0.3 1.0134100848126586 1.013410089651 1.0134100844 1.0134546117765626 4.452696× 10−5

0.4 1.0315037566582101 1.031503779734 1.0315037286 1.0317463210666666 2.425644× 10−4

0.5 1.0606601717798212 1.060660175143 1.0606594086 1.0615407307942708 8.805590× 10−4

0.6 1.1027239001672178 1.102723927144 1.1027128254 1.1051732296000000 2.449329× 10−3

0.7 1.1588787684654510 1.158878768922 1.1587753002 1.1645042350619792 5.625467× 10−3

0.8 1.2296340919151518 1.229634119495 1.2289362534 1.2408043861333333 1.117029× 10−2

0.9 1.3149144458861193 1.314914439312 1.3112512518 1.3347152230796875 1.980078× 10−2

1.0 1.4142135623730951 − − 1.4463541666666666 3.214060× 10−2

Table 5. Maximum residual error for Test problem 3.2.

N 3 6 9 12 15

RN 2.340445 0.903506 0.993699 0.999236 0.997156

Test problem 3.3. By assigning the parameters m = 1, n = 2, and λ = 1, Eq. (1.1) simplifies to the second type of
third-order nonlinear EFSDE:

ε
d3s

dx3
+

1

x

d2s

dx2
+ s = 3ε

(
−27ε cos(3x) + sin(3x)− 9 sin(3x)

x

)
. (3.20)

For boundary conditions, setting x0 = 0, x1 = 1, s0 = 0, s1 = 9ε, and s2 = 9ε sin(3), we have Type II boundary
conditions:

S(0) = 0, S′(0) = 9ε, S(1) = 3ε sin(3). (3.21)

A straightforward calculation reveals that s (x) = 3ε sin(3x) is the true actual solution.
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Rearranging Eq. (3.20) and applying fundamental properties of DTM, the following recursive formula is obtained:

ε
k∑

l=0

δ (l − 1) (k + 3− l) (k + 2− l) (k + 1− l)S (k + 3− l) +
k∑

l=0

δ(l − 1)S(k − l) (3.22)

+ (k + 2)(k + 1)S(k + 2) = 3ε

( k∑
l=0

δ(l − 1)
3k−l

(k − l)!
sin
(π
2
(k − l)

)
− 27ε

k∑
l=0

δ(l − 1)
3k−l

(k − l)!
cos
(π
2
(k − l)

)
− 9

(3k)

k!
sin
(π
2
k
))

, (3.23)

and the transformed I.C. and B.C. are

S(0) = 0, S (1) = 9ε. (3.24)

Through the application of DTM, we derive a series-based analytical solution, with coefficients determined computa-
tionally via Python. For k = 0, Eq. (3.22) simplifies to

6εδ (0− 1)S(3) + δ(0− 1)S(0) + 2S(2) = 3ε
(
δ(0− 1) sin (0)− 27εδ(0− 1) cos (0)− 9 sin (0)

)
. (3.25)

Substituting the values from Eq. (3.24) in Eq. (3.25), we get S(2) = 0. For k = 1, Eq. (3.22) reduces to

ε
1∑

l=0

δ (l − 1) (4− l) (3− l) (2− l)S (4− l) +
1∑

l=0

δ(l − 1)S(1− l) + 6S(3)

= 3ε

(
1∑

l=0

δ(l − 1)
31−l

(1− l)!
sin
(π
2
(1− l)

)
− 27ε

1∑
l=0

δ(l − 1)
31−l

(1− l)!
cos
(π
2
(1− l)

)
− 27 sin

(π
2

))
. (3.26)

Substituting the values from Eq. (3.24) and S(2) = 0 in Eq. (3.26), we get

S(3) =
3ε (−27ε− 27)

6ε+ 6
.

For k = 2, Eq. (3.22) reduces to

ε
2∑

l=0

δ (l − 1) (5− l) (4− l) (3− l)S(5− l) +
2∑

l=0

δ(l − 1)S(2− l) + 12S(4)

= 3ε

(
2∑

l=0

δ(l − 1)
32−l

(2− l)!
sin
(π
2
(2− l)

)
− 27ε

2∑
l=0

δ(l − 1)
32−l

(2− l)!
cos
(π
2
(2− l)

)
− 9

(32)

2!
sin (π)

)
. (3.27)

Substituting the values from Eq. (3.24), S(2), and S(3) in Eq. (3.27), we get S(4) = 0. For k = 3, Eq. (3.22) reduces
to

ε
3∑

l=0

δ (l − 1) (6− l) (5− l) (4− l)S (6− l) +
3∑

l=0

δ(l − 1)S(3− l) + 20S(5)

= 3ε

(
3∑

l=0

δ(l − 1)
33−l

(3− l)!
sin
(π
2
(3− l)

)
− 27ε

3∑
l=0

δ(l − 1)
33−l

(3− l)!
cos
(π
2
(3− l)

)
(3.28)

− 9
(33)

3!
sin

(
3π

2

))
.

Substituting the values from Eq. (3.24), S(2), S(3) and S(4) in Eq. (3.28), we get S(5) = 240ε
40 . Similarly, substituting

different values of k in Eq. (3.22) and using evaluated coefficients, we can find the values S(k) for k ≥ 6. Using the
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definition of inverse transform from Eq. (2.2), we get an approximate series solution:

s(x) = 9εx− 27ε

2
x3 +

243ε

40
x5 +

729ε

560
x7 +

729ε

4480
x9 + . . . . (3.29)

Let us consider ε = 1 in Eq. (3.29) to get

s(x) = 9x− 27x3

2
+

243x5

40
− 729x7

560
+

729x9

4480
+ . . . , (3.30)

which coincides with the Taylor expansion series form of the true solution s(x) = 3ε sin 3x. To show the convergence
of the approximate series solution obtained by DTM of Test problem 3.3 given in Eq. (3.20) and from Corollary 2.5
we have,

γ0 =
∥ζ1∥
∥ζ0∥

< 1, γ1 =
∥ζ2∥
∥ζ1∥

< 1, γ2 =
∥ζ3∥
∥ζ2∥

< 1, . . . .

Therefore for the series form Eq. (3.32), one obtains that γn tends to 0 as n increased. Therefore, from Corollary 2.5 we
can say that the obtained approximate solution is convergent to the actual solution. For comparison and visualization

Figure 3. Comparison between exact solution and DTM solution of order 9 (left panel) and the
related absolute error (right panel) in Test problem 3.2.

Table 6. Comparison between the exact solution and the DTM approximation for various values of
x in Test problem 3.3.

x Exact solution DTM Absolute Error

0.0 0.0 0.0 0
0.1 0.8865606199840188 0.8865606199841518 1.330047× 10−13

0.2 1.6939274201851064 1.6939274204571428 2.720364× 10−10

0.3 2.3499807288824500 2.3499807523453122 2.346286× 10−8

0.4 2.7961172579016793 2.7961178112000000 5.532983× 10−7

0.5 2.9924849598121632 2.9924913678850444 6.408073× 10−6

0.6 2.9215428926345860 2.9215902065142860 4.731388× 10−5

0.7 2.5896280999466220 2.5898840673890633 2.559674× 10−4

0.8 2.0263895416534520 2.0274920886857135 1.102547× 10−3

0.9 1.2821396407014893 1.2861289856430789 3.989345× 10−3

1.0 0.4233600241796016 0.4359374999999996 1.257748× 10−2
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Figure 4. Impact of ε on the s(x).

of the analytic solution generated by DTM of order 9 and the exact solution, we have plotted the graph in Figure 3
for different values of x. Figure 3 demonstrates excellent agreement between the approximate series solution obtained
by DTM of order 9 and the actual solution for diverse values of ε = 1. The solution obtained by DTM of order 9 is
compared with the true actual solution for accuracy assessment in Table 6. From Table 6, it is evident that the DTM
gives good agreement with the true solution. The accuracy assessment of DTM, quantified through absolute errors,
appears in Table 6. Figure 4 illustrates the numerical solutions for three representative values of ε = 1, ε = 0.5, and
ε = 0.002.

The behaviour of the solution s(x) to the third-order differential equation given in Eq. (3.20), subject to the Type
II boundary conditions defined in Eq. (3.21), is significantly influenced by the value of parameter ε. As observed,
for larger values of ε, such as ε = 1, the solution exhibits pronounced nonlinear behaviour, reaching a higher peak
near the midpoint of the domain. As ε decreases, the amplitude of the solution reduces significantly. In the case of
ε = 0.002, the solution remains nearly flat and close to zero throughout the interval, indicating that the influence of the
higher-order derivative terms becomes negligible in the limit of small ε. This analysis demonstrates that the solution
is highly sensitive to the magnitude of ε, which governs the contribution of the third derivative term. For small ε,
the dominant dynamics are driven by the lower-order terms, leading to a flatter solution profile. Conversely, larger
ε values amplify the effects of the higher-order term, resulting in stronger curvature and a more prominent response.
To evaluate the performance of the DTM on the second type of third-order nonlinear exponentially fractional singular

Table 7. Maximum residual error for Test problem 3.3.

N 5 7 9 11 13

RN 19.104301 1.408994 5.583295× 10−2 1.380933× 10−3 2.334239× 10−5

differential equation (EFSDE) described by Eq. (3.20), the maximal residual error was computed for increasing values
of the DTM series order N . The problem is subject to Type II boundary conditions defined in Eq. (3.21), with an exact
solution given by s (x) = 3ε sin (3x) . The residual error results are presented in Table 7. It is evident from the results
that the maximum residual error decreases significantly with increasing series order. Specifically, the error drops from
19.104301 at N = 5 to a remarkably low value of 2.334239 × 10−5 at N = 13. This trend demonstrates the rapid
convergence and high accuracy of the DTM even for strongly nonlinear singular problems. The results confirm that
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the DTM not only captures the behavior of the exact solution efficiently but also ensures precision with a relatively
low-order approximation. The sharp decline in residual error across increasing N values illustrates the robustness and
effectiveness of the method for solving singular boundary value problems involving nonlinear terms.

Test problem 3.4. By assigning the parameters n = 1,m = 2, λ = 1, Eq. (1.1) simplifies to the second type of
third-order nonlinear EFSDE:

d3s

dx3
+

1

x

d2s

dx2
+ 4x

(
9 + 22x4 + x8

)
e−3s = 0, |x| < 1. (3.31)

For boundary conditions, setting x0 = 0, s0 = s1=s2=0, we have Type I boundary conditions:

s (0) = 0, s′ (0) = 0, s′′ (0) = 0. (3.32)

A straightforward calculation reveals that the exact solution is s(x) = ln
(
1− x4

)
.

Rearranging Eq. (3.31) and applying fundamental properties of DTM, the following recursive formula is obtained:

k∑
l=0

δ (l − 1) (k + 3− l) (k + 2− l) (k + 1− l)S (k + 3− l) + (k + 1)(k + 2)S(k + 2)

+
k∑

l=0

(
36δ(l − 2) + 88δ(l − 6) + 4δ(l − 10)

)
E(k − l) = 0. (3.33)

where

E(k) =


e−3S(0), k = 0,

−3
k−1∑
l=0

l+1
k S(l + 1)E(k − l − 1), k ≥ 1,

(3.34)

and the transformed I.C. and B.C. are

S(0) = 0, S(1) = 0, S(2) = 0. (3.35)

Through the application of DTM, we derive a series-based analytical solution, with coefficients determined computa-
tionally via Python. For k = 1, Eq. (3.33) simplifies to

1∑
l=0

δ (l − 1) (4− l) (3− l) (2− l)S (4− l) + 6S(3) +
1∑

l=0

(
36δ(l − 2) + 88δ(l − 6) (3.36)

+ 4δ(l − 10)
)
E(1− l) = 0.

By placing the values from Eq. (3.35) into Eq. (3.36), we get S(3) = 0. For k = 2, Eq. (3.36) reduces to

2∑
l=0

δ (l − 1) (5− l) (4− l) (3− l)S (5− l) + 12S(5) +
2∑

l=0

(
36δ(l − 2) + 88δ(l − 6) (3.37)

+ 4δ(l − 10)
)
E(2− l) = 0.

Substituting the values from Eq. (3.35) and S(3) = 0 in Eq. (3.37), we get S(4) = −1. For k = 3, Eq. (3.36) reduces
to

3∑
l=0

δ (l − 1) (6− l) (5− l) (4− l)S (6− l) + 20S(5) +
3∑

l=0

(
36δ(l − 2) + 88δ(l − 6) (3.38)

+ 4δ(l − 10)
)
E(3− l) = 0.



Unco
rre

cte
d Pro

of

14 MITHILABA M. CHUDASAMA , YOGESHWARI F. PATEL, AND MOHAMMAD IZADI

Substituting the values from Eq. (3.35), S(3), and S(4) in Eq. (3.38), we get S(5) = 0. Similarly, substituting different
values of k in Eq. (3.22) and using evaluated coefficients, we can find the values S(k) for k ≥ 6. Using the definition
of inverse transform from Eq. (2.2), we get an approximate series solution:

s(x) = −x4 − 1

2
x8 − 1

3
x12 − 1

4
x16 − 1

5
x20 + . . . . (3.39)

The residual error corresponding to various values of N for Eq. (3.31) is presented, revealing a significant reduction as
the number of terms increases which is clear from Table 9. Specifically, the maximum residual error drops from O(100)
at N = 8 to O(10−3) at N = 20, highlighting the convergence behaviour of the DTM. This consistent decrease affirms
the accuracy and reliability of the differential transform method in approximating the exact solution s(x) = ln(1−x4).
The results demonstrate that even with moderately small values of N , the method achieves a high degree of precision.
Such performance supports the applicability of DTM in solving singular, nonlinear EFSDEs with complex exponential
forcing terms. To show the convergence of the approximate series solution obtained by DTM of Test problem 3.4

Figure 5. Comparison between exact solution and DTM solution of order 9 (left panel) and the
related absolute error (right panel) in Test problem 3.4.

Table 8. Comparison of the exact solution s(x) = ln(1 − x4) and analytical solution in Test prob-
lem 3.4.

x Exact solution DTM Absolute error

0.0 0.0 0.0 0.0

0.1 −0.0001000050003333 −0.0001000050003334 1.103176× 10−17

0.2 −0.0016012813669739 −0.0016012813669738 4.835542× 10−17

0.3 −0.0081329832301890 −0.0081329832301416 4.739785× 10−14

0.4 −0.0259333820265044 −0.0259333819785390 4.796543× 10−11

0.5 −0.0645385211375712 −0.0645385106404623 1.049711× 10−8

0.6 −0.1388024028804588 −0.1388015141765665 8.887039× 10−7

0.7 −0.2745684333063978 −0.2745281751971685 4.025811× 10−5

0.8 −0.5269550056958744 −0.5257352896723135 1.219716× 10−3

0.9 −1.0674043615439166 −1.0361176194664101 3.128674× 10−2
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Table 9. Maximum residual error for Test problem 3.4.

N 8 12 16 20 25

RN 1.060843× 100 1.216803× 10−1 1.210531× 10−2 1.102876× 10−3 2.334239× 10−5

given in Eq. (3.31) and from Corollary 2.5 we have,

γ0 =
∥ζ1∥
∥ζ0∥

< 1, γ1 =
∥ζ2∥
∥ζ1∥

< 1, γ2 =
∥ζ3∥
∥ζ2∥

< 1, . . . .

Therefore, for the series form Eq. (3.39), we have γn → 0, as n → ∞. Therefore, from Corollary 2.5 we can say that
the obtained approximate solution is convergent to the exact solution.

4. Conclusion

In this work, the Differential Transform Method (DTM) has been effectively employed to solve third-order nonlinear
and singular Emden-Fowler-type differential equations with both Type I and Type II boundary conditions. The method
demonstrates excellent agreement with exact solutions, supported by a detailed residual error analysis showing rapid
convergence and high accuracy with minimal computational effort. The study highlights DTM’s capability to handle
strongly nonlinear terms and complex boundary structures without numerical instability. These features underline its
potential as a reliable and efficient tool for solving a broad class of nonlinear differential equations in mathematical
modeling and applied sciences.

Data availability: Data sharing not applicable to this article as no datasets were generated or analyzed during the
current study.

Conflicts of interest: The authors declare no conflicts of interest.
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