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Abstract

Epidemiological modeling is vital in understanding disease dynamics and guiding public health interventions.

This study presents a time-fractional SEIR model to describe the transmission dynamics of Mpox, incorporating
memory effects via the fractional derivative. We perform an extensive qualitative investigation, proving that there

is a unique solution and that the solutions are Hyers-Ulam stable. To approximate the model numerically, we

implement the L1 finite difference technique for the Caputo derivative and solve the resulting nonlinear system
using the Newton-Raphson technique. A detailed error analysis is provided, demonstrating that the scheme

achieves algebraic convergence. Comparative results with the Fractional Modified Euler method (FMEM) confirm

the superior accuracy and stability of the proposed approach. Numerical simulations under biologically relevant
parameters illustrate the impact of the non-integer order and vaccination rate on disease progression. The study

underscores the effectiveness of fractional order models in capturing epidemic memory effects and positions the
proposed scheme as a robust numerical tool for simulating such dynamics.
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1. Introduction

Population dynamics models are mathematical frameworks that describe changes in population sizes over time, in-
fluenced by various biological and environmental factors. These models are particularly important in understanding
the spread of infectious diseases and in designing effective control strategies across disciplines such as ecology, epi-
demiology, and resource management. Mpox, often known as monkeypox, is a re-emerging zoonotic infection caused
by the Monkeypox virus, which is a member of the Poxviridae family’s Orthopoxvirus genus. First identified in 1958
in monkeys and subsequently in humans in the Democratic Republic of the Congo in 1970, Mpox has garnered re-
newed global attention due to recent outbreaks outside endemic regions. The virus mainly spreads to humans through
direct interaction with infected animals or individuals, involving exposure to bodily fluids, respiratory droplets, or
contaminated objects [3]. Although symptoms are similar to smallpox fever, rash, lymphadenopathy Mpox is gener-
ally less severe but still poses a significant public health concern, especially in immunocompromised individuals. The
increasing frequency of outbreaks and the potential for human-to-human transmission emphasize the need for accurate
mathematical models to understand the disease dynamics and evaluate the effectiveness of intervention strategies such
as isolation, vaccination, and behavioral change. The dynamics of Mpox virus transmission can be described using a
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classical SEIR-type model, where the total population is stratified into four epidemiological classes: susceptible (Ŝ),

exposed (Ê), infectious (Î), and recovered (R̂). The classical (integer-order) model for t > 0 is formulated as [1]

dŜ(t)
dt = Λ− βŜ(t)Î(t)− (ν + µ) Ŝ(t),

dÊ(t)
dt = βŜ(t)Î(t)− (γ + µ) Ê(t),

dÎ(t)
dt = γÊ(t)− (α+ σ + µ) Î(t),

dR̂(t)
dt = νŜ(t) + αÎ(t)− µ R̂(t),

(1.1)

subject to the conditions Ŝ(0) = Ŝ0, Ê(0) = Ê0, Î(0) = Î0, R̂(0) = R̂0. The parameters used in the model are
presented in Table 1.

Table 1. Model variables and parameters.

Symbol Description

Ŝ(t) Number of susceptible individuals

Ê(t) Number of exposed individuals

Î(t) Number of infectious individuals

R̂(t) Number of recovered (or vaccinated) individuals

Λ Recruitment rate into the susceptible class

β Rate of transmission (susceptible to exposed)

ν Vaccination rate of susceptible individuals

γ Rate of progression from exposed to infectious

α Recovery rate from infection

µ Natural death rate

σ Disease-induced death rate

Fractional calculus is a natural extension of classical calculus that allows derivatives and integrals to be defined for
arbitrary (non-integer) orders. This extension introduces memory and hereditary properties into dynamic systems,
which are especially important for accurately describing real-world phenomena. Fractional-order differential equations
(FDEs) have found wide application in modeling complex systems such as viscoelastic materials [29], anomalous
diffusion [15], financial systems [6], and population dynamics [7, 30]. For an in-depth treatment of fractional calculus,
see [8, 11, 22, 24]. Traditional integer-order models often fail to capture long-range dependencies and memory effects
observed in real-world data. Despite their increased mathematical complexity and computational cost, fractional-order
models offer enhanced flexibility and accuracy in simulating disease spread and evaluating intervention outcomes. In
this work, we study the following fractional-order Mpox model [1]

Dρ
t Ŝ(t) = Λ− βŜ(t)Î(t)− (ν + µ) Ŝ(t),

Dρ
t Ê(t) = βŜ(t)Î(t)− (γ + µ) Ê(t),

Dρ
t Î(t) = γÊ(t)− (α+ σ + µ) Î(t),

Dρ
t R̂(t) = νŜ(t) + αÎ(t)− µ R̂(t),

(1.2)
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where Dρ
t denotes the Caputo derivative of order ρ ∈ (0, 1), defined by [20]

Dρ
t ϕ(x) =

∫ x

a

(x− t)−ρ ϕ′(t)

Γ(1− ρ)
dt, 0 < ρ < 1.

Mathematical modeling has played a pivotal role in understanding the transmission dynamics of the Mpox virus,
assessing the effectiveness of public health interventions, and forecasting potential outbreak scenarios. Due to the
fractional order systems nonlinear and nonlocal nature, obtaining exact analytical solutions is typically intractable.
Consequently, considerable efforts have been devoted to developing numerical and semi-analytical techniques that
approximate these models with high accuracy. These approaches offer valuable insights into the long-memory behav-
ior of the disease and enable the evaluation of key parameters affecting the spread and control of Mpox.To mention
a few: Peter et al. [19] investigated an arbitrary-order compartmental model of Mpox transmission using the Ca-
puto–Fabrizio fractional derivative to incorporate memory effects. The authors established existence and uniqueness
of solutions via fixed point theory and presented numerical simulations illustrating the disease dynamics for differ-
ent fractional orders. In a related effort, Majee et al. [16] implemented the two-step Adams–Bashforth–Moulton
method, a predictor–corrector scheme, to integrate a Caputo-based model numerically. Their approach combined the
stability of implicit updates with the simplicity of explicit predictors, enhancing both accuracy and computational
performance. Batiha et al. [1] addressed a fractional SEIR model for Mpox using the Fractional Euler Method and
the Modified Fractional Euler Method. Kumar et al. [12] similarly focused on Caputo-based formulations, using a
finite-difference predictor–corrector algorithm to solve their system and assess transmission behavior under varying
fractional orders. Further extending the analysis, Elsonbaty et al. [5] examined the numerical simulations and applied
the classical fourth-order RK method to illustrate the impact of model parameters on the progression and stability of
the outbreak. Paul et al. [18] adopted a Lagrangian piecewise interpolation technique to approximate solutions of a
control-based Mpox system. A different perspective used by Rahman et al. [21], who reformulated their Caputo-type
system as a Volterra integral equation and applied an iterative scheme to obtain solutions. Ramzan et al. [23] used
the Caputo–Fabrizio fractional operator, known for its non-singular kernel, to construct a modified model of Mpox.
Their numerical analysis utilized an adapted 4th order RK method to handle the nonlocal behavior. Manivel et al.
[17] developed a Caputo-type arbitrary-order model and solved it using the Variational Iteration Method (VIM), a
semi-analytical technique based on Lagrange multipliers. Helikumi et al. [9] employed the predictor corrector method
to approximate the dynamics, demonstrating the importance of memory in predicting outbreak trajectories and in-
forming public health responses. Tunç et al. [2, 26–28] investigated the Ulam-type (Hyper-Ulam) stability of nonlinear
integral and fractional integro-differential equations by employing Banach’s fixed-point theorem and Bielecki norms.
Their results provide new qualitative insights for Volterra, Fredholm, and delay systems, thereby enriching the existing
stability theory. Motivated by recent developments in the literature, this work investigates a time-fractional Mpox
transmission model governed by the Caputo fractional derivative of arbitrary order. Although the underlying Mpox
model structure has appeared in earlier studies, the present article provides new theoretical and numerical insights.
In particular, the focus is placed on rigorous analytical properties of the fractional model and on the development and
assessment of an efficient numerical approximation scheme. The main contributions of this work are summarized as
follows:

• A rigorous qualitative analysis of the time-fractional Mpox model is carried out, including the existence
and uniqueness of solutions via the Picard iterative approach, as well as Hyers–Ulam–type stability. These
theoretical properties have not been established for this model in the existing literature.

• An iterative type finite difference scheme is developed based on the L1 technique, and a detailed numerical
analysis is performed. Local truncation error estimates, stability results, and global convergence bounds are
rigorously derived for the nonlinear fractional system.

• A systematic numerical comparison with an existing method is presented. The results demonstrate that the
proposed scheme achieves superior numerical performance for the same Mpox model.

• The influence of the fractional-order parameter ρ on the Mpox dynamics is examined through numerical
simulations. The results highlight the role of memory effects in disease transmission and recovery processes,
offering additional epidemiological insight beyond classical integer-order models.
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This paper is structured as follows: Section 2 is devoted to the existence and uniqueness of solutions for the fractional
Mpox model. Stability analysis is carried out in section 3. The construction of the numerical scheme using the L1
method is detailed in section 4 with error analysis in section 5, while section 6 presents the results of numerical
simulations. Concluding remarks and future directions are discussed in section 7.

2. Existence and uniqueness of solutions

In this section, we establish the existence of solutions to the time-fractional Mpox model (1.2) by employing fixed-point
theory. An equivalent integral version of the model is obtained by applying the fractional integral operator at (1.2).Ŝ(t) = Ŝ0 +

∫ t

0
(t−z)ρ−1F1(z,Ŝ(z))

Γ(ρ) dz, Ê(t) = Ê0 +
∫ t

0
(t−z)ρ−1F2(z,Ê(z))

Γ(ρ) dz,

Î(t) = Î0 +
∫ t

0
(t−z)ρ−1F3(z,Î(z))

Γ(ρ) dz, R̂(t) = R̂0 +
∫ t

0
(t−z)ρ−1F4(z,R̂(z))

Γ(ρ) dz,

where Ŝ0, Ê0, Î0, R̂0 are the initial conditions, and the nonlinear functions Fi are defined as:{
F1(z, Ŝ(t)) = Λ− βŜ(t)Î(t)− (ν + µ)Ŝ(t), F2(z, Ê(t)) = βŜ(t)Î(t)− (µ+ γ)Ê(t),

F3(z, Î(t)) = γÊ(t)− (µ+ σ + α)Î(t), F4(z, R̂(t)) = νŜ(t) + αÎ(t)− µR̂(t).

Assumptions (C): We assume that the functions Ŝi(z), Êi(z), Îi(z), R̂i(z), for i = 1, 2, all belong to L1[0, 1], and

∥Ŝ∥ ≤ q1, ∥Ê∥ ≤ q2, ∥Î∥ ≤ q3, ∥R̂∥ ≤ q4 for some real constants q1, q2, q3, q4 > 0.

Theorem 2.1. The kernel functions F1, F2, F3, F4 satisfy the Lipschitz condition under assumption (C), provided that
0 ≤ κi < 1 for all i = 1, 2, 3, 4.

Proof. We first verify the Lipschitz continuity of F1(t, Ŝ). We have,

∥F1(t, Ŝ
1)− F1(t, Ŝ

2)∥ = ∥Λ− βŜ1Î − (ν + µ)Ŝ1 − (Λ− βŜ2Î − (ν + µ)Ŝ2)∥

= ∥βÎ(Ŝ2 − Ŝ1) + (ν + µ)(Ŝ2 − Ŝ1)∥ ≤ (βq3 + ν + µ)∥Ŝ2 − Ŝ1∥ ≤ κ1∥Ŝ2 − Ŝ1∥,

where κ1 = βq3 + ν + µ. Hence, F1 satisfies the Lipschitz condition if κ1 < 1. Next, for F2(t, Ê), we compute,

∥F2(t, Ê
1)− F2(t, Ê

2)∥ = ∥βŜÎ − (µ+ γ)Ê1 − (βŜÎ − (µ+ γ)Ê2)∥

= (µ+ γ)∥Ê1 − Ê2∥ = κ2∥Ê1 − Ê2∥,

with κ2 = µ+ γ. Thus, F2 satisfies the Lipschitz condition if κ2 < 1. Now, for F3(t, Î), we have,

∥F3(t, Î
1)− F3(t, Î

2)∥ = ∥γÊ − (µ+ σ + α)Î1 − (γÊ − (µ+ σ + α)Î2)∥

= (µ+ σ + α)∥Î1 − Î2∥ = κ3∥Î1 − Î2∥,

where κ3 = µ+ σ + α. Thus, F3 is Lipschitz continuous if κ3 < 1. Finally, for F4(t, R̂)

∥F4(t, R̂
1)− F4(t, R̂

2)∥ = ∥νŜ + αÎ − µR̂1 − (νŜ + αÎ − µR̂2)∥ = µ∥R̂1 − R̂2∥ = κ4∥R̂1 − R̂2∥,

where κ4 = µ. So, F4 satisfies the Lipschitz condition if κ4 < 1. Therefore, all Fi (i = 1, 2, 3, 4) satisfy Lipschitz
continuity under the condition 0 ≤ κi < 1, which completes the proof. □

Now, we reformulate the fractional-order Mpox model using the nonlinear kernels Fi introduced earlier. we assume
without loss of generality that the initial conditions are shifted to zero by a standard translation of variables. That

is, for given initial data Ŝ(0) = Ŝ0, Ê(0) = Ê0, Î(0) = Î0, and R̂(0) = R̂0, one may consider the transformed variables

X̂(t)− X̂0.Ŝ(t) =
∫ t

0
(t−z)ρ−1F1(z,Ŝ(z))

Γ(ρ) dz, Ê(t) =
∫ t

0
(t−z)ρ−1F2(z,Ê(z))

Γ(ρ) dz,

Î(t) =
∫ t

0
(t−z)ρ−1F3(z,Î(z))

Γ(ρ) dz, R̂(t) =
∫ t

0
(t−z)ρ−1F4(z,R̂(z))

Γ(ρ) dz,
(2.1)
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We define a recursive sequence of functions to construct an approximate solution iterativelyŜk(t) =
∫ t

0
(t−z)ρ−1F1(z,Ŝk−1(z))

Γ(ρ) dz, Êk(t) =
∫ t

0
(t−z)ρ−1F2(z,Êk−1(z))

Γ(ρ) dz,

Îk(t) =
∫ t

0
(t−z)ρ−1F3(z,Îk−1(z))

Γ(ρ) dz, R̂k(t) =
∫ t

0
(t−z)ρ−1F4(z,R̂k−1(z))

Γ(ρ) dz,

where the sequence {(Ŝk, Êk, Îk, R̂k)}∞k=0 is constructed with initial approximations set to zero or any suitable function
in L1[0, 1]. Convergence of this sequence under suitable Lipschitz assumptions guarantees the existence of a unique
solution.

Theorem 2.2. The time-fractional Mpox model (1.2) admits at least one solution if the following condition holds
σ = max{κ1, κ2, κ3, κ4} < 1.

Proof. Let DX̂k+1(t) = X̂k+1(t) − X̂k(t) denote the difference between two successive Picard iterates. We begin by
estimating the difference between two successive approximations of the susceptible population

∥DŜk+1(t)∥ =
∥∥∥Ŝk+1(t)− Ŝk(t)

∥∥∥ =

∥∥∥∥∥∥
∫ t

0

(t− z)ρ−1
[
F1(z, Ŝk(z))− F1(z, Ŝk−1(z))

]
Γ(ρ)

dz

∥∥∥∥∥∥
≤ 1

Γ(ρ)

∫ t

0

(t− z)ρ−1
∥∥∥F1(z, Ŝk(z))− F1(z, Ŝk−1(z))

∥∥∥ dz.
Similarly, for the exposed class

∥DÊk+1(t)∥ =
∥∥∥Êk+1(t)− Êk(t)

∥∥∥ =

∥∥∥∥∥∥
∫ t

0

(t− z)ρ−1
[
F2(z, Êk(z))− F2(z, Êk−1(z))

]
Γ(ρ)

dz

∥∥∥∥∥∥
≤
∫ t

0

(t− z)ρ−1
∥∥∥F2(z, Êk(z))− F2(z, Êk−1(z))

∥∥∥
Γ(ρ)

dz.

Now, for the infected class

∥DÎk+1(t)∥ =
∥∥∥Îk+1(t)− Îk(t)

∥∥∥ =

∥∥∥∥∥∥
∫ t

0

(t− z)ρ−1
[
F3(z, Îk(z))− F3(z, Îk−1(z))

]
Γ(ρ)

dz

∥∥∥∥∥∥
≤ 1

Γ(ρ)

∫ t

0

(t− z)ρ−1
∥∥∥F3(z, Îk(z))− F3(z, Îk−1(z))

∥∥∥ dz.
Lastly, for the recovered class

∥DR̂k+1(t)∥ =
∥∥∥R̂k+1(t)− R̂k(t)

∥∥∥ =

∥∥∥∥∥∥
∫ t

0

(t− z)ρ−1
[
F4(z, R̂k(z))− F4(z, R̂k−1(z))

]
Γ(ρ)

dz

∥∥∥∥∥∥
≤
∫ t

0

(t− z)ρ−1
∥∥∥F4(z, R̂k(z))− F4(z, R̂k−1(z))

∥∥∥
Γ(ρ)

dz.

Each kernel Fi satisfies the Lipschitz condition with constant κi. Thus, each inequality is bounded by a multiple of
the norm difference at the previous iteration. Taking the maximum σ = max{κ1, κ2, κ3, κ4} < 1, we conclude that
the sequence is contractive and converges uniformly. Therefore, applying the Banach fixed-point theorem ensures a
unique fixed point, confirming that the Mpox model (1.2) possesses a solution. □



Unco
rre

cte
d Pro

of

6 G. SAINI, B. GHOSH, S. CHAND, AND J. MOHAPATRA

Now, we show that the sequence {Ŝn(t)} converges to the exact solution Ŝ(t) as n→ ∞∥∥∥Ŝn+1(t)− Ŝ(t)
∥∥∥ =

∥∥∥∥ 1

Γ(ρ)

∫ t

0

(t− z)ρ−1
[
F1

(
z, Ŝn(z)

)
− F1

(
z, Ŝ(z)

)]
dz

∥∥∥∥
≤ κ1

Γ(ρ)

∫ t

0

(t− z)ρ−1
∥∥∥Ŝn(z)− Ŝ(z)

∥∥∥ dz
Applying iterative estimation and the contraction mapping principle, we obtain∥∥∥Ŝn+1(t)− Ŝ(t)

∥∥∥ ≤
(

κ1t
ρ

Γ(1 + ρ)

)n ∥∥∥Ŝ1(t)− Ŝ(t)
∥∥∥ ,

and as n → ∞, it follows that Ŝn(t) → Ŝ(t) uniformly on [0, T ]. Similarly, we prove convergence for the other
components∥∥∥Ên+1(t)− Ê(t)

∥∥∥ ≤ κ2
Γ(ρ)

∫ t

0

(t− z)ρ−1
∥∥∥Ên(z)− Ê(z)

∥∥∥ dz ≤
(

κ2t
ρ

Γ(1 + ρ)

)n ∥∥∥Ê1(t)− Ê(t)
∥∥∥ ,

∥∥∥În+1(t)− Î(t)
∥∥∥ ≤ κ3

Γ(ρ)

∫ t

0

(t− z)ρ−1
∥∥∥În(z)− Î(z)

∥∥∥ dz ≤
(

κ3t
ρ

Γ(1 + ρ)

)n ∥∥∥Î1(t)− Î(t)
∥∥∥ ,

∥∥∥R̂n+1(t)− R̂(t)
∥∥∥ ≤ κ4

Γ(ρ)

∫ t

0

(t− z)ρ−1
∥∥∥R̂n(z)− R̂(z)

∥∥∥ dz ≤
(

κ4t
ρ

Γ(1 + ρ)

)n ∥∥∥R̂1(t)− R̂(t)
∥∥∥ .

Hence, all component sequences converge uniformly to their respective exact solutions. We now demonstrate the
uniqueness of solutions for the time-fractional Mpox model.

Theorem 2.3 (Uniqueness of solution). The fractional-order Mpox model (1.2) admits a unique solution if the fol-

lowing condition holds κit
ρ

Γ(1+ρ) < 1 for i = 1, 2, 3, 4, where κi are the Lipschitz constants corresponding to the kernels

Fi, and ρ ∈ (0, 1) is the fractional order.

Proof. Suppose, to the contrary, that there exists another solution Ŝ†(t), Ê†(t), Î†(t), R̂†(t) to the integral system
equivalent to (1.2). Then, according to the definition of a solution of the integral equation, it follows thatŜ

†(t) =
∫ t

0
(t−z)ρ−1F1(z,Ŝ

†(z))
Γ(ρ) dz, Ê†(t) =

∫ t

0
(t−z)ρ−1F2(z,Ê

†(z))
Γ(ρ) dz,

Î†(t) =
∫ t

0
(t−z)ρ−1F3(z,Î

†(z))
Γ(ρ) dz, R̂†(t) =

∫ t

0
(t−z)ρ−1F4(z,R̂

†(z))
Γ(ρ) dz.

Taking norms and using the Lipschitz condition on F1, we obtain∥∥∥Ŝ(t)− Ŝ†(t)
∥∥∥ ≤ 1

Γ(ρ)

∫ t

0

(t− z)ρ−1
∥∥∥F1(z, Ŝ(z))− F1(z, Ŝ

†(z))
∥∥∥ dz ≤ κ1t

ρ

Γ(1 + ρ)

∥∥∥Ŝ(t)− Ŝ†(t)
∥∥∥ .

If κ1t
ρ/Γ(1 + ρ) < 1, then it follows that

∥∥∥Ŝ(t)− Ŝ†(t)
∥∥∥ = 0, and hence Ŝ(t) = Ŝ†(t).

Proceeding similarly for the remaining components, we obtain∥∥∥Ê(t)− Ê†(t)
∥∥∥ ≤ κ2t

ρ

Γ(1 + ρ)

∥∥∥Ê(t)− Ê†(t)
∥∥∥⇒ Ê(t) = Ê†(t),

∥∥∥Î(t)− Î†(t)
∥∥∥ ≤ κ3t

ρ

Γ(1 + ρ)

∥∥∥Î(t)− Î†(t)
∥∥∥⇒ Î(t) = Î†(t),

∥∥∥R̂(t)− R̂†(t)
∥∥∥ ≤ κ4t

ρ

Γ(1 + ρ)

∥∥∥R̂(t)− R̂†(t)
∥∥∥⇒ R̂(t) = R̂†(t).

Thus, we conclude that all components of the solution are equal, and the solution to the system is unique. □
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3. Stability analysis of the solution

Definition 3.1 (Hyers–Ulam stability [10]). The fractional integral system described in (2.1) is said to be Hyers–Ulam
stable if there exists constants ςi > 0, i = 1, 2, 3, 4, satisfying the following relations for every ξi > 0 such that any

functions Ŝ(t), Ê(t), Î(t), R̂(t) satisfying∣∣∣∣∣Ŝ(t)−
∫ t

0

(t− z)ρ−1F1(z, Ŝ(z))

Γ(ρ)
dz

∣∣∣∣∣ ≤ ξ1,

∣∣∣∣∣Ê(t)−
∫ t

0

(t− z)ρ−1F2(z, Ê(z))

Γ(ρ)
dz

∣∣∣∣∣ ≤ ξ2,

∣∣∣∣∣Î(t)−
∫ t

0

(t− z)ρ−1F3(z, Î(z))

Γ(ρ)
dz

∣∣∣∣∣ ≤ ξ3,

∣∣∣∣∣R̂(t)−
∫ t

0

(t− z)ρ−1F4(z, R̂(z))

Γ(ρ)
dz

∣∣∣∣∣ ≤ ξ4.

Now, let there exist functions Ŝ†(t), Ê†(t), Î†(t), R̂†(t) which satisfy the fractional integral system (2.1), that is,

Ŝ†(t) =

∫ t

0

(t− z)ρ−1

Γ(ρ)
F1(z, Ŝ

†(z)) dz, Ê†(t) =

∫ t

0

(t− z)ρ−1

Γ(ρ)
F2(z, Ê

†(z)) dz,

Î†(t) =

∫ t

0

(t− z)ρ−1

Γ(ρ)
F3(z, Î

†(z)) dz, R̂†(t) =

∫ t

0

(t− z)ρ−1

Γ(ρ)
F4(z, R̂

†(z)) dz.

Then, using the Lipschitz condition of F1, we find∣∣∣Ŝ(t)− Ŝ†(t)
∣∣∣ = ∣∣∣∣ 1

Γ(ρ)

∫ t

0

(t− z)ρ−1
[
F1(z, Ŝ(z), Î(z))− F1(z, Ŝ

†(z), Î(z))
]
dz

∣∣∣∣
≤ κ1

Γ(ρ)

∫ t

0

(t− z)ρ−1
∣∣∣Ŝ(z)− Ŝ†(z)

∣∣∣ dz ≤ κ1t
ρ

Γ(1 + ρ)
∥Ŝ − Ŝ†∥.

Let ξ†1 = tρ

Γ(1+ρ)∥Ŝ − Ŝ†∥ and ς1 = κ1, so that
∣∣∣Ŝ(t)− Ŝ†(t)

∣∣∣ ≤ ξ†1ς1. Likewise, we derive the following bounds∣∣∣Ê(t)− Ê†(t)
∣∣∣ ≤ ξ†2ς2,

∣∣∣Î(t)− Î†(t)
∣∣∣ ≤ ξ†3ς3,

∣∣∣R̂(t)− R̂†(t)
∣∣∣ ≤ ξ†4ς4.

Theorem 3.2 (Hyers-Ulam Stability). Under the stated assumptions (C), the time-fractional Mpox model (1.2) is
Hyers-Ulam stable.

Proof. According to Theorem 2.3, the system (1.2) admits a unique solution Ŝ(t), Ê(t), Î(t), R̂(t). Let Ŝ†(t), Ê†(t), Î†(t), R̂†(t)

be any approximate solution to the same system. We begin by estimating the deviation between Ŝ(t) and Ŝ†(t)

∣∣∣Ŝ(t)− Ŝ†(t)
∣∣∣ =

∣∣∣∣∣∣
∫ t

0

(t− z)ρ−1
[
F1(z, Ŝ(z))− F1(z, Ŝ

†(z))
]

Γ(ρ)
dz

∣∣∣∣∣∣
≤ κ1

∫ t

0

(t− z)ρ−1
∣∣∣Ŝ(z)− Ŝ†(z)

∣∣∣
Γ(ρ)

dz ≤ κ1t
ρ

Γ(1 + ρ)

∥∥∥Ŝ − Ŝ†
∥∥∥ .

Define κ†1 = tρ

Γ(1+ρ)

∥∥∥Ŝ − Ŝ†
∥∥∥, ς†1 = κ1, so we get

∣∣∣Ŝ(t)− Ŝ†(t)
∣∣∣ ≤ κ†1ς

†
1 . Similarly, for the exposed population∣∣∣Ê(t)− Ê†(t)

∣∣∣ ≤ κ2t
ρ

Γ(1 + ρ)

∥∥∥Ê − Ê†
∥∥∥ = κ†2ς

†
2 . For the infected population

∣∣∣Î(t)− Î†(t)
∣∣∣ ≤ κ3t

ρ

Γ(1+ρ)

∥∥∥Î − Î†
∥∥∥ = κ†3ς

†
3

and for the recovered class
∣∣∣R̂(t)− R̂†(t)

∣∣∣ ≤ κ4t
ρ

Γ(1 + ρ)

∥∥∥R̂− R̂†
∥∥∥ = κ†4ς

†
4 .

Thus, all deviations between the true solution and approximate solution are bounded by small multiples of the maxi-
mum norm difference, showing Hyers-Ulam-type bounded stability completing the proof. □
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4. The discretized problem

Let N ∈ N , and define a uniform time grid over the interval [0, T ] as {tj = jτ : j = 0, 1, . . . , N}, where τ = T/N .
The Caputo fractional derivative of order ρ ∈ (0, 1) at time tj for any function X(t) is given by (see, [13])

Dρ
t X̂(tj) =

1

Γ(1− ρ)

j−1∑
k=0

∫ tk+1

tk

(tj − z)−ρX ′(z) dz,

which can be approximated as the following L1 discretization:

Dρ
N X(tj) =

1

Γ(1− ρ)

j−1∑
k=0

1

τ

[
X(tk+1)−X(tk)

] tk+1∫
z=tk

(tj − z)−ρdz

=
τ−ρ

Γ(2− ρ)

j−1∑
k=0

[
X(tk+1)−X(tk)

]
dj−k

=
τ−ρ

Γ(2− ρ)

[
X(tj)d1 +

j−1∑
k=1

(
dj−k+1 − dj−k

)
X(tk)−X(t0)dj

]
. (4.1)

The coefficients dp are defined as dp = τ−ρ

Γ(2−ρ) [p
1−ρ − (p− 1)1−ρ], p = 1, 2, . . . , N. Similarly, the L1 discretization of

Dρ
t Ŝ(t),D

ρ
t Ê(t), Dρ

t Î(t) and Dρ
t R̂(t) at tj can be approximated as

Dρ
N Ŝ(tj) =

∑j−1
k=0

[
Ŝ(tk+1)− Ŝ(tk)

]
dj−k + E(Ŝ)

j ,

Dρ
N Ê(tj) =

∑j−1
k=0

[
Ê(tk+1)− Ê(tk)

]
dj−k + E(Ê)

j ,

Dρ
N Î(tj) =

∑j−1
k=0

[
Î(tk+1)− Î(tk)

]
dj−k + E(Î)

j ,

Dρ
N R̂(tj) =

∑j−1
k=0

[
R̂(tk+1)− R̂(tk)

]
dj−k + E(R̂)

j ,

(4.2)

where E(Ŝ)
j , E(Ê)

j , E(Î)
j , E(R̂)

j denote the local truncation errors at tj associated with each component. Substituting the

approximation (4.2) into the Mpox model (1.2), we obtain the following discretized system:
Dρ

N Ŝ(tj) = Λ− βŜ(tj)Î(tj)− (ν + µ)Ŝ(tj) + E(Ŝ)
j ,

Dρ
N Ê(tj) = βŜ(tj)Î(tj)− (γ + µ)Ê(tj) + E(Ê)

j ,

Dρ
N Î(tj) = γÊ(tj)− (α+ σ + µ)Î(tj) + E(Î)

j ,

Dρ
N R̂(tj) = νŜ(tj) + αÎ(tj)− µR̂(tj) + E(R̂)

j .

(4.3)

Neglecting the truncation error terms, we obtain the following difference system:
Dρ

N Ŝj = Λ− βŜj Îj − (ν + µ)Ŝj ,

Dρ
N Êj = βŜj Îj − (γ + µ)Êj ,

Dρ
N Îj = γÊj − (α+ σ + µ)Îj ,

Dρ
N R̂j = νŜj + αÎj − µR̂j ,

(4.4)

where Ŝj = Ŝ(tj), and similarly for Êj , Îj , and R̂j . After simplification, the difference system (4.4) yields the following
nonlinear algebraic equations at each time step tj

(d1 + ν + µ) Ŝj + βŜj Îj − Λ +
∑j−1

k=1(dj−k+1 − dj−k)Ŝk − Ŝ0dj = 0,

(d1 + µ+ γ) Êj − βŜj Îj +
∑j−1

k=1(dj−k+1 − dj−k)Êk − Ê0dj = 0,

(d1 + µ+ σ + α) Îj − γÊj +
∑j−1

k=1(dj−k+1 − dj−k)Îk − Î0dj = 0,

(d1 + µ) R̂j − νŜj − αÎj +
∑j−1

k=1(dj−k+1 − dj−k)R̂k − R̂0dj = 0,

(4.5)
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for j = 1, 2, . . . , N . We define the nonlinear system compactly as{
f1(Ŝj , Êj , Îj , R̂j) = 0, f2(Ŝj , Êj , Îj , R̂j) = 0,

f3(Ŝj , Êj , Îj , R̂j) = 0, f4(Ŝj , Êj , Îj , R̂j) = 0,
(4.6)

with the prescribed initial conditions Ŝ0, Ê0, Î0, R̂0 ≥ 0. This nonlinear system is solved iteratively using the New-

ton–Raphson method. Let the initial guess at time tj be [Ŝ
(0)
j , Ê

(0)
j , Î

(0)
j , R̂

(0)
j ], at the nth iteration is

Ŝ
(n)
j

Ê
(n)
j

Î
(n)
j

R̂
(n)
j

 =


Ŝ
(n−1)
j

Ê
(n−1)
j

Î
(n−1)
j

R̂
(n−1)
j

− J−1
n−1


f1(Ŝ

(n−1)
j , Ê

(n−1)
j , Î

(n−1)
j , R̂

(n−1)
j )

f2(Ŝ
(n−1)
j , Ê

(n−1)
j , Î

(n−1)
j , R̂

(n−1)
j )

f3(Ŝ
(n−1)
j , Ê

(n−1)
j , Î

(n−1)
j , R̂

(n−1)
j )

f4(Ŝ
(n−1)
j , Ê

(n−1)
j , Î

(n−1)
j , R̂

(n−1)
j )

 ,
where Jn−1 is the Jacobian matrix evaluated at the previous iteration. This procedure is repeated at each time step
j, thereby solving the entire time-fractional Mpox system. The Jacobian matrix J(p) of the nonlinear system at the

pth iteration is given by

J(p) =



∂f1
∂Ŝ

∂f1
∂Ê

∂f1
∂Î

∂f1
∂R̂

∂f2
∂Ŝ

∂f2
∂Ê

∂f2
∂Î

∂f2
∂R̂

∂f3
∂Ŝ

∂f3
∂Ê

∂f3
∂Î

∂f3
∂R̂

∂f4
∂Ŝ

∂f4
∂Ê

∂f4
∂Î

∂f4
∂R̂

∣∣ (Ŝ,Ê,Î,R̂)=(Ŝ
(p)
j ,Ê

(p)
j ,Î

(p)
j ,R̂

(p)
j )

.

Then, the approximate solution of system (1.2) at time step tj , after n iterations, is given by
Ŝ(tj)

Ê(tj)

Î(tj)

R̂(tj)

 ≈


Ŝ
(n)
j

Ê
(n)
j

Î
(n)
j

R̂
(n)
j

 .

5. Error Analysis

In this section, we present a rigorous error analysis of the L1 scheme applied to the time-fractional Mpox model (1.2).

We assume that the exact solution Ẑ(t) = [Ŝ(t), Ê(t), Î(t), R̂(t)]⊤ ∈ C2[0, T ] satisfies the following regularity condition
[4, 25] ∥∥∥∥∥dpẐ(t)dtp

∥∥∥∥∥ ≤ C(1 + tρ−p), for p = 0, 1, 2. (5.1)

This condition accounts for the weak singularity at t = 0, since Ẑ ′(t) ∼ tρ−1 → ∞ as t→ 0+.

Theorem 5.1 (Local Truncation Error). Let Ẑ(t) satisfy the regularity assumption (5.1). Then, the L1 approximation
to the Caputo derivative satisfies∥∥∥Dρ

t Ẑ(tj)−Dρ
N Ẑ(tj)

∥∥∥ ≤ C N−ρ, for j = 1, 2, . . . , N.

Proof. Following the L1 truncation analysis framework in [25], the local error in approximating the Caputo derivative
by the L1 formula is given by

E(X)
j = Dρ

t X̂(tj)−Dρ
N X̂(tj), X̂ ∈ {Ŝ, Ê, Î, R̂}.
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Each term involves integrals of the form

Tjk =

∫ tk+1

tk

(tj − s)−ρ

(
dX̂(s)

ds
− δk

)
ds,

where δk denotes the piecewise linear interpolant of X̂ over [tk, tk+1]. Using Taylor expansion and the regularity
condition (5.1), we estimate

|Tjk| ≤ Cτk+1

∫ tk+1

tk

(tj − s)−ρ(s− tk)ds ≤ Cτ2k+1(tj − tk)
−ρ.

Summing over all k, and applying mesh-dependent bounds, we obtain |E(X)
j | ≤

j−1∑
k=0

|Tjk| ≤ C N−ρ. □

Let the error vector at time tj be defined as

Ej = Ẑ(tj)− Ẑj =


Ŝ(tj)− Ŝj

Ê(tj)− Êj

Î(tj)− Îj

R̂(tj)− R̂j

 .
Subtracting the numerical scheme (4.5) from the continuous model (1.2), and applying the L1 discretization gives

Dρ
NEj = F (tj , Ẑ(tj))− F (tj , Ẑj) + Tj , where Tj =

(
Dρ

t −Dρ
N

)
Ẑ(tj) denotes the truncation error vector.

Theorem 5.2 (Stability). Assume that the function F (t, Ẑ) satisfies a global Lipschitz condition in Ẑ. Then the error
satisfies

∥Ej∥ ≤ C sup
1≤k≤j−1

∥Tk∥ , for j ≥ 1.

Proof. Using the Lipschitz continuity of F , we write Dρ
N∥Ej∥ ≤ L∥Ej∥ + ∥Tj∥. In the discrete L1 formulation, the

inequality can be expressed in the form

dj,j−1∥Ej∥ −
j−1∑
k=1

(
dj,k − dj,k−1

)
∥Ek∥ ≤ L∥Ej∥+ ∥Tj∥.

Rearranging, we obtain( τ−ρ
j

Γ(2− ρ)
− L

)
∥Ej∥ ≤M

j−1∑
k=1

∥Ek∥+ ∥Tj∥,

where M = max
1≤k≤j−1

{dj,k −dj,k−1}. From [14], provided LΓ(2−ρ) < τ−ρ
j and lim

h→0

j−1∑
k=1

∥Ek∥ = 0, the discrete fractional

Grönwall inequality ensures ∥Ej∥ ≤ C sup
1≤k≤j−1

∥Tk∥ . Hence, the desired stability bound is obtained. □

Theorem 5.3 (Global Convergence). Suppose the regularity assumption (5.1) holds, and that F (t, Ẑ) is Lipschitz
continuous. Then, the L1 scheme satisfies the following global error estimate

max
1≤j≤N

∥Ẑ(tj)− Ẑj∥ ≤ C N−ρ.

Proof. Combining Lemma 5.1 and Theorem 5.2, we obtain ∥Ej∥ ≤ C sup
1≤k≤j−1

∥Tk∥ ≤ C N−ρ. □
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Table 2. EN
M and ϱNM of Ŝ for Example 6.1.

ρ 32 64 128 256 512 1024
0.10 7.276E-03 6.941E-03 6.612E-03 6.291E-03 5.979E-03 5.677E-03

0.068 0.070 0.072 0.073 0.075 0.076
0.30 1.808E-02 1.555E-02 1.325E-02 1.119E-02 9.392E-03 7.835E-03

0.217 0.231 0.243 0.253 0.262 0.268
0.50 2.469E-02 1.881E-02 1.402E-02 1.028E-02 7.457E-03 5.367E-03

0.392 0.424 0.447 0.463 0.475 0.482
0.70 2.794E-02 1.816E-02 1.151E-02 7.334E-03 4.580E-03 2.834E-03

0.622 0.658 0.650 0.679 0.692 0.698
0.90 3.092E-02 1.848E-02 1.039E-02 5.627E-03 2.985E-03 1.569E-03

0.743 0.831 0.885 0.915 0.928 0.932

6. Numerical illustration and discussions

To validate the accuracy and efficiency of the proposed scheme, the following test example is considered. The cor-
responding order of convergence is calculated by ϱM = log2

(
ΣM/Σ2M

)
, and the maximum errors are calculated by

ΣM = max
0≤j≤M

∣∣U(tj)− Uj

∣∣. Since the exact solution is unknown, a refined numerical solution computed on a mesh of

size 2M is taken as the reference solution to evaluate the error on the coarser mesh of size M . All computations are
performed using MATLAB R2016a.

Example 6.1. Consider the fractional-order Mpox model (1.2) with the following initial conditions and parameter
values adapted from [1]:

Λ = 0.01630, β = 0.050, µ = 0.00910, γ = 0.05882, α = 0.06125, σ = 0.0300,

ν ∈ [0, 1], Ŝ(0) = 0.90, Ê(0) = 0.06, Î(0) = 0.04, R̂(0) = 0.

Figures 1 and 2 show the time evolution of each compartment for different values of ρ. The results reveal that, as

ρ increases, the susceptible population Ŝ decays faster, while the exposed and infected populations rise earlier and
decline faster, suggesting more substantial memory effects. For lower ρ, the infection process is more delayed, reflecting

the fractional derivative’s non-local nature and the presence of memory in disease progression. The recovered class R̂
increases more slowly for lower ρ, indicating that the fractional order significantly influences the pace of recovery in the
population. The effect of varying vaccination rate ν ∈ {0, 0.2, 0.5} is examined in Figure 3. An increase in vaccination
rate leads to a significant reduction in the peak and size of both the exposed and infected populations. This supports
the effectiveness of vaccination strategies in controlling the Mpox outbreak. The log–log plots in Figure 4 depict the
numerical errors with respect to the mesh size M and confirm that the proposed difference scheme converges at a rate
close to the theoretical order O(M−ρ) for all compartments.

Table 2 presents the maximum absolute errors (EN
M ) and the corresponding numerical convergence rates (ϱNM ) for

the susceptible compartment (Ŝ) at different fractional orders ρ. It is observed that, for each fixed value of ρ, the
errors decrease monotonically and tend toward zero as the mesh is refined, while the computed convergence rates
approach the fractional order ρ. This confirms that the proposed numerical scheme achieves a convergence order
close to O(M−ρ), which is consistent with the theoretical error estimate. A similar convergence behavior and level of

accuracy are observed for the exposed compartment (Ê) in Table 3, the infected compartment (Î) in Table 4, and the

recovered compartment (R̂) in Table 5.
A comparative study between the proposed scheme and the FMEM in [1] is presented in Table 6. The results reveal

that the proposed scheme significantly outperforms the FMEM in terms of accuracy for all values of ρ. These findings
confirm the robustness, convergence, and computational advantages of the L1 scheme for solving the time-fractional
Mpox model.



Unco
rre

cte
d Pro

of

12 G. SAINI, B. GHOSH, S. CHAND, AND J. MOHAPATRA

t

0 10 20 30 40 50 60 70 80 90 100

Su
sc
ep
ti
bl
e

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

ρ = 0.85

ρ = 0.90

ρ = 0.95

ρ = 0.99

(a) Ŝ(t).
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Figure 1. Comparison of Ŝ(t) and Ê(t) for different values of ρ.
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Figure 2. Comparison of Î(t) and R̂(t) for different values of ρ.

7. Conclusion

In this study, we proposed and analyzed a fractional-order mathematical model for the Mpox virus. We examined
the model existence, uniqueness, and stability properties and solved it numerically using the L1 scheme with New-
ton–Raphson iteration. A thorough error analysis was carried out, demonstrating that the proposed scheme exhibits
convergence aligning well with theoretical predictions. Initial conditions and parameters were taken from existing liter-
ature to simulate disease dynamics. Using the Caputo derivative, we explored the impact of different fractional orders
and vaccination rates on disease progression. The proposed scheme demonstrated high accuracy in all compartments.
This underscores the significance of fractional calculus in modeling infectious diseases like Mpox.
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Figure 3. Effect of vaccination rate on Ê(t) and Î(t).

Table 3. EN
M and ϱNM of Ê for Example 6.1.

ρ 32 64 128 256 512 1024
0.20 3.913E-04 3.432E-04 3.007E-04 2.632E-04 2.301E-04 2.011E-04

0.189 0.191 0.192 0.194 0.195 0.195
0.40 6.221E-04 4.762E-04 3.634E-04 2.768E-04 2.105E-04 1.599E-04

0.385 0.390 0.393 0.395 0.396 0.397
0.60 7.017E-04 4.625E-04 3.047E-04 2.008E-04 1.325E-04 8.738E-05

0.601 0.602 0.601 0.601 0.600 0.600
0.80 8.024E-04 4.541E-04 2.522E-04 1.398E-04 7.827E-05 4.439E-05

0.821 0.849 0.851 0.837 0.818 0.808
0.99 1.114E-03 6.044E-04 3.159E-04 1.617E-04 8.184E-05 4.116E-05

0.883 0.936 0.966 0.983 0.992 0.996

Table 4. EN
M and ϱNM of Î for Example 6.1.

ρ 32 64 128 256 512 1024
0.10 4.600E-05 4.552E-05 4.480E-05 4.386E-05 4.275E-05 4.151E-05

0.015 0.023 0.031 0.037 0.043 0.047
0.30 1.214E-04 1.131E-04 1.019E-04 8.967E-05 7.751E-05 6.612E-05

0.102 0.151 0.185 0.210 0.229 0.244
0.50 1.863E-04 1.530E-04 1.189E-04 8.941E-05 6.588E-05 4.791E-05

0.284 0.364 0.411 0.441 0.460 0.472
0.80 3.336E-04 1.958E-04 1.108E-04 6.206E-05 3.446E-05 1.924E-05

0.769 0.821 0.837 0.849 0.841 0.829
0.90 5.265E-04 2.768E-04 1.415E-04 7.123E-05 3.564E-05 1.779E-05

0.928 0.968 0.990 0.999 1.002 1.003
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Figure 4. Log-log plots for Example 6.1.

Table 5. EN
M and ϱNM of R̂ for Example 6.1.

ρ 32 64 128 256 512 1024
0.20 1.514E-02 1.366E-02 1.228E-02 1.100E-02 9.819E-03 8.741E-03

0.148 0.154 0.159 0.164 0.168 0.172
0.40 2.479E-02 1.996E-02 1.586E-02 1.246E-02 9.709E-03 7.516E-03

0.313 0.332 0.348 0.360 0.369 0.377
0.60 2.984E-02 2.098E-02 1.438E-02 9.700E-03 6.483E-03 4.310E-03

0.508 0.545 0.568 0.581 0.589 0.593
0.70 3.085E-02 1.993E-02 1.270E-02 8.067E-03 5.030E-03 3.111E-03

0.630 0.650 0.655 0.681 0.693 0.698
0.99 3.438E-02 1.971E-02 1.081E-02 5.675E-03 2.912E-03 1.477E-03

0.803 0.867 0.929 0.962 0.979 0.988
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Table 6. Comparison of maximum absolute errors using L1 and FMEM schemes [1] for compartments

Ŝ, Ê, Î, and R̂ at different values of ρ.

ρ
Ŝ Ê Î R̂

L1 FMEM L1 FMEM L1 FMEM L1 FMEM

0.80 8.57E–4 3.78E–2 1.87E–5 3.44E–3 7.92E–6 3.99E–3 9.40E–4 3.90E–1

0.90 5.76E–4 1.89E–2 1.32E–5 1.72E–3 6.06E–6 2.00E–3 6.25E–4 1.40E–1

0.95 5.15E–4 9.47E–3 1.32E–5 8.62E–4 7.75E–6 1.00E–3 5.45E–4 5.84E–2

0.99 5.06E–4 1.89E–3 1.41E–5 1.72E–4 9.90E–6 2.00E–4 5.10E–4 1.00E–2
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