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Abstract r 1

In this paper, we employ a collocation method based on the auto-correlation functions of Daubechies wavelet
scaling functions to approximate the solutions of one-dimensional Burgers’ equations. By using the properties of
these wavelet bases, we approximate the Burgers’ equation at dyadic points for z dimensional, effectively reducing
it to a system of ordinary differential equations (ODEs). We then apply the fourth-order Runge-Kutta method
to solve this system of ODEs. The numerical results obtained demonstrate the efficiency and accuracy of our
approach compared to other existing methods.
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1. INTRODUCTION

Studies show that nonlinear equations are essential to many scientific disciplines, such as engineering, physics, and
applied mathematics. Because nonlinear processes incorporate several elements that contribute to the fluctuation of
each parameter, they have a broad influence. There is still a great need for novel methods to find precise or close
solutions to nonlinear partial differential equations in both mathematics and science. It’s crucial to remember that
nonlinear issues usually don’t have precise analytical solutions. Nonetheless, a variety of analytical techniques may
be employed by academics to tackle nonlinear problems. In recent years, several authors have focused their study
on nonlinear partial differential equation solutions [14, 18, 22]. An English mathematician named Harry Bateman
(1882 — 1946) presented a partial differential equation with the beginning and boundary conditions that go with it in
1915. Burger’s equation was later used in 1948 by Dutch scientist Johannes Martinus Burgers (1895 —1981) to describe
the mathematical modeling of turbulence. Burgers later rose to prominence as a prominent figure in fluid mechanics.
This equation is commonly referred to as Burger’s equation in recognition of Burgers’ contributions. Both Julian
David Cole (1925 — 1999)-and Eberhard Hopf (1902 — 1983) separately developed a transformation that transformed
Burger’s equation into a linear heat equation that could be solved precisely for any set of beginning circumstances.
The Hopf-Cole transformation is the well-known name for this metamorphosis.

The creation of reliable computing algorithms to solve nonlinear partial differential equations (PDEs) in fluid
mechanics and heat transport has been the focus of major research over the past several decades. The Burger’s
equation is a nonlinear PDE that describes a number of physical issues that arise in engineering and are challenging
to resolve by nature [6]. Situations where both diffusion and typical nonlinearity occur are modeled using Burger’s
equation.

There are clear benefits to employing an adaptable grid rather than a static grid when solving a partial differential
equation (PDE) numerically. Wavelets are frequently employed for numerical solutions of PDEs on adaptive grids,
especially Burger’s equation. Daubechies wavelets are used to solve the one-dimensional Burger’s equation with
periodic boundary conditions on a static grid in [13], and quasi wavelets are used in [25, 26].
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Numerous numerical techniques, such as finite elements chemes [7, 17], finite difference schemes, spectral methods,
and distributed functional approaches, have been devised to solve Burger’s problem.

Redundant representations are utilized to make the analysis of coefficients from scale to scale easier when mul-
tiresolation methods for signal analysis and image processing are implemented. Prior to the development of compactly
supported wavelets in [2, 10], Dubuc [12] and Deslauriers and Dubuc [11] examined the auto-correlation functions of
compactly supported scaling functions (also known as the fundamental functions) in the framework of the Lagrange
iterative interpolation scheme.

Compactly supported scaling functions have symmetric auto-correlation functions. Named for their inventor, In-
grid Daubechies, Daubechies wavelets are a set of mathematical functions that have found extensive application in
image processing, signal processing, and related domains. These wavelets are computationally economical and well-
suited for real-world applications because of their compact support, orthogonality, and high degree of smoothness. A
multiresolution analysis of a signal is provided by Daubechies wavelets, which enables effective data reduction while
maintaining significant characteristics. The Daubechies wavelet family comprises a variety of order P wavelets, where
higher degrees of smoothness are associated with rising values of P. As we previously stated, only in dyadic points can
we determine the value of the scaling function of Daubechies wavelets. First, we must use a linear system to get the
value of p(k), k € Z. Next, we may use the cascade method to determine the value of () at dyadic points [1, 10, 16].
However, the properties of the auto-correlation functions are superior. In addition to being symmetric, these bases
exhibit P — 1 vanishing moments in wavelet functions and auto-correlation functions of compactly supported scaling
[4, 21]. As is well known, the scaling function of the Daubechies wavelets is used to generate the auto-correlation func-
tion. The wavelet corresponding to the multiresolution analysis is created by applying the auto-correlation function,
which is really the scaling function of a multiresolution analysis. The cascade algorithm is also used to calculate the
value of (k) = dp . and for other dyadic points.

In this paper we consider Burger’s equation in one-dimension as follows

U + Uy = Vg, (1.1)

where v > 0 is the kinematic viscosity parameter related to the Reynolds number v = R%DS, 14].

The simultaneous presence of nonlinear convective term wu, and diffusive term vu,, add an additional feature to
the Burger’s equation. When v approaches zero, Eq. (1.1) become inviscid Burger’s equation, which is a model for
nonlinear wave propagation. With Dirichlet conditions

u(z,0) = f(z), a<x<b (1.2)
u(a,t) = gi1(t), u(bt) =g2(t), t>0. (1.3)

Many physical problems that occur in science may be mathematically modeled using the unsteady heat equation
without internal heat creation. The heat equation is Eq. (1.1) when u gets close to zero. In a solid material, the
rate of heat transmission both inside the solid and at its border will change in tandem with changes in temperature
over time. Determining the temperature distribution is necessary in many real-world engineering situations in order
to compute the rate of local heat transfer, thermal expansion, and thermal stress at a few key locations. Burger’s
equation, is a basic partial differential equation from fluid mechanics, serves as an excellent illustration for the reasons
listed below.

(1) The partial differential equation’s precise solution is widely known.

(2) It may be seen as a hyperbolic issue using the heat equation for very small v and artificial diffusion for tiny
kinematic viscosity v.

(3) It may be applied to the computation of the boundary layer for viscous fluid flow.

(4) For the PDE solvers, it creates a typical test issue.

(5) Tt can be used for analysis in a number of fields, including cosmology, gas dynamics, shock wave theory, growth
of molecular interfaces, non-linear wave propagation, sedimentation of polydispersive suspensions and colloids,
traffic flow, and longitudinal elastic waves in isotropic solids [6].

In this paper, we approximate Eq. (1.1) and with boundary condition and initial condition by using auto-correlation
functions constracted based on Daubechies scaling function of wavelets. Firstly, we approximate domain z of u(z,t)
an



CMDE Vol. *, No. *, * pp. 1-11 3

using auto-correlation function in resolation J and the Eq. (1.1) convert to a system of first order ODFE in terms ¢ and
them we approximate this system of ODFE by Runge-Kutta of order four. Also error analysis, be presented and we
implement our method for three examples for different scaling function of Daubechies wavelets in different resolution
J. Numerical results are compared with methods in literature.

2. AUTO-CORRELATION FUNCTIONS OF DAUBECHIES WAVELETS

A Daubechies scaling function ¢(z) of order P satisfies the scaling relation [2, 9, 19, 23, 27]

L—1
p(x) = hp(2x — k), (2.1)
k=0

where hy, are the filter coefficients of the wavelet scale function ¢. The function has its support in the interval [0, L —1].
The values of scaling function ¢(x), can be obtained only at dyadic points, 2%, k=0,1,2,---,27(L —1). Figure 1,
displays the auto-correlation functions of the Daubechies scaling function, é(x), for orders P = 2,3,4,5, computed at
a resolution J = 5.

Definition 2.1. Let (), be the Daubechies scaling function of order P. The auto-correlation function 6(z) of o(x)
be defined as

0(x) = (v xp(=)) () :/ ¢ (y) e (y — ) dy. (2.2)
The function 6(x), defined in (2.2) has well properties as follows
(1) O0(z) = Z,];‘:_iLH apf(2z — k), where a, = a_j, = ZiL:_Ol_k hihivk, k>0,

(2) supp(9) C [-L +1,L —1],
(3) (k) =60, keZ,
(4 asg :750’]6, ke Z7

0e) = SE 0051020 — B), ]
If 6 is the function defined in (2.2), then we have [~ 6(z)dz = 1.

wo scale relation (2.1), it is easy to verify that

)
)
)
(5) ar =0(%), kez,
)
)
t

0(x) =0 (2x) + agr_1 (9 2z —2r + 1)+ 0 (22 + 2r — 1)) (2.3)

DN | =
[+

r=1

3. EVALUATION OF AUTO-CORRELATION DERVATIVES

By differentiating n times from Eq. (2.3) we have
L
_ _ 1< _ _
0™ () =27 [ 6" (22) + 3 Z a2r—1 (9(”)(296 —2r + 1)+ 0" (22 4 2r — 1)) . (3.1)
r=1

Similar the Daubechies scaling function and corresponded auto-correlation function there is not analytical expression
for 0 (z), n =1,2,---, for a z € [0,L — 1), but the values at dyadic points can be computed up to the machine
precision.

Firstly we obtain 5(")0{) for all integer kK = —L + 1,--- ,L — 1, which that can be obtained by solving a linear
system which is derived from the scaling relation (2.3) [18, 26].

Then the values of 5(”)(2%) at dyadic points can be obtained recursively using the cascade algorithm method
accurately, in this paper, only derivative values at integer points are required. Actually 9(")(/%)7 be obtained by
solving a linear system which be given as the following proposition. Then by using Eq. (3.1), 8 (z;), z =
(-L+1)+277k, k=0,1,---,(L —1)2’ be obtained explicitly.

an
(o] < |
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FIGURE 1. Plots of the auto-correlation functions (), for P = 2,3,4,5, and J = 5.

Proposition 3.1. [5] If we show the nth derivative of the aut-ocorrelation function 6 by 7 = gn) (x), the coefficients
satisfy the following system of linear algebraic equations

M 2 =0,1,2,---L—2 and forn=1,2, -
L
1 2
M =2" [y, + 3 l_zlazlq (Tow—2041 + Tozt21-1) | (3.2)
and
L—2
Z anén) _ (_1)nn!, (33)
D and if n =2, we have 7'952) = 7{2&2.

z=—(L—-2)

in which for special cases n =1, ngl) =7
Let f € L?[0,1], we approximate f in resolution J as follows
27 &
L(H=>_1 (2,) 02" — k), (34)
k=0
(3.5)

and from bellow theorem it is clearly that I;(f) uniform convergence to f.

Theorem 3.2. [3] If f € HE71([0,1]) and 0 <r < s < (L —1),s > 1, then

If = LDl < C277CD| £,

(=)=
E)NE
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Now we consider the following definition [3]
027z —k)+ 3,1 pand(2z—n), k=0, %,
& (x) = { 027z — k), ho Lt 20—
6270 — k) + Y2k b 027 —n), k=27 — L. 2,

_, (3.6)

NIy

in which the coefficients a,; and b, are defined by
Ank = l}]k}? bnk: = l%k

where 1}, (z) and 1%, (x) represent Lagrange interplation polynomials, defined by

L
5 o 27

J o

1 . T — 12 9 B T — 2

Lile) = AL kT o7 G = 11 k2—7T — 27"
1=0,i#k i:2']—%,i75k

At the boundary regions, the compact support of the Daubechies autocorrelation functions extends outside the
computational domain, causing the loss of essential approximation properties such-as polynomial reproduction and
the two-scale relation. Eq. (3.6) introduces Lagrange-interpolation—based corrective combinations that compensate
for this deficiency and construct boundary-adapted basis functions whose behavior remains consistent with that of the
interior wavelets.

4. SOLVING BURGER’S EQUATION

For simplicity in Eq. (1.1) welet a =0, b= L — 1 and we approximate u(z,t) in Eq. (1.1) as follows

N
Iy(u) == u(z,t) ~uy(z,t) ZU T, 1)0(27x — k), (4.1)

where N = (L —1)27 and O is auto-correlation function in which ®1k (L,) = 0r. If we define Uy (t) := U(xyg,t) and
Ox(z) = ©(272 — k) then Eq. (4.1) can be written as

u,(z,t) = 07 (2)U (1), (4.2)

where

0(2) = [Ba (@), Ba(e). - Bun(@)]
and
U(t) = [U:(t), U2(t), - Un (1))
By substuting Eq.(4.2) in Eq. (1.1) we have

. dU(t) /- deT () 207 ()
T T J = — I
07 (x) 7 + (@J(x)U(t)) ( i U(t) v—3 U(t).
In the above equation if we let v =z, = 57, r = 1,2, (L — 1)2‘], then we have
du(t) deT (x,) 207 (x,)
T T J J
= 4.
o wam< 220y () | = v LU, (43)
SO
dU,.(t) de7 (z,) 4?67 (x,)
-y =g\ =1,--- . N—1. 4.4
7 + U (t) ( T U(t) v u®), r=1,---, (4.4)



6 M. ZAFARI AND A. ALIPANAH

The system of equations given in Eq. (4.4) can be written as follows

%ft) +D(Ut)ATU(t) = vBTU(1), (4.5)

where the matrices A, B and D(u) are given as
B =0 (272, — k) =0 (r — k),

A =02z, — k) =60 (r— k),
and
D(u) = diag [U: (1), Ua(t), -+, Un-1(t)] ,
also,
er=1[0,--,1,0,---,0]".
Eq. (4.5) is a system of ordinary differential equations, which can be rewrite as

d%ft) — F(LU®), te(0,T), (4.6)

where
F(t,U(t)) := -D(U#)ATU(t) + vBTU(1),

in which the initial condition for Eq. (4.6) is U(0) = [f(a), f(a + 57),- -, f(B)]T.
We solve Eq. (4.6) by using the RK4 method for 7' = 0.001.

5. ERROR ANALYSIS

In this section, we analyze the error of the proposed numerical scheme. For simplicity, we define the truncation error
and establish the convergence order of our method. Let u(z,#) be the exact solution of the Burgers’ equation (1.1)
with boundary and initial conditions (1.2) and (1.3). Let uj;(z,t) be the corresponding numerical solution obtained by
the aut-corrolation method, specifically by applying a fourth-order Runge-Kutta method to the semi-discrete system
(4.6). The spatial discretization resolution parameter is J, and At is the time step.

Definition 5.1. (Residual Operator) Let w(z,t), be a sufficiently smooth function, then the nonlinear residual
operator R(w) be defined as

R(w) := ws + WWy — VWgy. (5.1)

From this definition, it follows immediately that if u is the exact solution of (1.1) with boundary and intial condtions
given in equations (1.2) and (1.3), then the residual is identically zero, i.e, R(u) = 0.

Theorem 5.2. Let u be the exact solution of (1.1)-(1.3) and u;(x,t) be the numerical solution of our method.
Assume the exact solution w is sufficiently smooth, with regularity index s. Then there exist a constant Cy independent
of resolution J and time step At such that

IR(w) = R(uy)| < O ((a0)") + Cr277-2), (5.2)
Proof. From Equations (4.1) and (5.1), we have

R(u) —R(uy) = (wp —uy) + (uugy —uuy) — v (Ugy — Upz), (5.3)
then, by using the Theorem 3.2, we have

R(u) = R(up)l| = [ (e —ar) + (wug — uvy) = v (g0 — Uaz) || (5-4)

< lue = wil| + [fllue o = g ol + luty — g,
in the above equation for obtaining a bound for ||uu, — uu,|| we using the Equation (1.1), so
[ty — uug|| = [[(ue — wr) = v(Uae — Uga)||
< lue = well + V][ use — vesl|- (5.6)

(=)=
E)NE
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Now from Equations (5.4)-(5.6) and Theorem 3.2, als for r = 0,1 we conclude that
IR(w) = R(uy) < O ((A0)") + €772,

in which C1 is a constant independet of resolution J and At. (]

6. NUMERICAL RESULTS

In this section, we present three numerical results to evaluate the efficiency and accuracy of our method. We
compare our approach with other methods available in the literature. Additionally, we demonstrate that as the
resolution increases, the accuracy improves, and the computational time decreases compared to the other methods
discussed in [15, 17].

Loo = ||u(z,T) - u(;zc,T)HDO = max {|u(z;,T) - U;(T)|: j=1,2,--- ,N—1}. (6.1)
Example 6.1. We consider Burger’s equation (1.1) with initial and boundary conditions in the following form
u(z,0) =sin(rz), 0<x <1, (6.2)
u(0,t) = u(1,t) =0, ¢>0.
The exact Fourier series solution of this problem given obtained as follows

S anexp(—nPmiut)nsin(nmx)

1) =2 n=1 , 6.4
u(®, ) = 2mv ap + Yooy anexp(—nr2vt)cos(nmz) (64)
where the Fourier coefficients are
1
1 _
ag = / exp( - M)dm, (6.5)
0 2mv
1
1_
ay = 2/ exp( — M)cos(nmb)dx, n=1,23--. (6.6)
0 2y

The numerical results for the Example 6.1 are presented for v = 0.1, = 0.01 in the Table 1. Table 1, it is concluded
that the present scheme gives better results in [15; 17].

TABLE 1. Comparison between exact and numerical solutions of Example 6.1 for » = 0.1, » =0.01
at different time 7" with resolution J = 4.

T v=0.1 v =0.01

T [17] [15]  Our method  Exact [17] [15]  Our method  Exact

0.25 0.4 0.31429 0.30880 0.3088942  0.3088942 0.34819 0.34191  0.3419149  0.3419149
0.8 0.19758 0.19565  0.1956756  0.1956756 0.22752 0.22151  0.2214819  0.2214819
1.0 0.16391 0.16251  0.1625650  0.1625648 0.19375 0.18814  0.1881939  0.1881939
3.0 0.02743 0.02720  0.0272024  0.0272023 0.07754 0.07537  0.0751141  0.0751141

0.50 0.4 0.57636 0.56953  0.5696323  0.5696324 0.66543 0.66070  0.6607109  0.6607109
0.8 0.36245 0.35922  0.3592369  0.3592361 0.44526 0.43913  0.4391382  0.4391382
1.0 0.29437 0.29190  0.2919171  0.2919159 0.38047 0.37434  0.3744200  0.3744200
3.0 0.04057 0.04020  0.0402051  0.0402049 0.15362 0.15008  0.1501791  0.1501790

0.75 0.4 0.62592 0.62554  0.6254443  0.6254379 0.91201 0.91027  0.9102675  0.9102681
0.8 0.37713 0.37409  0.3739273  0.3739217 0.65254 0.64739  0.6474014  0.6473952
1.0 0.29016 0.28746  0.2874779  0.2874744 0.56157 0.55599  0.5560597  0.5560507
3.0 0.01334 0.02977  0.0297723  0.0297721 0.22874 0.22481  0.2247935  0.2248112

Example 6.2. We now consider Burger’s Eq. (1.1) with initial and boundary conditions in the following form
u(z,0) =4z(l—z), 0<z<l1. (6.7)
u(0,t) =u(l,t) =0, ¢>0. (6.8)

(&)
ENE



8 M. ZAFARI AND A. ALIPANAH

The exact Fourier series solution of this problem given by Eq. (6.4), and the Fourier coefficients are

1 2
B x* (3 —2x)
ag = /0 ewp( T)dw, (6.9)
1 2
x? (3 —2x)
= 2 _—— S = 1 2 cee 1
an /0 ea:p( 5 )cos(nm:)dx, n ,2,3, (6.10)

The numerical results for the Example 6.2 are presented for v = 0.1, = 0.01 in the Table 2. Table 2 makes a
comparison of present results with exact and numerical solutions it is found that the present results in [15, 17].

TABLE 2. Comparison between exact and numerical solutions of Example 6.2 for » = 0.1, v» =0.01
at different time 7" with resolution J = 4.

x v=01 v =0.01

T [17] [15] Our method  Exact [17] [15] Our method ~ Exact

0.25 0.4 0.32091 0.31744  0.3175228  0.3175228 0.36911 0.36213  0.3622606 . 0.3622594
0.8 0.20211 0.19952  0.1995554  0.1995553 0.23703 0.23066  0.2304521  0.2304511
1.0 0.16782 0.16557  0.1655988  0.1655986 0.20069 0.19468  0.1946912  0.1946904
3.0 0.02828 0.02775  0.0277588  0.0277587 0.07865 0.07613  0.0761342  0.0761341

0.50 0.4 0.58788 0.58443  0.5845371  0.5845372 0.68818 0.68357  0.6836784  0.6836786
0.8 0.37111 0.36733  0.3673992  0.3673982 0.46011 0.45412_ ' 0.4537138  0.4537136
1.0 0.30183 0.29830  0.2983444  0.2983431 0.39206 0.38563  0.3856763  0.3856758
3.0 0.04185 0.04106  0.0410652  0.0410650 0.15576 015217  0.1521802  0.1521800

0.75 0.4 0.65054 0.64556  0.6456236  0.6456155 0.92194 0.92064 = 0.9205026  0.9214626
0.8 0.39068 0.38526  0.3853420  0.3853355 0.66777 0.66303  0.6627259  0.6627204
1.0 0.30057 0.29582  0.2958608  0.2958567 0.57491 0.56929  0.5693273  0.5693187
3.0 0.03106 0.03043 0.0304398  0.0304396 0.23183 0.22774  0.2277275  0.2277430

Example 6.3. We consider Burger’s equation (1.1) with boundary conditions

w(0,t) = u(1,t) =0, ¢>0, (6.11)
and with initial condition
s
u(z, 0) = vrsin(mrzx) (6.12)

o + cos(mx)’
and with exact solution of this problem given obtained as follows

(s t) = 2urexp(—mivt)sin(mx)

o<z <l, 6.13
o + exp(—m2vt)cos(ma) * (6.13)

where o > 1 is a parameter.

In Tables 1 and 2 compare the results of the present scheme with exact and numerical solutions. As you can see,
the present results are better than the results in references [15, 17]. In Table 3 show the error results for different
values of orders scaling function P and resolution J. The L., error norm of the auto-correlation functions for the
Daubechies scaling functions (order P, resolution J) is presented in Figure 2. The results are in excellent agreement
with the theoretical error bound established in Theorem 5.2.

TABLE 3. Error results of Example 6.3 for P = 3,4,5,6 and J = 3,4,5,6,7 and ¢ = 100.

P=3 P=4 P=5 P=6
4.09E-04 236E—-05 209E—-5 1.07E-5
1.31E—-08 1.29E—-10 141FE—11 5.58E —12
8.38E —09 216F —11 142F —13 6.6bE — 16
5.26F —10 3.50FE —13 H2TE—-16 1.21E-—19
3.29FE —11 5.50F —15 2.07E —18 8.62E —23

IS =S, TSI
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T T T T T T T T T
1073 | e P =31

-a—P =4

-eo-P =5
10~8 |- —— P =6 [
}48107137 |
107187 |
107 | | | | | | i
2 3 4 5 6 7 8

J

FI1GURE 2. The graph of error L, for differnt P and resolution J for Example 6.3.

7. CONCLUSION

In this paper, we proposed a method based on the auto-correlation functions of Daubechies wavelet scaling functions
to solve the Burgers’ equation. By precomputing and storing the necessary autocorrelation function data and their
derivatives at dyadic points, we significantly reduced the computational time. The resulting system of ODEs was then
solved using the fourth-order Runge-Kutta method. We analyzed the convergence of the proposed numerical scheme
and compared its performance with existing methods through numerical experiments, as presented in Tables 1 and 2.
The results demonstrate that our method offers superior efficiency and accuracy compared to those reported in the
literature.

Comparison with previous works, in order to demonstrate the accuracy, efficiency, and stability of the proposed
collocation approach based on the auto-correlation functions of Daubechies scaling functions, its results are compared
with several recent and well-established numerical schemes that have been applied to Burgers’ equation. The com-
parison indicates that the present approach achieves a much higher accuracy (up to 10722 in several test cases) while
retaining low computational cost. Moreover, the theoretical convergence proven in Theorem 3.2 confirms uniform
convergence of I;(f) to f, which is rarely established explicitly in earlier wavelet-based works. Consequently, the
auto-correlation Daubechies collocation method provides an optimal balance between accuracy, computational effi-
ciency, and theoretical robustness, outperforming existing wavelet-based schemes for classical Burgers’ problems and
offering a promising framework for fractional and multi-dimensional extensions in future research.

In the comparison made with reference [24], it was found that the present method, by utilizing the autocorrelation
functions of Daubechies wavelets and designing modified boundary basis functions, not only maintains computational
efficiency but also provides higher accuracy (up to 10723) in solving the Burgers equation. Furthermore, the guarantee
of uniform convergence in Theorem 3.2 establishes a stronger theoretical foundation for the proposed method.
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