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Abstract

In this paper, an artificial neural network architecture is proposed for solving a class of fuzzy optimal control

problems. At the first step, we consider the Pontryagin minimum principle for the mentioned problems. The
necessary optimality conditions for these problems are stated in the form of two-point boundary value problems.

Then, for the first time, a neural network solution method is introduced in which Jacobi functions are employed as

activation functions in one of the hidden layers to approximate solutions to two-point boundary value problems.
This neural network uses roots of Jacobi polynomials as the training dataset, and the Levenberg-Marquardt

algorithm is chosen as the optimizer. By relying on the ability of the generalized fuzzy hyperbolic models as

function approximator, the trial solutions of variables are substituted in the related two-point boundary value
problem. The obtained algebraic nonlinear equations system is then reduced into an error function minimization

problem. A learning scheme based on the Levenberg-Marquardt algorithm is employed as the optimizer to derive

the adjustable parameters of fuzzy solutions. To show the effectiveness of the presented neural network, some
numerical results are provided.
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1. Introduction

Classical optimal control problems play a crucial role in science and engineering. These problems aim to find a pair of
control-state variables that satisfy a dynamic system and minimize an objective functional. Typically, optimal control
problems are solved using the Pontryagin minimum principle (PMP), a generalization of the classic Euler–Lagrange
and Weierstrass necessary optimality conditions for the calculus of variations. Many authors have approached optimal
control problems from various perspectives, with some of the latest research found in [3, 4, 12, 42, 43, 47, 50].

In recent decades, fuzzy optimal control problems have gained considerable attention. Various approaches to fuzzy
optimal control for nonlinear systems have been studied, often based on the Takagi–Sugeno (T–S) fuzzy model [49].
Filev and Angelov [18] used fuzzy mathematical programming to formulate and solve the fuzzy optimal control problem.
Zhao and Zhu [52] explored the concept of fuzzy processes and addressed the existence and uniqueness of a linear
quadratic fuzzy optimal control problem. Farhadinia [17] applied the fuzzy variational approach from [16] to fuzzy
optimal control problems, deriving necessary optimality conditions based on the Buckley and Feuring derivative [7].
However, the main theorems in [16, 17] were found to be invalid, and the results deduced were incorrect. Specifically,

in Example 7.1 of [17], the fuzzy Lagrange multiplier λ̃(α) = [24(3− α), 48α] is not a fuzzy number, and the solution

x̃(t, α) is not differentiable when t ∈ (
1

2
, 1], meaning [˜̇x(t)]α did not represent an α-level set of a fuzzy number.

Similarly, in Example 7.1 of [16], the α-level set of optimal fuzzy control

[ũ∗(t)]α =
[−(3− 2α)e−(1−t)(3−2α)

sinh(3− 2α)
,
−αe−(1−t)α

sinh(α)

]
,
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did not represent an α-level set of a fuzzy number.
Najariyan and Farahi explored fuzzy optimal control problems of a linear dynamical system with uncertain initial

conditions [33] and uncertain parameters [34]. However, Example 4.2 by Solaki et al. [46] highlighted that the solutions
derived were not extremals for a specific instance of fuzzy optimal control problems, indicating a discrepancy in [34].
Moreover, in [33, 34], the authors examined the notion of Strongly Generalized Hukuhara (SGH) differentiability in a
fuzzy dynamical system and for designing fuzzy optimal control. However, the SGH derivative has some shortcomings:
(i) it does not always exist, and (ii) it requires the monotony of the uncertainty. To address these issues, Najariyan
and Farahi evaluated a class of fuzzy optimal control problems using the generalized Hukuhara (gH) differentiability
concept [35]. Although the gH differentiability notion does not require the monotony of solution fuzziness, the existence
of this derivative is not guaranteed. Additionally, approaches based on SGH and gH differentiability face a significant
limitation called the Unnatural Behavior in Modeling (UBM) phenomenon [29]. The UBM phenomenon arises from
the fact that, based on fuzzy standard interval arithmetic (FSIA), the solutions of different forms of a fuzzy differential
equation with the same structure may differ. For example, consider the fuzzy differential equations

˙̃x(t) = x̃(t) + κ̃, ˙̃x(t)− x̃(t) = κ̃, and ˙̃x(t)− d̃ = κ̃,

where the initial conditions are the same and equal to a fuzzy number, κ̃ is a fuzzy number, and the derivative ˙̃x is SGH
or gH. As a result, the solutions obtained by solving these fuzzy differential equations may differ, exemplifying the
UBM phenomenon. Additionally, [29] discusses other limitations associated with these derivatives, such as doubling
property and multiplicity of solutions.

These limitations motivated some authors to explore fuzzy optimal control problems using a method that not only
defines fuzzy derivatives but also addresses these issues. To overcome the difficulties of the gH derivative, Mustafa et
al. [31, 32] defined the fuzzy optimal control problem with state conditions at the final time and derived the necessary
conditions for this problem as the main goal of their paper. They introduced two types of fuzzy Hamiltonian functions,
used alongside the concepts of parameterizing the fuzzy-valued function and its differentiation and integration by the
left- and right-hand functions of its α-level set and fuzzy variational approaches to prove the necessary conditions for
the fuzzy optimal control problem with state conditions at the final time. Additionally, they introduced the concepts
of strong and weak solutions to ensure that the optimal solutions are fuzzy functions.

Artificial neural networks (ANNs) are abstract computational schemes inspired by biological systems. They resemble
the behavior and functionality of the human brain and neural system by acquiring and storing knowledge. ANNs
consist of neurons and their interconnections, representing synaptic connections and neuron activation functions.
These functions model possible processes occurring inside each neuron in the human brain, enabling ANNs to learn
and produce desired outputs for various problems. ANNs are typically represented as directed graphs, with nodes
performing simple mathematical operations (activation functions) on data.

Numerical weights associated with directed edges between nodes represent information within these links and allow
ANNs to learn and adapt during several iterations of inputting sample datasets. The process of updating the weights
based on the type of network inputs is called learning. ANNs are categorized based on their topologies. Single-layer
ANNs are directly connected, while multilayer ANNs have additional neurons that act as signal bridges, connecting
neurons in previous and next layers, forming hidden layers. The number of layers in multilayer ANNs depends on
various criteria, such as the number of input signals, input and output neurons, and learning paradigms. The outputs
of neurons are multiplied by their related weights, and the products are fed through the activation function to generate
a result.

Recently, ANN methods for solving various types of differential equations have been rapidly developing. Different
ANN frameworks, such as radial basis function networks [22, 26], orthogonal neural networks [27, 28], and deep neural
networks [38], simulate dynamical systems using nonlinear optimization methodologies. Orthogonal neural networks,
in particular, utilize orthogonal functions, which have suitable properties for approximating unknown functions. One
important class of orthogonal functions is the Jacobi polynomials, which have been used to solve various problems in
science and engineering. Recent studies on this topic can be found in [1, 2, 5, 30, 40].

Motivated by these discussions, this paper uses Jacobi polynomials as the basis of ANNs for solving fuzzy variational
and fuzzy optimal control problems. We first consider PMP for fuzzy optimal control problems based on the concepts
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of differentiability and integrability of a fuzzy mapping parameterized by the left- and right-hand functions of its α-
level sets. This approach leads to related two-point boundary value problems (TPBVPs). Next, we use a Jacobi neural
network architecture to approximate the trial solutions of the necessary optimality conditions. These neural networks
use the roots of Jacobi polynomials as the training dataset, and the Levenberg-Marquardt algorithm is selected to
optimize the unknown weight parameters. It should be noted that, until now, fuzzy variational and fuzzy optimal
control problems have not been solved using any neural network scheme.

The main contributions of this paper are reflected in the following aspects:
• The primary aim of this paper is to study the necessary conditions of the fuzzy optimal control problem of multiple

variables, based on the concepts of differentiability and integrability of a fuzzy-valued function parameterized by the
left- and right-hand functions of its α-level set and variational approaches, in order to provide solutions. However,
the solutions of the fuzzy optimal control problem, optimal controls, and corresponding optimal states are not always
fuzzy functions. To ensure that the solutions of the fuzzy optimal control problem of several variables are always fuzzy
functions, we introduce the concepts of strong (fuzzy) and weak solutions.
• To address fuzzy optimal control problems, we propose a novel Jacobi-based neural network approach using Jacobi

polynomials. To the best of our knowledge, this method has not been explored in the existing literature.
• The solution of the fuzzy optimal control via the Jacobi neural network is a smooth solution that can be easily

used in subsequent calculations.
• A significant advantage of the Jacobi neural network is that it produces differentiable solutions expressed in a

closed analytical form.
• Employing the Jacobi neural network provides a solution for fuzzy optimal control with excellent interpolation

properties. The comparative results with the method outlined in [31, 32] clearly confirm this point.
The manuscript is organized as follows:
In Section 2, we recall and generalize some fundamental concepts of differentiability and integrability of a fuzzy

mapping. In Section 3, we establish our main results concerning the necessary conditions of the fuzzy optimal control
problem of multiple variables. Additionally, we state the definitions of strong (fuzzy) and weak solutions for the
problem. Section 4 contains a description of Jacobi Polynomials and introduce a Jacobi neural network framework.
Section 5 explains the method of updating the neural network weights via the Levenberg-Marquardt algorithm. Section
6 presents several numerical simulation results. Finally, section 7 concludes this paper.

2. Preliminaries

In this section, we recall some fundamental concepts of fuzzy analysis [17, 19, 51].

Definition 2.1. [19] A fuzzy set ã : R −→ [0, 1] is called a fuzzy number if ã is normal, convex fuzzy set, upper

semi-continuous and supp(a) = {x ∈ R : ã(x) > 0} is compact, where M denotes the closure of M . n the rest of this
paper we use E1 to denote the fuzzy number space.

Definition 2.2. [19] The α–level set of ã ∈ E1 denoted by ã[α] = [a(α), a(α)], is defined by

ã[α] =


{x ∈ R : ã(x) ≥ α}, if 0 < α ≤ 1,

{x ∈ R : ã(x) > 0}, if α = 0.

Obviously, the α-level set ã[α] = [a(α), a(α)] is bounded closed interval in R for all α ∈ [0, 1], where a(α) and a(α)
denote the left-hand and right-hand endpoints of ã[α], respectively.

Definition 2.3. [19] The opposite of a fuzzy number ã is −ã. It means −ã[α] = [−a(α),−a(α)]. Also, for ã, b̃ ∈ E1,

with ã[α] = [a(α), a(α)], b̃[α] = [b(α), b(α)] and k ∈ R,
• (ã⊕ b̃)[α] = ã[α] + b̃[α] = {x+ y : x ∈ ã[α], y ∈ b̃[α]},
• (k ⊙ ã)[α] = kã[α] = {kx : x ∈ ã[α]},
• (ã⊙ b̃)[α] = [min{a(α)b(α), a(α)b(α), a(α)b(α), a(α)b(α)},
max{a(α)b(α), a(α)b(α), a(α)b(α), a(α)b(α)}].
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Any crisp number with value k can be regarded as a fuzzy number ã if its membership function is defined by,

ã(x) =

{
1, x = k,

0, x ̸= k.

Definition 2.4. [19] The metric structure is defined by the Hausdorff distance D : E1 × E1 × R −→ R+ ∪ {0},
D(ã, b̃) = sup

α∈[0,1]

max{| a(α)− b(α) |, | a(α)− b(α) |}.

D satisfies the following properties:

• (En, D) is a complete metric space,

• D(ã⊕ c̃, b̃⊕ c̃) = D(ã, b̃),

• D(k ⊙ ã, k ⊙ b̃) =| k | D(ã, b̃), where ã, b̃, c̃ ∈ E1 and k ∈ R.
Definition 2.5. [19] A triangular fuzzy number is denoted by ã = (u, v, w), and its α-cuts is denoted by ã[α] =
[u+ α(v − u), w − α(w − v)].
Lemma 2.6. [19] Let a : [0; 1] −→ R and a : [0; 1] −→ R satisfy the following conditions:
C1: a is a bounded increasing function;
C2: a is a bounded decreasing function;
C3: a(1) ≤ a(1);
C4: lim

α−→k−
a(α) = a(k), and lim

α−→k−
a(α) = a(k), for all 0 < k ≤ 1;

C5: lim
α−→0+

a(α) = a(0), and lim
α−→0+

a(α) = a(0).

Then ã : [0, 1] −→ R characterized by ã(x) = sup{α : a(α) ≤ x ≤ a(α)} is a fuzzy number with with [ã]α =
[a(α), a(α)]. Moreover ã : [0, 1] −→ R is a fuzzy number with [ã]α = [a(α), a(α)], then a(α), a(α) satisfy conditions C1

- C5.

Definition 2.7. [17] Suppose that ã, b̃ ∈ E1, where ã[α] = [a(α), a(α)] and b̃[α] = [b(α), b(α)] for all α ∈ [0, 1], the

H–difference of ã and b̃ is defined by

ã⊖H b̃ = c̃⇐⇒ ã = b̃⊕ c̃.

Obviously, ã⊖H ã = 0̃, and the α–level set of H–difference is

(ã⊖H b̃)[α] = [a(α)− b(α), a(α)− b(α)], ∀α ∈ [0, 1].

Definition 2.8. [17] Let ã, b̃ ∈ E1, we write ã ⪯ b̃, if a(α) ≤ b(α) and a(α) ≥ b(α) for all α ∈ [0, 1]. We also write

ã ≺ b̃ , if ã ⪯ b̃ and there exists α0 ∈ [0, 1] such that a(α0) < b(α0) or a(α0) < b(α0) . Furthermore,ã = b̃, if ã ⪯ b̃

and ã ⪰ b̃. In other words, ã = b̃, if ã[α] = b̃[α] for all α ∈ [0, 1]. ã, b̃ ∈ E1 are said to be comparable if either ã ⪯ b̃ or
ã ⪰ b̃, and non–comparable otherwise.

Definition 2.9. [51] The function F̃ : S ⊆ R −→ E1 is called a fuzzy valued function if F̃ (t) is assign a fuzzy

number for any t ∈ S. We also denote F̃ (t)[α] = [F (t, α), F (t, α)], where F (t, α) = (F̃ (t))(α) = min{F̃ (t)[α]} and

F (t, α) = (F̃ (t))(α) = max{F̃ (t)[α]} . Therefore any fuzzy valued function F̃ may be understood by F (t, α) and
F (t, α) being respectively a bounded increasing function of α and a bounded decreasing function of αfor α ∈ [0, 1].
Also it holds F (t, α) ≤ F (t, α) for any α ∈ [0, 1].

Definition 2.10. [17] The function F̃ : S ⊆ R −→ E1 is continuous at t ∈ S, if both F (t, α) and F (t, α) are continuous
functions at t ∈ S for all α ∈ [0, 1].

Definition 2.11. [17] Let S ⊆ R and t0 ∈ S and h be such that t0 + h ∈ S. A fuzzy valued function F̃ : S −→ E1 is

said to be H-differentiable at t0 ∈ S if and only if there exists a fuzzy number ˜̇F (t0) such that the limits (with respect
to metric D)

lim
h−→0+

F̃ (t0 + h)⊖H F̃ (t0)

h
, lim

h−→0+

F̃ (t0)⊖H F̃ (t0 − h)
h

,
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both exist and are equal to ˜̇F (t0) ∈ E1 In this case ˜̇F (t0) is called the H-derivative of F̃ at t0. If F̃ is H-differentiable

at any t ∈ S, we call F̃ is H-differentiable over S.

Moreover, if a fuzzy valued function F̃ : S −→ E1 is H-differentiable at t0 ∈ S, then Ḟ (t, α) and Ḟ (t, α) are
differentiable at t0 ∈ S for all α ∈ [0, 1], and we have

˜̇F (t0)[α] = [Ḟ (t0, α), Ḟ (t0, α)].

Definition 2.12. [17] Let F̃ : [t0, t1] −→ E1. We say that F̃ is Fuzzy–Riemann integrable to I ∈ E1 if for any ϵ > 0,
there exists δ > 0 such that for any division P = {[i, j]; ξ} of [t0, t1] with the norms ∆(p) < δ, we have

D
( ∗∑

p

(i− j)⊙ F̃ (ξ); I) < ϵ,

where
∑∗

denotes the fuzzy summation. We choose to write I := (FR)
∫ t1
t0
F̃ (t)dt. Furthermore, for any α ∈ [0, 1]

(FR)

∫ t1

t0

F̃ (t)[α]dt =
[
(R)

∫ t1

t0

F (t, α)dt, (R)

∫ t1

t0

F (t, α)dt
]
.

Definition 2.13. [17] Suppose that F̃ , G̃ : S ⊆ R −→ E1 are two fuzzy functions. The distance measure between F̃

and G̃ is defined by

DE1(F̃ (t), G̃(t)) = sup
α∈[0,1]

H(F̃ (t)[α], G̃(t)[α])

= max{ sup
z∈F̃ (t)[α]

d(z, G̃(t)[α]), sup
y∈G̃(t)[α]

d(F̃ (t)[α], y)}, ∀t ∈ S,

where H is the Hausdorff metric on the family of all nonempty compact subsets of R, and

d(a,B) = inf
b∈B

d(a, b).

3. Fuzzy optimal control problems

In this section, we begin by addressing the fuzzy optimal control problem, which includes state constraints at the
final time, along with the associated necessary conditions. Subsequently, we explore both strong and weak solutions
of the fuzzy optimal control problem.

3.1. Statement of the problem. Let x̃ = x̃(t) be a fuzzy function of t ∈ [t0, tf ] ⊆ R and belonging to the class
of fuzzy functions with continuous first derivatives with respect to t ∈ [t0, tf ]. The fuzzy optimal control problem is
stated as follows:

min
ũ
J̃(ũ) = ψ̃(x̃(tf ), tf )⊕ (FR)

∫ tf

t0

f̃(x̃(t), ũ(t), t)dt,

s.t. ˜̇x(t) = g̃(x̃(t), ũ(t), t),

x̃(t0) = x̃0, x̃(tf ) is free, (3.1)

where f̃ , g̃ : E1 × E1 × R −→ E1 are fuzzy valued functions, the fuzzy state x̃(t) and the fuzzy control ũ(t) are
functions of t ∈ [t0, tf ] ⊆ R, meanwhile, the fuzzy state function x̃(t) is assumed to be H–differentiable with respect

to t ∈ [t0, tf ]. The integrand f̃ and the right hand side of the fuzzy differential equation g̃ are considered to have
continuous first and second partial derivatives with respect to all of their arguments.

Definition 3.1. (Admissible fuzzy state)[32] We say that x̃(t) is admissible, if it satisfies appropriate boundary
condition and also is twice continuously differentiable with respect to t ∈ [t0, tf ]. Throughout this paper, we assume
that an admissible fuzzy control ũ(t) is not bounded.
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Remark 3.2. The fuzzy Hamiltonian function for Problem (3.1) is defined as follows:

H̃(x̃(t), ũ(t), p̃(t), t) = f̃(x̃(t), ũ(t), t)⊕ p̃(t)⊙ g̃(x̃(t), ũ(t), t). (2.4)

Note that, according to the definition of the multiplication of two fuzzy numbers presented in Definition 2.3, the α-
cut corresponding to the fuzzy Hamiltonian function defined in (2.4) has 16 possible cases. For simplicity, we consider
only one of these 16 cases as follows:

H̃(x̃(t), ũ(t), p̃(t), t)[α] = [H(x, u, p, t, α),H(x, u, p, t, α)], (3.2)

with the α- level set

H(x, u, p, t, α) = f(x, u, p, t, α) + p⊤g(x, u, p, t, α),

H(x, u, p, t, α) = f(x, u, p, t, α) + p⊤g(x, u, p, t, α).

Theorem 3.3. [32] (Necessary optimality conditions). Assume that x̃∗(t) be an admissible fuzzy state and ũ∗(t) be
an admissible fuzzy control. If (x̃∗, ũ∗) is an optimal solution to the problem (3.1), then there exists costate function
p̃∗(t) such that ([x̃∗(t), ũ∗(t), p̃∗(t), t, α]) satisfies the following system for all α ∈ [0, 1], t ∈ [t0, tf ]:

ẋ∗(t, α) =
∂H

∂p
(x∗(t, α), u∗(t, α), p∗(t, α), t, α),

ẋ
∗
(t, α) =

∂H

∂p
(x∗(t, α), u∗(t, α), p∗(t, α), t, α),

ṗ∗(t, α) = −∂H
∂x

(x∗(t, α), u∗(t, α), p∗(t, α), t, α),

ṗ
∗
(t, α) = −∂H

∂x
(x∗(t, α), u∗(t, α), p∗(t, α), t, α),

0 =
∂H

∂u
(x∗(t, α), u∗(t, α), p∗(t, α), t, α),

0 =
∂H

∂u
(x∗(t, α), u∗(t, α), p∗(t, α), t, α),

p(tf , α) =
∂ψ

∂x
|t=tf ,

p(tf , α) =
∂ψ

∂x
|t=tf ,

(3.3)

where the fuzzy Hamiltonian function H̃ is defined as (3.2).

3.2. The strong and weak solutions. As demonstrated above, Theorem 3.3 provided the necessary conditions for
(x̃∗, ũ∗) to be optimal solutions of problem (3.1). From Lemma 2.6, we know that the left and right-hand sides of
the generated functions of the α-level set of any fuzzy number must satisfy certain properties. Consequently, the left
and right-hand side functions of the α-level set of optimal fuzzy control-state (x̃∗, ũ∗) must adhere to these properties.
To ensure that the solutions of the problem (3.1) and the associated problem are fuzzy functions, Mustafa et al.
[31, 32] suggested the concepts of strong and weak solutions. Furthermore, ũ∗(t) and x̃∗(t) are fuzzy numbers, where
ũ∗(t)[α] = [u∗(t, α), u∗(t, α)] and x̃∗(t)[α] = [x∗(t, α), x∗(t, α)] if u∗(t, α), u∗(t, α), x∗(t, α), and x∗(t, α) satisfy the
properties stated in Lemma 2.6.

In the following, based on conditions C1 and C2 of Lemma 2.6, the definitions of strong and weak solutions are
introduced for the fuzzy optimal control problem with state conditions at the final time, as defined in (3.1).

Definition 3.4. • (Strong solution): ũ∗(t)[α] and x̃∗(t)[α] are defined as strong solutions of the problem (3.1), if
u∗(t, α), u∗(t, α), x∗(t, α) and x∗(t, α) obtained from (3.3) satisfy conditions C1 and C2 of Lemma 2.6, for all t ∈ [t0, tf ]
and α ∈ [0, 1].
• (Weak solution): ũ∗(t)[α] and x̃∗(t)[α] are defined as weak solutions of the problem (3.1), if u∗(t, α), u∗(t, α), x∗(t, α)

and x∗(t, α) obtained from (3.3) do not satisfy conditions C1 and C2 of Lemma 2.6, meanwhile, ũ∗(t)[α] and x̃∗(t)[α]
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are defined as

ũ∗(t)[α] =


[2u∗(t, 1)− u∗(t, α), u∗(t, α)], u∗, u∗are decreasing functions of α,

[u∗(t, α), 2u∗(t, 1)− u∗(t, α)], u∗, u∗are increasing functions of α,

[u∗(t, α), u∗(t, α)], u∗is decreasing and u∗is an increasing of α,

(3.4)

and

x̃∗(t)[α] =


[2x∗(t, 1)− x∗(t, α), x∗(t, α)], x∗, x∗are decreasing functions of α,

[x∗(t, α), 2x∗(t, 1)− x∗(t, α)], x∗, x∗are increasing functions of α,

[x∗(t, α), x∗(t, α)], x∗is decreasing and x∗is an increasing of α,

(3.5)

for all t ∈ [t0, tf ] and α ∈ [0, 1].

4. Jacobi neural network

In this section, we first consider some properties of Jacobi polynomials. Then, a Jacobi based neural network
architecture is constructed for solving the optimality conditions (3.3).

4.1. Jacobi polynomials. Orthogonal functions have many applications in approximation theory as well as in dif-
ferent numerical algorithms such as spectral schemes. Here an important theorem about the orthogonal functions is
remarked.

Theorem 4.1. [23] Let {ςn(x)} be the sequence of orthogonal polynomials determined by the positive integrable function
w(x). These polynomials are assumed to be orthogonal over the closed finite interval [a, b], that is∫ b

a

ςn(x)ςm(x)w(x)dx = cnδm,n,

where cn is a constant and δm,n is Kronecker delta function. Then the set {ςn(x)} is complete with respect to continuous
functions over [a, b].

One of the most valuable and significant types of orthogonal functions is Jacobi polynomials. There are some
special cases of this orthogonal polynomial family such as Legendre, the four kinds of Chebyshev, and Gegenbauer

polynomials [11, 14]. The Jacobi polynomials that are denoted by Jβ,γ
M (Z) are orthogonal over [−1, 1] interval with

W β,γ(Z) = (1 − Z)β(1 + Z)γ weight function. Jacobi polynomials can be defined as eigenfunctions of a singular
Sturm-Liouville differential equation as follows:

d

dZ

(
(1− Z)β+1(1 + Z)γ+1 d

dZ
Jβ,γ
M (Z)

)
+ (1− Z)β(1 + Z)γλMJ

β,γ
M (Z) = 0, (4.1)

where λM =M(M + β + γ + 1). Besides, these polynomials can be calculated by a recursive formula as

Jβ,γ
0 (Z) = 1, Jβ,γ

1 (Z) =
1

2
(β + γ + 2)Z +

1

2
(β − γ),

Jβ,γ
M+1(Z) = (aMZ − bM )Jβ,γ

M (Z)− CMJ
β,γ
M−1(Z), M ≥ 1, (4.2)

where aM =
(2M + β + γ + 1)(2M + β + γ + 2)

2(M + 1)(M + β + γ + 1)
, bM =

(γ2 − β2)(2M + β + γ + 1)

2(M + 1)(M + β + γ + 1)(2M + β + γ)
, and

cM =
(M + β)(M + γ)(2M + β + γ + 2)

(M + 1)(M + β + γ + 1)(2M + β + γ)
. On top of that, these polynomials have some special properties, which

are brought as follows:

Jβ,γ
M (−Z) = (−1)MJγ,β

M (Z), (4.3)

Jβ,γ
M (1) =

Γ(M + β + 1)

M !× Γ(β + 1)
, (4.4)
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dm

dZm
(Jβ,γ

M (Z)) =
Γ(m+M + β + γ + 1)

2m × Γ(M + β + γ + 1)
Jβ+m,γ+m
M−m (Z). (4.5)

Theorem 4.2. [48] The Jacobi polynomial Jβ,γ
M (Z) has exactly M real zeros on the interval (−1, 1).

In order to obtain Jacobi functions over [0, η], we use a transformation Z = 2(
t

η
) − 1 ,while η > 0. Utilizing

this transformation, Jacobi functions are obtained, denoted by Jβ,γ
M (t) where these functions are orthogonal over the

interval [0, η] with weight function W β,γ(t) = (η− t)βtγ . Similarly, there exists a Sturm-Liouville differential equation
for fractional order of Jacobi functions. This Sturm-Liouville equation is as follows:

d

dt

(
(η − t)β+1t(γ+1) d

dt
Jβ,γ
M (t)

)
+ (η − t)βtγλMJβ,γ

M (t) = 0, (4.6)

where λM = M(M + β + γ + 1). In addition, the Jacobi functions over the interval [0, η] can be calculated from the
following recursive formula:

Jβ,γ
0 (t) = 1, Jβ,γ

1 (t) = (β + γ + 2)(
t

η
)− (γ + 1),

Jβ,γ
M+1(t) =

(
2aM (

t

η
)− (aM + bM )

)
Jβ,γ
M (t)− cMJβ,γ

M−1(t),M ≥ 1. (4.7)

Theorem 4.3. [39] The Jacobi function Jβ,γ
M (t) has precisely M real zeros on the interval (0, η) with the following

form:

tk = η
(1 + Zk

2

)
, k = 1, 2, . . . ,M, (4.8)

where Zk is a root of Jβ,γ
M (Z).

Definition 4.4. Consider Λ = {t | 0 < t < η} and Lp
Wβ,γ (Λ) = {f : Λ −→ R|f is measurable and ∥ f ∥Wβ,γ< ∞},

where ∥ f ∥Wβ,γ=
( ∫ η

0
fp(t)W β,γ(t)dt

)1
p . Moreover, define FN = span{Jβ,γ

M (t), 0 ≤M ≤ N}.

Theorem 4.5. [6] For any function ϖ ∈ FN and 1 ≤ p ≤ q ≤ ∞, we have

∥ ϖ ∥Lq

Wβ,γ
(Λ) ≤ cN

σ(β,γ)(
1

p
−
1

q
)

∥ ϖ ∥Lp

Wβ,γ
(Λ),

in which

σ(β, γ) =

2max(β, γ) + 2, max(β, γ) ≥ −1

2
,

1, Otherwise.

Theorem 4.6. [6] Suppose that
dkg

dtk
∈ C[0, 1] for k = 0, 1, · · · , N − 1, and (3 + 2N + γ) > 0. If gN (t) is the best

approximation to g(x) from FN , then the error bound is presented as follows:

∥ g(t)− gN (t) ∥Wβ,γ≤ E

Γ(N + 2)

√
Γ(1 + β)Γ(3 + 2N + γ)

Γ(4 + 2N + β + γ)
,

in which E >| d
N+1g

dtN+1
| and t ∈ [0, 1].
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tk

Jβ,γ
0 (tk)

Jβ,γ
1 (tk)

...

Jβ,γ
M−1(tk)

Jβ,γ
M (tk)

N =
∑M

i=0 wiJ
β,γ
i (tk)

w0

w1

wM−1

wM

N

Figure 1. The topology of Jacobi neural network.

4.2. Structure of Jacobi neural network. Among the numerical methods, ANN schemes have demonstrated
broad capabilities, proving to be flexible and robust tools for mathematical modeling and solving natural phenomena.
Orthogonal neural networks are an advanced type of neural network based on the properties of orthogonal functions.

The approximation theory of orthogonal functions for building neural networks was initiated by Huang and Cheng
[20]. According to this theory, any arbitrary function can be approximated as an orthogonal function. Additionally,
the expansion terms of orthogonal functions are independent of each other, and the coefficients of these expansion
terms are unique. Figure 1 shows a fundamental representation of an orthogonal neural network with one input layer,
an orthogonal layer as the hidden layer (considered a functional expansion block), and an output layer with a single

node. This topology, as depicted in Figure 1, includes Jβ,γ
i (t) as the Jacobi functions on [0, η] and wi as the weights

of the network. Thus, considering the network as shown in Figure 1, the output of this neural network is as follows:

N(t, w) =
M∑
i=0

wiJ
β,γ
i (t), (4.9)

where w = (w0, w1, . . . , wM )⊤. The remaining vital steps to be taken are satisfying the optimality conditions set
and training the network in such a way that it approximates the solution on the whole problem domain accurately
and efficiently. In order to solve (3.3) by a Jacobi orthogonal neural network, first, it is necessary to approximate
state variables (x(t)⊤, x(t)⊤)⊤, control functions (u(t)⊤, u(t)⊤)⊤ Lagrangian multipliers (p(t)⊤, p(t)⊤)⊤ using Jacobi
orthogonal neural network. Then by constructing a suitable cost function and minimizing it, and, finally, training
the network such that the approximations of (x(t)⊤, u(t)⊤, p(t)⊤)⊤ and (x(t)⊤, u(t)⊤, p(t)⊤)⊤ satisfy (3.3). Based on



Unco
rre

cte
d Pro

of

10 A. KAZEMI AND A. NAZEMI

these facts and using (4.9), the trial solutions may be written as the sum of two terms in the following forms

xT (t, α) = x(t0) + (t− t0)Nx(t, α, w
x),

xT (t, α) = x(t0) + (t− t0)Nx(t, α, w
x),

p
T
(t, α) = (t− tf )Np(t, α, w

p),

pT (t, α) = (t− tf )Np(t, α, w
p),

uT (t, α) = Nu(t, α, w
u),

uT (t, α) = Nu(t, α, w
u),

xT (t0) = x0,

xT (t0) = x0,

p
T
(tf ) = 0,

pT (tf ) = 0,

(4.10)

where the first term satisfies initial or boundary conditions and contains no adjustable parameters. The second term
makes no contribution to initial or boundary conditions but this is used to a neural network whose weights are adjusted
to minimize the error function.

Approximate solutions in (4.10) should be satisfied in system (3.3), we then get

ẋ(t, α) =
∂HT

∂p
T

,

ẋ(t, α) =
∂HT

∂pT
,

ṗ(t, α) = −∂HT

∂xT
,

ṗ(t, α) = −∂HT

∂xT
,

0 =
∂HT

∂uT
,

0 =
∂HT

∂uT
,

x(t0) = x0,

x(t0) = x0,

p(tf ) = 0,

p(tf ) = 0,

(4.11)

where

HT = H(xT , uT , pT , t), HT = H(xT , uT , pT , t).

We use the rth shifted Jacobi polynomial. The next step of this method is finding the best training dataset on which
the network is taught to find the solution with the minimum error. To achieve this purpose, the roots of shifted Jacobi
polynomials are used because not only do they maximize the convergence rate, but they are also well-scattered on the
problem domain and will approximate the satisfactory solution on the interval rather than only on the neighborhood
of training points. Let us assume D = {t1, t2, . . . , tr} as the training data set, which contains the roots of rth-shifted
Jacobi polynomial. The following cost function is formed in a way that ζ = (x(t)⊤, u(t)⊤, p(t)⊤, x(t)⊤, u(t)⊤, p(t)⊤)⊤

will be the solution of (4.11):

E(ζ, ϑ) =
1

2

6∑
i=1

r∑
k=1

{Ei(tk, ϑ)}, (4.12)
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where ϑ = (wx, wx, wp, wp, wu, wu)⊤ and

E1(tk, ϑ) = ∥ẋ(t, α)−
∂HT

∂p
T

∥2|t=tk
,

E2(tk, ϑ) = ∥ẋ(t, α)−
∂HT

∂pT
∥2|t=tk

,

E3(tk, ϑ) = ∥ṗ(t, α) +
∂HT

∂xT
∥2|t=tk

,

E4(tk, ϑ) = ∥ṗ(t, α) +
∂HT

∂xT
∥2|t=tk

,

E5(tk, ϑ) = ∥
∂HT

∂uT
∥2|t=tk

,

E6(tk, ϑ) = ∥
∂HT

∂uT
∥2|t=tk

.

(4.13)

For leading ϑ∗ to become an optimal solution of (4.11), the cost function should be minimized. Hence, the problem
reduces to the following nonlinear least square problem:

argminϑ E(ζ, ϑ). (4.14)

In the next section, we illustrate the approach used for solving this nonlinear least square problem. For this purpose,
the Levenberg-Marquardt algorithm is established, which is used to minimize the cost function value in (4.14).

5. Levenberg-Marquardt algorithm

The Levenberg-Marquardt algorithm is an iterative optimization technique used to solve nonlinear least squares
problems, particularly in curve fitting and parameter estimation [24]. The Levenberg-Marquardt algorithm is widely
used in nonlinear optimization, machine learning, and engineering applications. It combines the Gauss-Newton method,
which provides fast convergence near a solution, and the gradient descent method, which enhances robustness when
far from the solution, using a damping factor

Consider a vector function f : Rn → Rm, m ≥ n, and the objective

F (W ) =
1

2

m∑
i=1

f2i (W ) =
1

2
∥f(W )∥2.

Goal is to find W ∗ ∈ Rn such that

W ∗ = argmin
W
{F (W )}, where F (W ∗) = 0.

(1) Initialize:
• Choose an initial guess W0.
• Set initial damping parameter µ0 > 0 (small value).
• Set convergence tolerances ϵ1, ϵ2 and maximum iterations Nmax.

(2) Compute Residuals and Jacobian:
• Evaluate f(Wn).

• Compute the Jacobian Jn = ∂f
∂W (Wn) ∈ Rm×n.

• Compute gradient vector gn = J⊤
n f(Wn).

(3) Formulate the Damped Update: Solve

(J⊤
n Jn + µnI)hn = −gn,

where I is the n × n identity matrix. - If µn is large, hn ≈ − 1
µn
gn (steepest descent). - If µn is small,

hn ≈ −(J⊤
n Jn)

−1gn (Gauss–Newton step).
(4) Update Parameters:

Wn+1 =Wn + hn.
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(5) Evaluate Cost Function:

F (Wn+1) =
1

2
∥f(Wn+1)∥2.

(6) Adjust Damping Parameter µn:
• If F (Wn+1) < F (Wn) (step is successful), decrease µn (move toward Gauss–Newton):

µn+1 = µn/ν, ν > 1.

• Otherwise (step unsuccessful), increase µn (move toward gradient descent):

µn+1 = µn · ν.

(7) Check Convergence:
• Stop if ∥hn∥ < ϵ1 or |F (Wn+1)− F (Wn)| < ϵ2 or n > Nmax.
• Otherwise, set n← n+ 1 and go to Step 2.

6. Numerical examples

In this section, we are going to illustrate the accuracy of the suggested neural network by applying it on various
types of fuzzy unconstrained and constrained. In this part, four test cases are solved by employing the presented
network. Selected test cases have the exact solutions in order to compute the accuracy of the method. By considering
the interval [t0, tf ] as the spatial domain of the problem, the following errors are used to compare the exact strong
solution with an approximate solution:{

e(α) = ||xT (t, α)− x∗(t, α)||22 =
∫ tf
t0
(xT (t, α)− x∗(t, α))2dt,

e(α) = ||xT (t, α)− x∗(t, α)||22 =
∫ tf
t0
(xT (t, α)− x∗(t, α))2dt,

(6.1)

where (xT (t, α)
⊤, xT (t, α)

⊤)⊤ are the trial solutions (approximate solutions) of the exact strong solutions

(x∗(t, α)⊤, x(t, α)
∗⊤

)⊤.

The defined errors in (6.1) are modified when the problem has the weak solutions. It should be noted that we perform
our computations on a 2.7 GHz Intel Core i5 CPU machine with 8 GB of memory.

Example 6.1. [36] Consider the following fuzzy control problem

min (FR)

∫ 2

0

1

2
(x̃2(t)⊕H ũ2(t))dt,

s.t. ˜̇x(t) = (0, 1, 3)ũ(t),

x̃(0) = (1, 1, 1), x̃(2) is free.

The fuzzy Hamiltonian function is

H̃(x̃(t), ũ(t), p̃(t), t)[α] = [H(x, u, p, t, α),H(x, u, p, t, α)], (6.2)

where

H(x, u, p, t, α) =
1

2
(x2 + u2) + αpu,

H(x, u, p, t, α) =
1

2
(x2 + u2) + (3− 2α)pu.
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The fuzzy Hamiltonian must be satisfied in the following conditions:



∂H

∂x
= −ṗ −→ x = −ṗ,

∂H

∂x
= −ṗ −→ x = −ṗ,

∂H

∂u
= 0 −→ u = −(3− 2α)p,

∂H

∂u
= 0 −→ u = −αp,

∂H

∂p
= ẋ −→ ẋ = (3− 2α)u,

∂H

∂p
= ẋ −→ ẋ = αu,

x(0) = 1,

x(0) = 1,

p(2) = 0,

p(2) = 0.

(6.3)

The exact solutions of (6.3) are



x∗(t, α) =
1

e4α + 1
eαt +

e4α

e4α + 1
e−αt,

u∗(t, α) =
1

e4α + 1
eαt − e4α

e4α + 1
e−αt,

x∗(t, α) =
1

e4(3−2α) + 1
e(3−2α)t +

e4(3−2α)

e4(3−2α) + 1
e−(3−2α)t,

u∗(t, α) =
1

e4(3−2α) + 1
e(3−2α)t − e4(3−2α)

e4(3−2α) + 1
e−(3−2α)t.

For t ∈ [0, 2] and α ∈ [0, 1], the monotonicity with respect to α are as: x∗(t, α) is decreasing in α, x∗(t, α) is increasing in α,
u∗(t, α) is decreasing in α, u∗(t, α) is increasing in α. Using Definition 3.4, the weak solution of the problem is given
by

{
ũ∗(t)[α] = [u∗(t, α), u∗(t, α)],

x̃∗(t)[α] = [x∗(t, α), x∗(t, α)],

for all t ∈ [0, 2] and α ∈ [0, 1]. The trial solutions can be considered as follows



xT (t, α) = 1 + tNx(t, α, w),

xT (t, α) = 1 + tNx(t, α, w),

p
T
(t, α) = (t− 2)Np(t, α, w),

pT (t, α) = (t− 2)Np(t, α, w),

uT (t, α) = Nu(t, α, w),

uT (t, α) = Nu(t, α, w).
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Table 1. The absolute errors for different values of α− cuts in Example 6.1.

α e(α) e(α)
0 3.0343× 10−41 5.5075× 10−11

0.3 1.23× 10−20 3.1081× 10−11

0.6 7.0267× 10−17 1.5955× 10−11

0.9 1.0379× 10−12 7.3502× 10−12

The computations for this example are done by the presented neural network using 10 neurons in the hidden layer
and Jacobi activation functions, so the output of the network is

Nx(t, α, w
x) =

∑9
i=0 w

x
i J

β,γ
i (t),

Nx(t, α, w
x) =

∑9
i=0 w

x
i J

β,γ
i (t),

Nu(t, α, w
u) =

∑9
i=0 w

u
i J

β,γ
i (t),

Nu(t, α, w
u) =

∑9
i=0 w

u
i J

β,γ
i (t),

Np(t, α, w
p) =

∑9
i=0 w

p

i J
β,γ
i (t),

Np(t, α, w
p) =

∑9
i=0 w

p
i J

β,γ
i (t).

Also, a training dataset containing 10 roots of the 10th Jacobi polynomial is used to train the network. The
Levenberg-Marquardt algorithm does this optimization in an iterative way. The obtained results of applying the
Levenberg-Marquardt algorithm to the related optimization problem is reported in Table 1. In this table, the absolute
errors of the approximated solution per different values of α ∈ [0, 1] are reported. In Figures 2 and 3, the exact and
approximate solutions of the control-state functions for different values of α are plotted. The numerical simulations
guarantee that the state and control functions for different values of α ∈ [0, 1] are also in good agreement.
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Figure 2. The exact and approximate solutions of (u(t, α), u(t, α)) for different values of α in Ex-
ample 6.1.

Example 6.2. [36] Consider the following fuzzy optimal control problem

min J̃(ũ(t)) = (FR)

∫ 2

0

⊖H
x̃(2)

2
dt,

s.t. ˜̇x(t) = (0, 2.5, 3)(⊖x̃(t)⊕ x̃(t)⊙ ũ(t)⊖ ũ(t)⊙ ũ(t)),
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Figure 3. The exact and approximate solutions of (x(t, α), x(t, α)) for different values of α in Ex-
ample 6.1.

x̃(0) = (1, 1, 1), x̃(2) is free.

The fuzzy Hamiltonian function is

H̃(x̃(t), ũ(t), p̃(t), t)[α] = [H(x, u, p, t, α),H(x, u, p, t, α)], (6.4)

where

H(x, u, p, t, α) = −x(2)
2

+
5

2
α(−x+ xu− u2)p,

H(x, u, p, t, α) = −x(2)
2

+ (3− α

2
)(−x+ xu− u2)p.

The necessary conditions is

∂H

∂x
= −ṗ −→ p(3− α

2
)(−1 + u) = −ṗ,

∂H

∂x
= −ṗ −→ p(

5

2
α)(−1 + u) = −ṗ,

∂H

∂u
= 0 −→ p(3− α

2
)(x− 2u) = 0 −→ u =

1

2
x,

∂H

∂u
= 0 −→ p(

5

2
α)(x− 2u) = 0 −→ u =

1

2
x,

∂H

∂p
= ẋ −→ ẋ = (3− α

2
)(−x+ xu− u2),

∂H

∂p
= ẋ −→ ẋ =

5

2
α(−x+ xu− u2),

x(0) = 1,

x(0) = 1,

p(2) = 0,

p(2) = 0.

(6.5)
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The exact solutions of (6.5) are

x∗(t, α) =
4

1 + 3e
5
2αt

,

u∗(t, α) =
2

1 + 3e
5
2αt

,

x∗(t, α) =
4

1 + 3e(3−
α
2 )t

,

u∗(t, α) =
2

1 + 3e(3−
α
2 )t

.

For t ∈ [0, 2] and α ∈ [0, 1], the monotonicity with respect to α are as: x∗(t, α) is decreasing in α, x∗(t, α) is increasing in α,
u∗(t, α) is decreasing in α, u∗(t, α) is increasing in α. Using Definition 3.4, the weak solution of the problem is given
by {

ũ∗(t)[α] = [u∗(t, α), u∗(t, α)],

x̃∗(t)[α] = [x∗(t, α), x∗(t, α)],

for all t ∈ [0, 2] and α ∈ [0, 1]. We can choose the trial solutions as

xT (t, α) = 1 + tNx(t, α, w),

xT (t, α) = 1 + tNx(t, α, w),

p
T
(t, α) = (t− 2)Np(t, α, w),

pT (t, α) = (t− 2)Np(t, α, w),

uT (t, α) = Nu(t, α, w),

uT (t, α) = Nu(t, α, w),

The simulations are performed using the method proposed in this manuscript with 10 neurons in the first hidden
layer and five neurons for the second hidden layer. This network is trained by 20 training points that are the roots of
20th-shifted Jacobi polynomial. The obtained results is reported in Table 2 which shows the accuracy of the proposed
method in this paper is acceptable. In Figure 4, the exact and approximate solutions of the state variables for different
values of α are plotted.

Table 2. The absolute errors for different values of α− cuts in Example 6.2.

α e(α) e(α)
0 1.4194× 10−17 4.6032× 10−10

0.4 3.3666× 10−17 3.4781× 10−12

0.6 7.8471× 10−17 7.519× 10−14

0.8 1.8725× 10−16 4.2291× 10−15

1 4.7449× 10−16 4.7445× 10−16

Example 6.3. [32] Find the fuzzy control such that

min J̃(ũ(t)) = x̃(1)⊕ (FR)

∫ 1

0

ũ2(t)dt,

s.t. ˜̇x(t) = ũ(t)⊖H (0, 1, 3)x̃(t), t ∈ [0, 1],

x̃(0) = 1̃ = (1, 1, 1), x̃(1) is free.

The fuzzy Hamiltonian function is

H̃(x̃(t), ũ(t), p̃(t), t)[α] = [H(x, u, p, t, α),H(x, u, p, t, α)], (6.6)
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Figure 4. The exact and approximate solutions of (x(t, α), x(t, α)) for different values of α in Ex-
ample 6.2.

where



H(x, u, p, t, α) = u2(t, α) + p(t, α)[u(t, α)− (3− 2α)x(t, α)],

H(x, u, p, t, α) = u2(t, α) + p(t, α)[u(t, α)− αx(t, α)],
[ψ(x(1), 1), ψ(x(1), 1)] = [x(1), x(1)],[∂ψ
∂x
|t=1,

∂ψ

∂x
|t=1

]
= [1, 1].

The necessary conditions for optimality is



ẋ(t, α) =
∂H

∂p
= u(t, α)− (3− 2α)x(t, α),

ṗ(t, α) = −∂H
∂x

= (3− 2α)p(t, α),

0 =
∂H

∂u
= 2u(t, α) + p(t, α),

p(1, α) =
∂ψ

∂x
|t=1 = 1,

ẋ(t, α) =
∂H

∂p
= u(t, α)− αx(t, α),

ṗ(t, α) = −∂H
∂x

= αp(t, α),

0 =
∂H

∂u
= 2u(t, α) + p(t, α),

p(1, α) =
∂ψ

∂x
|t=1 = 1.

(6.7)
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The exact solutions of (6.7) are

u∗(t, α) = −1

2
e(3−2α)(t−1),

u∗(t, α) = −1

2
eα(t−1),

x∗(t, α) =
−e(3−2α)(t−1) + 4(3− 2α)e−(3−2α)t + e−(3−2α)(t+1)

4(3− 2α)
,

x∗(t, α) =
−eα(t−1) + 4αe−αt + e−α(t+1)

4α
.

It is easily seen that u∗(t, α) is a decreasing function of α, and u∗(t, α) is an increasing function of α. Therefore,
u∗(t, α) and u∗(t, α) don’t satisfy the conditions C1 and C2 of Lemma 2.6. Also we observe that x∗(t, α) is an increasing
function of α and x∗(t, α) is a decreasing function of α. Therefore, x∗(t, α) and x∗(t, α) satisfy the conditions C1 and
C2 of Lemma 2.6. Moreover, the condition C3 of Lemma 2.6 for all t ∈ [0, 1] is satisfied. Using (3.4) and (3.5) of
Definition 3.4, the weak solution ũ∗(t)[α] and the strong solution x̃∗(t)[α] of the problem are respectively given by

ũ∗(t)[α] =
[
u∗(t, α), u∗(t, α)

]
=

[
− 1

2
eα(t−1),−1

2
e(3−2α)(t−1)

]
.

x̃∗(t)[α] =
[
x∗(t, α), x∗(t, α)

]
=

[−e(3−2α)(t−1) + 4(3− 2α)e−(3−2α)t + e−(3−2α)(t+1)

4(3− 2α)

−eα(t−1) + 4αe−αt + e−α(t+1)

4α

]
.

(6.8)

We can choose the trial solutions as

xT (t, α) = 1 + tNx(t, α, w),

xT (t, α) = 1 + tNx(t, α, w),

p
T
(t, α) = 1 + (1− t)Np(t, α, w),

pT (t, α) = 1 + (1− t)Np(t, α, w),

uT (t, α) = Nu(t, α, w),

uT (t, α) = Nu(t, α, w),

The simulations are performed using the method proposed in this manuscript with 10 neurons in the first hidden
layer and five neurons for the second hidden layer. This network is trained by 20 training points that are the roots
of 20th-shifted Jacobi polynomial. The obtained results is reported in Table 3. Figures 5 and 6 show the exact and
approximate solutions of (u(t, α), u(t, α)) and (x(t, α), x(t, α)) for different values of α− cuts. Thus, our results are in
good agreement. Figure 7 also shows the triangular optimal fuzzy solutions ũ(0.5) and x̃(0.5) for different values of
α−cuts.

Table 3. The absolute errors for different values of α− cuts in Example 6.3.

α e(α) e(α)
0.2 1.4296× 10−18 2.9777× 10−18

0.4 2.3801× 10−18 2.4512× 10−18

0.6 2.5731× 10−18 2.25× 10−18

0.8 2.4402× 10−18 2.2118× 10−18

1 2.258× 10−18 2.2584× 10−18

Example 6.4. [32] Find the fuzzy control such that

min J̃(ũ(t)) = x̃(1)⊕ (FR)

∫ 1

0

ũ2(t)dt,

s.t. ˜̇x(t) = ũ(t)⊕ (0, 1, 3)x̃(t), t ∈ [0, 1],
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Figure 5. The exact and approximate solutions of (u(t, α), u(t, α)) for different values of α in Ex-
ample 6.3.
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Figure 6. The exact and approximate solutions of (x(t, α), x(t, α)) for different values of α in Ex-
ample 6.3.

x̃(0) = 1̃ = (1, 1, 1), x̃(t1) is free.

The fuzzy Hamiltonian function is

H̃(x̃(t), ũ(t), p̃(t), t)[α] = [H(x, u, p, t, α),H(x, u, p, t, α)], (6.9)

where 

H(x, u, p, t, α) = u2(t, α) + p(t, α)[u(t, α) + αx(t, α)],

H(x, u, p, t, α) = u2(t, α) + p(t, α)[u(t, α) + (3− 2α)x(t, α)],

[ψ(x(1), 1), ψ(x(1), 1)] = [x(1), x(1)],[∂ψ
∂x
|t=1,

∂ψ

∂x
|t=1

]
= [1, 1].
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Figure 7. The triangular optimal fuzzy solutions for t = 0.5 in Example 6.3.

The necessary conditions for optimality is

ẋ(t, α) =
∂H

∂p
= u(t, α) + αx(t, α),

ṗ(t, α) = −∂H
∂x

= −αp(t, α),

0 =
∂H

∂u
= 2u(t, α) + p(t, α),

p(1, α) =
∂ψ

∂x
|t=1 =⇒ p(1, α) = 1,

ẋ(t, α) =
∂H

∂p
= u(t, α) + (3− 2α)x(t, α),

ṗ(t, α) = −∂H
∂x

= −(3− 2α)p(t, α),

0 =
∂H

∂u
= 2u(t, α) + p(t, α),

p(1, α) =
∂ψ

∂x
|t=1 = 1.

(6.10)

The exact solutions of (6.10) are

u∗(t, α) = −1

2
eα(1−t),

u∗(t, α) = −1

2
e(3−2α)(1−t),

x∗(t, α) =
eα(1−t) + 4αeαt − eα(t+1)

4α
.

x∗(t, α) =
e(3−2α)(1−t) + 4(3− 2α)e(3−2α)t − e(3−2α)(t+1)

4(3− 2α)
.

It is easily seen that u∗(t, α) is a decreasing function of α, and u∗(t, α) is an increasing function of α. Therefore,
u∗(t, α) and u∗(t, α) don’t satisfy the conditions C1 and C2 of Lemma 2.6. Also we observe that x∗(t, α) and x∗(t, α)
are increasing functions of α. Moreover, the condition C3 of Lemma 2.6 for all t ∈ [0, 1] is satisfied. Using (3.4) and
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(3.5) of Definition 3.4, the weak solution of the problem is given by

ũ∗(t)[α] = [u∗(t, α), u∗(t, α)] = [−1

2
e(3−2α)(1−t),−1

2
eα(1−t)],

x̃∗(t)[α] = [x∗(t, α),−x∗(t, α) + 2x∗(t, 1)]

=
[eα(1−t) + 4αeαt − eα(1+t)

4α
,
e(1−t) + 4et − e(1+t)

2
−

(e(3−2α)(1−t) + 4(3− 2α)e(3−2α)t − e(3−2α)(1+t)

4(3− 2α)

)]
.

We can choose the trial solutions as

xT (t, α) = 1 + tNx(t, α, w),

xT (t, α) = 1 + tNx(t, α, w),

p
T
(t, α) = 1 + (1− t)Np(t, α, w),

pT (t, α) = 1 + (1− t)Np(t, α, w),

uT (t, α) = Nu(t, α, w),

uT (t, α) = Nu(t, α, w),

The simulations are performed using the method proposed in this manuscript with 10 neurons in the first hidden
layer and five neurons for the second hidden layer. This network is trained by 20 training points that are the roots
of 20th-shifted Jacobi polynomial. The obtained results is reported in Table 4. As Table 4 shows, the accuracy
of the proposed method in this paper is acceptable. Figures 8 and 9 show the exact and approximate solutions of
(u(t, α), u(t, α)) and (x(t, α), x(t, α)) for different values of α− cuts. Thus, our results are in good agreement. Figure
10 also shows the triangular optimal fuzzy solutions ũ(0.5) and x̃(0.5) for different values of α−cuts.

Table 4. The absolute errors for different values of α− cuts in Example 6.4.

α e(α) e(α)
0.2 6.9969× 10−18 5.9777× 10−18

0.4 1.379× 10−17 2.4512× 10−17

0.6 3.1331× 10−17 2.25× 10−18

0.8 7.9944× 10−17 6.2118× 10−18

1 2.254× 10−16 2.3284× 10−16

To end this section, we summarize some advantages of the proposed method as follows:
• Unlike the multi-layer neural networks, the proposed method has no defects such as slow convergence speed, local

minimum, initial values of weights and number of processing elements.
• The solution of neural network scheme is continuous over all the domain of the problem. In contrast, the

other numerical methods provide solutions only over discrete points, and the solution between these points must be
interpolated.
• It is worth mentioning that, in this algorithm, the linearization method is not needed. So, the efficiency of this

approach is more than those of algorithms that have a linearization part.

7. Conclusion

In this paper, we addressed the fuzzy optimal control problem with state conditions at the final time. To propose
a solution method, we used the necessary conditions, as derived in [32], and introduced a neural network scheme
employing Jacobi functions as the activation functions and the Levenberg-Marquardt algorithm as the optimizer to
perform numerical simulations of these conditions in fuzzy nonlinear optimal control problems. To ensure that the
solutions are fuzzy functions, we applied the concepts of strong and weak solutions. This approach eliminates the
need for linearization methods for nonlinear problems. Jacobi functions serve as the activation functions for the
hidden layer, while the identity function is used as the activation function for the output layer, enhancing accuracy.
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Figure 8. The exact and approximate solutions of (u(t, α), u(t, α)) for different values of α in Ex-
ample 6.4.
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Figure 9. The exact and approximate solutions of (x(t, α),−x(t, α)) + 2x(t, 1)) for different values
of α in Example 6.4.

The reported results show that this method can perform computations with a few neurons and Levenberg-Marquardt
iterations with high precision, leading to high efficiency. However, there are challenges not addressed in this article,
which could be explored in future research. For instance, parallel implementation has technical aspects that warrant
further discussion. Additionally, solving high-dimensional fractional fuzzy problems using neural networks has not been
adequately explored, making it a valuable area for future work to introduce an efficient neural network framework for
such problems.
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Figure 10. The triangular optimal fuzzy solutions for t = 0.5 in Example 6.4.
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