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Abstract r )

In this article, we introduce a novel generalized Caputo fractional derivative, using a special type of function known
as the Wright function in the definition of the classical Caputo fractional derivative. We also apply the Fourier,
Laplace, and Mellin integral transform methods, which are very useful popular mathematical tools in various
scientific fields, to the new generalized fractional derivative. Moreover, as illustrative examples, we calculate the
new generalized fractional derivative of constant, power, exponential, sine, and cosine functions. Furthermore, we
obtain the solutions of the generalized motion, harmonic vibration, and Bessel differential equations defined by the
new generalized fractional derivative using the Fourier, Laplace, and Mellin integral transform methods. Finally, we
obtain approximate behavior graphs for both the classical Caputo fractional derivative and the generalized Caputo
fractional derivative using some specific data and present these graphs comparatively.
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1. INTRODUCTION

Fractional calculus has become a rapidly developing branch of mathematics in recent years, thanks to the discovery
of applications in many scientific fields. One of the main goals of researchers has been to find the most appropriate and
useful fractional operators to better describe the complexity of various problems that exist in nature. The articles by
Liouville [35] and Caputo [18], which introduced the fractional operator models known as the Riemann-Liouville and
Caputo definitions, both of which are the most standard in the field of fractional calculus, have motivated much of the
work that now exists in fractional calculus. In this way, researchers have defined new fractional derivatives that can be
used to model real-life problems to achieve successful results in both theory and practice. The readers can refer to
various generalized Riemann-Liouville fractional operators in [2, 5, 10-12, 15, 25, 41, 42, 46, 49] and various generalized
Caputo fractional operators in [3, 6, 10-12, 19, 25, 30, 31, 37]. The same process continues to the present day, with
works appearing every year and introducing new models of fractional calculus every year [13, 17, 36, 47]. The final
criterion for which fractional derivative is more appropriate for a given real-life process has to be determined by means
of relevant experimental (real) data. Only by comparing real data can one determine which of the fractional operators
used provides more reliable results or whether the classical derivative gives better results. Therefore, fractional calculus
is a field of mathematical calculus that is worth thinking about and studying due to the wide range of open problems it
still contains and the wide range of its applicability to various fields.

Integral transforms are the most effective mathematical tools for solving ordinary, partial, and fractional differential
equations. These integral transforms convert differential equations into algebraic equations and provide great simplicity
in computations. There are many integral transforms available in the literature. The most popular of these integral
transforms are the Fourier, Laplace, and Mellin integral transforms, which have strong applications in many disciplines
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such as mathematics, physics, chemistry, biology, engineering, and astronomy. Sometimes, these integral transforms are
insufficient to solve the problems under consideration. For this reason, researchers have defined many new integral
transforms in order to overcome the inadequacies of these integral transforms in related fields of study and to expand
their application areas. The readers may refer to various generalized Fourier integral transforms in [9, 28, 33, 38, 44],
various generalized Laplace integral transforms in [1, 7, 22, 27, 39, 48, 50] and various generalized Mellin integral
transforms in [8, 14, 21, 23, 24, 26].

In the following, we list the purpose of this article and the innovations it will present.

> In this study, a generalized Caputo fractional derivative involving the Wright function, a multiparameter
special function, is introduced to broaden the applicability of fractional calculus in modeling complex real-world
phenomena. The proposed operator provides a flexible framework capable of capturing diverse dynamical
behaviors.

> The analytical evaluation of the newly proposed fractional derivative on various elementary functions
yields novel expressions characterized by the Wright function. The obtained results exhibit rich structural
diversity depending on the specific choices of the Wright function parameters.

> To explore the analytical properties of the new operator, we employ the Fourier, Laplace, and Mellin integral
transform techniques. Through these classical transformation methods, several new relations are established,
which in turn provide new insights and solution forms for fractional differential equations.

> Based on the derived theoretical results, comparative graphical analyses are performed to illustrate the
approximate behaviors of both the classical Caputo fractional derivative and the proposed generalized
Caputo fractional derivative, demonstrating the enhanced modeling capability and flexibility of the new
formulation.

We organize the balance of this article as follows:

In section 2, we provide the basic concepts that we will need throughout the article. In section 3, we describe the
generalized Caputo fractional derivative and give some properties such as boundness, linearity, and interpolation.
In section 4, we take the Fourier, Laplace, and Mellin integral transforms of the new generalized Caputo fractional
derivative. In section 5, as illustrative examples, we compute the new generalized Caputo fractional derivative of the
constant, power, exponential, sine, and cosine functions. In section 6, we obtain the solution of the fractional order
generalized motion, harmonic vibration, and Bessel differential equations. In section 7, we present some numerical
results with specific data and approximate behavior graphs. In section 8, we give the conclusion of the article.

2. PRELIMINARIES

This section presents the basic mathematical materials required for the following sections. These are the definitions
of special functions, fractional derivatives, integral transformations and their convolutions, and some theorems. Namely,
the definitions of the gamma function, Wright function, and Mittag-Leffler function as special functions; Caputo
fractional derivatives as fractional derivatives; Fourier, inverse Fourier, Laplace, inverse Laplace, Mellin, inverse Mellin
integral transforms as integral transforms and convolution of these integral transforms are presented and then the
convolution and derivative theorems for these integral transforms are also presented.

Definition 2.1 (See Ref. [4]). The gamma function is introduced by

(o) = /OOO Wl exp (—w)dw, (R(o) > 0).

Definition 2.2 (See Ref. [32]). The Wright function is denoted by the series

o(w,T;2) = Z m%, (z,m,7 € C;R(w) > —1). (2.1)
k=0 ’
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Definition 2.3 (See Ref. [32]). The Mittag-LefHler function with two parameters is denoted by the series

kZZOFWkJFT (z,,7 € C;R(w) > 0).

Definition 2.4 (See Ref. [32]). The Caputo fractional derivatives of order 1 are defined by

(DES) ) = gy [ =0 O wian, (0> ), (22)

(pYr) 1) = ﬁ [ =) Wy, (e R) (2.3)
and

(“Dy.r) (1) = i el ” / (t =) OW)dy,  (t €RY), (2.4)

where £ — 1 < R(¢) < ¥, £ € N.

Definition 2.5 (See Refs. [20, 32]). The Fourier, Laplace, and Mellin integral transforms respectively are described by

s[0)@) = [ ev-woroa, @ew),

s[10]) = [~ ettt (s€0).
and
i) = [ et od, peo).

Definition 2.6 (See Refs. [20, 32]). The inverse Fourier, Laplace, and Mellin integral transforms respectively are
defined by

s slro)e]o = o [ eniwns[ro)wds, )

e [e[rm) )]0 = 5

T

y+ioco
L exp(st) S|7(0)](s)ds, (¢ € RY),

—100

and

e [mso)w)0 <o [ mfso] o, wer),

21 —ioo

Definition 2.7 (See Ref. [20]). The convolutions of Fourier, Laplace, and Mellin integral transforms respectively are
presented by

(f % g)(t /ﬁ f(t - v)gw)dv, (tE€R),

= /0 ft—v)g(v)dy, (t€RY),
and

:Awﬂwaw,&eRﬂ
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Theorem 2.8 (See Ref. [20]). The convolution theorems of Fourier, Laplace, and Mellin integral transforms respectively
are obtained by

5[ 9] @) =5[10)] @) 3[90)] @),
2[(r+9)®)](s) = 2[s®] () £[o®)] o),

and
M| (£ 0 9)(0)] () = M[£(1)] (p) M[g(®)| (1~ ).

Theorem 2.9 (See Ref. [20]). The derivative theorems of Fourier, Laplace, and Mellin integral transforms respectively
are given by

§OW] @) = ) §[10)]w),

[rO0®)(s) = s'2[11)] (5) = D510 0),
and -

100 () = S 2w 0] o - 0,
where ¢ € N.

3. A NOVEL GENERALIZED TYPE OF THE CAPUTO FRACTIONAL DERIVATIVE

This section introduces a new generalized Caputo fractional derivative defined by the Wright function. Moreover, it
provides some properties such as boundedness, linearity, and interpolation.

Obviously, as shown in (3.1) below, we use the Wright function. Since the Wright function in the generalized Caputo
fractional derivative is multiparameter, we believe that this fractional derivative will give better results than the
classical Caputo fractional derivative in applications to real-life problems. For this reason, in this research article, we
present a new generalization of the Caputo fractional derivative using this special function. Note also that the Wright
function given in (2.1) must satisfy the conditions in the case R(w) > —1, (2.1) is absolutely convergent for every
z € C and in the case R(w) = —1, (2.1) is absolutely convergent on the open unit disk U = {z € C : |z| < 1}.

Definition 3.1. Let w,A,¢p € C, L e N, £ —1 < R(¢) < ¢, R(¢) >0, R(w) > -1, — 0o Sz <t <y < 400 and
f € C*[z,y]. Then the generalized Caputo fractional derivative of order 1 is defined by

t
(D22r) (1) = / (L= 0)" T OW) (w0 = B mAE — = 1) =)t~ )7 ) dv, (3.1)
where denotes ¢(-) is the Wright function and its definition is given in (2.1).
If we take x = —oc in (3.1), we have
t
(BT r) @) = / (t =)' OW) (w0 = B @AE = = 1)(C = )t~ v)7 ) dv, (3.2)

where @, A,p € C,t e R, L €N, £ —1 < R(Y) <4, R(¥) >0, R(w) > —1 and f € C¢[x,y].
If we take z = 0 in (3.1), we obtain

(B5>r) 0= [ (=0 ) 6 A == 1) (= )t~ 1)) (3:3)

0
where w, A,y € C,t e RT, LN, £ -1 < R(p) <L, R(Y) >0, R(w) > —1 and f € Oz, y].
Remark 3.2. Notice that when we take w = 0 in (3.1)-(3.3), we get (2.2)-(2.4).

(=)=
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Theorem 3.3 (Boundedness). Let w, A, € C, £ e N, £ —1 <RW) < ¢, R(Y) >0, R(w) > —1 and y > x. Then,
(D22 F) Wlle < Blfler,

where

_ WAl =y = 1)(£ =) (y — )= |F
B=( _””m(wzwwkw D) Rk + € — R(P)] k!

Proof. We consider the norms ||-||c : Clz,y] — R and [|-||¢¢ : C¢[x,y] — R given by
¢
Ifllo = max |f(®)] and |f]ice:= oI Ple.
’ k=0
Since | £ (v)| < ||f|lce for all v € [2,y], we have

@A) —
I(BZ27)lle = max

/ (t =) o = @AW= ¥ = D)L= )t - 1)7) O )

k
¢ o (WAl =1 —1)l — )t - )T
< B||fllce- .
Theorem 3.4 (Linearity) Let @, A, %ZJ €C, rpeR LeN, -1 <R <L R(Y) >0, R(w) > —1. Then,

where t > x.

Proof. Using (3.1), we have

(BT nf + ug) (1) = / (¢ = vyt o= L= @AW= = 1) = $)(t —1)7) x

x

i

A (570) + ng)) o

Then,
t

(B Ws +ug) (0= [ (¢ £ V11 00) o€~ wswA(E =¥ = 1)(E = 0)(t = 1)) v

+p / (#= ) eigo) o L= @AW= Y = (£ = Y)(t = )7 )dv.

Hence, $

(BT ks +ug) (By=k (DT 1) () + 1 (BT Mg) (1), D
Corollary 3.5. If we take x = —o0 and x = 0 in (3.4) respectively, we get

(BTYWns +ug) (1) = x (BTSV) () + 1 (DT Vg) (1), teR
and

(B ks +1g) (1) = w (BTN F) () + 1 (355 Wg) (1), teRY.
Theorem 3.6 (Interpolation). Let w,A,p € C,t e RT, L eN, /-1 < R(¥) <, R(¥) >0, R(w) > —1. Then,
tim (D4 f) (1) = 1O 0),

P—L

lim (DFHY 1) (1) = 1@ - 00,

Pp—l—1
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Proof. Rewriting (3.3), we have
t
(95> r) (1) = / (t =)' OW) 6 (@ 0 = B @AW = = 1) =)t~ v)7 ) dv
0

B Z WA (w]fw—’——él)(i) '(/J)) /O (t B V)wk+lf¢flf(4)(y)du

Using integration by parts, then

U= f(Z)(V)7 dv = (t _ V)wk+€—¢_1 dv
— wk+L—1
= _ (o
du f (V)dV, v wk+£_1/)

Thus,

) _ = (@AW= = 1) - p)t=)"
(352 r) (1) =t 7 ® Z S ETy iy

=0

(WAL= —1)(¢ - F
e S N e S A

For ¢ — ¢ and ¢ — £ — 1 respectively, we get

tim (D7 1) (8) = 1O(0) + /0 D )y = FO)

Pp—L

and
lim ’}SW’A;(W =tf® t — ) D () dy
(955 1) (0 = 1590) + [ =)D )

Pp—l—1
= tfO0) + [t~ O / O
= fE0 @) —FH(0). O

4. INTEGRAL TRANSFORMS

This section presents some results obtained by applying Fourier, Laplace, and Mellin integral transforms to the
generalized Caputo fractional derivative. These results are of great importance for obtaining solutions of fractional
differential equations of various orders involving the generalized Caputo fractional derivative.

4.1. Fourier integral transform.

Theorem 4.1. Let w,A,p € C,t e R, L e N, { -1 <R(W) < ¢, R(¢p) >0, R(w) > —1. Then,

3 [(B745) (0] (@) = ex (ww - gfw)j’“ - ‘/’)) (i)* §[£(1)] ().

Proof. Using the Fourier integral transform and (3.2), we have

51074V r) 0] ) = s[ / tm(t_y)e_¢_1 ¢>(w,e—w;wA(é—w—1><z—w><t—v>W)f<f><u>du] @)

2 (wA( - — )" '
Z (= —1)(¢ 'w)) 3 (t — )1 1O (W ay | (w).
D(wk + £ —Y)k!

=0 — 00
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Considering the convolution of Fourier integral transform, we get

3[(9250 ) (0] (0 = 32 FAL=VDE= V) {

ghtt—gp—1
I'(wk +0—1)

*f“)(t)] (w).

Using the convolution theorem of Fourier integral transform, we find

~ A > (wAl - — — g
5[(3720 ) (0] () = 30 ALY DI o0 0] () 5 [190)] @), (4.)
where
_ %, for t >0,
g+(t) = {(1;, e for ¢ <0.
Then,

5o 0] @) = = e (- () (@40 ) smnie)).

Here using the formula (see Ref. [15]) (Fiw)* = |w|* exp (F¥Tsgn(w)) for A € R, we obtain

8|9+ (0] @) = (i)~ (4.2)
Finally, using the derivative theorem of Fourier integral transform and (4.2) in (4.1), we get
37 Ai(%) _ @Al =Y =D =)\
5[(B77) )] @) = exp (TR DEZI o 5 0] ) 0

4.2. Laplace integral transform.

Theorem 4.2. Let w, A1) € C,t e RT, LN, £ -1 <R(Y) < ¥, R() >0, R(w) > —1. Then,

£ [(B51) )] () = exp (ZAL—LEZ ) <s¢s[f<t>} -y s“’""lf“"(o)> .

Proof. Using the Laplace integral transform and (3.3), we have

e[(DF7r) 0] () =2 [ / (=0 W) 6, - drmA— b - (- D)t m)dV] (s)

N (WA - —1)(C
Z DN(wk + 40—

. —v)" [ 0w o)

Considering the convolution of Laplace integral transform, we get

@ [(ﬁow_‘,_A;(w)f) (t)} (s) = i (WA(K - — 1)(5 - w))kg[twk+e¢1 % f(Z)(t):| (s).
k=0

T(whk + € — )k!

Using the convolution theorem of Laplace integral transform, we find

NN S (@A) )" ke ©
e[(BEAM ) 0] () = g ah ) 2 [100)] 6) (4.3)
By calculating the first Laplace integral transform, we obtain
e |:th+£—1/)—1:| (s) = F(fik‘ifi; ) . (4.4)
an
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Finally, using the derivative theorem of Laplace integral transform and (4.4) in (4.3), we get

£ [(B51) )] () = exp (ZALEL_DEZ0) (M:[f(t)} -3 sw""‘lf“"’(o)) . 0

4.3. Mellin integral transform.

Theorem 4.3. Let w, A, € C,t e RT, L €N, £ —1 < R(p) < ¥, R(¢) >0, R(w) > —1. Then,

oo o - o k =
m (952 1) 0] (= 3o FA L DO T D @R ) gy )] 4 o - )

k=0

where R(1 —p) >0 and R(1 —p—wk+¢) >0 fork=0,1,2,---.
Proof. Using the Mellin integral transform and (3.3), we have

m [ (D5 r) 0] o) = M[ / (=)0 ¢(w7ew;m<w1><e—w><tu>W)du] ()

0

> (WAl -y —1)(f - L
= 2 ( lg(w:; gl)(w)k!w)) m /0 (t— y)wk+e—w—1f(e)(y)dy] ().

Then, taking g(t) = f)(t), we get

m (954 1) ] @) kf: = éw;ﬂg”(i)k,w)) [ [ =)= tgan] o). (45)

Considering the derivative theorem of Mellin integral transform, we find
rd—p++¢
m(t)] ) = m[r00)] ) = "L L Dol ()] o - 0. (1.6)

I'(1-p)
Taking v = #£ in (4.5), we obtain

Sm[(@om;éA Wy ) } i oy EWk¢+—€1)(i)k'w)) Sm[tmww
k=0

(1- W”Wg(ts)ds] »)

0\80\"‘

B N G Ut Ut G ¥))" m[twk+e_w

e nEalte)ac| o). ()

k=0
where
1 — t)=kte=v=1 " f <t<l1
h(t) = ( ) , for 0<t<1,
0, for ¢t > 1.
Then,
L(p)T(wk + £ — )
Nwk+l+p—1)

Using the formula (see Ref. [43]) 9 [t* [° v* f(tv)g(v)dv] (p) = m?[f(t)} (p+ ) im[g(t)} (I—p—A+p)in (4.7), we
have

m[(@g’f(w ) } i (A gwk¢+gl)(i)k,¢>) Em[g(t)](p-l—wk—&—é—w)xim[h(t)}(l—p—wk—ﬁ—&-w).
=0

()] (v) =

(4.8)

(=)=
E)NE
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Finally, using the (4.6) and (4.8), we get

%) - - . k =
m (D7 r) 0] ) =Y (=AY o DE-v) ra 1321 E pl; +¥) M £(1)] (0 + wh — ). 0

Corollary 4.4. The following formula holds true:
m [ (DT T f) (0] 0) =T = p) 6( 1 =¥ = piw(e = v = 1) = ) M[£(1)] ).

5. ILLUSTRATIVE EXAMPLES

This section calculates the generalized Caputo fractional derivative of constant, power, exponential, sine, and cosine
functions and obtains various relations. In Section 7, numerical results are presented for these relations given specific
data, and Figure 1 shows the graphs of their approximate behavior in comparison to the classical Caputo fractional
derivative.

Example 5.1 (Constant function). Let w, A, € C, £ € N, £ — 1 < R(¢) < ¢, R(¥) >0, R(w) > —1. Then,
(53;”;“”%) (t)=0, t>u,
where ¢ is constant.

Using the formula % =0 in (3.1), the desired result is achieved.
Example 5.2 (Power function). Let w, A, € C,t e RT, £ e N, £ — 1 < R(¥) < ¢, R(¢) > 0, R(w) > —1. Then,
(@g"ﬁ(%r) (t) = D(r + 1)t qb(w, Pl — s wAl — g —1)( — w)tﬁ), (5.1)
where r > —1.

Using (3.3), we have

(@(ﬁ&(lﬁ)tr) 0

p)e1 (‘fj”;) qb(w,ﬂ—w;wA(ﬁ—w—1)(4—¢)(t—v)w)dl/

. (wA— 4 ~1)(f — )" ity AV
Z T(wk + 0— 0)k! /O(t_”) e

V.
k=0

1(;(:—51-1)5) v we get

AT A (W) - WA (—y -1 - 77[’)) (r+1) ! o Nwktl—p—1 2
(®0+ t) Z T(wk + € — )k! r(r+1—e)/0(t v) v

=0

Taking v = ut, we obtain
(’E)OWJ;AW)H) (t) =T(r + 1)t ¢(w, rl— Al — g — 1) — ¢)tW).

Example 5.3 (Exponential function). Let w, A, ), \€e C,t e RT, £ e N, £ -1 < R(®) <, R(¥) > 0, R(w) > —1.
Then,

(BT exp(n)) (1) = X't~ i(xt)r 6,0+ 7 +1 = B@AL == 1)~ )7 (5.2)

Using (3.3), we have

(@g’f‘w exp(At)) (t) = /Ot(t _ )bt <deeXp(A”)) x ¢(w, 0w A= — 1) — ) (t — l/)w)dl/

dvt
[c[v]
(o] €]
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i (@AW - —1)(f— w)) / i y)wk+e—w—1d‘ exp(\v) iv.
0

2 T(wh + {— G)R! vt
Here using the formula % =\ Zo (’\;)T7 we get
@,A5(¢) e (WA= = )£~ 1/))) /t whk+l—yp—1
D, At) =X t— dv.
( exp( ) ;o ]; T(wk+(—0)k 71/, (t=v) v

Taking v = ut, we obtain
(@“ Ail¥) exp(At)) (t) = X0 3 ()" ¢(w, Cr+1— Al ——1)(C— w)tW).

Example 5.4 (Trigonometric functions). Let @, A1), A€ C,t e RT L e N,/ — 1 < R(y) < ¢, R(Y) > 0, R(w) > —1.
Then,

(@“ A(¥) sm(m) (t) = % (i(m)f ¢<w, Cbr+1— Al —th—1)( - ¢)tw)
=
— (1) i(—m)’“ gb(w,ﬁ b+l = wAl — ) — 1)(f— w)tW)) (5.3)
and .
(651““” cos(/\t)) (t) = % (2(my ¢>(w, Ctr+1— Al —p—1)(0— w)tw)
‘i A" (w,€+r+1—z/J;wA(E—w—l)(E—w)tw)) (5.4)
=

Using the formulas sin(\t) = %@‘Mt—) and cos(\t) = w respectively, we have

~ A . @A) EXP(IAE) — exp(—iAt
(©O+A ) Sm(/\t)> () = <©O+A () exp(iAt) . ( )) )

and

PN A, As(w) eXP(IAL) + exp(—iAt
(DQJrA () COS()\If)) (t) o (©0+A (¥) ( ) 5 ( )) (t)

Then from linearity properties, respectively we get

?

(355 sin(A) (1) = 21< (355 exp(int)) (1) - (DT> exp(~iAr) ) (t)>
and

(D52 cos(an)) (1) = ( (955 exp(int)) (1) + (D7 exp(~in) ) <t>>~

Finally, considering (5.2) for both expressions, the desired results are obtained.

(=)=
E)NE
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6. SOLUTION OF FRACTIONAL-ORDER GENERALIZED DIFFERENTIAL EQUATIONS

This section obtains the solution of fractional-order generalized motion, harmonic vibration, and Bessel differential
equations via Fourier, Laplace, and Mellin integral transform methods. Since these differential equations contain the
generalized Caputo fractional derivative, we call them fractional-order generalized differential equations.

Application 6.1. We consider the fractional-order generalized motion differential equation
w,A;
y'(0)+ 5 (D7) () + wy(t) = 1),
where k,p € Rand 0 < R(¢p) <1
Applying the Fourier integral transform to the fractional-order generalized motion differential equation, we have

§[F0] @) =y ®) @)+ 5] (BT ) 0] @) + 1 §|y0)] @)

= (1)* §[y(0)] (@) + (i) exp (—W) 5[] @) + n5[y0)] ).

That is,
570 @)
(iw)2 + k(iw)¥ exp (—7WA(%)1;¢)) + ,u.

§[u®)] @) =

If we choose

B 1
S[g(t)} = (iw)? + K(iw)? exp (—L(Qﬁf)l;“’)) o ©1)
Then,
§lv®] @) = 5[ 10| @5[90)] )
Thus

3y @) =3[(F *9)®)] @),

From the inverse Fourier integral transform and convolution, we get

o
_ / £t = 0)g(v)dv (6.2)
—00
Applying the inverse Fourier integral transform to (6.1), we obtain
1 [ exp (iwt)
t) = — dw. .
o) = 5- | ” (63)

—o0 (iw)? 4 K(iw)? exp ( %) u

Finally, using (6.3) in (6.2), we have

L / / f(t—v)exp ZZZL i) o (6.4)

(1w) 24 k(iw)¥ exp ( )=

Corollary 6.2. If we choose w =0 in (6.4), we get the following formula:

/ / tfu ) exp (iwv) dod
V?
T or 2 4 k(iw)? + p

which is the solution of the fmctzonal—order motion differential equation (see Refs. [16, 29]).
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Application 6.3. We consider the fractional-order generalized harmonic vibration differential equation
N,A;
(D) () + w2y(t) =0,
with the initial conditions
y(0)=A and y'(0) =B,
where k € R and 1 < R(¢) < 2.

Applying the Laplace integral transform to the fractional-order generalized harmonic vibration differential equation,
we have

2| (D54 ) 0] (9) + w2 2|y (s) = 0,

and
exp (wA(l —P)(2— 77[’)) (swﬁ{y(t)} (s) — As¥—1 — Bs’l’*Z) + n%:{y(t)} (s) =0.
Sw
That is,
(As?~! + Bs¥7%) exp (W)
Lly(t =
[y( )} (5) 5% exp (W) + K2
and
As1 Bs™?
ely®|(s) = '
[y( )} (s) 1+ K25 exp (7%) - 1+ k25~ % exp (*W)
Using the formula %_H = > (=t)™, we have
m=0
o0 L mwA(l —)(2 -y
2fy®)]() = A3 (1) e <~ ( - ) ))
m=0

+ B i (_1)7",4:27"8*11’7”*2 exp <_mWA(]- — 1:/])(2 — ¢)> )
m=0

Sw

Applying the inverse Laplace integral transform, we obtain

x© —mw _ _ n gihm-+wn
yty =4y (e PR wﬁ(i wﬁif !

m=0n=0

+BtY Y (-1)ns? IT=———"T

V)" o

(6.5)

m=0n=0
Corollary 6.4. If we choose w = 0 in (6.5), we get the following formula:
y(t) = AEy 1 (—°t%) + BtEy 5 (—r*t") (6.6)
which is the solution of the fractional-order harmonic vibration differential equation (see Ref. [3]]).
Application 6.5. We consider the fractional-order generalized Bessel differential equation
pt1 (@&t"”;(wﬂ)y) (1) + ¥ (@at*w;(w)y) (t) = f(b),
with the initial conditions
y(0) =y'(0)=0 and y(o0) =y'(c0) =0,
where 0 < R(y) < 1.

(=)=
E)NE
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Applying the Mellin integral transform to the fractional-order generalized Bessel differential equation, we have
m[tw-&-l (@wa—%(wﬂ)y) (t)} (p) + m[tw @(ﬁt‘w;(m)y) (t)] (p) = {m[f(t)} (),
and
L1 =)o (@, —p — B @ (1 + ) )M[y(®)| () + T(1 = p)o(@,1 = p = ps —ww(1 = ) ) x M[y(t)] (p) = M[£(5)] (v)-
That is,

[y () = W [qb(w, —p—B@h(1+9)) +6(w1 - p - v~ - ) 1
If we choose -
o)) (1-5) = 57— [¢(w, 1=p=t=L@p(1+)) +6(w, 1-p—u; —wwa—w))] ) (6.7)
Then,
M y(0)] (p) = M|/ ()] @)M[g(0)] (1 - p).
Thus,

m :y(t): (p) = fm{(f o g)(t)} (p)-

From the inverse Mellin integral transform and convolution, we get

= /000 ftv)g(v)dv. (6.8)

Applying the inverse Mellin integral transform to (6.7), we obtain

270 Jo_iso T(p)

Finally, using (6.9) in (6.8), we have

o= o [T I [¢(w7p—w—1;ww<1+w>)+¢(w,p—w; —wwu—w))] e (610

ico 4—p -1
o) =51 | [ [¢(w,p — U =L@+ 1)) + 6 (w0 — i —p(1 - ¢>)] dp. (6.9)

2mi —100 F(p)

Corollary 6.6. If we choose w = 0 in (6.10), we get the following formula:

= i / / N\ tV p%@) P

which is the solution of the fmctzonal—order Bessel differential equation (see Ref. [40]).

7. NUMERICAL RESULTS AND APPROXIMATE BEHAVIOR GRAPHS

This section obtains some results for the generalized Caputo fractional derivative (@OW_LA;W)) and the classical Caputo

fractional derivative (CDg’Jr) by giving specific data to (5.1)-(5.4), (6.5), and (6.6). It also presents Figures 1 and 2 to
visualize these results. In order to visualize the equations we have obtained in terms of both the classical Caputo
fractional derivative and the generalized Caputo fractional derivative, in Figures 1 and 2 we present comparative graphs
of the approximate behavior of the results of these two fractional derivative operators via the Mathematica software
system. In Figures 1 and 2, the first four and first three terms of the series are unfolded, respectively. This is because
it is very difficult to plot all the terms of an unbounded series. It should be noted that since the numerical results
obtained satisfy the convergence conditions, visually their approximate behavior graphs also converge.
an
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Now we use some specific data in generalized and classical Caputo fractional derivatives and obtain the results listed

below.

Indeed:

% Power functions

Taking $(¢p) = 0.5, R(w) =2, R(A) =1 and r = 2 in (5.1) yields
(B5:9¢2) (1) = T(3)"50(2,2.5: (-0.5)¢2), (7.1)

and for R(w) =0

(‘Dg:t%) (t) = FF(s’;)tl's. (7.2)
Taking R(¢)) = 0.5, R(w) =2, R(A) =1 and r = 3 in (5.1) yields

(6@;(0'5%3) (t) = F(4)t2‘5¢<2, 3.5; (—0.5)t2), (7.3)
and for R(w) = 0:

(‘DgPt?) (t) = Fr(g)t“. (7.4)

% Exponential functions

Taking R(1)) = 0.7, R(w) = 3, R(A) =1 and R(N\) =1 in (5.2), we have
(@31;“”) exp(t)) (t) = 103 i ¢(3, r+1.3; 3(—0.7)(0.3)t3)tr, (7.5)

r=0
and for R(w) =

(DS expl(t tO?’Z T (7.6)

Taking R()) = 0.7, %(w) =3, R(A) =1 and R(N\) = 2 in (5.2) yields

(@3%0'” exp(Zt)) (1) =203 ¢(3, r+1.3; 3(—0.7)(0.3)153) (2t)", (7.7)
r=0

and for R(w) =

(DY:T exp(2t)) (t) = 2t°3 Z e + T3y (7.8)

% Trigonometric functions

(=)=
E)NE

Taking R(¢)) = 0.9, R(w) =4, R(A) =1 and R(N\) =1 in (5.3) yields

(@ﬁ;m.g) sin(t)) (1) = ¢! (i ¢(4 4+ 1.1;4(—0.9)(0.1)t ) (it)" + iq5(4, r+1.; 4(—0.9)(0.1)#) (—it)T> . (7.9

r=0
and for R(w) =
401

—  (it)" —  (—it)"
(Desin(®)) (1) = - <ZO F(r(+)1.1) * ZO F((r T )1.1)>’ (7.10)

Taking R(1)) = 0.9, R(w) =4, R(A) =1 and R(N\) =1 in (5.4) yields

(531*(0“‘” cos(t)) ) = <i¢(4 r 4 1.1;4(—0.9)(0.1)t ) Z¢(4 r 4 1.1;4(—0.9)(0.1)¢ )( it) ) (7.11)

r=0
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and for R(w) =

iO.l 0 0
(“Dy? cos(t)) (t)=t2<zr(r+11 Zr T+11 ) (7.12)

r=0 r=

% Solving fractional differential equations

Taking R(¢) = 1.2, R(A) =R(k) =1, R(w) =2 and A= B =1 in (6.5) yields

(—2m(1—-1.2)(2—-1.2))" (1.2m+2n

ZZ n!(1.2m + 2n)!

m=0n=0
(—2m(1 —1.2)(2 — 1.2))" fl2m+2n (7.13)

+tzz n'12m+2n+1)!

m=0n=0
and for (6.6):
y(t) = Bron (—t'?) +tE129 (—t1?). (7.14)
Taking () = 1.4, R(A) =R(k) =1, R(w) =2 and A= B =1 in (6.5) yields

y(t) = ;g (=)™ (-jz(igi;;(; - 1'4))nt1.4m+2n
" tﬂig (—1)7"7(1!—(?727(; J—r ;;11521)—! 1‘4))nt1.4m+2n’ (7.15)
and for (6.6):
y(t) = Eraq (—t"*) + tE1 g (). (7.16)
Taking () = 1.6, R(A) =R(k) =1, R(w) =2 and A= B =1 in (6.5) yields
D N R
m=0n=0
’ t,;)zo g e, (717)
and for (6.6):
y(t) = Erg1 (—t'°) + tE1g (). (7.18)
Taking R(¢)) = 1.8, R(A) = R(k) = 1, R(w) =2, and A = B =1 in (6.5) yields
_ i i 2'm(1 —1.8)(2 - 1.8))"t1'8m+2n
== n!(1.8m + 2n)!
and for (6.6):
y(t) = Ersq1 (—t'%) + tE1s (). (7.20)
an
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Classical Caputo Fr | Derivative

== == == Generalized Caputo Fractional Derivative

(A) The approximate graphs of (7.1) and (7.2) for
the Wright function index k = 0,1, 2, 3.

Classical Caputo Fr | Derivative

== == == Generalized Caputo Fractional Derivative

(¢) The approximate graphs of (7.5) and (7.6) for
r=0,1,2,3 and the Wright function index
k=0,1,2,3.

Classical Caputo Fr | Derivative

== == == Generalized Caputo Fractional Derivative

t

(E) The approximate graphs of (7.9) and (7.10) for
r=0,1,2,3 and the Wright function index
k=0,1,2,3.

Classical Caputo Fractional Derivative

== == == Generalized Caputo Fractional Derivative

(B) The approximate graphs of (7.3) and (7.4) for
the Wright function index k = 0,1, 2, 3.

Classical Caputo Fractional Derivative

== == == Generalized Caputo Fractional Derivative

120
100

(D) The approximate graphs of (7.7) and (7.8) for
r=0,1,2,3 and the Wright function index
k=0,1,2,3.

Classical Caputo Fractional Derivative

== == == Generalized Caputo Fractional Derivative

1.5
1.0
0.5
0.0
-0.5

(F) The approximate graphs of (7.11) and (7.12)
for r =0,1,2,3 and the Wright function index
k=0,1,2,3.

F1cURE 1. Comparison of the approximate behavior of the elementary functions in both the classical
o0 Caputo fractional derivative and the generalized Caputo fractional derivative.
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Classical Caputo Fractional Derivative

== == == Generalized Caputo Fractional Derivative

(A) The approximate graphs of (7.13) and (7.14)
for the Mittag-Leffler functions and series indexes
m=n=k=0,1,2.

Classical Caputo Fractional Derivative

== == == Generalized Caputo Fractional Derivative

(c) The approximate graphs of (7.17) and (7.18)
for the Mittag-Leffler functions and series indexes
m=n=k=0,1,2.

Classical Caputo Fractional Derivative

== == == Generalized Caputo Fractional Derivative

i
[ ,’
25 g h;

20F
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1.0} SN
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t

(B) The approximate graphs of (7.15) and (7.16)
for the Mittag-Leffler functions and series indexes
m=n=k=0,1,2.

Classical Caputo Fractional Derivative

== == == Generalized Caputo Fractional Derivative

(D) The approximate graphs of (7.19) and (7.20)
for the Mittag-Lefller functions and series indexes
m=n=k=0,1,2.

FI1GURE 2. Comparison of the approximate behaviour for the solution functions of the harmonic
vibration equation involving both the classical Caputo fractional derivative and the generalized Caputo

fractional derivative.

8. CONCLUSION

17

In this research article, we introduce a new generalized type of this fractional derivative by using the Wright

function, which belongs to the family of special functions, in the definition of a classical Caputo fractional derivative.

We also apply the popular integral transforms Fourier, Laplace, and Mellin integral transforms to the generalized
Caputo fractional derivative. We then give illustrative examples and present the approximate behavior graphs of their
particular data results compared to the classical Caputo fractional derivative in Figure 1. Thus, we observe how both
fractional derivatives behave. As applications of the article, we obtain the solutions of various differential equations
involving the generalized fractional derivative by means of the popular integral transforms Fourier, Laplace and Mellin
integral transform methods and present the approximate behavior graph for one of the results obtained in Figure 2 in
comparison with the classical Caputo. Here again, we observe how both fractional derivatives behave. It should also

(&)
ENE
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be noted that in Figures 1 and 2, the red lines represent the approximate behavior of the classical Caputo fractional
derivative and the green lines represent the approximate behavior of the generalized Caputo fractional derivative.

With regard to the results of the research article, it is possible to say the following. There are many works on
fractional calculus in the literature and many of these works have been used by researchers to model real-life problems.
We believe that the new generalized Caputo fractional derivative presented in this article can also be used to model
various real-life problems and give better results. Because the fractional derivative we define contains a multiparameter
special function, we believe that it can give more realistic results in applications to real-life problems. Thus, the
application areas of fractional calculus will be expanded.

Future work will use the Wright function for various fractional operators in the literature, such as the Riemann-
Liouville, Griinwald-Letnikov, Hadamard, and conformable derivatives. This will allow us to define new fractional
operators, present their potential properties, and obtain solutions to some fractional differential equations using integral
transformation methods.
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