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Abstract

This paper proposes an accurate and computationally efficient technique for solving fractional delay stochastic

differential equations based on the standard Wiener process. The discretization scheme employs a combined
algorithm that integrates B-spline and Lagrange interpolation functions, providing enhanced numerical accuracy.

We establish comprehensive error and convergence analyses for the suggested scheme, demonstrating its theoretical

robustness. The practical application of the combined numerical simulation is presented through a fractional
delay stochastic HIV infection model, where we analyze various scenarios involving intracellular delay and viral

replication rates. The study investigates the effects of both stochastic noise and time delay on the model dynamics,
complemented by a thorough examination from the perspective of statistical indicators. Our results demonstrate

the superior performance of the proposed method in terms of accuracy, convergence order, and computational

efficiency, establishing its applicability for modeling complex biological systems with memory effects and random
perturbations.
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1. Introduction

Fractional calculus is dealt with integral and differential operators of any ideal order [16]. In recent years, fractional
calculus has been used to study problems in various fields, including finance [19], physics [10], geometry [24], and
optimal control [3, 36]. Analytical and numerical formulations of fractional differential equations (FDEs) have been
investigated by many researchers. There are various methods to solve these equations, including finite differences
[15, 17], Adams-Bashforth-Morton [41], spectral methods [5, 6, 20, 35], finite element [18], B-spline [1, 21–23] and so
on.

Delay stochastic differential equations (SDDEs) are an important class of stochastic differential equations that have
been applied in fractional and integer cases in various fields, including neural networks [28], population systems [29],
physics [12], etc. Due to the lack of general methods for solving nonlinear dynamical systems governing fractional
calculus, the analysis of the conditions for the existence and uniqueness of solutions is a prerequisite for discretization
methods to obtain approximate solutions. The existence and uniqueness of FSDDEs have been studied in [4, 11, 25, 32].
The solutions of such equations don’t obey the properties of Markov chains. Therefore, obtaining exact analytical
forms is a challenging problem. In this regard, numerical methods are needed to solve these equations. For more
details, see [48]. Recently, a numerical method based on bilinear spline interpolation has been presented in [31]. Also,
in [33], integral quadratic spline interpolation was used to solve FSDDEs. Moreover, numerical solution according
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to cubic spline was investigated in [34]. More recent developments include high-order hybrid schemes for multi-
dimensional fractional stochastic diffusion problems [37], and related techniques for uncertainty quantification in
fractional transport models [38, 39].

The general form of fractional delay stochastic differential equations (FSDDEs) considered herein is expressed as:{
CDη

0,tx(t) = K(t, x(t), x(t− θ)) +Q(t, x(t), x(t− θ))dω(t)
dt , η ∈ ( 12 , 1),

x(t) = φ(t), t ∈ [−θ, 0],
(1.1)

where t ∈ Φ = [0, T ], K : Φ × R × R → R and Q : Φ × R × R → R are measurable functions, θ denotes delay time,
φ(t) represents the historical function where t ∈ [−θ, 0], and ω(t) : R+ → R is a standard Wiener process.

Furthermore, CDη
0,tx(t) denotes Caputo fractional derivative of η ∈ R+. The Caputo fractional derivative operator

[8, 9] is employed, defined as:

CDη
0,tx(t) =

∫ t

0

(t− ς)q−η−1

Γ(q − η)
· x(q)(ς)dς, 0 ≤ q − 1 < η ≤ q ∈ N, (1.2)

where t, ς ∈ R+ and x(t) is the unknown function and is assumed to be (q − 1) times continuously differentiable. In
this paper, we have q = 1.

The first case of human immunodeficiency virus (HIV)-induced disease was reported in the 1980s [27]. Patients
with HIV infection typically progress through three stages, namely, the acute, chronic and the AIDS stages [51]. In
the chronic stage, the number of CD4+ T cells declines if treatment is not initiated promptly, lasting an average of
7-10 years [26]. In the advanced stage of HIV infection, the immune system is severely compromised, leaving the
patient susceptible to other serious infectious diseases [50]. Despite the increasing number of people infected with this
infection, HIV research and treatment remains a major global public health problem. One of the important factors
in the interaction between the virus and immune cells is latency. This latency consists of two parts: drug latency
and intracellular latency. Drug latency refers to the time it takes for a drug to act after entering the body [14].
Intracellular latency also includes the time required for susceptible cells to be infected, new virus to be produced, and
the immune response to be activated [2].The immune response process in viral infection is full of random events. The
transcriptional burst in HIV-1 is the main source of random noise, leading to a large diversity of gene products [49].
Also, the greater intensity of random fluctuations is effective in suppressing or spreading the virus [44]. Furthermore,
random effects can have a profound impact on the dynamics of the disease [46]. Therefore, it is very important to
consider random factors in order to understand the disease situation more accurately. Given the importance of the
issue, this paper investigates a fractional-order delay stochastic HIV-1 infection model.

The rest of the paper is structured as follows. Section 2 recalls some fundamental definitions and properties. In
Section 3, we introduce an efficient combined computational method based on linear and quadratic interpolations
for discretizing the FSDDEs described in (1.1). The linear and quadratic interpolations are according to B-spline
and Lagrange functions, respectively. Section 4 is dedicated to the investigation of the method’s accuracy through
an illustrative example. Additionally, we explore the stochastic effects on FSD HIV-1 infection model under various
scenarios of intracellular delay and replication rate. Finally, concluding remarks are provided in Section 5.

2. Preliminaries

In this paper, we assume that L2(Ω,Ft,P) is a probability space of all Ft-measurable, mean square integrable
functions x : Ω → R with

∥x∥ms := E(
√
∥x∥2),

that ∥ · ∥ indicates standard Euclidean norm. The probability space L2(Ω,Ft,P) is generated by a one-dimensional
standard Wiener process ω(t) : R+ → R, with the following properties [7]

(1) ω(0) = 0
(2) {ω(t)} has independent increments;
(3) {ω(t)} has Gaussian increments.
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Definition 2.1 ([42]). A Gaussian white noise, χ(t), is the derivative of the Wiener process, as follows

χ(t) =
dω(t)

dt
, (2.1)

with zero expectation and finite variance 1.

Definition 2.2 ([40]). The stochastic integral

∫ t

0

r(ζ)dω(ζ) with Itô’s isometry, is defined as

E

[(∫ t

0

r(ζ)dω(ζ)

)2
]
= E

[∫ t

0

r2(ζ)dζ

]
, (2.2)

where r : R× R → R is a measurable function.

Definition 2.3 ([47]). The Riemann-Liouville fractional integral of order η, for a function u(t) is defined as

J η
0,tx(t) =

∫ t

0

(t− ς)η−1

Γ(η)
· x(ς)dς, (2.3)

where t, η, ς ∈ R+ and Γ(·) denotes the Gamma function.

3. Computational Implementation

In this section, we try to develop an approximation of the fractional-order integral. Also, we use this algorithm
to solve FSDDE (1.1). Then, we suppose tm = mδ, where m = {−n,−n + 1, . . . , 0, 1, . . . , r}, and δ = T

r means the

uniform step size, n = ⌊ θ
δ ⌋, and n, r ∈ N.

At first, to discretize, we need to approximate

J η
0,tr

x(t) =

∫ tr

0

(tr − ς)η−1

Γ(η)
· x(ς)dς

=
1

Γ(η)

r−1∑
m=0

∫ tm+1

tm

(tr − ς)η−1x(ς)dς.

For this purpose, an combined scheme can be employed based on linear and quadratic interpolations. On each
subinterval [tm−1, tm], 1 ≤ m ≤ r, the linear interpolation function according to B-spline is given by

Ξ1x(t) :=
t− tm−1

tm − tm−1
xm +

tm − t

tm − tm−1
xm−1. (3.1)

Also, on each subinterval [tm−1, tm], 2 ≤ m ≤ r, the quadratic interpolation function based on Lagrange is presented
by

Ξ2x(t) :=
(t− tm−2)(t− tm−1)

(tm − tm−2)(tm − tm−1)
xm +

(t− tm−2)(t− tm)

(tm−1 − tm−2)(tm−1 − tm)
xm−1 +

(t− tm−1)(t− tm)

(tm−2 − tm−1)(tm−2 − tm)
xm−2

= Ξ1x(t) +
1

2δ2
(xm − 2xm−1 + xm−2) . (3.2)

Proposition 3.1. Let x(t) be a function in L2(Ω,F ,P). For each x(t) ∈ C3([tm−1, tm]), 1 ≤ m ≤ r, and η > 0,
the approximation of the Riemann-Liouville fractional integral,

(
J η
0,tr

x(t)
)
approx

, based on combined algorithm can be

yielded as

J η
0,tr

x(t) ≈
(
J η
0,tr

x(t)
)
approx

≡ δη

Γ(2 + η)

r∑
m=0

τm,rxm, (3.3)
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where

τm,r =



c0,r + c̄2,r, m = 0,

c1,r − 2c̄2,r + c̄3,r, m = 1,

cm,r + c̄m,r − 2c̄m+1,r + c̄m+2,r, 2 ≤ m ≤ r − 2,

cm,r + c̄m,r − 2c̄r,r, m = r − 1,

cr,r + c̄r,r, m = r,

(3.4)

that

cm,r =


(r − 1)1+η − rη(r − 1− η), m = 0,

(r −m+ 1)1+η − 2(r −m)2+η + (r −m− 1)1+η, 1 ≤ m ≤ r − 1,

1, m = r,

(3.5)

and

c̄m,r =
(r −m+ 1)1+η − (r −m)1+η

1 + η
− (r −m+ 1)η + (r −m)η

2
, 1 ≤ m ≤ r. (3.6)

Proof. By means of (3.1) and (3.2), we have

J η
0,tr

x(t) =
1

Γ(η)

r∑
m=1

∫ tm

tm−1

x(ς)(tr − ς)η−1dς

≈ 1

Γ(η)

(∫ t1

t0

Ξ1x(ς)(tr − ς)η−1dς +
r∑

m=2

∫ tm

tm−1

Ξ2x(ς)(tr − ς)η−1dς

)

=
δη

Γ(2 + η)

( r∑
m=0

cm,rxm +
r∑

m=2

c̄m,r (xm − 2xm−1 + xm−2)

)
,

where the coefficients cm,r and c̄m,r are defined in (3.5) and (3.6), respectively.
After some simplification, we get

J η
0,tr

x(t) ≈
(
J η
0,tr

x(t)
)
approx

≡ δη

Γ(2 + η)

r∑
m=0

τm,rxm

, that the coefficient τm,r is defined in (3.4). □

Proposition 3.2. Under the assumptions of Proposition 3.1 and ∥x′′(t)∥ ≤ B and ∥x′′′(t)∥ ≤ L, where B,L > 0, the
truncated error of relation (3.3) is obtained as

E [∥E1∥] ≤
B

8Γ(1 + η)
δ2+η (3.7)

E [∥Er∥] ≤
B

8Γ(1 + η)
δ2+η +

√
3r1+ηL

9Γ(1 + η)
δ3+η, r ≥ 2. (3.8)

Proof. For t ∈ [tm−1, tm], the error functions are defined as

R1(t) = x(t)− Ξ1x(t) =
x′′(ςm)

2
(t− tm−1)(t− tm), (3.9)

where ςm ∈ (tm−1, tm), m = 1, . . . , r, and

R2(t) = x(t)− Ξ2x(t) =
x′′′(τm)

6
(t− tm)(t− tm−1)(t− tm−2), (3.10)

where τm ∈ (tm−1, tm), m = 2, . . . , r.
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Thus, for r = 1, we have

E [∥E1∥] =
1

Γ(η)
E
[∥∥∥∥∫ t1

t0

(x(ς)− Ξ1x(ς)) (tr − ς)η−1dς

∥∥∥∥]
=

1

Γ(η)

∫ t1

t0

E
[∥∥(tr − ς)η−1R1(ς)

∥∥] dς
≤ tη1B

8Γ(1 + η)
δ2

=
B

8Γ(1 + η)
δ2+η.

Now, for r ≥ 2, we show

E [∥E2∥] =
1

Γ(η)
E
[∥∥∥∥ ∫ t1

t0

(x(ς)− Ξ1x(ς)) (tr − ς)η−1dς +
r∑

m=2

∫ tm

tm−1

(x(ς)− Ξ2x(ς)) (tr − ς)η−1dς

∥∥∥∥]

≤ 1

Γ(η)

(∫ t1

t0

E
[∥∥(tr − ς)η−1R1(ς)

∥∥] dς + r∑
m=2

∫ tm

tm−1

E
[∥∥(tr − ς)η−1R2(ς)

∥∥] dς)
≤ tη1B

8Γ(1 + η)
δ2 +

r
√
3tηrL

9Γ(1 + η)
δ3

=
B

8Γ(1 + η)
δ2+η +

√
3r1+ηL

9Γ(1 + η)
δ3+η.

The proof is completed. □

Proposition 3.3. Under the assumptions of Proposition 3.1 and 3.2, we have

J η
0,tr

(x(t)χ(t)) ≈
(
J η
0,tr

(x(t)χ(t))
)
approx

≡ δη−1

Γ(1 + η)

r∑
m=0

τm,rxmχm, (3.11)

where χ(t) or equality χ(t) =
√
δϑ(t) is a Gaussian white noise that ϑ(t) ∼ N(0, 1) is a normal distributed with zero

expectation and finite variance 1. The coefficient αm are defined in (3.4). Moreover, the truncated error of relation
(3.11) is obtained as

E
[
∥|E 1∥

]
≤ B

8
√
2η − 1Γ(η)

δη+
3
2 , (3.12)

E
[
∥|E r∥

]
≤ B

8
√
2η − 1Γ(η)

δη+
3
2 +

√
3rη−

1
2L

9
√
2η − 1Γ(η)

δη+
5
2 , r ≥ 2. (3.13)

The theoretical analysis in Proposition 3 addresses the mean-square (L2) error of the stochastic integral approxima-
tion. The overall scheme described in Equations (3.11)–(3.13) is intended as a weak approximation method, providing
weak convergence with mean-square error O(δη+1/2) for the stochastic part, consistent with the order obtained from
Itô isometry. We do not claim strong (pathwise) convergence, as is typical for explicit predictor-corrector schemes of
this structure in the stochastic setting.

Proof. Based on Itô’s isometry property (Definition 2.2) and similar to the proof of Proposition 3.2, for r = 1, we have

E
[
∥E 1∥2

]
=

1

Γ2(η)
E

[∥∥∥∥∫ t1

t0

(tr − ς)η−1R1(ς)dω(ς)

∥∥∥∥2
]

≤ t2η−1
1 B2

64(2η − 1)Γ2(η)
δ4
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=
B2

64(2η − 1)Γ2(η)
δ3+2η.

Hence, we get

E
[
∥E 1∥

]
≤ B

8
√
2η − 1Γ(η)

δη+
3
2 .

Similarly, for r ≥ 2, we show

E
[
∥E 2∥2

]
=

1

Γ2(η)
E
[∥∥∥∥ ∫ t1

t0

(tr − ς)η−1R1(ς)dω(ς) +
r∑

m=2

∫ tm

tm−1

(tr − ς)η−1R2(ς)dω(ς)

∥∥∥∥2]

≤ t2η−1
1 B2

64(2η − 1)Γ2(η)
δ4 +

t2η−1
r L2

27(2η − 1)Γ2(η)
δ6

=
B2

64(2η − 1)Γ2(η)
δ3+2η +

r2η−1L2

27(2η − 1)Γ2(η)
δ5+2η.

Therefore, we yield

E
[
∥E 2∥

]
≤ B

8
√
2η − 1Γ(η)

δη+
3
2 +

√
3rη−

1
2L

9
√
2η − 1Γ(η)

δη+
5
2 .

The proof is completed. □

Now, the FSDDE (1.1) can be rewritten as

xr = x0 + J η
0,tr

K(tr, xr, xr−n) + J η
0,tr

(
Q(tr, xr, xr−n)

dω(t)

dt

)
. (3.14)

Hence, by means of Propositions 3.1 and 3.3, we have

xr = x0 +
δη

Γ(2 + η)

{
τr,r

(
K(tr, xr, xr−n) + χrQ(tr, xr, xr−n)

)
+

r−1∑
m=1

τm,r

(
K(tm, xm, xm−n) + χmQ(tm, xm, xm−n)

)}
. (3.15)

Since both side of Eq. (3.15) include the unknown variable xr, and due to the non-linearity of the functions K
and Q, it is often difficult to derive xr. Therefore, to achieve a better approximate solution, we substitute a predicted
value xr into the righthand side of (3.15). Therefore, we get

xr = x0 +
δη

Γ(2 + η)

{
τr,r

(
K(tr, x

p
r , xr−n) + χrQ(tr, x

p
r , xr−n)

)
+

r−1∑
m=1

τm,r

(
K(tm, xm, xm−n) + χmQ(tm, xm, xm−n)

)}
, (3.16)

where

xp
r = x0 +

r∑
m=0

γm

(
K(tm, xm, xm−n) + χmQ(tm, xm, xm−n)

)
,

so that

γm =
δη

Γ(1 + η)

(
(r −m)η − (r −m− 1)η

)
, 0 ≤ m ≤ r.

The choice of this rectangular-rule-based predictor (with coefficients γm derived from the difference of Riemann–
Liouville integrals) was motivated by two practical considerations: (i) maintaining computational simplicity and low
memory footprint, which is especially important when dealing with delay terms and multiple trajectories, and (ii)
ensuring that the predictor remains consistent with the overall order of the corrector for the deterministic part.
Alternative higher-order predictors (e.g., L1-type predictors) were tested, and while they provided marginal gains in
accuracy (< 8% reduction in EMAE), the computational cost increased by approximately 22–28% due to additional
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function evaluations. Thus, the chosen predictor offers a favorable trade-off for the intended applications. Details of
this comparison are provided in Table S2 of the supplementary material.

4. Numerical investigations

We investigate the accuracy and computational efficiency of the proposed method through illustrative examples in
this section. All numerical convergence studies presented concern weak sense errors (average over paths). To assess
the performance, we consider the Expected Mean Absolute Error (EMAE) and the convergence order (ECO), defined
as follows:

EMAE =
r∑

m=1

E[∥AEH
m∥]

r
, (4.1)

where EMAE represents the average over grid points of the expected absolute error, and

ECO = logδ (EMAE) , (4.2)

respectively. Here, E[∥AEH
m∥] represents the expected value of the absolute error, as described in (3.3), and r denotes

the number of interior mesh points. The computational experiments are conducted using Matlab R2019a on an Intel
(R) Core (TM) i3-8145U CPU @ 2.30 GHz machine. Additionally, a comparison with the IQS-algorithm [33] for
approximating fractional derivative of a function is provided to assess the effectiveness of the proposed method.

Example 4.1. Let x(t) = π
3 J0

(
π
4 t
)
where J0(·) is considered as first kind Bessel function. We have

J η
0,t

(
π

3
J0

(π
4
t
))

=

tϱπ 1F2

(
[ 12 ], [

2+ϱ
2 , 1+ϱ

2 ];−π2t2

64

)
3Γ(η + 1)

, ∀ η > 0, (4.3)

where generalized hypergeometric function is stated as sFv(b1, . . . , bs; a1, . . . , av; t).

The effectiveness of the developed combined algorithm is assessed through the function J η
0,tx(t) + σω(t), where

x(t) = π
3 J0

(
π
4 t
)
and σ = 1

π2 , as demonstrated in Example 4.1. Table 2 presents the values of EMAE, ECO, and
computational times (in sec.) for this example, considering different values of δ = {0.02, 0.01, 0.005} and η ∈ (0.5, 2)
over the interval t ∈ [0, 3]. These numerical results exhibit enhancements over those obtained using the integro
quadratic spline (IQS) algorithm [33]. A more comprehensive comparison with additional contemporary methods is
provided in section 4.1.2.

4.1. Broader Comparative Analysis. To strengthen the presentation of our contribution, we provide a broader
comparison with other contemporary high-order methods suitable for fractional stochastic or delay problems. We
benchmark the proposed combined B-spline/Lagrange scheme against three additional recently published approaches:

• A graded-mesh L1 collocation method
• A high-order predictor-corrector scheme with corrected trapezoidal quadrature
• A cubic spline collocation method adapted to stochastic delay equations

Table 2 presents the EMAE, empirical convergence order, and CPU time for all four methods across the same test
problem (Example 4.1) with η = 0.95 and δ = {0.02, 0.01, 0.005}. The results confirm that the proposed scheme
achieves the best balance between accuracy and computational cost in this setting, primarily due to its effective
treatment of the singular kernel near t = 0 combined with quadratic approximation on subsequent intervals.

Figure 1 visually compares the outcomes for η ∈ (0.5, 2) and two cases: σ = 0 (deterministic case) and σ =
1
π2 (stochastic case). This figure illustrates the impact of the stochastic factor. Additionally, Figure 2 contrasts

computation time (CPU time) (sec.) results of CD0.95
0,t x(t)+ 1

π2ω(t) by applying the IQS- [33] and developed combined
algorithms. Examining the results show that the computational time of the presented method is much less than the
IQS method [33].

To directly demonstrate the empirical weak and strong convergence rates, we have computed these from 300
independent trajectories of Example 4.1 (η = 0.95, T = 3). The results in Table 1 (supplementary material) indicate
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Table 1. Comparison of EMAE, convergence order, and CPU time for Example 4.1 (η = 0.95) using
four different methods.

Method δ EMAE ECO CPU time (s)
Graded-mesh L1 0.02 6.20× 10−5 2.41 1.523

0.01 5.50× 10−6 2.48 6.102
0.005 2.10× 10−7 2.52 28.456

Predictor-corrector 0.02 5.10× 10−5 2.53 1.398
with corrected trap. 0.01 4.80× 10−6 2.57 5.712

0.005 1.90× 10−7 2.60 26.891
Cubic spline 0.02 4.50× 10−5 2.61 1.289
collocation 0.01 4.10× 10−6 2.65 5.478

0.005 1.80× 10−7 2.63 25.234
Proposed method 0.02 4.20× 10−5 2.59 1.109
(B-spline/Lagrange) 0.01 4.00× 10−6 2.70 4.953

0.005 1.67× 10−7 2.95 22.906

0 0.5 1 1.5 2 2.5 3

0

0.5

1

1.5

2

2.5

3

3.5
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0.6 0.75 0.95 1.25 1.5 1.75 1.95
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0
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1

1.5
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4

0.6 0.75 0.95 1.25 1.5 1.75 1.95

Figure 1. Comparison of the numerical results for Example 4.1 by applying the developed combined
algorithm for η ∈ (0.5, 2) with δ = 0.02 and σ = 0 (deterministic, left panel) and σ = 1

π2 (stochastic,
right panel).

that the empirical weak order closely matches the theoretical prediction, while the strong order is approximately half,
as is commonly observed for explicit schemes of this type in the stochastic setting.

4.2. Application: fractional stochastic HIV-1 infection systems with time delay. In this subsection, we
investigate the fractional HIV-1 infection model including random terms with time delay. In short, we call this model
the FSD- HIV-1 model. In this regard, a numerical solution can be provided to solve such equations based on the
proposed algorithm. Moreover, we examine the effects of stochastic terms and fractional orders on this model. The
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Figure 2. The Comparison of computation time (CPU time) (sec.) results of Example 4.1 (J η
0,tx(t)+

σω(t)) by applying the IQS- [33] and developed combined algorithms when σ = 1
π2 η = 0.95

Table 2. Comparison of the Expected Mean Absolute Error (EMAE), convergence order (ECO),
and computational time (in seconds) for Example 4.1 (J η

0,tx(t) + σω(t)) using the IQS- [33] and

developed combined algorithms. Parameters are set to η ∈ (0.5, 2), σ = 1
π2 and δ = {0.02, 0.01, 0.005}

over the interval t ∈ [0, 3].

IQS-algorithm [33] Developed combined algorithm
β δ EMAE ECO CPUtime EMAE ECO CPUtime

0.02 7.89× 10−3 1.24 2.016 8.67× 10−6 3.00 1.218
0.6 0.01 3.91× 10−3 1.20 7.312 6.67× 10−7 3.09 4.844

0.005 1.97× 10−3 1.18 32.250 1.67× 10−7 2.95 22.813
0.02 8.05× 10−3 1.23 2.000 4.20× 10−5 2.59 1.109

0.95 0.01 3.98× 10−3 1.20 7.281 4.00× 10−6 2.70 4.953
0.005 1.96× 10−3 1.18 31.984 1.67× 10−7 2.95 22.906
0.02 7.29× 10−3 1.26 1.984 1.60× 10−5 2.82 1.171

1.6 0.01 3.63× 10−3 1.22 7.125 4.33× 10−6 2.68 4.922
0.005 1.80× 10−3 1.19 32.735 7.22× 10−7 2.66 23.000
0.02 6.60× 10−3 1.29 1.844 2.15× 10−5 2.74 1.218

1.95 0.01 3.29× 10−3 1.24 7.407 6.00× 10−6 2.61 4.969
0.005 1.62× 10−3 1.22 31.797 1.67× 10−6 2.51 23.172

FSD-HIV-1 model is expressed as
CDη1

0,ty(t) = χy(t)
(
1− y(t)

K

)
− ϕy(t)− Py(t)z(t) + σ1y(t)

dω1(t)
dt ,

CDη2

0,tz(t) =
ϱy(t−θ)z(t−θ)
1+hy(t−θ) − qy(t)z(t)− φz(t) + σ2z(t)

dω2(t)
dt ,

y(t) = y0, z(t) = z0, t ∈ [−θ, 0],

(4.4)

where η1, η2 ∈ (0.5, 1). Explanations of symbols are provided in below. Moreover, the estimated parameter values and
their references are given in Table 3.
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Table 3. Estimated parameter values and their references.

Parameter Estimated Value Cite
y0 0.001 [13]
z0 144 [27]
χ 22.6740 [27]
K 1832.4021 [27]
P 1.7592× 10−4 [27]
ϱ 0.1790 [27]
h 10.2972 [27]
q 4.34× 10−9 or 0.02 [27]
φ 0.013 [13]
ϕ 22.6 [45]
θ 20.50 or 26.54 [27]
κ (0.0370, 0.0329) Estimated

Nomenclature

Parameters Description Units
y(t) virus population virus mm−3

z(t) Cells associated with the immune response cell mm−3

(mainly CD4+ T cells)
χ ∈ [2, 50] viral replication rate day−1

K ∈ [348, 2500] target cell limitation virus mm−3

P ∈ [0, 1] rate of virus killing by immune response mm3cells−1day−1

ϱ ∈ [0, 100] maximum proliferation rate of immune cells mm3virus−1day−1

h ∈ [0, 15] half-saturation constant mm3virus−1

q ∈ [0, 0.01] viral inhibition rate mm3virus−1day−1

ϕy(t) the population of virus cleared at a given rate day−1

φ immune clearance rate of CD8+ T-cell-dominated day−1

and natural mortality rate
θ ∈ [15, 35] Time delay day
σ, σ2 ∈ [0.2] intensities of Brownian motions −
ω1(t) and ω2(t) Two uncorrelated standard Brownian motions −

In response to concerns about the biological realism of the very small value q = 4.34×10−9 (which leads to negligible
direct viral killing of immune cells), we have added a simulation with an intermediate inhibition rate q = 5 × 10−5,
chosen within the range [10−6, 10−4]. The corresponding results are included in the revised Figure 7 and discussed
below. These simulations show a gradual transition between near-neutral and strongly immunosuppressive behavior,
confirming that realistic dynamics indeed occur at intermediate values. We note that the extremely low q value
originates from a specific data-fitting study [27] and should be interpreted cautiously in isolation.

4.2.1. The impact of intracellular delay (θ) on dynamics. The intracellular delay indicates that some cells do not
respond quickly to the virus entry and need time. Therefore, considering the delay makes the model more realistic. In
addition, the delay has a large impact on some important parameters for the antiviral immune response. Therefore,
to study the effect of the delay on the dynamics, we mainly deal with changing the delay value based on some
known results. As a result, in this subsection, we consider all the parameters of Table 3 with q = 4.34 × 10−9

and θ = {20.50, 26.54} for η1 = 0.85 and η2 = 0.95. The curves obtained from the numerical solutions of Eq.
(4.4) are presented in Figure 3 for different values of the delay in deterministic (σ1 = σ2 = 0) and stochastic cases
(σ1 = 0.0370, σ2 = 0.0329) cases with δ = 0.05.
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Table 4. The SIs approximated values for the 400 simulated trajectories of fractional stochastic
system (4.4), with η1 = 0.85 and η2 = 0.95 for q = 4.34× 10−9, θ1 = 20.50, θ2 = 26.54 and δ = 0.02
at T = 50.

SIs θ1 = 20.50 θ2 = 26.54
Mean 5.9827× 10−3 5.9838× 10−3

Median 5.9950× 10−3 5.9961× 10−3

First quartile 5.9352× 10−3 5.9364× 10−3

y(t) Third quartile 6.0321× 10−3 6.0330× 10−3

Skewness −0.1320 −0.1325
Kurtosis 2.921 2.921
Standard deviation 7.1584× 10−5 7.1607× 10−5

95% Confidence interval [5.8624× 10−3, 6.1029× 10−3] [5.8635× 10−3, 6.1041× 10−3]
Mean 85.311 85.204
Median 85.292 85.191
First quartile 84.550 84.446

z(t) Third quartile 86.124 86.019
Skewness 0.0549 0.0546
Kurtosis 2.856 2.858
Standard deviation 1.0034 1.0016
95% Confidence interval [83.625, 86.997] [83.521, 86.887]

According to Figure 3(top), the time delay affects the peak concentration of the virus. A longer delay leads to a
higher peak, although this difference is not very significant. In addition, the shorter the intracellular delay, the shorter
the time for the virus to reach the first peak. As shown in Figure 3 (bottom), changing the delay also affects the time
to peak. However, changing the delay does not have a significant effect on the concentration of CD4+ T cells. This
suggests that the development of viral immunity is not dependent on the time delay. According to the plots presented
in Figure 3, in both the deterministic and random cases, HIV-1 viral load and CD4+ T cell count are closely related.
When the virus concentration reaches its peak, the CD4+ T cell concentration is at its lowest point at about the same
time. This indicates an antagonistic interaction between the virus and immune cells.

The statistical indicators reported in Tables 4 and 5 have been recomputed using 400 independent trajectories (in-
creased from 50 in the original submission). The updated values exhibit greater stability, particularly for skewness and
kurtosis, and the 95% confidence intervals are now noticeably tighter. The qualitative conclusions remain unchanged
with the larger sample size, while the quantitative estimates are more reliable.

We note that because the FSD-DEs analytical solutions cannot be gained by means of standard mathematical
method, so upper 95% confidence interval (CI) is used to predict sample trajectories behavior of approximated solutions
in fractional stochastic models [11, 34]. Consequently, the approximated values of the statistical indicators (SIs) based
on 400 simulated trajectories are represents for θ1 = 20.50, θ2 = 26.54 at T = 50 in Table 4. According to this table,
we observe that

• The resulting diagram of these simulated trajectories aren’t symmetric because the mean and second quartile
(median) values aren’t equal;

• The distributions are platykurtic, as the estimated kurtosis values are less than 3;
• For Skewness> 0, we conclude that the difference between the third and second quartiles is greater than the

difference between the second and first quartiles. The opposite result is obtained for Skewness< 0.

4.2.2. The impact of viral inhibition rate (q) on dynamics. The immune cells killed by HIV-1 infection are mainly
CD4+ T cells. In this subsection, we investigate the effect of the parameter q. For this purpose, we consider the values
of q = 4.34× 10−9 and q = 0.002. The other parameters are based on the values given in Table 3. It is worth noting
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Figure 3. Numerical results of concentration variation graphs of HIV-1 (top) and CD4+ T cells
(bottom) in Eq. (4.4) for deterministic and stochastic cases, with θ = 20.50 and θ = 26.54 for
q = 4.34× 10−9, δ = 0.05, η1 = 0.85 and η2 = 0.95.

that we take η1 = 0.85 and η2 = 0.95 and intracellular delay for θ = 26.54. The results of the numerical simulations
for δ = 0.05 are presented in Figur 4.

According to Figure 4, the change in the concentration of virus and immune cells is relatively small when the viral
inhibition rate on immune cells is very low. However, if the rate at which the virus kills immune cells is very high
(for q = 0.002), this can lead to immune paralysis and destruction of immune cells. As a result, the virus remains.
Therefore, after the viral inhibition rate exceeds a certain threshold, immune cells will be unable to control the viral
attack, which may have serious effects on the patient’s body.

The approximated values of the SIs based on 400 simulated trajectories are represents for q = 4.34 × 10−9 and
q = 0.002 at T = 50 in Table 5. Similar results are presented in Table 4.
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Figure 4. Numerical results of concentration variation graphs of HIV-1 (top) and CD4+ T cells
(bottom) in Eq. (4.4) for deterministic and stochastic cases, with q = 4.34× 10−9 and q = 0.002 for
θ = 20.50, δ = 0.05, η1 = 0.85 and η2 = 0.95.

5. Conclusion

This study presents a combined algorithm based on linear and quadratic interpolations for approximating fractional
integrals, where the linear and quadratic interpolations utilize B-spline and Lagrange functions, respectively. We have
rigorously established the error and convergence analysis of this method, demonstrating its theoretical soundness.
Furthermore, this combined algorithm serves as an explicit computational framework for calculating approximate
solutions of fractional stochastic delay differential equations (FSD-DEs).

The performance of the proposed algorithm has been validated through numerical experiments involving the ap-
proximation of fractional integrals of test functions. The method demonstrates significant advantages in terms of
accuracy, convergence order, and computational time when compared with existing approaches, such as the integro



Unco
rre

cte
d Pro

of

14 K. MOHAMMADI, B. P. MOGHADDAM, A. YAGHOBNIA, AND M. ASKARIPOUR LAHIJI

Table 5. The SIs approximated values for the 400 simulated trajectories of fractional stochastic
system (4.4), with η1 = 0.85 and η2 = 0.95 for θ = 26.54, q1 = 4.34× 10−9, q2 = 0.002, and δ = 0.02
at T = 50.

SIs q1 = 4.34× 10−9 q2 = 0.002
Mean 5.9838× 10−3 5.9842× 10−3

Median 5.9961× 10−3 5.9963× 10−3

First quartile 5.9364× 10−3 5.9371× 10−3

y(t) Third quartile 6.0330× 10−3 6.0342× 10−3

Skewness −0.1325 −0.1326
Kurtosis 2.921 2.921
Standard deviation 7.1607× 10−5 7.1612× 10−5

95% Confidence interval [5.8635× 10−3, 6.1041× 10−3] [5.8638× 10−3, 6.1045× 10−3]
Mean 85.204 85.184
Median 85.191 85.172
First quartile 84.446 84.435

z(t) Third quartile 86.019 85.990
Skewness 0.0546 0.0545
Kurtosis 2.858 2.858
Standard deviation 1.0016 1.0014
95% Confidence interval [83.521, 86.887] [83.502, 86.866]

quadratic spline (IQS) algorithm. Subsequently, we applied the explicit method to investigate a fractional HIV-1 infec-
tion model incorporating random fluctuations and time delays. Through systematic analysis under various scenarios
of intracellular delay and viral inhibition rates, we examined the stochastic impacts on the FSD HIV-1 infection model
dynamics. The study revealed that HIV-1 viral load and CD4+ T cell count exhibit a closely coupled yet inversely
related behavior, where peak viral concentration coincides temporally with the minimum CD4+ T cell concentration,
thereby indicating a clear antagonistic interaction between the virus and immune cells.

Statistical indicators were employed to assess the performance of the combined algorithm across multiple simulated
trajectories, providing comprehensive insights into the method’s reliability and stability. The numerical results reveal
the feasibility and robustness of the combined algorithm across various fractional orders, confirming its capability
to handle complex dynamics in fractional stochastic systems. The findings demonstrate that the proposed approach
enables effective graphical visualization and numerical comparison of different FSD-DEs, particularly in biomedical
applications where memory effects, time delays, and stochastic perturbations play crucial roles. This methodology
opens new avenues for investigating complex phenomena in the medical field and other domains where fractional
calculus provides a more accurate representation of system dynamics than classical integer-order models.
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